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(Ur − U)|r=a = 3cos(φ)− sin(φ)
(1)

Ðàñêðûâàåì îïåðàòîð Ëàïëàñà è óñëîâèÿ ïåðèîäè÷íîñòè:
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Ïðèìåíÿåì ìåòîä ðàçäåëåíèÿ ïåðåìåííûõ è èùåì ðåøåíèå â âèäå:

U(r, φ) = R(r)Φ(φ) (3)
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Â ïîñëåäíèì ðàâåíñòâå ôóíêöèÿ ñëåâà çàâèñèò òîëüêî îò r, ñïðàâà - òîëü-
êî îò φ. Òàê êàê ýòî ðàâåíñòâî âûïîëíÿåòñÿ â îáëàñòè Dl, òî ýòè ôóíêöèè
ðàâíû êîíñòàíòå λ.

Îòêóäà ïîëó÷àåì äâà ÎÄÓ:

R′′(r) +
1

r
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r2
R(r) = 0 (5)

Φ′′(φ) + λΦ(φ) = 0 (6)

Äëÿ óðàâíåíèÿ 6 óñëîâèÿ ïåðèîäè÷íîñòè ïðåîáðàçóþòñÿ â

Φ(0) = Φ(2π),Φ′(0) = Φ′(2π) (7)

Äàííûå äèôôåðåíöèàëüíûå óðàâíåíèÿ ÿâëÿþòñÿ ñòàíäàðòíûìè. Ìåòî-
äû èõ ðåøåíèÿ õîðîøî ïðèâåäåíû â âàøåé ìåòîäè÷êå â �Ïðèëîæåíèè 1� è
�Ïðèëîæåíèè 4�.

Óðàâíåíèå 6 èìååò ñëåäóþùèå ðåøåíèÿ:

λ0 = 0,Φ0(φ) = 1 (8)

λn = n2,Φn(φ) = Ancos(nφ) +Bnsin(nφ), n = 1..∞ (9)

Óðàâíåíèå 5 èìååò ðåøåíèÿ ñëåäóþùåãî âèäà:
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R0(r) = C0 +D0ln(r) (10)

Rn(r) = Cnr
n +Dnr

−n, n = 1..∞ (11)

Òàê êàê ôóíêöèÿ R äîëæíà áûòü îãðàíè÷åíà (óñëîâèå ðåãóëÿðíîñòè ïðè
r →∞), òî D0 = 0, Cn = 0, ò.ê. ln(r)→∞ è rn →∞ ïðè r →∞.

Â èòîãå îáùåå ðåøåíèå ñèñòåìû 2:

U(r, φ) = Rn(r)Φn(φ) =
a0

2
+

∞∑
n=1

r−n(ancos(nφ) + bnsin(nφ)) (12)

Â ïîñëåäíåì ðÿäå: a0 = 2C0, an = AnCn, bn = BnCn.
Íàéäåì êîýôôèöèåíòû a è b èç ãðàíè÷åíîãî óñëîâèÿ, äëÿ ýòîãî:

Ur(r, φ) =

∞∑
n=1

(−n)r−n−1(ancos(nφ) + bnsin(nφ)) (13)

Ïîäñòàâëÿåì â êðàåâîå óñëîâèå (1):

(Ur−U)|r=a =

∞∑
n=1

(−n·a−n−1−a−n)(ancos(nφ)+bnsin(nφ))−a0

2
= 3cos(φ)−sin(φ)

(14)
Â ïîñëåäíåì ðàâåíñòâå ïðèðàâíÿåì êîýôôèöèåíòû ïðè ðàâíûõ òðèãîíî-

ìåòðè÷åñêèõ ôóíêöèÿõ. Òî åñòü ïðè n 6= 1 âñå êîýôôèöèåíòû ðàâíû íóëþ,
ò.ê. âð ïðàâîé ÷àñòå ôèãóðèðóåò òîëüêî cos(1 · φ) è sin(1 · φ). Ïîëó÷àåì
ñëåäóþùèå ðàâåíñòâà: (

−1 · a−1−1 − a−1
)
a1 = 3 (15)

(
−1 · a−1−1 − a−1

)
b1 = −1 (16)

Â èòîãå ïîëó÷àåì:

a1 = − 3a2
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(17)
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a2
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(18)

an = 0, bn = 0, ïðè n 6= 1 (19)

Â èòîãå:
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r
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)
(20)

Ïîäñòàíîâêà äàííîå âûðàæåíèÿ â óðàâíåíèÿ (1) äàåò âåðíûå òîæäåñòâà,
÷òî ãîâîðèò î òîì ÷òî ïðîâåðêà âûïîëíåíà è äàííîå óðàâíåíèå âåðíî.
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