CucreMa ABYyX CJOy4YalHbIX BeJTUYUH
/Jleymepnasn cayuaitnan eequvuna

J1o cux mop Mbl pacCMAaTpUBAIN JUCKPETHBIE CIIyYalHbIE BEJIMYMHBI, KOTOPBIE
Ha3bIBAlOT OJHOMEPHBIMU: HMX BO3MOXKHBIE 3HAYEHUS OMNPEACISINCh OJHUM
yuciaoM. Kpome OZHOMEpHBIX BEJIWYMH PACCMATPUBAIOT TAKXKE BEIUYMHBI,
BO3MOXHBIE 3HAUEHUS KOTOPBIX OINPEACISIOTCS HECKOJbKMMH  YHCIAMHU.
JIByMepHYIO Ciy4yaiiHyro BelTn4uHy o0o3HauatoT uepes (X, Y); kaxmaas u3 BeIHUUH
X u Y Ha3bBaeTcsi KOMIOHEHTON (coctaBisronieit). O0e BeauuuHbl X u Y,
paccMaTpuBaeMbIe OJTHOBPEMEHHO, 00pa3yloT CUCTEMY JABYX CIyYalHbBIX BEJTUYHH.
Hampumep, npu mTamMnoBKE CTalbHBIX IUIACTUHOK HUX JUIMHA W IIAPUHA
MPEICTABIAIOT CO0O0M IBYMEPHYIO CIIy4alHYIO BETUUYHHY.

Omnpenenenune 1. 3akOHOM pacrpeieneHuss JBYMEPHON CIy4aillHOW BEIUYUHBI
(X, Y) Ha3bIBalOT MHOKECTBO BO3MOXKHBIX map uuceln (X, Yj) U UX BEpPOSTHOCTEN
p(Xi, ¥j). JByMepHYyI0 cilyyaiiHyI0 BEJIMYMHY MOXKHO TPAKTOBaTh KaK CIy4ailHYyIO
TouKy A(X, Y) Ha KOOPIUHATHOM TIOCKOCTH.

3aKkoH pacrpeseieHus JIBYMEPHOU CllydyallHOM BEJIMYMHBI OOBIYHO 3a7aeTCS B
BUJIe TaOJIMIIbI, B CTPOKAaX KOTOPOHM yKa3aHbl BO3MOXHBIE 3HAUCHUS Xj CIydalHOU
BEJIMYMHBI X, a B CTOJIOIAX — BO3MOKHBIE 3HAYCHHUS Yj CIIly4allHOI BEIHYMHEI Y,
Ha IEepPEeCcEeYEHUSIX CTPOK U CTOJIOIOB yKa3aHbl COOTBETCTBYIOIIUE BEPOATHOCTH ij.
IlycTe cny4aiiHass BenuuvHa X MOXET NPUHUMATh 7 3HAYCHUW, a ClydanHas
BelnunHA Y - m 3HaueHud. Torga 3akoH pacupenesieHHs] JBYMEPHOW CllydyalHOU
BenunHbl (X, Y) uMeeT BuI

Y/X y | zo [ |z || Zn
N Pu | P12 | ... [Pri |... | Pin
Y2 P21 | P22 |--- | P28 |-+ | P2n (18.21)
Yi Pi1 | Pj2 Pn Pﬂ.
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N3 3T0i1 TaOIUIBI MOXKHO HAWTH 3aKOHBI PacHpeAesiCHUs] KaXI0M M3 CIydalHbIX
KOMIIOHEHT. Hanmpumep, BEpPOSITHOCTh TOrO, UTO CiIy4yalWHas BeJIW4rHA X NPUMET
3HAYEHUE Xy, PAaBHA, COTJIACHO TEOPEME CIIOKEHUS BEPOATHOCTEW HE3aBUCHUMBIX
COOBITHIA,

Ploy)=pu+pak+..-+Pmk, kE=12,...,n  (18.22)

WHpIMU CcIIOBaMH, JJISl HAXOXKICHHUS BEPOSTHOCTH P(Xy) HYKHO MPOCYMMHPOBAThH
BCE m BEpOSTHOCTEH 110 K-My cTo0iy Tadmuips! (18.21). AHaJIOTHYHO MOJTydaeTcs
BEPOSITHOCTh TOTO, YTO ClIydaiiHasi BeIMYMHA Y MPUMET BO3MOKHOE 3HAUYCHHE )y
P(y;) monydaercsi CyMMHPOBAaHHEM BCeX N BEPOSTHOCTEH I-il CTPOKU TaOIHUIIBI



(18.21) (r = 1, 2, ... , m). Orcroza cieayer, 4TO cymMMa BCEX BEPOSITHOCTEH B
3akoHe pacnpezaenenus (18.21) paBHa egunule:

m T
>3 py=1 (18.23)
i=1j=1

Koppenauuonnwiit momenm
Omnpenenenue 2. Koppenayuouuvim mMomMeHmom CIydalHbIX BeauduH X u Y
(wn xosapuayueti) Ha3BIBACTCS MaTeMaTHYECKOE OXKHUIAHWE MPOU3BEIACHUN HX
OTKJIOHEHUH:

oy = Cov (X, Y) = M{[X — MUX)|lY — M(Y)]}.

KoppensaimoHHblii MOMEHT CITYKHUT JUIsl ONIMCAHUS CBSI3U MEXKIY CIy4YailHBIMU
BennurHaMu X u Y. V3 CBOWMCTB MaTEMaTHUYECKOTO OKUIAHUS JIETKO yOeIUThCS B
TOM, YTO [iyy MOXKHO 3aIIMCaTh B CIEAYIOIIEM BUJIE:

oy = M(XY) = M{X)M(Y).

JIJ1sl HeTOCPEACTBEHHOTO BBIYMCIICHHUSI KOPPEIAIIMOHHOTO MOMEHTa (KOBapHAIIHH )
ucroibiyercs popmyia (cM. pactpeaenerue (18.21))

T m
Moy = 2 Y yipy; — M(XIM(Y). (18.24)
=1 §=1
TEOPEMA 3. Koppenayuounviti MoMeHmM 08X HE3ABUCUMbBIX CIYUAUHbIX
senuyun X u Y pagen nynio.
Ecnu koppensiquOHHBI MOMEHT /iy, HE PaBEH HYIIIO, TO, CTAJIO OBITh, BEITUYUHBI
X u Y ABISIIOTCS] 3aBUCUMBIMU.

Koygppuuuenm xoppenayuu

W3 ompeneneHus KOPPETSIMOHHOIO MOMEHTA CIEAyeT, YTO €ro Pa3MEepHOCTb
paBHa MPOU3BEIICHUIO pa3MepHOocTer BenmuuH X u Y; Hampumep, ecid X u Y
U3MEPEHBI B CAHTUMETPAX, TO /iy UMEET PA3MEPHOCTb eM’.

DTO0 OOCTOSTEIBCTBO 3aTPYAHSICT CpPaBHCHHE KOPPEISAIIMOHHBIX MOMEHTOB
Pa3IUYHBIX CHCTEM CIy4YalHbIX BeNW4WH. JIJIsi yCTpaHEeHHs 3TOTO HeIOoCTaTKa
BBOJISIT O€3pa3MEpPHYIO YUCIOBYIO XapaKTEPUCTUKY — K02 duyuenm Kopperayuu,
BETMYMHA KOTOPOTO HE 3aBUCHUT OT BHIOOpA CHUCTEMBl HM3MEPEHUS CIIyYalHBIX
BETTUYMH.

Onpenenenue 3. Korddumumentom xoppensiuu ciydaitHbix BenmuuH X U Y
HA3BIBACTCS OTHOIIICHUE WX KOPPESIIUOHHOTO MOMEHTA K TIPOU3BEACHUIO CPETHIX
KBQIPaTUICCKUX OTKJIOHEHUW dTUX BEIIMYHWH:

Ty = .U':L-y/(o'mgy) = #my/\/ D(X')D(Y) (18.25)

N3 onpenenieHuss 1 CBOMCTB MAaTEMAaTHUYECKOTO OXKUJIAHUS U TUCTIEPCUU CIIEYET
BOXHBIA BBIBOJI, UTO a0OCOJIOTHAs BeIMYMHA KOX(PUIMEHTA KOppelsluud He
MPEBOCXOIUT €IUHUIIBI:

|"":cy| <lum —1g Tey <1 (18.26)



Omnpenenenne 4. JIge ciyuaiinele BenmuuuHbl X W Y  Ha3bIBaKOTCA
KOPPEeNUpPOSAHHbIMY, €CIH WX KOPPENSALMOHHBIA MOMEHT (Kod(hduuueHt
KOppEJSILMK) OTIMYEH OT HYJISl; €CIM K€ MX KOPPEJALMOHHBIH MOMEHT paBeH
HYJI10, TO X U Y Ha3bIBAIOTCS HEKOPPETUPOBAHHBIMU.

Takum 00pa3oM, 1Be KOPPENUPOBAHHBIEC CITyJaliHbIC BETUYUHBI (T.€. IPH Iy, # 0)
SBIIIIOTCA TakXke W 3aBUCUMBIMH. OOpaTHOE YTBEpPXACHHUE HEBEPHO, T.€. [BE
3aBUCHMbIE BEJIMYMHBI MOTYT OBITh Kak KOPpEIMPOBaHHBIMU, TaK U
HEKOPPEJINPOBaHHBIMHU.

Jluneunan pecpeccus

[Tycte (X, Y) — nBymepHas ciydaiftHas BenuunHa, Te X U Y — 3aBUCHMBIC
ciyJaitHbie BeTMuruHbI. OKa3bIBAETCS BO3MOKHBIM MPUOIIKEHHOE MPECTABICHHE
BEITUYHUHBI Y B BUJIC TUHEHHON (QYHKIIUNA BETUIUHBI X:

Y = g(z) =aX +0, (18.27)

rae a u b — mapameTpsbl, mojnexainue onpeaeacHuo. OOBIYHO 3TH BEIMYUHBI
OTIPEJICISIFOTCS ¢ TTIOMOIIBI0 METO/Ia HAMMEHBIITUX KBaIpaToB (CM. 1I. 8.5).

Onpenenenue 5. Oynkuus (18.27) Ha3bIBaCTCA HAUmy4mumM NPUOIUNCEHUEM B
CMBICJIC METOJ]a HAMMEHBIIINX KBaJPaTOB, €CJM MaTeMaThueckoe oxumanue M[Y
— g(X)]® mpuHHMaeT HaWMMEHbIIGE BO3MOXKHOE 3HadeHne. DYHKUHIO g(x)
Ha3BIBAIOT cpedHeksaopamuyeckol peepeccueli Y Ha X,

TEOPEMA 4. Jlunetinas cpeouss keaopamuueckas peepeccus ¥ na X umeem
8uU0

g(X) =m, + rmy?(X ~my), (18.28)

xT

rae Iy onpedersiemca ¢opmynou (18.25), m, = M(Y) u my = MX) —
MamemamuyecKue 0HCUOAHUS COOMBEMCMEEHHO CYyUaliHbIX geauyun ¥ u X.

Koaddunuent b = ryo, / ox Ha3pIBatOT K02hPpuyuenmom pecpeccuu Y Ha X, a
PSIMYTO

o
Y my = rmy-—y(a: — My,
Oy

peanu3yIoNly0 JHUHEeHHY0 3aBUcUMOCTh (18.28) ciyuailiHol BenuuuHbl Y OT
CIly4ailHOUM BeIMYMHBI X, Ha3bIBAIOT NPAMOL cpeoHeksaopamuyeckou peepeccuu X
Ha Y.

AHaJIOTHYHYI0 (POpMy 3amucH UMEET TIpsiMasi CPpeAHEKBAApATHIECKAs pErpeccust
XHaY:

Oy
T = Mg = gy~ (Y — My).
Ty

Paccmorpum npumep:

JlaHO paclipenesieHue BEPOSITHOCTEN ABYMEPHOU CIIy4aiiHON BEJIIMYMHBI

'yix |01 ]02 [03 |




21 10,00 |002 |03
39 1003 |01 |01
82 (02 102 0,04

Haiitn OJHOMCPHBIC 3aKOHBI paCIpCACIICHUA COCTABJIATOIINX X, Y, BBIYUCJ/IUTD

UX YHCIIOBBIE XapaKTEPUCTHKH, KOIDPHUIIMEHTHI KOPpEISAIUU. 3amucaTh
YpPaBHEHHUs JIMHEMHOW perpeccur. HalTu yClOBHBIE 3aKOHBI pacupeAcseHus,
YCJIOBHBIE MATEMATUUECKNE OKUIAHUSA U TOCTPOUTH JIMHUU PETPECCUU.

Pemenue

1. CocTtaBUM OJJHOMEPHBIE 3aKOHBI PACIIPEICTCHUS.

B Hamem cimydae BO3MOKHBIE 3HaUeHUS ciydaiiHoi BeamanHabl X: x1 = 0,1, x;
= 0,2, x3 = 0,3. Torna, cormacHo dopmyine (18.22), umeem P(x;) = 0,01 + 0,03 +
0,2 =024, P(x,) = 0,02 + 0,1 + 0,2 =0,32, P(x3) = 0,3 + 0,1 + 0,04 = 0,44.
OTcroza nojry4aeM 3aKOH pacrpeeneHus X:

X 01 |02 0,3

P 0,24 10,32 0,44
Konrpons 0,24 + 0,32 + 0,44 = 1.

AHaJIOrMYHO ToJIy4aeM U JuIs pacupeneneHus Y: y; = 21, Y, = 39, y; = 82; P(y,) =
0,01 + 0,02 + 0,3 = 0,33, P(y,) = 0,03 + 0,10 + 0,10 = 0,23, P(y3) = 0,2 + 0,2 +
0,04 =0,44.

Y 21 39 82
P 0,33 |0,23 0,44
KonTposs 0,33 + 0,23 +0,44 = 1.

2. HaiimeM 9nciioBbIe XapaKTePUCTUKH.

UwucrioBble XapaKTepUCTUKH CITydaiHbIX BeIMUUH X, Y HaXOASTCS 10
CTaHAApTHBIM (popMyIaMm:

mamemamuyecKoe s s
odcuoanue M(X)=m, = iZl:Xi b M{Y)=m, = ; 1Y
oucnepcus D(X)=M(X?*)-m? D(Y)=M(Y?)-mS/

cpeoHee Keaopamuueckoe o(X)=0,= /D(X) o(Y)=0, =, /D(Y)
OMKJIOHEHUe

M(X) = 0,1*0,24 + 0,2*0,32 + 0,3*0,44 = 0,22
M(X?)=01%*0,24+0,2° 0,32+ 0,3 * 0,44 = 0,0548

D(X) = 0,0548— 0,222 = 0,0064
&(X) = +/0,0064 = 0,08

M(Y)=21*0,33+39*0,23+82*0,44=51,98



M (Y ?) =21% x0,33+39% * 0,23+ 822 0,44 = 345392
D(Y) = 345392 -51,98% = 752,0

o(Y) = /7520 = 27,42

3. Beramciaum KoppensiuoHHbII MOMEHT.

CocTtaBuMm psij pacripeiesieHus npousseacHus XY

XY |21 |39 [82 |42 |78]164 |63 [11,7]|246

p 001/003/02 |002{01/02 |03 |01 |0,04

M(XY)=2,1*0,01 + 3,9*0,03 + 8,2*0,2 + 4,2*0,02 + 7,8*0,1 + 16,4*0,2 + 6,3*0,3
+11,7*0,1 + 24,6*0,04 = 9,966

ey =9,966—0,22*%51,98 = —1,47 KOppeaAUMOHHBI MOMEHT

_MXY)-m,-m,  p, 1,47

My = = =-0,67
G, O, c,-o, 0,08-27,42

VYpaBHenue nuHeHOM perpeccun Y Ha X

27.42
~5198=-0,67"""5(x-0,22
y—51, 008( )

HOCJ’IG paCKprTI/ISI CKO6OK n HpI/IBGII;eHI/ISI HOILOGHLIX cJIaraCmMhbIX HOJIyLII/IM
ClIEayIollIce YpaBHEHUE:
y =1025-2295x

VYpaBHeHue nuHeHHON perpeccurt X HA Y

0,08
Xx—0,22=-0,67——(y—5198
27 42(y 198)

ITocne PACKpPBITUA CKOOOK " MMPpUBCACHUA HO)IO6HBIX CJIaraCMbIX IIOJIYYUM

clelyIoliee ypaBHEHHE:
X =0,322-0,002y

4. HalifieM yCIOBHBIE 3aKOHBI pACPEICICHNS BETUYUHBI Y

Y 21 39 82
P(Y/X=0,1) 124|324 | 20/24
P(Y/X=0,2) 2/32  |10/32 | 20/32
P(Y/X=0,3) 30/44 | 10/44 | 4/44

P(Y =21/X =0J) =

P(Y =39/X =0]) =

P(X=0LY=21) 001 1

P(x=0,)

024 24

P(X =0LY =39 003 3

P(x=01)

024 24



P(X=0LY =82 02 20

P(Y =82/ X =0]) = ===
( ) P(x=0,) 024 24

P(X =0,2Y =21) 002 2

P(Y =21/ X =0,2) = ===
( ) P(x =0,2) 032 32

P(X=02Y=39) 01 10
P(x =0,2) 032 32

P(Y =39/X =0,2) =

P(X=0,2Y=82 02 20
P(x=0,2) 032 32

P(Y =82/X =0,2) =

P(X =03Y=21) 03 30

P(Y =21/ X =0,3) = = ==
P(x=0,3) 044 44

P(X=03Y =39 01 10

P(Y =39/X =03) = = =
P(x=0,23) 0,44 44

Boeruncinum YCJIOBHBIC MATEMATUYCCKHUEC OKUAAHNA

M(Y /X =01) = 21% = +39% 5 4 gox29 _ 17178 444
24 24 24 24

M(Y /X =02) = 21%-2 439+ 20 | gox20 2072 _ /25
32 32 32 32

MY /X =03) = 21%30 4 39+ 10 L gow & 1348 440,
44 44 44 44

Wrak, Mbl HAIlUIM 3aBUCUMOCTD YCIIOBHOT'O MATEMATUYECKOI0 0XKUJAHUSA OT
3HaUYEHUN ciaydalHOM BeanuuHbl X, T.€. perpeccuto Y Ha X. M300pa3um Ha
KOOPJIMHATHOM IUIOCKOCTH JIMNHUUA UCTUHHOW U JIMHEMHOW PErPECCHM.

JInans perpeccun Y Ha X
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5. AHaJOrMYHO COCTaBUM YCJIOBHBIE 3aKOHBI pacnpenenenuss X Ha Y

X 0,1 0,2 0,3
P(X/Y=21) 1/33  |2/33 | 30/33
P(X/Y=39) 3/23 10/23 10/23
P(X/Y=82) 10/22 |10/22 | 2/22
P(X —01/Y — 21y~ PX=08Y =20 001 1
P(Y =21) 033 33
P(X —02/y — 21— PX=02Y=21) 002 2
P(Y =21) 033 33

P(X —03/y =21~ PX=03Y=2) _ 03 30
P(Y = 21) 033 33

P(X =04/Y =39) = "X =01¥ =39 _003_3
P(Y =39 023 23

P(X =02/Y =39) = "X =02Y =39 0l 10
P(Y =39) 023 23

P(X =03/Y =39) = P(X =03Y=39) 01 10
P(Y =39) 023 23

P(X =01/Y —82) = P(X =0LY =82) 020 10
P(Y-82) 044 22

P(X =0,2,Y =82) 0,20 10

P(X =0,2/Y =82) =

P(Y =82) 044 22
P(X =037y —g2) = PX =03Y =82 004_2
’ P(Y =82) 044 22

Bperuncium YCJIIOBHBIC MATCMATHYCCKHUEC OKUAAHNA

M(X/Y =21 = 0,1*i+0,2*£+0,3*§ = 5 =0,29
33 33 33 330

M(X /Y =39) = 01*— +02%20 1 93%10 _ 53 _ 493
23 23 23 230

M(X/Y =82) = 0,1*E+0,2*E+0,3*£ = 36 =016
22 22 22 220

N300pa3um Ha KOOPAMHATHOM MJIOCKOCTH JUHUU UCTUHHOM U JIMHEHHOMN
perpeccum.



JIaang perpeccan X Ha ¥

S

s {CTUHHEA pPErpeccuA

s [IMHEWHEA PEFPECCHA




