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1. OCHOBHBIE ITIOHATUA

JAuddepeHnualbHbIM ypaBHEHHEM BTOPOr0 MOPHAAKA Ha3bIBa-
€TCs YpaBHEHHE, coAeprKalllee HEU3BECTHYIO (MCKOMYIO) (PyHKIHIO Y(X),

HE3aBHCUMYIO MEPEMEHHYIO X, NMIEPBYI0O U BTOPYKO NPOU3BOAHBIE Y, Y

dy d’y
i auddepeHnmanbt FRIER

HuddepenimanbHoe ypaBHEHHE BTOPOIO MOPsSJKA CUMBOJIUYECKU

MOKHO 3aluCaTh B 0OIIEM BHUJIE CICAYIOIIUM 00pa3oMm:

dy d’y
r ") = Flx,y,—, =0.
F(x,y,y,y) 0 mnm (xydx dxzj

HuddepenmanbHoe ypaBHEHHE BTOPOTO MOPSIAKA, pa3pelIeHHOE

OTHOCUTEJIbHO BTOPOU MPOU3BOIHOM, UMEET BUL:

d
y'=f(x,,y") wm V' = f(x,y,d—ij.

Pemienuem auddepeHnaibHOr0 ypaBHEHUsI HA3bIBAETCSl BCSIKas
¢yHKIMSA, KOTOpass oOpamiaer ero B ToxzaecTtBo. JuddepenimanbHoe
ypaBHEHUE BTOPOrO MOpAJIKAa MUMEET OECUMCICHHOE MHOKECTBO pellle-
HH}1, KOTOPbIE MOKHO HPEACTaBUTh B BUae byHkuun ¥y =o(x,C,,C,). D1a
COBOKYITHOCTb PEIICHUM HAa3bIBACTCS OOLMM pelleHneM.

DyHKIMS, TOMyJaroIIasIcsi U3 OOIIEro peleHus Mpu KOHKPETHBIX
3HaueHusX noctostHHbIX C; 1 C,, Ha3bIBACTCS YACTHBIM peleHueM. Ya-
CTHOE€ pelIeHUEe HaXOIUTCS MPH MOMOIIM 3aJaHusl HAaYaJIbHBIX YCIIOBUM:
V(x=x9)=yo 1 y'(x=xy)=Yy', TAE X0, Y0, Vo' — KOHKPETHBIC YUCJIA.

3ajaya OTBICKAHMUSI YACTHOrO peueHus  auddepeHurnanibHoro

ypaBHEHUSI, YOBJIETBOPSIONIETO HAYaIbHOMY YCJIOBHIO, Ha3bIBACTCS 3a-
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naueii Komm. IIpaktnuecku 3amauy Komum pemiaroT cieayromuM o0pa-
30M: HaxoJAT 0Olllee PElIeHUE, 3aTEM B HETO MOCTABISIOT HAYaJbHbIE
YCIOBHUS, TIOIYYAOT CUCTEMY JABYX YPaBHEHUM, ONPEACISAIOT HPOU3BOIIb-
Hble nocTosiHHbIE C; 1 C, U MOJCTABIISIIOT UX KOHKPETHBIC 3HAYCHHUS B

oO111ee pelieHue.

2. JINMOPEPEHIUAJIBHBIE YPABHEHUSA BTOPOI'O
HOPAAKA, JOITYCKAIOHIIHWE MNIOHUKEHUE IMOPAIKA

PaccmoTrpuMm HekoTOpbie THUIB TU(PdEepeHIUATBHBIX YPaBHEHUM
BTOPOTO MOPSAKA, KOTOPBIE MO3BOJISIOT MOHU3UThH NOPSIAOK YPAaBHEHHS U

TIPUBECTHU €0 K yPaBHEHUSM TIEPBOTO MOPSIKA.
2.1. IndpepenunanbHoe ypapuenne suaa ' = f(x)

[IpaBas 4acTh ypaBHEHHS HE COICPKUT ¥ U y'. YpaBHEHHE PEIIACT-
Cd IIyTEeM IIOCJIEAOBATEIbHOIO MHTErpUupoBaHus. Haiimem cHavama mep-

BYIO POU3BOIHYIO (MIPOMEKYTOUHOE 00I1I€€ PELICHUE):
Y = [ f(x)dx = p(x)+C,.
HuTerpupys eie pas, Moxydum o0l1ee perieHue:

v =[(@(x)+C)dx =y (x)+ Cx+C,,

v "
IHpumep 1. Haiitu yacTtHOE pemieHne ypaBHeHus ) =X mpu 3a-

JTAHHBIX HaYaJIbHBIX yciaoBuUsX y(x=0)=1 u y'(x=0)=1.
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Pemenue. IlocnenoBaresnibHO UHTETPUPYs, HAUAEM CHadana Iep-

BYIO POU3BOAHYIO (IIPOMEKYTOUHOE 00I1Ie€ PELICHUE):

2

, b
y =jxdx=7+Cl. (2.1)
NuTterpupys eliie pas, moJyduM o011ee pelieHue:
Xz X3
yZI(7+C1)dx=Z+C1X+Cz- (2.2)

Tak kaK Mbl UHTETPUPOBAJIA JABAXKIIbI, TO MOJTYUYUIIA JBE MPOU3BOJILHBIC
noctosinHbie C; u C,. I[loacTaBiss HayaabHbIC YCIOBUS B COOTHOIICHUS
(2.1) u (2.2), monyuum C;=1 u C,=1. CnenoBarenbHO, 4aCTHOE PEIICHUE

MMEET BUI:

y—x—3+x+l
p .

2.2. Inddepenunaintoe ypaBHenune suaa »' = f(x,)’)
[IpaBass yacTh ypaBHEHHUSI HE COJEPKUT HCKOMON (PYHKUIUH ).
VYpaBHEeHME pelIaeTcsi ¢ IOMOILIBIO MOJICTAHOBKH:
y=z,)y"=z,
riae z — pyHKuus ot x. Torga ucxonaHoe ypaBHEHHE peodpa3yeTcs B
muddepeHmaabHOe ypaBHEHUE MTEPBOro MOPSIKa:
2= f(x.2).

Pelast 3T0 ypaBHeHue, HaiieM obmee pemerue B Buae z = (x,C,).

Jlenast oOpaTHyIO 3aMEeHy Z = V', MOJIy4yuM erie oaHo auddepeHnaib-
HOE YpaBHEHHE IIEPBOTO MOPSIKA:

d
V= €0(X, Cl) WIn d_i = go(x, C, )
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Paznensis mnepeMeHHbIE U MHTErPUPYS, MOJY4UM OOIee pere-
HUE ) = go(x, C,,C, )
IIpumep 2. HaiiTu oOliiee penieHue ypaBHEHUs xy" =y,
r_ " '
Pemenne. CnenaeM noJicTaHOBKY: V =Z, V' =z . Torga ucxomHoe

ypaBHEHUE Mpeodpaszyercs B auddepeHIInaIbHOE YpaBHEHHE IEPBOIO

NOpsiJIKA C Pa3ICISIONUMUCS TTIEPEMEHHBIMU

’ dz
Xz =z WIN X—_ = 2.
dx
Pa3zpnensiem nepeMeHHbIE:
dz _dx
z X
HNuterpupyem:
dz _rdx
z X .

[Tonygaem mpoMeXyTOYHOE 001IIee pelIeHue:

ln‘z‘ = ln‘x‘ +InC, mim z=C\x.

!
Jlenast oOpaTtHylO 3aMeHYy Z = ), MOJY4YHUM elie oaHO AuddepeH-
[IMaJbHOE YpaBHEHHE IIEPBOTO IMOPSIKA C Pa3CSIONIMMUCI TIEPEeMEH-

HBIMMU.
d
y' = Clx WIn —y = Clx.
dx

Pazgensiem nepemennsle: dy = C xdx.

HNuTterpupys, Noay4yum o01iee pelieHue:

2

X
y:C17+C2.
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:y’lnl.

Ilpumep 3. Haiitu o01iee penienne ypasaenus ’ X

Pemenue. CrenaeM nojctaHoBky: ¥ =z, ¥" =z'. Torna ucxomsoe
ypaBHEHHUE Mpeodpaszyercss B auddepeHInaIbHOE YpaBHEHHUE IEPBOIO
opsI/IKa:

xz':Zlni_ (2.3)
X

VYpaBHenue (2.3) sBhsieTCs OAHOPOAHBIM U PEIIAECTCS C MOMOIIbBIO
TIOJICTAHOBKH:
izu,ZZsz,z'zu'x+u. (2.4)
X
IToacrapnsia (2.4) B (2.3), nonyuum auddepeHnalbHOe ypaBHEHUE C

pasIeNsOIMMHUCS IEPEMEHHBIMH:
x(u'x +u)=uxInu.
CokparaeM Ha X U pasersieM [epeMeHHbIe:

ux=ulnu—u,

du  _dx
ulnu—-u  x
HNnrerpupyem:
P 25
u(lnu—-1) 7 x (2:5)

WNurterpan B 1€BOM 4acTH paBeHCTBA (2.5) BhIUKCIISIEM METOAOM 3a-

MEHbI IEPEMEHHOM :

J’L:{lnu —1=t;dt :@} = a :ln‘t‘ :ln‘lnu —1‘.
u(lnu —1) u t
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ITocne uHTerpupoBanus (2.5) moydyaeM HPOMEKYTOUHOE OOIIee
pelIeHHE:
ln‘lnu - 1‘ = ln‘x‘ +InC;
Inu—-1=Cx;
Inu=Cx+1;

_ _Cx+l,
u=e )

__Cix+l1,
=e ;
X

7= xeC1x+1.

!
Jlenass oOpaTHyro 3aMeHy Z =V, moiydyuMm auddepeHnuaibHoe
ypaBHEHUE TIEPBOr0 MOPSIKA C PA3ACIAIONUMUCS TTEPEMEHHBIMU:

dy

’ Cix+1 _ Cix+l
=Xxe nim —,— =Xxe .
Y dx

PaznensieM nepeMeHHbIE U UHTETPUPYEM: jdy = jxec‘x“dx. (2.6)

HNurerpan, CTodliMd B IPaBOM 4YacCTH, BBIYUCIAEM C IIOMOIIBIO

bopMyJIbl HHTEIPUPOBAHUS TI0 YACTSIM:
Iudv =yy— j vdu.

Torna

Cixtl q q q 1
jxe o dxzejxe Ydx =u=x;du=dx;dv=e ‘xdx;v=J.e ‘xdnge =
1

Clx+1 1
_ €-x Cix € Cix _ €-x Cix € Cix €

=—e¢ " ——|eVdx=——e" — —e X

¢ ¢ ¢ & ¢ G

[Tocne nnterpupoBanus (2.6) nojiydum oO1ee pelieHue:

Cix+1 1
€ x——[+C,.
¢ ¢

y:
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4

Y

"_
ITpumep 4. Haiitu o0Liee pelieHne ypaBHeHus v — ; + X COS X.

Pemenue. CrenaeM nojctaHoBky: ¥ =z, ¥" =z'. Torma ucxomasoe
ypaBHEHHUE Mpeodpaszyercss B aAudPpepeHInaIbHOE yYpaBHEHHUE IE€PBOTO
HopsIIKa:

z z
’__ ’_— —
Z =—+XCOSX Wi 2 =XCOSX (27)

VYpaBHenue (2.7) ABISIETCS JIMHEUHBIM HEOJHOPOIHBIM U PEIIACTCS
C IIOMOILIBIO ITOACTAHOBKU:
z=uv,z =u'v+vu. (2.8)

IToncrapmsis (2.8) B (2.7), moayuum:

, .Uy
u'v+vu——=xcosx;
X
, .Uy
uv+|vu—— |=xcosx;
X
u'v+u v’—Z = XCOSX 79
x ( ¢ )

KBagpaTHyto CKOOKY MpPUpPABHSAEM K HYJIIO M PEIIMM IMOJIYYEHHOE ypaB-

HCHHUC C PA3ACIIIIOIMUMUCA IICPEMCHHBIMU

4

Vi=—;

X

Pa3nenseM nmepeMeHHbIC H HHTETPUPYEM:
dv B dx
\% X
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Momygaem: In)y| =In|x| wm v =x. OyEKIMIO V=X HOACTABISEM B CO-
oTHoIeHue (2.9):
u'x = X Cos X.
CokpamraeM Ha X, pa3aeisieM epeMEeHHBIC H HHTETPUPYEM:

u' =cosx;
jdu = jcos xdx.
u=sinx+C,.
Haxomum z: Zz=uv= (sinx + C)x.
ot
Jlenass oOpaTHyro 3aMeHy Z =V, moiydyuMm auddepeHimaibHoe
ypaBHEHUE TIEPBOTO MOPSIKA C PA3ACISIONUMUCS TTEPEMEHHBIMU:
. d :
y' =(sinx + C,)X umm d—y = xsinx + Cx.
X
Paznensiem nepeMeHHbIE M HHTETPUPYEM:
jdyzjxsinxdx+Cljxdx. (2.10)
WNurerpan, crodmuii B npaBoid yactu (2.10), BeUUCIsAEM C MOMO-
1610 HOPMYJIbI HHTEIPUPOBAHUSI TIO YACTSIM:
Iudv = uv—jvdu.
Torna
jxsinxdx = {u =x;du =dx;dv=smnxdx,v = jsinxdx = —cosx}z
=—XCOSX+ jcosxdx =—XCOSX +Sinx.

[Tocne nnterpupoBanus (2.10) mosydum obI1Iee pEIIeHUE:

2

: X
y=sinx—xcosx+C, —+C,.

2

10

You created this PDF from an application that is not licensed to print to novaPDF printer (http://www.novapdf.com)



http://www.novapdf.com

2.3. Inddepenunaistoe ypapuenue suaa ' = /(y,)')
IIpaBas yacTb ypaBHEHUs HE COACPKUT HE3ABUCUMOU NEPEMEHHOU
X. YpaBHEHHUE PEIACTCs C TOMOIIBIO MMOJICTAHOBKHU:

dy

V=zwm - =2
- 9
dx

riae z — pyHKUus ot y, T.€. z= z[)(x)] — cioxHas GyHkus ot x . Toraa:

,,_dzy_dz_dz.dy_dzz
4 d* dx dy dx dy

HcxonHoe ypaBHeHUE npeodpasyercs B auddepeHiiuaibHoe ypaB-

HCHHUC IICPBOI'O MMOPsAIKaA:

Zj—;=f(y,2),

r7ie z — UCcKomas (PyHKIus, y — HE3aBUCUMAasl IEpEMEHHA.

Pelast 310 ypaBHeHHUe, HaiineM obmee peurenue B suie z =o(y,C,).

Jlenast oOpaTHyIO 3aMEeHy Z = V', MOJIy4yuM erie oaHo auddepeHnaib-

HOE YpaBHEHHUE NIEPBOTO MOPSAIKA:

: dy
v =o(y,C,) nm P o(»,C,).

Paznensas nepemeHHbie

dy
o(y,C))

W HHTErpupyst, Hony4uM obiee peruenue ¥ = ¢(x,C,,C, )

dx

Ipumep 5. Haiitu ob1iee perieHrue ypaBHEHUS w'+ (y’)2 =0.
dz

" _
Pemenne. Cyienaem mojICTaHOBKyY: V' =2, Y = d—yz.

11

You created this PDF from an application that is not licensed to print to novaPDF printer (http://www.novapdf.com)



http://www.novapdf.com

Torpa nucxonHoe ypaBHeHUe npeoOpazyercs B AuddepeHnmnaibHoe

ypaBHEHUE TIEPBOr0 MOPSIKA C PA3ACIAIOITUMUCS TTEPEMEHHBIMU:

y%z +z° =0.
dy

Coxkpamtaem Ha z (z20) 1 paszjaensieM epeMeHHbIE:

dz __dy

z y .
HNnTerpupyem:

dz __ j@

z y .

[Tonygaem mpoMeXyTOYHOE 00IIIee pelIeHNe:

C'l
ln‘z‘:—ln‘yHInC1 WIN 227.

!
Jlenast oOpaTtHylO 3aMe€HYy Z = ), MOJY4YHUM elie oaHOo AuddepeH-
[IMaJbHOE YpaBHEHHE IIEPBOTO IMOPSIKA C Pa3lCSIOINIUMUCI TIEPEMEH-

HBbIMU:

’ C'l dy Cl
y="—"wnm ,_ = -
y dx y

Paznensiem nepemennsie: ydy = Cidx.

HNuTterpupys, Noay4yum o01iee pelieHue:

2

Y _cx+C,
2

12
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KOHTPOJIBHBIE BOITPOCHI

1. J{aitte ompenenenue aud@depeHIHaNTbHOIO YpaBHEHHUS BTOPOrO IIO-
psIKa.

2. JlaiiTe omnpeneneHusi OOIEro U 4YacTHOTO pelleHus nuddepeHumanb-
HOT'O YpaBHEHHUS BTOPOTO MOPSIKA.

3. Kak Ha3pIBaeTcs 3a/1a4a HAXOXKJICHUS YACTHOTO PEIICHUS ?

4. Kak MOXHO HalTH YaCTHOE pPEILICHUE U3 0011ero?

5. Ilepeuncnure Tunsl AudPepeHInaIbHbIX YPaBHEHUI BTOPOro MOPS/I-
Ka, TOMYCKAIOIINX MOHUKEHHUE MOPSIKA.

6. Kakum Meronom pemarorcst AudpepeHnranbHbie ypaBHEHUSI BTOPOTO
NOpsiIKa, KOTOPbIE HE COAEPKAaT UCKOMYIO (PYHKIIHMIO U €€ MPOU3BO/I-
HYI0?

7. KakuMm Meronom pemarotcst AudpepeHnanbHbie ypaBHEHUSI BTOPOTO
NOpsIIKa, KOTOPbIE HE COAEPKAT UCKOMYIO (DYHKIHIO?

8. Kakum MeromoM pemrarorcst quddpepeHnnanbble ypaBHEHHT BTOPOTO

NOpsAJIKa, KOTOPBIE HE COJIEPKAT HE3aBUCUMYIO IEPEMEHHYIO?

13
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