Pemienne TunoBoro BapuanTa u3 " JlomauiHee 3aganue 3 VI MAarucTpoB
(srexTop Hlaxos E.M.)"
3agaya 11. Pemuts KpaeByto 3a1auy
-y'+y=1(x), 0sx<1,y(0)=0,1)=0
f0 ={ X, X< 0.5
0, x>0.5

MeToioM ["anepkrHa (KOHEYHBIX JIEMEHTOB) U AaHAJTUTHYCCKH.
Pemenne. Haiinem cHauama ananutudeckoe pemienne. Ha orpeske [0, 0.5]

obmee pemenue ypaBHeHus umeer Bug Y, =Ce +C,e " —X, a Ha oTpe3ke
[05,1] - y,=Cg +Ce™*. Koucrautst C,C,,C,,C, ompeneium wu3
TPAHUYHBIX YCIOBUHI

y(0)=0=y,(0)=C,+C, u y(1)=0=y,(1)=Ce+Ce"
U1 ycnoBust HEMPEPHIBHOCTH (DYHKIUK Y U HEMPEPHIBHOCTH €€ MPOU3BOIHOM
y' B Touke X = 0.5

¥,(0.5)=y,(0.5)n ¥;(0.5)=y,(0.5)
W3 niepBoro yciosus noinyyaem
Ce?+Cet?-1/2=Ce’*+Ce ¥’
N3 BrOporo
Clel/Z _ Cze—l/Z -1= Csel/Z_ C4e— 1/z
Taxum 06pa3oM, MOTy4aeM CUCTEMY JIMHEHHBIX anreOpanyeckux ypaBHEHUN
C+C,=0
Ce+Ce’=0
Ce?+Ce??-1/2=Ce’?+C e ?
Clell2 _ Cze—1/2 _1 = C3el/2_ C4e— 1/2
Otkyna
_Je@e-1) . Je(@Be-1) . e-3 _ (e-3)e*2
Sy ST Ty G T 2 P T 2
4(e° - 1) 4€ -1 afe(@-1) 4 -1)
OKOHYATEIBHO MOJIy4aeM aHAIUTUYECKOE PEILICHUE
Je(3e-1)
4(e*-1)
y =
Je(e-3)
4’ -1

(ex—e‘x)—x,xD[O, 0.5

(—eX + e‘”z) -x,x0(0.5,1



Jiss  4ucieHHOro pemeHus ucnoibdyeM ¢opmyasl Meroxa [anmepkuHa,
KOTOPBIE U1l JaHHOI'O YPaBHEHUS UMEIOT BUL

& Yia "B Y tGYin =R k=2,..n, ¥, =0, y,,, =0
rjae

Pz _ DXy _ Pean DX
M, 6 Ok-1/2+ G DX . 6 Ocs1/2

— P P 1
o= A)I((kjfz ¥ A)I((k_lfz +§(Axk+1/2qk+1/2 + A%y Bl 1/2)

ak=

1 X1 o X1
—— [ pO9dx, gty = | wwa(x)dx
AXk+l/2 X X

X X1 Xes1

F = j foydx+ j fo,dx = j f o dx

X1 X X1
daiin, momorammuii cuutath mo 3TuM (opmynamu: z1llgraph3.m taxke
ucrons3yercs  tridiag.m). Pe3ymbraThl  pacyeToB M CpaBHEHHE C
AQHAIIMTHYECKHM pPEIICHUEM ITOKa3aHbl Ha puc. 1.

pk+1/ 2 =

y
V4
/
’
-0.00625 | Y
V4
4
4
V4
-0.0125 | y
/
V4
’/
-0.01875 | /
‘d
-0.025 : : -
0.25 0.5 0.75 x

Puc. 1. Pe3ynbTarhl pacueToB sl IpuMepa 2; KpacHas IyHKTUPHAS KpUBasi —
TouyHoe pertenue Ha orpeske [0, 0.5];kenTas myHKTHPHAS KPUBask — TOYHOE
pemierre Ha otpeske [0.5, 1];uepHas crutomHas — pereHue, IoayIeHHOE C
nomoinkko Metoza ["anepkuna (orpe3ok [0, 1] pa3out Ha 10 paBHBIX YacTeit).



3agaua 12. Pemmts 3amauy dupuxiie

0°u d4
+

o axt

1,u,,=0,(x,y)00Q, Q={(x,y),0<x,y<}

[MocTpouTts MuHUM YpOBHS QYHKIIUHU U.
Pemenne. [TonpoOHas WHCTPYKIMS JaHa B 3aHATHH 12. 31mech MOKakeM
TOJBKO pe3yibTaT (¢aitn z12graphl.m).

] Contour: u
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01r 1
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Puc. 2. Pesynbrat pemenus 3aaaun 12.
3amaua 13. Ilycte ¢yskums U(X,y) B kBagpate Q :{(x, y), 0<x,y< .’}
V A YAOBJIETBOPsIET ypaBHeHUIO [lyaccona
B C d0°u  d«
=t z-1 1)
ox~  OX
MsBectHo Taxke, uro U(0, 0) =ua, u(0, 1) =ug,
E u(l, 1) =uc, u(d,0)=up. C mnomoIpI MeTOJA
X KOHEYHBIX 3JICMEHTOB HaWTH MPUOIMKEHHOE 3HAYCHHE
> u(0.5, 0.5).
y 5 ( )

Pemenne. Ymuoxum ypaBuenwe (1) Ha KycodHO-

HETPEPHIBHYIO GYHKIHIO () U IPOUHTETPUPYEM €ro I0 KBajapary 2



I(azu aujq)ddy jq)dxdy

a 2
Q

[IpeoOpazyeM morydeHHOE PAaBEHCTBO C MTOMOIIBIO (hOPMYIIBI

[ ®audxdy =] DuTigedy - | (S b o)dis

Q Q r an
K BULY

dudd du 6(])] du

——+—— [dxdy— | $—ds=| pdxdy (2)

i(ax ox dy oy an on i

[lomyyeHHOE paBEHCTBO CHpaBeUIMBO IS BCEX ¢ U3 BBIOPAHHOTO
IIPOCTPAHCTBA, B TOM YHCIIE U JJ TaKoM (YHKIMH, KOTOpas paBHa HYIIO Ha
CTOpOHAX KBajpaTa W €IMHHIIE B €ro cepeauHe. s mocTpoeHus Takou
byHKIIMM pa3o0beM KBaJpaT Ha TPEYroJbHUKH, KaK TMOKa3aHO Ha PHUCYHKE
(manHOE pa3z0ueHHe OTIMYAaeTCs OT TOro, KOTOpPOe OBLIO PacCMOTPEHO Ha

IpOILIOM 3aHATHH). DYHKIHS ¢ OyIeT UMETh BU]I V N
2X, (x,y)oA, 1
5= |2 (y)02, A,
2(1-x), (x,y)02, A XA,
2y,  (xy)da, A, X

Bre TpeyroiasHUKOB QYHKITUS (¢ paBHA HYJI0. OyHKINIO
U B COOTBETCTBUU C METOJIOM KOHCUHBIX 3JICMCHTOB
OyzieM UCKaTh B BUJIE

uh = qu) + uAq)A + uBq)B + qu)C + uDq)D
3nech Ug — mpuOimxenHoe 3HaueHue U(X,Y) B Touke (0.5, 0.5). Dynkuuu
On PP, ¢, momdepeM Tak, YTOOBI Kakiastk M3 HHUX PaBHSIACH HYIIO B

touke (0.5, 0.5u equnure B Touke A, B, C, D coOTBETCTBEHHO

_[1=x-y,(x,y)dA, 04, _ly=x(x,y)0A, 04,
¢A_{o, (x,y)O0A, OA,’ B_{o, (x,y)OA, OA,
_x+y-L(x,y)OA, OA, _Ix=y,(x,y)0A, 04,
C_{o, x,y)0A, 04, D_{o, x,y)Oa, 04,

[lepen BbIYHCIICHHEM HHTETPAIOB B (2) 3aMeTuM, 4To QYHKIHS (@ PaBHA HYIIO
Ha TpaHUIle, MOITOMY BTOpoEe ciaraeMmoe B (2) paBHO HymO u Gopmyny (2)

MOYKHO YIIPOCTHUTH
ou dp  du oo
dxd dxd 3

j(axax ayayj Y- “) Y )



PazoObem oOmacTe uwHTErpupoBaHus (kBaapar £2) Ha BbIOpaHHbBIC
TPEYTOJIbHUKH U Ha KAXJIOM U3 HUX OCYMTAEM JICBYIO YacTh paBeHCTBa (3).
3aiiMemcst TOJCYETOM MHTErpasia U3 JIeBoi 4acTh (3) MO TPeyroiabHUKy A, .

Berancium ¢, u ¢,
% :i(Zx) =2, % ——(2 )=0
ox 0x ay

B tpeyronsHuke A, He paBHBI HYIIO TOJIBKO (byHKumI $,0,, ¢, mosTOMY
u" = 2Uue X+ U, (1-X=Y)+Ug (Y= X)

Tax kak ¢, =0, TO Hy)XHO BEIYUCIHUTH TOJLKO

ou_o0
&—&(ZU X+U, (1= X = y)+Ug (Y= X)) = g —U, —Ug
Takxum oOpazom
oudd dudd ou d¢
bttt i St o —dxd 2u. —u, —ug Jdxdy =
Ajl(ax@x 6y6y] E T

=2(2u, —uA—uB)jdxdy:Z( 1 —uA—uB)G:'i= 0.8 2 -u,—Ug)
Al
AHAJIOTUYHO, MOYKHO TIOJYYUTh 3HAUCHHS MHTErpaia u3 JieBoi vyactu (3) mis
TpeyronsHukoB A,, A, u A,

J‘ Qud¢ , ou o dxdy = 0.5( 21 —Ug —Uc)

A, 0X 0x 0y oy
0u 39, 0u 09
dxdy = 0.5( . —u. —u,)
AJ;axax dy dy £ e P
oudd  ou dd
——+—— [dxdy=0.5( 1. —u, —u
j6x6x dy oy Y (2 =t ~u)

A,
N B cymme nonydaem
j uOp , OUOP gy =au—u, ~uy—u.-u,  (4)
OX 0X ay oy

Jns noacyera yieBod yactH (3) Taxke pa3oObeM MHTErpal Ha YEThIPE YacTH U
3aMETUM, YTO 3HAUYCHHUS MHTETpaa Mo Kak10M U3 HUX PaBHbI

j bdxdy = 4 j daxdy = 4Ofdx1r 2xdy = 8T5x( - x-X) dx=% (5)



Tak kak (4) u (5) paBHbI Apyr Apyry (3TO JBE YacTH OJHOTO PaBEHCTBA),
H0JTy4aeM, 9TO

Ug :l(uA+uB+uC+uD)+—1
4 12

3agauya 14. @ynkuus ynoBiaeTBopseT ypaBHeHHIo Jlannaca
0°u du _
P Riew e (6)
ox~ oy

B tpeyroasarke OAB (O(0, 0), A(1, 0), B(0, 1)) u cieayromuM rpaHUYHBIM

YCIIOBHSM

u=1 na AB, @=1 Ha OA, %+u =1na OB
ay 0x
Tpeyronsauk OAB pa3outh Ha 9 MaJbIX TPEYTOJIBHUKOB, IOJOOHBIX TaHHOMY
(xoHeuHble 2meMeHThI). OmnpefeNuTh HEM3BECTHbIC 3HAYCHHS (YHKIMU B
y3JlaX CETKH, IPUMEHsIsl IPOCKIIMOHHO-ceToYHbIi Meron [anepkuna (BapuaHT
MKD).
A

B L

Q
— > -
0

Puc. 3. K 3amayge 14.
Yka3zanue. Bocronszyemcs pe3yibTaTamMu, NMOJYYeHHbIMH Ha 3aHstun 11.
[Ipenmnonoxum, 4YTO KIACCUYECKOE PEIICHUE OSTOM 3aJayd CYIIECTBYET.
YMHO)UM 00€¢ yactu ypaBHeHHs (6) Ha QYHKUIHIO @, YaCTHBIC MPOU3BOIHBIC

KOTOpPOM SBIIAIOTCA KYCOUHO-HENPEPHIBHBIMU U ¢| a5 = 0. Hurerpupys mo

TPEYTrOJAbHUKY U UCHOJIB3YS (OPMYITy HHTETPUPOBAHHUS 110 YACTAM MOTyUYUM



j(aﬂ‘ auj¢dd = j-——¢w@y+ j-——¢w@y_
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- o9 dx =
5 OX 0X AN, 0
) 1ya¢au 1( j‘ . fxa¢au [ g0 )
= [dy _ —dy- — dx=0
I j ,([ J; » 0y 0y jo d
Tak kak ¢| =0, 1o ¢| sy Om ¢|y:l—x =0
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x=0 0 ay y

0 0

ou u
VYuuteiBas rpanuunbie ycnoBus — =1 na OAu o +u =1 na OB, ynpoctum
X

MOJIyY€HHOE PaBEHCTBO

a0 ou 900 L (
j(5%55+5$5§]w@y+{@:wKQy»¢dy+£¢dX:0 (7)

OAB

(14

(1.3)

. (2.1) (3.1) (4.1)

Puc .4. Hymepanus BepiuH.



[Iponymepyem BepuIMHBI Kak Noka3aHo Ha puc. 4. TpeOyercs ompenenuTsb
3Ha4YeHUs] QYHKIMU U B JKEATHIX TOYKaX (3HAUCHHS B YEPHBIX M3BECTHBI W3
TpPaHUYHBIX YCIIOBUH). ByneM uckare npuOimkeHHOe 3HaYeHUe U B BUJIC

u"=>ud,, 2<i+j<5 (8)
1+3(y, - y), (x;y)Dﬂl T
1-3(x — ), (x,y)da,
o - 1+3(x —x)+ 3y, —y), X,y )04,
" 1-3(y, - ), (x,y)oa,
1+3(x — X), (X,y)U A,
1-3(x —Xx)- s(yj —y), &K.y)HA,
Ioxacrasum (8) B (7) ’

OI[ 24 afx” Z j a;b”jdxdy+ﬂ1—;ui,-¢i,-j¢dy+i¢dx=o

BmecTo ¢ Hy)XHO MOJICTaBUTH Bee T€ @, , VIS KOTOPBIX U, HEM3BECTHO.
I)m=1,n=1

a(I)ll ¢|J aq) (I)l]
J’(Ezu'l ax ayll IJ adeXdy-l-j(l zullq)lqu)lldy-l_jq)lldX O

OAB ij
.[(3(3J11+ 3J21) + :{ 3+ 3‘12))dXdy+
A

1/3 1/3

+I(1_(“11(1+ 3y)+uy,(1- 3(1/3y ))( i 3')dy+J'( 1 8)dx=

0

)
1
2

1 7 5 1
(1&11+9J12+ 9*'21) D']:% 9 Ugy TSU 12+_2: 0
14 5
(2u11+u12+u21)+_5u11_§u12: -2

4U11+4U12+ 9*121:_2

IToxoxum 06p3.30M CJICOAYCT BBINUCATH YPABHCHHUA B OCTABHIUXCA TOYKAX U
pELIUTh CUCTEMY JIUHEUHBIX YPaBHEHUH.
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