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ȼȼȿȾȿɇɂȿ 

ɉɪɟɞɥɚɝɚɟɦɵɟ� ɦɟɬɨɞɢɱɟɫɤɢɟ� ɭɤɚɡɚɧɢɹ� ɩɪɟɞɧɚɡɧɚɱɟɧɵ� ɞɥɹ 
ɫɚɦɨɫɬɨɹɬɟɥɶɧɨɣ� ɪɚɛɨɬɵ� ɫɬɭɞɟɧɬɨɜ� ɡɚɨɱɧɨɝɨ� ɮɚɤɭɥɶɬɟɬɚ� ɜ 
ɩɪɨɰɟɫɫɟ� ɜɵɩɨɥɧɟɧɢɹ� ɤɨɧɬɪɨɥɶɧɨɣ� ɪɚɛɨɬɵ� ɩɨ� ɬɟɦɟ 
©Ⱦɢɮɮɟɪɟɧɰɢɚɥɶɧɨɟ� ɢɫɱɢɫɥɟɧɢɟ� ɮɭɧɤɰɢɢ� ɧɟɫɤɨɥɶɤɢɯ 
ɩɟɪɟɦɟɧɧɵɯ». 

Ɇɚɬɟɦɚɬɢɱɟɫɤɨɟ� ɫɨɞɟɪɠɚɧɢɟ� ɞɚɧɧɨɝɨ� ɪɚɡɞɟɥɚ� ɧɚɩɪɚɜɥɟɧɨ 
ɧɚ� ɮɨɪɦɢɪɨɜɚɧɢɟ� ɭ� ɫɬɭɞɟɧɬɚ� ɨɛɳɟɤɭɥɶɬɭɪɧɵɯ (ɈɄ) ɢ 
ɩɪɨɮɟɫɫɢɨɧɚɥɶɧɵɯ�ɤɨɦɩɟɬɟɧɰɢɣ (ɉɄ):  

 
 

ɈɄ-1 ȼɥɚɞɟɧɢɟ� ɤɭɥɶɬɭɪɨɣ� ɦɵɲɥɟɧɢɹ, ɫɩɨɫɨɛɧɨɫɬɶɸ� ɤ� ɨɛɨɛɳɟɧɢɸ, 
ɚɧɚɥɢɡɭ, ɜɨɫɩɪɢɹɬɢɸ� ɢɧɮɨɪɦɚɰɢɢ, ɩɨɫɬɚɧɨɜɤɟ� ɰɟɥɢ� ɢ� ɜɵɛɨɪɭ 
ɩɭɬɟɣ�ɟɟ�ɞɨɫɬɢɠɟɧɢɹ. 

ɈɄ-9 ɋɩɨɫɨɛɧɨɫɬɶ�ɤ�ɰɟɥɟɧɚɩɪɚɜɥɟɧɧɨɦɭ�ɩɪɢɦɟɧɟɧɢɸ�ɛɚɡɨɜɵɯ�ɡɧɚɧɢɣ�ɜ 
ɨɛɥɚɫɬɢ� ɦɚɬɟɦɚɬɢɱɟɫɤɢɯ, ɟɫɬɟɫɬɜɟɧɧɵɯ, ɝɭɦɚɧɢɬɚɪɧɵɯ� ɢ 
ɷɤɨɧɨɦɢɱɟɫɤɢɯ�ɧɚɭɤ�ɜ�ɩɪɨɮɟɫɫɢɨɧɚɥɶɧɨɣ�ɞɟɹɬɟɥɶɧɨɫɬɢ. 

ɉɄ-1 ɋɩɨɫɨɛɧɨɫɬɶ� ɢɫɩɨɥɶɡɨɜɚɬɶ� ɡɚɤɨɧɵ� ɢ� ɦɟɬɨɞɵ� ɦɚɬɟɦɚɬɢɤɢ, 
ɟɫɬɟɫɬɜɟɧɧɵɯ, ɝɭɦɚɧɢɬɚɪɧɵɯ� ɢ� ɷɤɨɧɨɦɢɱɟɫɤɢɯ� ɧɚɭɤ� ɩɪɢ� ɪɟɲɟɧɢɢ 
ɩɪɨɮɟɫɫɢɨɧɚɥɶɧɵɯ�ɡɚɞɚɱ. 

 
ȼ�ɪɟɡɭɥɶɬɚɬɟ�ɨɫɜɨɟɧɢɹ�ɦɚɬɟɪɢɚɥɚ�ɫɬɭɞɟɧɬ�ɞɨɥɠɟɧ:   
Ɂɧɚɬɶ: ɩɨɧɹɬɢɟ ɮɭɧɤɰɢɢ�ɧɟɫɤɨɥɶɤɢɯ�ɩɟɪɟɦɟɧɧɵɯ.   
ɍɦɟɬɶ: ɢɫɩɨɥɶɡɨɜɚɬɶ ɦɚɬɟɦɚɬɢɱɟɫɤɢɟ� ɦɟɬɨɞɵ� ɜ� ɬɟɯɧɢɱɟɫɤɢɯ 

ɩɪɢɥɨɠɟɧɢɹɯ. 
ȼɥɚɞɟɬɶ: ɦɟɬɨɞɚɦɢ ɦɚɬɟɦɚɬɢɱɟɫɤɨɝɨ�ɚɧɚɥɢɡɚ. 

 

Ɉɫɧɨɜɧɨɣ�ɡɚɞɚɱɟɣ�ɬɟɨɪɢɢ�ɮɭɧɤɰɢɣ�ɧɟɫɤɨɥɶɤɢɯ�ɩɟɪɟɦɟɧɧɵɯ 
ɹɜɥɹɟɬɫɹ� ɨɩɢɫɚɧɢɟ� ɪɚɡɥɢɱɧɵɯ� ɩɪɨɰɟɫɫɨɜ� ɜ� ɩɪɢɪɨɞɟ� ɢ 
ɩɪɨɢɡɜɨɞɫɬɜɟ, ɤɨɝɞɚ� ɢɡɦɟɧɟɧɢɟ� ɨɞɧɨɣ� ɩɟɪɟɦɟɧɧɨɣ� ɡɚɜɢɫɢɬ� ɨɬ 
ɢɡɦɟɧɟɧɢɹ� ɧɟɫɤɨɥɶɤɢɯ� ɩɟɪɟɦɟɧɧɵɯ. ɇɚɩɪɢɦɟɪ: ɩɪɢ� ɢɡɭɱɟɧɢɢ 
ɬɟɩɥɨɜɵɯ� ɩɪɨɰɟɫɫɨɜ� ɜ� ɤɨɬɥɚɯ� ɜɵɫɨɤɨɝɨ� ɞɚɜɥɟɧɢɹ� ɜɚɠɧɵɦ 
ɹɜɥɹɟɬɫɹ� ɡɧɚɧɢɟ� ɬɟɦɩɟɪɚɬɭɪɵ Т, ɤɨɬɨɪɚɹ� ɢɡɦɟɧɹɟɬɫɹ� ɜ 
ɡɚɜɢɫɢɦɨɫɬɢ�ɨɬ�ɜɪɟɦɟɧɢ t   ɢ�ɩɪɨɫɬɪɚɧɫɬɜɟɧɧɵɯ�ɤɨɨɪɞɢɧɚɬ,  ɬ.  ɟ.   

),,,( tzyxТ j= .           
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Ɍɟɦɚ 1. ɉɈɇəɌɂȿ�ɎɍɇɄɐɂɂ�ɇȿɋɄɈɅɖɄɂɏ�ɉȿɊȿɆȿɇɇɕɏ  
 

Основные сведения из теории 
 

ɉɪɢ� ɢɡɭɱɟɧɢɢ� ɮɭɧɤɰɢɣ� ɧɟɫɤɨɥɶɤɢɯ� ɩɟɪɟɦɟɧɧɵɯ 
ɨɫɬɚɧɨɜɢɦɫɹ�ɧɚ�ɮɭɧɤɰɢɹɯ�ɞɜɭɯ�ɢɥɢ�ɬɪɟɯ�ɩɟɪɟɦɟɧɧɵɯ. 

 

Ɉɩɪɟɞɟɥɟɧɢɟ.� ȿɫɥɢ� ɤɚɠɞɨɣ� ɩɚɪɟ� ɱɢɫɟɥ ),( ух � ɢɡ 
ɦɧɨɠɟɫɬɜɚ D� ɧɚ� ɩɥɨɫɤɨɫɬɢ ОХУ ɩɨ� ɧɟɤɨɬɨɪɨɦɭ� ɡɚɤɨɧɭ 
ɫɨɩɨɫɬɚɜɥɟɧɨ� ɡɧɚɱɟɧɢɟ� ɩɟɪɟɦɟɧɧɨɣ z, ɬɨ z� ɧɚɡɵɜɚɟɬɫɹ 
ɮɭɧɤɰɢɟɣ� ɞɜɭɯ� ɧɟɡɚɜɢɫɢɦɵɯ� ɩɟɪɟɦɟɧɧɵɯ ух, .  ɉɪɢ� ɷɬɨɦ 
ɦɧɨɠɟɫɬɜɨ D  ɧɚɡɵɜɚɟɬɫɹ�ɨɛɥɚɫɬɶɸ�ɨɩɪɟɞɟɥɟɧɢɹ�ɮɭɧɤɰɢɢ  z. 

Ɏɭɧɤɰɢɸ�ɞɜɭɯ�ɩɟɪɟɦɟɧɧɵɯ�ɨɛɨɡɧɚɱɚɸɬ�ɬɚɤ: 
),( yxfz = .                    (1.1) 

 
1.2. Определение функции трех и более переменных 

          
Ɉɩɪɟɞɟɥɟɧɢɟ. ȿɫɥɢ� ɤɚɠɞɨɣ� ɪɚɫɫɦɚɬɪɢɜɚɟɦɨɣ 

ɫɨɜɨɤɭɩɧɨɫɬɢ� ɡɧɚɱɟɧɢɣ� ɩɟɪɟɦɟɧɧɨɣ tvzyx ,...,,,, � ɫɨɨɬɜɟɬɫɬɜɭɟɬ 
ɨɩɪɟɞɟɥɟɧɧɨɟ�ɡɧɚɱɟɧɢɟ�ɩɟɪɟɦɟɧɧɨɣ u, ɬɨ u ɧɚɡɵɜɚɟɬɫɹ�ɮɭɧɤɰɢɟɣ 
ɧɟɡɚɜɢɫɢɦɵɯ�ɩɟɪɟɦɟɧɧɵɯ tvzyx ,...,,,, �ɢ�ɨɛɨɡɧɚɱɚɟɬɫɹ�ɬɚɤ: 

),...,,,,( tvzyxfu = . 
Ɉɛɥɚɫɬɶɸ�ɨɩɪɟɞɟɥɟɧɢɹ�ɮɭɧɤɰɢɢ�ɬɪɟɯ�ɩɟɪɟɦɟɧɧɵɯ�ɹɜɥɹɟɬɫɹ 

ɧɟɤɨɬɨɪɚɹ�ɫɨɜɨɤɭɩɧɨɫɬɶ�ɬɪɨɟɤ�ɱɢɫɟɥ ),,( zyx . ɉɨɫɤɨɥɶɤɭ�ɤɚɠɞɚɹ 
ɭɩɨɪɹɞɨɱɟɧɧɚɹ� ɬɪɨɣɤɚ� ɱɢɫɟɥ� ɡɚɞɚɟɬ� ɬɨɱɤɭ� ɜ� ɩɪɨɫɬɪɚɧɫɬɜɟ, ɬɨ 
ɨɛɥɚɫɬɶ� ɨɩɪɟɞɟɥɟɧɢɹ� ɮɭɧɤɰɢɢ� ɬɪɟɯ� ɩɟɪɟɦɟɧɧɵɯ� ɦɨɠɧɨ 
ɩɪɟɞɫɬɚɜɢɬɶ�ɤɚɤ�ɫɨɜɨɤɭɩɧɨɫɬɶ�ɬɨɱɟɤ�ɜ�ɩɪɨɫɬɪɚɧɫɬɜɟ. 

Ɉɛɥɚɫɬɶ� ɨɩɪɟɞɟɥɟɧɢɹ�ɮɭɧɤɰɢɢ�ɱɟɬɵɪɟɯ�ɢ� ɛɨɥɶɲɟɝɨ�ɱɢɫɥɚ 
ɩɟɪɟɦɟɧɧɵɯ� ɧɟ� ɞɨɩɭɫɤɚɟɬ� ɩɪɨɫɬɨɝɨ� ɝɟɨɦɟɬɪɢɱɟɫɤɨɝɨ 
ɢɫɬɨɥɤɨɜɚɧɢɹ. 
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1.3. Определение графика функции двух переменных 
 
ȼ� ɭɪɚɜɧɟɧɢɢ (1.1) ɤɚɠɞɨɣ� ɬɨɱɤɟ М� ɧɚ� ɩɥɨɫɤɨɫɬɢ� ɫ 

ɤɨɨɪɞɢɧɚɬɚɦɢ ),( ух � ɫɬɚɜɢɬɫɹ� ɜ� ɫɨɨɬɜɟɬɫɬɜɢɟ� ɨɩɪɟɞɟɥɟɧɧɨɟ 
ɡɧɚɱɟɧɢɟ� ɩɟɪɟɦɟɧɧɨɣ z. Ɍɪɨɣɤɚ� ɱɢɫɟɥ )),(,,( ухfzух =  
ɨɩɪɟɞɟɥɹɟɬ� ɜ� ɩɪɨɫɬɪɚɧɫɬɜɟ� ɟɞɢɧɫɬɜɟɧɧɭɸ� ɬɨɱɤɭ 

)),(,,( ухfzухР = , ɩɪɨɟɤɰɢɟɣ� ɤɨɬɨɪɨɣ� ɧɚ� ɩɥɨɫɤɨɫɬɶ ХОУ 
ɹɜɥɹɟɬɫɹ�ɬɨɱɤɚ ),( ухМ . 

 
P 

M 
D 

Z 

x 

y 

 
Ɋɢɫ. 1 

 
Ɉɩɪɟɞɟɥɟɧɢɟ. ɋɨɜɨɤɭɩɧɨɫɬɶ�ɜɫɟɯ�ɬɨɱɟɤ )),(,,( ухfzухР =  

ɧɚɡɵɜɚɟɬɫɹ�ɝɪɚɮɢɤɨɦ�ɮɭɧɤɰɢɢ ),( ухfz = . 
ȼ� ɩɪɨɫɬɟɣɲɢɯ� ɫɥɭɱɚɹɯ� ɝɪɚɮɢɤɨɦ� ɮɭɧɤɰɢɢ ),( ухfz =  

ɹɜɥɹɟɬɫɹ�ɩɨɜɟɪɯɧɨɫɬɶ, ɩɪɨɟɤɰɢɹ�ɤɨɬɨɪɨɣ�ɧɚ�ɩɥɨɫɤɨɫɬɶ ХОУ� ɟɫɬɶ 
ɨɛɥɚɫɬɶ D�ɨɩɪɟɞɟɥɟɧɢɹ�ɮɭɧɤɰɢɢ. 

ɍɪɚɜɧɟɧɢɟ (1.1.) ɦɨɠɟɬ� ɛɵɬɶ� ɩɪɟɞɫɬɚɜɥɟɧɨ� ɜ� ɜɢɞɟ: 
0),,( =zухF . ȿɫɥɢ� ɷɬɨ� ɭɪɚɜɧɟɧɢɟ� ɹɜɥɹɟɬɫɹ� ɭɪɚɜɧɟɧɢɟɦ� ɩɟɪɜɨɣ 

ɫɬɟɩɟɧɢ, ɬɨ�ɨɧɨ�ɩɪɟɞɫɬɚɜɥɹɟɬ�ɫɨɛɨɣ�ɧɟɤɨɬɨɪɭɸ�ɩɥɨɫɤɨɫɬɶ.  
ɉɨɜɟɪɯɧɨɫɬɶ, ɤɨɬɨɪɭɸ� ɩɪɟɞɫɬɚɜɥɹɟɬ� ɭɪɚɜɧɟɧɢɟ� ɜɬɨɪɨɣ 

ɫɬɟɩɟɧɢ, ɧɚɡɵɜɚɟɬɫɹ�ɩɨɜɟɪɯɧɨɫɬɶɸ�ɜɬɨɪɨɝɨ�ɩɨɪɹɞɤɚ. 
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1.4. Определение предела функции двух переменных 
 
Ɉɩɪɟɞɟɥɟɧɢɟ.� Ɏɭɧɤɰɢɹ ),( yxf � ɢɦɟɟɬ� ɩɪɟɞɟɥ� ɜ� ɬɨɱɤɟ 

),( 000 ухМ � ɪɚɜɧɵɣ� ɱɢɫɥɭ А, ɟɫɥɢ� ɨɧɚ� ɨɩɪɟɞɟɥɟɧɚ� ɜ� ɧɟɤɨɬɨɪɨɣ 
ɨɤɪɟɫɬɧɨɫɬɢ� ɬɨɱɤɢ ),( 000 ухМ , ɡɚ� ɢɫɤɥɸɱɟɧɢɟɦ, ɛɵɬɶ� ɦɨɠɟɬ, 
ɫɚɦɨɣ� ɷɬɨɣ� ɬɨɱɤɢ� ɢ� ɟɫɥɢ� ɫɭɳɟɫɬɜɭɟɬ� ɩɪɟɞɟɥ Ayxf

yy
xx

=
®
®

),(lim
0
0

, 

ɤɚɤɢɦ� ɛɵ� ɧɢ� ɛɵɥɨ� ɧɚɩɪɚɜɥɟɧɢɟ� ɞɜɢɠɟɧɢɹ� ɨɬ� ɬɨɱɤɢ ),( ухМ � ɤ 
ɬɨɱɤɟ ),( 000 ухМ . 

 
1.5. Определение непрерывной в данной точке функции 
       двух переменных 
 
Ɉɩɪɟɞɟɥɟɧɢɟ.� Ɏɭɧɤɰɢɹ ),( yxf � ɧɟɩɪɟɪɵɜɧɚ� ɜ� ɬɨɱɤɟ 

),( 000 ухМ , ɟɫɥɢ�ɜɵɩɨɥɧɹɸɬɫɹ�ɬɪɢ�ɭɫɥɨɜɢɹ: 
1) ),( yxf �ɨɩɪɟɞɟɥɟɧɚ�ɜ�ɧɟɤɨɬɨɪɨɣ�ɨɤɪɟɫɬɧɨɫɬɢ�ɢ�ɜ�ɫɚɦɨɣ 

ɬɨɱɤɟ; 
2) ɫɭɳɟɫɬɜɭɟɬ�ɩɪɟɞɟɥ ),(lim

0
0

yxf
yy
xx

®
®

; 

3) ɷɬɨɬ�ɩɪɟɞɟɥ�ɪɚɜɟɧ�ɡɧɚɱɟɧɢɸ�ɮɭɧɤɰɢɢ�ɜ�ɬɨɱɤɟ ),( 000 ухМ : 
),(),(lim 00

0
0

yxfyxf
yy
xx

=
®
®

. 

ȿɫɥɢ� ɯɨɬɹ� ɛɵ� ɨɞɧɨ� ɢɡ� ɷɬɢɯ� ɭɫɥɨɜɢɣ� ɧɟ� ɜɵɩɨɥɧɹɟɬɫɹ,  ɬɨ 
ɬɨɱɤɚ 0М �ɹɜɥɹɟɬɫɹ�ɬɨɱɤɨɣ�ɪɚɡɪɵɜɚ�ɮɭɧɤɰɢɢ. 

 
1.6. Примеры решения задач 
 
Ɂɚɞɚɱɚ 1. ȼɵɪɚɡɢɬɶ� ɨɛɴɟɦ V� ɰɢɥɢɧɞɪɚ� ɤɚɤ� ɮɭɧɤɰɢɸ� ɟɝɨ 

ɜɵɫɨɬɵ  х  ɢ�ɪɚɞɢɭɫɚ�ɨɫɧɨɜɚɧɢɹ  у. 
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Ɋɟɲɟɧɢɟ. Ɉɛɴɟɦ� ɰɢɥɢɧɞɪɚ� ɪɚɜɟɧ HrV 2 ʌ= . ȼ� ɧɚɲɟɦ 
ɫɥɭɱɚɟ xH = ; yr = . ɉɨɥɭɱɚɟɦ  xyV 2 ʌ= . 

 

Ɂɚɞɚɱɚ 2. ɇɚɣɬɢ�ɡɧɚɱɟɧɢɟ�ɮɭɧɤɰɢɢ 
у
ххуyxf +=),( �ɩɪɢ 

1=x , 1-=у �ɢ�ɩɪɢ 1=x , 
2
1

=у . 

Ɋɟɲɟɧɢɟ. 211
)1(

1)1(1)1;1( -=--=
-

+-×=-f . 

      5,22
2
1

2/1
1

2
11

2
1;1 =+=+×=÷
ø
ö

ç
è
æf . 

 
Ɂɚɞɚɱɚ 3. ɇɚɣɬɢ�ɢ�ɢɡɨɛɪɚɡɢɬɶ�ɨɛɥɚɫɬɶ�ɨɩɪɟɞɟɥɟɧɢɹ�ɮɭɧɤɰɢɣ 

ɚ) )(ln 2 yxz +=     ɛ) 22 11 yxz -+-=     ɜ) 222
1

yxR
z

--
= . 

Ɋɟɲɟɧɢɟ. ɚ) Ɍɚɤ� ɤɚɤ� ɥɨɝɚɪɢɮɦɵ� ɨɩɪɟɞɟɥɟɧɵ� ɬɨɥɶɤɨ� ɞɥɹ 
ɱɢɫɟɥ� ɩɨɥɨɠɢɬɟɥɶɧɵɯ, ɬɨ�ɞɨɥɠɧɨ� ɭɞɨɜɥɟɬɜɨɪɹɬɶɫɹ� ɧɟɪɚɜɟɧɫɬɜɨ 

02 >+ yx �ɢɥɢ 2xy -> . 
ɉɨɫɬɪɨɢɦ� ɝɪɚɮɢɤ� ɩɚɪɚɛɨɥɵ 2xy -= � ɩɭɧɤɬɢɪɧɨɣ� ɥɢɧɢɟɣ. 

ɇɟɪɚɜɟɧɫɬɜɭ 2xy -> � ɭɞɨɜɥɟɬɜɨɪɹɸɬ� ɬɨɱɤɢ� ɩɥɨɫɤɨɫɬɢ, 
ɪɚɫɩɨɥɨɠɟɧɧɵɟ�ɜɵɲɟ�ɩɚɪɚɛɨɥɵ, ɧɟ�ɜɤɥɸɱɚɹ�ɫɚɦɨɣ�ɩɚɪɚɛɨɥɵ. 

 

x Ɉ 

y 
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ɛ) ɑɬɨɛɵ z� ɢɦɟɥɨ� ɞɟɣɫɬɜɢɬɟɥɶɧɨɟ� ɡɧɚɱɟɧɢɟ, ɧɭɠɧɨ� ɱɬɨɛɵ 
ɩɨɞ� ɤɚɠɞɵɦ� ɤɨɪɧɟɦ� ɛɵɥɨ� ɧɟɨɬɪɢɰɚɬɟɥɶɧɨɟ� ɱɢɫɥɨ,  ɬ.  ɟ.  ɧɭɠɧɨ 
ɪɚɫɫɦɨɬɪɟɬɶ�ɫɢɫɬɟɦɭ�ɧɟɪɚɜɟɧɫɬɜ: 

î
í
ì

££-
££-

Þ
ïî

ï
í
ì

£

£
Þ

ïî

ï
í
ì

£

£
Þ

ïî

ï
í
ì

³-

³-
11
11

1

1

1

1

01

01
2

2

2

2

у
х

у

х

у

х

у

х
. 

 
Ɉɛɥɚɫɬɶ� ɨɩɪɟɞɟɥɟɧɢɹ: ɫɨɜɨɤɭɩɧɨɫɬɶ� ɬɨɱɟɤ� ɩɥɨɫɤɨɫɬɢ, 

ɪɚɫɩɨɥɨɠɟɧɧɵɯ�ɜɧɭɬɪɢ�ɤɜɚɞɪɚɬɚ, ɜɤɥɸɱɚɹ�ɝɪɚɧɢɰɵ. 
 

0 1 -1 

-1 

1 

 
в) Ɍɚɤ� ɤɚɤ� ɞɪɨɛɧɚɹ� ɮɭɧɤɰɢɹ� ɧɟ� ɨɩɪɟɞɟɥɟɧɚ, ɟɫɥɢ 

ɡɧɚɦɟɧɚɬɟɥɶ� ɪɚɜɟɧ� ɧɭɥɸ, ɬɨ� ɩɨɫɬɪɨɢɦ� ɝɪɚɮɢɤ� ɨɤɪɭɠɧɨɫɬɢ 
222 Rух =+ �ɩɭɧɤɬɢɪɧɨɣ�ɥɢɧɢɟɣ. 

Ɉɛɥɚɫɬɶ�ɨɩɪɟɞɟɥɟɧɢɹ�ɮɭɧɤɰɢɢ: ɜɫɹ�ɩɥɨɫɤɨɫɬɶ, ɡɚ�ɢɫɤɥɸɱɟɧɢɟɦ 
ɬɨɱɟɤ�ɨɤɪɭɠɧɨɫɬɢ. 
 

x 
R 

-R 

-R 

R 
y 

-0 
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Ɂɚɞɚɱɚ 4. ɇɚɣɬɢ  222

22

0
0 )(

)( ɫos1lim
yx

yx

y
x +

+-

®
®

. 

Ɋɟɲɟɧɢɟ. 

=÷
ø
ö

ç
è
æ=

+
+-

®
® 0

0
)(

)( ɫos1lim 222

22

0
0 yx

yx

y
x

=
+

÷÷
ø

ö
çç
è

æ +

®
® 222

22
2

0
0 )(

2
2sin

lim
yx

ух

y
x

  

=÷÷
ø

ö
çç
è

æ
®

=
0Į ɩɪɢ
Į~Įsin 

=
+

÷÷
ø

ö
çç
è

æ +

®
® 222

222

0
0 )(

2
2

lim
yx

ух

y
x 2

1
)(4
)(2lim 222

222

0
0

=
+
+

®
® yx

ух

y
x

. 

 

Ɂɚɞɚɱɚ 5. Ⱦɨɤɚɡɚɬɶ, ɱɬɨ  33

3

0
0

lim
yx

x

y
x +
®
®

  ɧɟ�ɫɭɳɟɫɬɜɭɟɬ. 

Ɋɟɲɟɧɢɟ. =÷
ø
ö

ç
è
æ=

+
®
® 0

0lim 33

3

0
0 yx

x

y
x

 (ɩɭɫɬɶ kxу = ) = 

 =
+

=
® 333

3

0
lim

xkx
x

x 333

3

0 1
1

)1(
lim

kkx
x

x +
=

+®
. 

ɉɪɟɞɟɥ� ɡɚɜɢɫɢɬ� ɨɬ� ɡɧɚɱɟɧɢɹ� ɭɝɥɨɜɨɝɨ� ɤɨɷɮɮɢɰɢɟɧɬɚ k, 
ɫɥɟɞɨɜɚɬɟɥɶɧɨ, ɩɪɟɞɟɥ�ɧɟ�ɫɭɳɟɫɬɜɭɟɬ. 

Ɂɚɞɚɱɚ 6.�ɇɚɣɬɢ 22

22
lim

yx
уx

y
x

+

¥®
¥®

. 

Ɋɟɲɟɧɢɟ. ===÷
ø
ö

ç
è
æ
¥
¥

=
+

¥®
¥®

)(lim 22

22
kxy

yx
уx

y
x

=
+

¥® 42

222
lim

xk
xkx

x
 

01lim1)1(lim 22

2

42

22
=

+
=

+
=

¥®¥® xk
k

xk
xk

xx
�ɩɪɢ�ɥɸɛɨɦ�ɡɧɚɱɟɧɢɢ  k. 
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Ɂɚɞɚɱɚ 7. Ⱦɨɤɚɡɚɬɶ, ɱɬɨ  24

2
lim

yx
уx

y
x +

¥®
¥®

  ɧɟ�ɫɭɳɟɫɬɜɭɟɬ. 

Ɋɟɲɟɧɢɟ. ===÷
ø
ö

ç
è
æ
¥
¥

=
+

¥®
¥®

)(lim 2
24

2
kxy

yx
уx

y
x

=
+¥® 424

4
lim

xkх
kx

x
 

224

4

1)1(
lim

k
k

x
kx

x +
=

+
=

¥®
. 

ɉɪɟɞɟɥ� ɧɟ� ɫɭɳɟɫɬɜɭɟɬ, ɬ. ɤ. ɨɧ� ɡɚɜɢɫɢɬ� ɨɬ� ɧɚɩɪɚɜɥɟɧɢɹ 
ɞɜɢɠɟɧɢɹ. 

 
 
 

Ɍɟɦɚ 2. ɑȺɋɌɇɕȿ�ɉɊɈɂɁȼɈȾɇɕȿ�ɎɍɇɄɐɂɂ 
              ɇȿɋɄɈɅɖɄɂɏ�ɉȿɊȿɆȿɇɇɕɏ. ȾɂɎɎȿɊȿɇɐɂȺɅ.  
             ɉɊɂȻɅɂɀȿɇɇɕȿ�ȼɕɑɂɋɅȿɇɂə 

 
 
2.1. Определение частных производных функции двух 
      переменных 
 
ɉɭɫɬɶ� ɜ� ɧɟɤɨɬɨɪɨɣ� ɨɛɥɚɫɬɢ D ɡɚɞɚɧɚ� ɮɭɧɤɰɢɹ� ɞɜɭɯ 

ɩɟɪɟɦɟɧɧɵɯ ),( yxfz = � ɢ� ɩɭɫɬɶ ),( 000 yxM � í� ɧɟɤɨɬɨɪɚɹ 
ɜɧɭɬɪɟɧɧɹɹ�ɬɨɱɤɚ�ɨɛɥɚɫɬɢ D. Ⱦɚɞɢɦ�ɧɟɡɚɜɢɫɢɦɨɦɭ�ɩɟɪɟɦɟɧɧɨɦɭ х 
ɩɪɢɪɚɳɟɧɢɟ 0ххх -=D , ɬɨɝɞɚ� ɮɭɧɤɰɢɹ z ɩɨɥɭɱɢɬ� ɱɚɫɬɧɨɟ 
ɩɪɢɪɚɳɟɧɢɟ�ɩɨ  х:  

),(),( 0000 yxfyxxfzх -D+=D . 
 

Ɉɩɪɟɞɟɥɟɧɢɟ.� ɑɚɫɬɧɨɣ� ɩɪɨɢɡɜɨɞɧɨɣ� ɨɬ� ɮɭɧɤɰɢɢ 
),( yxfz = � ɜ� ɬɨɱɤɟ ),( 000 yxM � ɩɨ� ɧɟɡɚɜɢɫɢɦɨɣ� ɩɟɪɟɦɟɧɧɨɣ х 

ɧɚɡɵɜɚɟɬɫɹ� ɤɨɧɟɱɧɵɣ� ɩɪɟɞɟɥ� ɨɬɧɨɲɟɧɢɹ� ɱɚɫɬɧɨɝɨ� ɩɪɢɪɚɳɟɧɢɹ 
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zхD � ɤ� ɩɪɢɪɚɳɟɧɢɸ хD � ɩɪɢ� ɫɬɪɟɦɥɟɧɢɢ хD � ɤ� ɧɭɥɸ� ɢ 
ɨɛɨɡɧɚɱɚɟɬɫɹ�ɨɞɧɢɦ�ɢɡ�ɫɢɦɜɨɥɨɜ: 

x
z
¶
¶ , 

x
Mz
¶

¶ )( 0 , 
x

yxf
¶

¶ ),( , xz¢ . 

ɂɬɚɤ:  

=
D
D

=
¶
¶

®D x
z

x
z x

x 0
lim

x
yxfyxxf

x D
-D+

®D

),(),(lim 0000
0

. 

Ⱥɧɚɥɨɝɢɱɧɨ:  

=
D
D

=
¶
¶

®D y
z

y
z y

y 0
lim

y
yxfyyxf

y D
-D+

®D

),(),(lim 0000
0

. 

ɉɨɧɹɬɢɹ�ɱɚɫɬɧɵɯ�ɩɪɨɢɡɜɨɞɧɵɯ�ɞɥɹ�ɮɭɧɤɰɢɢ�ɞɪɭɝɨɝɨ�ɱɢɫɥɚ 
ɩɟɪɟɦɟɧɧɵɯ� ɞɚɸɬɫɹ� ɚɧɚɥɨɝɢɱɧɨ. ɇɚɩɪɢɦɟɪ: ɮɭɧɤɰɢɹ 

),,( zyxfu = � ɛɭɞɟɬ� ɢɦɟɬɶ� ɱɚɫɬɧɵɟ� ɩɪɨɢɡɜɨɞɧɵɟ: 
x
u
¶
¶ , 

y
u
¶
¶ , 

z
u
¶

¶
,   

ɚ�ɮɭɧɤɰɢɹ n�ɩɟɪɟɦɟɧɧɵɯ )...,,,( 21 nxxxF �ɛɭɞɟɬ�ɢɦɟɬɶ n ɱɚɫɬɧɵɯ 
ɩɪɨɢɡɜɨɞɧɵɯ� ɩɟɪɜɨɝɨ� ɩɨɪɹɞɤɚ. ɉɪɢ� ɧɚɯɨɠɞɟɧɢɢ� ɱɚɫɬɧɨɣ 
ɩɪɨɢɡɜɨɞɧɨɣ�ɩɨ�ɨɞɧɨɣ� ɩɟɪɟɦɟɧɧɨɣ� ɜɫɟ�ɨɫɬɚɥɶɧɵɟ�ɧɟɡɚɜɢɫɢɦɵɟ 
ɩɟɪɟɦɟɧɧɵɟ�ɫɱɢɬɚɸɬɫɹ�ɩɨɫɬɨɹɧɧɵɦɢ. 

 
 
2.2. Определение геометрического смысла частных 
       производных 
 
ɉɭɫɬɶ�ɮɭɧɤɰɢɹ ),( yxfz = �ɨɩɪɟɞɟɥɟɧɚ�ɜ�ɨɛɥɚɫɬɢ D �ɢ�ɬɨɱɤɚ 

),( 000 yxM � í� ɜɧɭɬɪɟɧɧɹɹ� ɬɨɱɤɚ� ɜ D. ɍɪɚɜɧɟɧɢɟ ),( yxfz =  
ɡɚɞɚɟɬ�ɧɟɤɨɬɨɪɭɸ�ɩɨɜɟɪɯɧɨɫɬɶ. ȿɫɥɢ�ɩɪɨɜɟɫɬɢ�ɩɥɨɫɤɨɫɬɶ 0уу = , 
ɬɨ� ɫɟɱɟɧɢɟ� ɷɬɨɣ� ɩɥɨɫɤɨɫɬɢ� ɫ�ɩɨɜɟɪɯɧɨɫɬɶɸ�ɩɪɟɞɫɬɚɜɥɹɟɬ� ɫɨɛɨɣ 
ɧɟɤɨɬɨɪɭɸ� ɥɢɧɢɸ, ɩɪɢɱɟɦ� ɬɨɱɤɚ� ɫ� ɤɨɨɪɞɢɧɚɬɚɦɢ 

)),(,,( 0000 yxzухР �ɩɪɢɧɚɞɥɟɠɢɬ�ɷɬɨɣ�ɥɢɧɢɢ. 
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Ɉɩɪɟɞɟɥɟɧɢɟ.�ɑɚɫɬɧɚɹ�ɩɪɨɢɡɜɨɞɧɚɹ 
x
z
¶
¶ �ɜ�ɬɨɱɤɟ ),( 000 yxM  

ɱɢɫɥɟɧɧɨ� ɪɚɜɧɚ� ɬɚɧɝɟɧɫɭ� ɭɝɥɚ� ɧɚɤɥɨɧɚ� ɤɚɫɚɬɟɥɶɧɨɣ� ɤ� ɫɟɱɟɧɢɸ 
ɩɨɜɟɪɯɧɨɫɬɢ ),( yxfz = �ɩɥɨɫɤɨɫɬɶɸ 0уу = . 

Ɉɩɪɟɞɟɥɟɧɢɟ.�ɑɚɫɬɧɚɹ�ɩɪɨɢɡɜɨɞɧɚɹ 
у
z
¶
¶ �ɜ�ɬɨɱɤɟ ),( 000 yxM  

ɱɢɫɥɟɧɧɨ� ɪɚɜɧɚ� ɬɚɧɝɟɧɫɭ� ɭɝɥɚ� ɧɚɤɥɨɧɚ� ɤɚɫɚɬɟɥɶɧɨɣ� ɤ� ɫɟɱɟɧɢɸ 
ɩɨɜɟɪɯɧɨɫɬɢ ),( yxfz = �ɩɥɨɫɤɨɫɬɶɸ 0хх = . 

 
 
2.3. Определение механического смысла частных 
      производных 
 
Ɇɟɯɚɧɢɱɟɫɤɢɣ� ɫɦɵɫɥ� ɱɚɫɬɧɵɯ�ɩɪɨɢɡɜɨɞɧɵɯ�ɫɥɟɞɭɟɬ� ɢɡ�ɢɯ 

ɨɩɪɟɞɟɥɟɧɢɹ. 

x
yxf

¶
¶ ),( 00 �í cɤɨɪɨɫɬɶ�ɢɡɦɟɧɟɧɢɹ�ɮɭɧɤɰɢɢ�ɜ�ɬɨɱɤɟ ),( 000 yxM �ɜ 

          ɧɚɩɪɚɜɥɟɧɢɢ�ɨɫɢ ОХ 

у
yxf

¶
¶ ),( 00 �í cɤɨɪɨɫɬɶ�ɢɡɦɟɧɟɧɢɹ�ɮɭɧɤɰɢɢ�ɜ�ɬɨɱɤɟ ),( 000 yxM �ɜ 

          ɧɚɩɪɚɜɥɟɧɢɢ�ɨɫɢ ОУ. 
 
 

2.4. Определение дифференцируемой функции ),( yxfz =  
      в данной точке 
 
Ɉɩɪɟɞɟɥɟɧɢɟ. Ɏɭɧɤɰɢɹ ),( yxfz =  ɧɚɡɵɜɚɟɬɫɹ 

ɞɢɮɮɟɪɟɧɰɢɪɭɟɦɨɣ� ɜ� ɬɨɱɤɟ ),( 000 yxM ,  ɟɫɥɢ� ɜ� ɷɬɨɣ� ɬɨɱɤɟ 
ɩɨɥɧɨɟ�ɩɪɢɪɚɳɟɧɢɟ�ɮɭɧɤɰɢɢ�ɦɨɠɧɨ�ɩɪɟɞɫɬɚɜɢɬɶ�ɜ�ɜɢɞɟ: 

)ȡ(оyBxAz +D×+D×=D , ɝɞɟ 
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А� ɢ В� í� ɱɢɫɥɚ, 22ȡ ух D+D= , )ȡ(о � í� ɛɟɫɤɨɧɟɱɧɨ� ɦɚɥɚɹ 
ɜɵɫɲɟɝɨ�ɩɨɪɹɞɤɚ�ɨɬɧɨɫɢɬɟɥɶɧɨ  ȡ �ɩɪɢ 0®D х , 0®Dу . 

 
 
2.5. Определение полного дифференциала функции 
       двух переменных 
 
Ɉɩɪɟɞɟɥɟɧɢɟ. ɉɨɥɧɵɦ� ɞɢɮɮɟɪɟɧɰɢɚɥɨɦ� ɮɭɧɤɰɢɢ 

),( yxfz = �ɧɚɡɵɜɚɟɬɫɹ�ɝɥɚɜɧɚɹ�ɱɚɫɬɶ�ɩɨɥɧɨɝɨ�ɩɪɢɪɚɳɟɧɢɹ  zD , 
ɥɢɧɟɣɧɚɹ�ɨɬɧɨɫɢɬɟɥɶɧɨ�ɩɪɢɪɚɳɟɧɢɣ�ɚɪɝɭɦɟɧɬɨɜ хD �ɢ уD ,  ɬ.  ɟ.  

yBxAdz D×+D×= . 
Ⱦɢɮɮɟɪɟɧɰɢɚɥɵ�ɧɟɡɚɜɢɫɢɦɵɯ�ɩɟɪɟɦɟɧɧɵɯ�ɫɨɜɩɚɞɚɸɬ�ɫ�ɢɯ 

ɩɪɢɪɚɳɟɧɢɹɦɢ, ɬ. ɟ. хdx D= , ydy D= . ɉɨɥɧɵɣ� ɞɢɮɮɟɪɟɧɰɢɚɥ 

ɜɵɱɢɫɥɹɟɬɫɹ�ɩɨ�ɮɨɪɦɭɥɟ: dy
y
zdx

x
zdz

¶
¶

+
¶
¶

= . 

 
 
2.6. Формула применения полного дифференциала к 
      вычислению приближенного значения функции в точке 
 

ɉɪɢ� ɞɨɫɬɚɬɨɱɧɨ� ɦɚɥɨɦ 22ȡ ух D+D=   dzz @D ,  ɬ.  ɟ.  
),(),(),( 000000 yxdzyxfуyxxf =-D+D+ , ɨɬɤɭɞɚ  

y
y

yxzx
x

yxzyxfуyxxf D
¶

¶
+D

¶
¶

+@D+D+
),(),(),(),( 0000

0000   (2.6) 

 
2.7. Примеры решения задач 
 
Ɂɚɞɚɱɚ 1.� ɇɚɣɬɢ� ɱɚɫɬɧɵɟ� ɩɪɨɢɡɜɨɞɧɵɟ� ɮɭɧɤɰɢɢ� ɞɜɭɯ 

ɩɟɪɟɦɟɧɧɵɯ xухz cos22 += . 
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Ɋɟɲɟɧɢɟ.�ɇɚɣɞɟɦ�ɱɚɫɬɧɭɸ�ɩɪɨɢɡɜɨɞɧɭɸ�ɩɨ х, ɪɚɫɫɦɚɬɪɢɜɚɹ 
у  ɤɚɤ�ɩɨɫɬɨɹɧɧɭɸ�ɜɟɥɢɱɢɧɭ: 

+¢+=¢+¢=¢+=
¶
¶ xyxxyxxyх
x
z

xххx cos)(2)cos()()cos( 33232  

xyxxyxxxy x sin2)sin(cos02)(cos 333 -=-+×+=¢+ . 
ȼ� ɞɚɧɧɨɦ� ɫɥɭɱɚɟ� ɩɪɢɦɟɧɢɥɢ� ɞɜɚ� ɩɪɚɜɢɥɚ� ɧɚɯɨɠɞɟɧɢɹ 

ɩɪɨɢɡɜɨɞɧɨɣ�ɞɥɹ�ɮɭɧɤɰɢɢ�ɨɞɧɨɣ�ɩɟɪɟɦɟɧɨɣ: 
1) vuvu ¢+¢=¢+ )( � í� ɩɪɨɢɡɜɨɞɧɚɹ� ɨɬ� ɫɭɦɦɵ� ɪɚɜɧɚ� ɫɭɦɦɟ 

ɩɪɨɢɡɜɨɞɧɵɯ�ɫɥɚɝɚɟɦɵɯ; 
2) ɩɪɨɢɡɜɨɞɧɚɹ�ɨɬ�ɩɪɨɢɡɜɟɞɟɧɢɹ: vuvuvu ¢+¢=¢× )( . 
Ʉɪɨɦɟ� ɬɨɝɨ 0)( 3 =¢xy , ɬ. ɤ. ɩɟɪɟɦɟɧɧɭɸ у� ɪɚɫɫɦɚɬɪɢɜɚɟɦ, 

ɤɚɤ�ɩɨɫɬɨɹɧɧɭɸ�ɜɟɥɢɱɢɧɭ. 
Ɍɟɩɟɪɶ�ɧɚɣɞɟɦ�ɱɚɫɬɧɭɸ�ɩɪɨɢɡɜɨɞɧɭɸ�ɩɨ у, ɪɚɫɫɦɚɬɪɢɜɚɹ х, 

ɤɚɤ�ɩɨɫɬɨɹɧɧɭɸ�ɜɟɥɢɱɢɧɭ. 

+×¢+=¢+¢=¢+=
¶
¶ xуxyxxyх
x
z

уууу cos)(0)cos()()cos( 33232  

xyyxyxy y cos30cos30)(cos 2323 =×++=¢+ . 
Ɂɞɟɫɶ� ɩɪɢɦɟɧɢɥɢ� ɬɟ� ɠɟ� ɩɪɚɜɢɥɚ� ɞɥɹ� ɞɢɮɮɟɪɟɧɰɢɪɨɜɚɧɢɹ 

ɮɭɧɤɰɢɢ�ɨɞɧɨɣ�ɩɟɪɟɦɟɧɧɨɣ. 
0)( 2 =¢ух �ɢ 0)(cos =¢yx , ɬ. ɤ. ɩɟɪɟɦɟɧɧɭɸ х�ɪɚɫɫɦɚɬɪɢɜɚɟɦ 

ɤɚɤ�ɩɨɫɬɨɹɧɧɭɸ. 
 
Ɂɚɞɚɱɚ 2. ɇɚɣɬɢ� ɱɚɫɬɧɵɟ� ɩɪɨɢɡɜɨɞɧɵɟ� ɮɭɧɤɰɢɢ� ɞɜɭɯ 

ɩɟɪɟɦɟɧɧɵɯ )2(cos 2yxz += . 
Ɋɟɲɟɧɢɟ.� Ⱦɚɧɧɚɹ� ɮɭɧɤɰɢɹ� ɹɜɥɹɟɬɫɹ� ɫɥɨɠɧɨɣ� ɮɭɧɤɰɢɟɣ. 

Ɂɞɟɫɶ� ɩɪɢɦɟɧɢɦɨ� ɩɪɚɜɢɥɨ� ɨɬɵɫɤɚɧɢɹ� ɩɪɨɢɡɜɨɞɧɨɣ� ɫɥɨɠɧɨɣ 
ɮɭɧɤɰɢɢ�ɨɞɧɨɣ�ɩɟɪɟɦɟɧɧɨɣ: 

)())((( xqfxqf q ¢×¢=¢ . 
ɇɚɣɞɟɦ�ɩɪɨɢɡɜɨɞɧɭɸ�ɩɨ х, ɪɚɫɫɦɚɬɪɢɜɚɹ у�ɤɚɤ�ɩɨɫɬɨɹɧɧɭɸ 

ɜɟɥɢɱɢɧɭ. 
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=¢+×+-=¢+ xx yxyxyx )2()2(sin))2(cos( 222  

=+×+-=¢+¢×+-= )02()2(sin))(()2(()2(sin 222 yxyxyx xx  

)2(sin2 2yx +-= . 
Ɍɟɩɟɪɶ� ɧɚɣɞɟɦ� ɩɪɨɢɡɜɨɞɧɭɸ� ɩɨ у, ɪɚɫɫɦɚɬɪɢɜɚɹ х, ɤɚɤ 

ɩɨɫɬɨɹɧɧɭɸ 
=¢+×+-=¢+ уу yxyxyx )2()2(sin))2(cos( 222  

=+×+-=¢+¢×+-= )20()2(sin))(()2(()2(sin 222 уyxyxyx уу  

)2(sin2 2yxу +-= . 
 
Ɂɚɞɚɱɚ 3. ɇɚɣɬɢ� ɱɚɫɬɧɵɟ� ɩɪɨɢɡɜɨɞɧɵɟ� ɮɭɧɤɰɢɢ� ɬɪɟɯ 

ɩɟɪɟɦɟɧɧɵɯ 234432 zyxzyxu +-+= . 
Ɋɟɲɟɧɢɟ.�ɇɚɣɞɟɦ�ɱɚɫɬɧɭɸ�ɩɪɨɢɡɜɨɞɧɭɸ�ɩɨ�ɩɟɪɟɦɟɧɧɨɣ х, 

ɫɱɢɬɚɹ  у  ɢ  z  ɩɨɫɬɨɹɧɧɵɦɢ�ɜɟɥɢɱɢɧɚɦɢ  23342 zyx
x
u

+=
¶
¶ .  

ɇɚɣɞɟɦ� ɱɚɫɬɧɭɸ� ɩɪɨɢɡɜɨɞɧɭɸ� ɩɨ у, ɫɱɢɬɚɹ х� ɢ z 

ɩɨɫɬɨɹɧɧɵɦɢ�ɜɟɥɢɱɢɧɚɦɢ  22433 zyx
y
u

+=
¶
¶ . 

  ɇɚɣɞɟɦ� ɱɚɫɬɧɭɸ� ɩɪɨɢɡɜɨɞɧɭɸ� ɩɨ z, ɫɱɢɬɚɹ х� ɢ у 

ɩɨɫɬɨɹɧɧɵɦɢ�ɜɟɥɢɱɢɧɚɦɢ  zyx
z
u 3424 +-=
¶
¶ . 

 
Ɂɚɞɚɱɚ 4. Ⱦɥɹ� ɮɭɧɤɰɢɢ yxyxfz +== 2),( � ɧɚɣɬɢ� ɩɨɥɧɨɟ 

ɩɪɢɪɚɳɟɧɢɟ�ɢ�ɩɨɥɧɵɣ�ɞɢɮɮɟɪɟɧɰɢɚɥ�ɜ�ɬɨɱɤɟ )1;2( ; ɫɪɚɜɧɢɬɶ�ɢɯ, 
ɟɫɥɢ 1,0-=D x ; 2,0=Dy . 

Ɋɟɲɟɧɢɟ. ɇɚɣɞɟɦ�ɩɨɥɧɨɟ�ɩɪɢɪɚɳɟɧɢɟ�ɮɭɧɤɰɢɢ zD : 
=+-D++D+=-D+D+=D )()]()[(),(),( 22 yxyyxxyxfуyxxfz  

2222 22 хуххухуyxххx D+D+D×=--D++D+D×+= . 
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Ʌɢɧɟɣɧɚɹ� ɨɬɧɨɫɢɬɟɥɶɧɨ xD , yD � ɱɚɫɬɶ� ɩɪɢɪɚɳɟɧɢɹ� ɮɭɧɤɰɢɢ 
ɧɚɡɵɜɚɟɬɫɹ�ɩɨɥɧɵɦ�ɞɢɮɮɟɪɟɧɰɢɚɥɨɦ�ɢ�ɨɛɨɡɧɚɱɚɟɬɫɹ dz , ɬ. ɟ. 

yxxdz D+D×= 2 . 
ɇɚɣɞɟɦ�ɱɢɫɥɟɧɧɨɟ�ɡɧɚɱɟɧɢɟ zD �ɢ  dz: 

=-++-××=D+D+D×=D 22 )1,0(2,0)1,0(222 xуxxz  
19,001,02,04,0 -=++-= ; 

2,02,04,02,0)1,0(222 -=+-=+-××=D+D×= уxxdz . 
ɋ� ɬɨɱɧɨɫɬɶɸ� ɞɨ� ɛɟɫɤɨɧɟɱɧɨ� ɦɚɥɵɯ� ɜɵɫɲɟɝɨ� ɩɨɪɹɞɤɚ� ɦɨɠɧɨ 
ɧɚɩɢɫɚɬɶ� ɩɪɢɛɥɢɠɟɧɧɨɟ� ɪɚɜɟɧɫɬɜɨ: zdz D» , ɤɨɬɨɪɨɟ 
ɢɫɩɨɥɶɡɭɟɬɫɹ�ɜ�ɩɪɢɛɥɢɠɟɧɧɵɯ�ɜɵɱɢɫɥɟɧɢɹɯ. 
 

Ɂɚɞɚɱɚ 5. ɇɚɣɬɢ�ɩɨɥɧɵɣ�ɞɢɮɮɟɪɟɧɰɢɚɥ�ɮɭɧɤɰɢɢ 
23 sin xyz = . 

Ɋɟɲɟɧɢɟ.�ȼɵɱɢɫɥɢɬɟɥɶɧɚɹ�ɮɨɪɦɭɥɚ�ɩɨɥɧɨɝɨ�ɞɢɮɮɟɪɟɧɰɢɚɥɚ 

ɢɦɟɟɬ�ɜɢɞ:      dy
y
zdx

x
zdz

¶
¶

+
¶
¶

= . 

ɇɚɣɞɟɦ�ɱɚɫɬɧɵɟ�ɩɪɨɢɡɜɨɞɧɵɟ: 

xxy
x
z 2cos 23 ×=
¶
¶ , 22 sin3 xy

y
z

×=
¶
¶ . 

ɉɨɥɧɵɣ�ɞɢɮɮɟɪɟɧɰɢɚɥ�ɪɚɜɟɧ: 
dyxydxxxydz )(sin3)(cos2 2223 += . 

 
 
Ɍɟɦɚ 3. ȾɂɎɎȿɊȿɇɐɂɊɈȼȺɇɂȿ�ɋɅɈɀɇɈɃ, ɇȿəȼɇɈɃ 
             ɎɍɇɄɐɂɂ, ɉɈȼɌɈɊɇɈȿ�ȾɂɎɎȿɊȿɇɐɂɊɈȼȺɇɂȿ 

 
3.1.� ɉɭɫɬɶ  ),( yxfz = , ɝɞɟ )(tх j= , )(ȥ ty = . Ʉɚɤ� ɧɚɣɬɢ 

ɩɪɨɢɡɜɨɞɧɭɸ�ɮɭɧɤɰɢɢ )](ȥ),([( ttfz j= ? 
ȿɫɥɢ )(tj � ɢ )(ȥ t � ɞɢɮɮɟɪɟɧɰɢɪɭɟɦɵ, ɬɨ� ɩɪɨɢɡɜɨɞɧɚɹ 

ɜɵɱɢɫɥɹɟɬɫɹ�ɩɨ�ɮɨɪɦɭɥɟ: 
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dt
dy

y
z

dt
dx

x
z

dt
dz

×
¶
¶

+×
¶
¶

= .           (3.1) 

 
3.2.�ɉɭɫɬɶ  ),( yxfz = , ɝɞɟ )(ху j= , ɬɨɝɞɚ 

dх
dy

y
z

x
z

dх
dz

×
¶
¶

+
¶
¶

= .             (3.2) 

 
3.3.�ɉɭɫɬɶ  ),( yxfz = , ɝɞɟ ),( vuхх = ; ),( vuyy = , ɬɨɝɞɚ: 

u
y

y
z

u
x

x
z

du
dz

¶
¶
×

¶
¶

+
¶
¶
×

¶
¶

= ;   
v
y

y
z

v
x

x
z

dv
dz

¶
¶
×

¶
¶

+
¶
¶
×

¶
¶

= .                (3.3) 

 
 
3.4. Дифференцирование функций, заданных неявно 
 
Ɍɟɨɪɟɦɚ.�ɉɭɫɬɶ�ɜɵɩɨɥɧɟɧɵ�ɭɫɥɨɜɢɹ:  
1) ),,( zyxF � ɧɟɩɪɟɪɵɜɧɚ� ɢ� ɢɦɟɟɬ� ɧɟɩɪɟɪɵɜɧɵɟ� ɱɚɫɬɧɵɟ 

ɩɪɨɢɡɜɨɞɧɵɟ�ɜ�ɬɨɱɤɟ ),,( 0000 zyxM �ɢ�ɧɟɤɨɬɨɪɨɣ�ɟɟ�ɨɤɪɟɫɬɧɨɫɬɢ; 
2) 0),,( 000 =zyxF ; 

3) 0),,( 000 ¹
¶

¶
z

zyxF . 

Ɍɨɝɞɚ� ɪɚɜɟɧɫɬɜɨ 0),,( =zyxF � ɨɩɪɟɞɟɥɹɟɬ� ɧɟɹɜɧɭɸ 
ɮɭɧɤɰɢɸ ),( yxfz = , ɭɞɨɜɥɟɬɜɨɪɹɸɳɭɸ�ɭɫɥɨɜɢɹɦ: 

1) ),( yxfz = � ɨɞɧɨɡɧɚɱɧɚ� ɢ� ɧɟɩɪɟɪɵɜɧɚ� ɜ� ɨɤɪɟɫɬɧɨɫɬɢ 
ɬɨɱɤɢ ),( 000 yxР ; 

 2) 000 ),( zyxz = ; 
 3) ɢɦɟɟɬ� ɱɚɫɬɧɵɟ� ɩɪɨɢɡɜɨɞɧɵɟ, ɤɨɬɨɪɵɟ� ɜɵɱɢɫɥɹɸɬɫɹ� ɩɨ 

ɮɨɪɦɭɥɚɦ: 

zF
xF

x
z

¶¶
¶¶

-=
¶
¶

/
/ ;  

zF
yF

y
z

¶¶
¶¶

-=
¶
¶

/
/             (3.4) 
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3.5. Определение частных производных второго порядка 
       от функции ),( yxfz =  
 
ɉɭɫɬɶ�ɮɭɧɤɰɢɹ ),( yxfz = �ɢɦɟɟɬ�ɜ�ɨɛɥɚɫɬɢ D�ɨɛɟ�ɱɚɫɬɧɵɟ 

ɩɪɨɢɡɜɨɞɧɵɟ�ɩɟɪɜɨɝɨ�ɩɨɪɹɞɤɚ 
x
z
¶
¶ �ɢ 

у
z
¶
¶ , ɤɨɬɨɪɵɟ�ɫɚɦɢ�ɹɜɥɹɸɬɫɹ 

ɮɭɧɤɰɢɹɦɢ х, у. ɉɨɷɬɨɦɭ�ɨɬ�ɧɢɯ�ɫɧɨɜɚ�ɦɨɠɧɨ�ɧɚɯɨɞɢɬɶ�ɱɚɫɬɧɵɟ 
ɩɪɨɢɡɜɨɞɧɵɟ. 

 

Ɉɩɪɟɞɟɥɟɧɢɟ.�ɑɚɫɬɧɵɟ�ɩɪɨɢɡɜɨɞɧɵɟ�ɨɬ 
x
z
¶
¶ �ɢ  

у
z
¶
¶ �ɧɚɡɵɜɚɸɬ 

ɱɚɫɬɧɵɦɢ� ɩɪɨɢɡɜɨɞɧɵɦɢ  ɜɬɨɪɨɝɨ� ɩɨɪɹɞɤɚ� ɨɬ� ɮɭɧɤɰɢɢ 
),( yxfz = . ɑɚɫɬɧɵɟ� ɩɪɨɢɡɜɨɞɧɵɟ� ɜɬɨɪɨɝɨ� ɩɨɪɹɞɤɚ� ɨɛɨɡɧɚɱɚɸɬ 

ɬɚɤ:  

÷
ø
ö

ç
è
æ
¶
¶

¶
¶

=
¶
¶

x
z

хx
z
2

2
; ÷

ø
ö

ç
è
æ
¶
¶

¶
¶

=
¶¶

¶
x
z

yyx
z2

; 

÷÷
ø

ö
çç
è

æ
¶
¶

¶
¶

=
¶¶

¶
y
z

xxy
z2

; ÷÷
ø

ö
çç
è

æ
¶
¶

¶
¶

=
¶
¶

y
z

yy
z
2

2
. 

ɉɪɨɢɡɜɨɞɧɵɟ 
yx
z
¶¶

¶2
  ɢ  

xy
z
¶¶

¶2
�ɧɚɡɵɜɚɸɬ�ɫɦɟɲɚɧɧɵɦɢ. 

 
Ɍɟɨɪɟɦɚ. ȿɫɥɢ� ɮɭɧɤɰɢɹ ),( yxfz = � ɜ� ɧɟɤɨɬɨɪɨɣ 

ɨɤɪɟɫɬɧɨɫɬɢ� ɬɨɱɤɢ ),( 000 yxM � ɢɦɟɟɬ� ɧɟɩɪɟɪɵɜɧɵɟ� ɜɬɨɪɵɟ 
ɱɚɫɬɧɵɟ� ɩɪɨɢɡɜɨɞɧɵɟ, ɬɨ� ɫɦɟɲɚɧɧɵɟ� ɩɪɨɢɡɜɨɞɧɵɟ 
ɨɬɥɢɱɚɸɳɢɟɫɹ� ɩɨɫɥɟɞɨɜɚɬɟɥɶɧɨɫɬɶɸ� ɞɢɮɮɟɪɟɧɰɢɪɨɜɚɧɢɹ, 
ɫɨɜɩɚɞɚɸɬ, ɬ. ɟ. 

xy
yxz

yx
yxz

¶¶
¶

=
¶¶

¶ ),(),( 00
2

00
2

. 
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3.6. Определение частных производных высших порядков 
 

ɉɪɨɢɡɜɨɞɧɵɟ� ɜɬɨɪɨɝɨ� ɩɨɪɹɞɤɚ� ɦɨɠɧɨ� ɫɧɨɜɚ 
ɞɢɮɮɟɪɟɧɰɢɪɨɜɚɬɶ�ɩɨ  х  ɢ  у. 

ɉɨɥɭɱɢɦ�ɱɚɫɬɧɵɟ�ɩɪɨɢɡɜɨɞɧɵɟ 3ɝɨ�ɩɨɪɹɞɤɚ. 

3

3

x
z

¶
¶ , 

уx
z
¶¶

¶
2

3
, 

хуx
z
¶¶¶

¶3
, 2

3

уx
z
¶¶
¶ , 2

3

ху
z
¶¶
¶ , 

уху
z
¶¶¶

¶3
, 

ху
z
¶¶

¶
2

3
, 3

3

у
z

¶
¶ . 

Ɉɩɪɟɞɟɥɟɧɢɟ.� ɑɚɫɬɧɚɹ� ɩɪɨɢɡɜɨɞɧɚɹ n�ɝɨ� ɩɨɪɹɞɤɚ� ɨɬ 
ɮɭɧɤɰɢɢ ),( yxfz = �ɟɫɬɶ�ɩɪɨɢɡɜɨɞɧɚɹ�ɨɬ�ɩɪɨɢɡɜɨɞɧɨɣ )1( -n �ɝɨ 
ɩɨɪɹɞɤɚ. 

ɇɚɩɪɢɦɟɪ: ÷÷
ø

ö
çç
è

æ

¶¶
¶

¶
¶

=
¶¶

¶
yx

z
yуx

z
2

3

22

4
. 

Ⱦɥɹ� ɮɭɧɤɰɢɢ� ɥɸɛɨɝɨ� ɱɢɫɥɚ� ɩɟɪɟɦɟɧɧɵɯ� ɱɚɫɬɧɵɟ 
ɩɪɨɢɡɜɨɞɧɵɟ�ɜɵɫɲɢɯ�ɩɨɪɹɞɤɨɜ�ɨɩɪɟɞɟɥɹɸɬɫɹ�ɚɧɚɥɨɝɢɱɧɨ. 

 
 

3.7. Примеры решения задач 
 

Ɂɚɞɚɱɚ 1.� ɇɚɣɬɢ� ɩɨɥɧɭɸ� ɩɪɨɢɡɜɨɞɧɭɸ 
dt
dz � ɮɭɧɤɰɢɢ 

yxez 2-= , ɟɫɥɢ tx sin= , 3ty = . 
Ɋɟɲɟɧɢɟ.� ɂɫɩɨɥɶɡɭɟɦ� ɩɪɚɜɢɥɨ� ɞɢɮɮɟɪɟɧɰɢɪɨɜɚɧɢɹ 

ɫɥɨɠɧɨɣ�ɮɭɧɤɰɢɢ: 
ухе

х
z 2-=

¶
¶ ;  ухе

у
z 22 --=

¶
¶ ; t

dt
dх cos= ; 23t

dt
dy

= . 

Ɉɤɨɧɱɚɬɟɥɶɧɨ�ɩɨɥɭɱɚɟɦ: 
222 3)2(cos tetе

dt
dz yxух ××-+×= -- � ɢɥɢ 

)6(cos 22sin 3
ttе

dt
dz tt -= - . 
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Ɂɚɞɚɱɚ 2.� ɇɚɣɬɢ� ɱɚɫɬɧɭɸ� ɩɪɨɢɡɜɨɞɧɭɸ 
х
z
¶
¶ � ɮɭɧɤɰɢɢ 

)(ln yxz += �ɢ�ɩɨɥɧɭɸ�ɩɪɨɢɡɜɨɞɧɭɸ  
dх
dz , ɟɫɥɢ  3xy = . 

Ɋɟɲɟɧɢɟ.� ɑɚɫɬɧɚɹ� ɩɪɨɢɡɜɨɞɧɚɹ: 
yxх

z
+

=
¶
¶ 1 . ɉɨɥɧɭɸ 

ɩɪɨɢɡɜɨɞɧɭɸ�ɧɚɣɞɟɦ�ɩɨ�ɮɨɪɦɭɥɟ�ɞɢɮɮɟɪɟɧɰɢɪɨɜɚɧɢɹ�ɫɥɨɠɧɨɣ 
ɮɭɧɤɰɢɢ: 

)31(111 2
3 x

xx
y

yxyxdх
dz

+
+

=¢×
+

+
+

= . 

 

Ɂɚɞɚɱɚ 3.� ɇɚɣɬɢ 
u
z
¶
¶ � ɢ 

v
z
¶
¶ , ɟɫɥɢ )( arctg xyz = , ɝɞɟ 

vux += 2 , vuy 3-= . 
Ɋɟɲɟɧɢɟ.� ɇɚɣɞɟɦ� ɱɚɫɬɧɵɟ� ɩɪɨɢɡɜɨɞɧɵɟ� ɩɨ� ɮɨɪɦɭɥɟ 

ɞɢɮɮɟɪɟɧɰɢɪɨɜɚɧɢɹ� ɫɥɨɠɧɨɣ� ɮɭɧɤɰɢɢ: у
yxх

z
×

+
=

¶
¶

221
1 ; 

х
yxу

z
×

+
=

¶
¶

221
1 ;  2=

¶
¶
u
х ;  1=

¶
¶
u
y ,  1=

¶
¶
v
х ;  3-=

¶
¶

v
y . 

Ɉɤɨɧɱɚɬɟɥɶɧɨ�ɢɦɟɟɦ: 

222222 1
21

1
2

1 yx
xy

yx
x

yx
y

u
z

+
+

=×
+

+×
+

=
¶
¶  

222222 1
3

1
31

1 yx
xy

yx
x

yx
y

v
z

+
-

=
+

×-×
+

=
¶
¶ . 

 
Ɂɚɞɚɱɚ 4.� ɇɚɣɬɢ� ɱɚɫɬɧɵɟ� ɩɪɨɢɡɜɨɞɧɵɟ� ɮɭɧɤɰɢɢ z, 

ɡɚɞɚɧɧɨɣ�ɧɟɹɜɧɨ: 
032 222 =+-+- yzyzyx . 

Ɋɟɲɟɧɢɟ.� Ɏɭɧɤɰɢɹ� ɡɚɞɚɧɚ� ɭɪɚɜɧɟɧɢɟɦ 0),,( =zyxF . 
ɂɫɤɨɦɵɟ�ɱɚɫɬɧɵɟ�ɩɪɨɢɡɜɨɞɧɵɟ: 
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z

x
F
F

х
z

¢
¢

-=
¶
¶ ; 

z

y

F
F

y
z

¢
¢

-=
¶
¶ ; xFx 2=¢ ; 14 +--=¢ zyFy ; yzFz -=¢ 6 . 

Ɉɤɨɧɱɚɬɟɥɶɧɨ�ɢɦɟɟɦ:   
yz

x
х
z

-
-=

¶
¶

6
2 ; 

yz
zy

y
z

-
--

-=
¶
¶

6
41 . 

 
Ɂɚɞɚɱɚ 5. ɇɚɣɬɢ� ɩɪɨɢɡɜɨɞɧɭɸ� ɩɨ х� ɮɭɧɤɰɢɢ у, ɡɚɞɚɧɧɨɣ 

ɧɟɹɜɧɨ:   
1ln =- yху . 

Ɋɟɲɟɧɢɟ. ɂɫɤɨɦɚɹ� ɩɪɨɢɡɜɨɞɧɚɹ  
y
F
x
F

dx
dy

¶
¶
¶
¶

-= ; y
х
F
=

¶
¶ ; 

y
x

y
F 1

-=
¶
¶ , ɨɤɨɧɱɚɬɟɥɶɧɨ:   

xy
y

xy
y

x
y

dx
dy

y -
=

-
-=

-
-=

11

22

1 . 

 
Ɂɚɞɚɱɚ 6. ɇɚɣɬɢ�ɜɫɟ�ɱɚɫɬɧɵɟ�ɩɪɨɢɡɜɨɞɧɵɟ�ɜɬɨɪɨɝɨ�ɩɨɪɹɞɤɚ 

ɮɭɧɤɰɢɢ: 
223 54 yyxxz +-= . 

Ɋɟɲɟɧɢɟ. ɋɧɚɱɚɥɚ� ɧɚɣɞɟɦ� ɱɚɫɬɧɵɟ� ɩɪɨɢɡɜɨɞɧɵɟ� ɩɟɪɜɨɝɨ 
ɩɨɪɹɞɤɚ 

хух
х
z 83 2 -=
¶
¶ ; ух

у
z 104 2 +-=
¶
¶ . 

Ɉɧɢ� ɹɜɥɹɸɬɫɹ� ɮɭɧɤɰɢɹɦɢ� ɞɜɭɯ� ɩɟɪɟɦɟɧɧɵɯ, ɡɧɚɱɢɬ� ɢɯ 
ɦɨɠɧɨ� ɟɳɟ� ɞɢɮɮɟɪɟɧɰɢɪɨɜɚɬɶ� ɩɨ� ɤɚɠɞɨɣ�ɩɟɪɟɦɟɧɧɨɣ. ɇɚɣɞɟɦ 
ɱɚɫɬɧɵɟ�ɩɪɨɢɡɜɨɞɧɵɟ�ɜɬɨɪɨɝɨ�ɩɨɪɹɞɤɚ: 

ухxyx
x
z

xх
z

x 86)83( 2
2

2
-=¢-=÷

ø
ö

ç
è
æ
¶
¶

¶
¶

=
¶
¶ ;   

хxyx
x
z

yух
z

y 8)83( 2
2

-=¢-=÷
ø
ö

ç
è
æ
¶
¶

¶
¶

=
¶¶

¶ ;  
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   10)104( 2
2

2
=¢+-=÷÷

ø

ö
çç
è

æ
¶
¶

¶
¶

=
¶
¶

yyx
y
z

yу
z ;   

 хyx
y
z

хху
z

x 8)104( 2
2

-=¢+-=÷÷
ø

ö
çç
è

æ
¶
¶

¶
¶

=
¶¶

¶ . 

 
Ɂɚɞɚɱɚ 7. ɇɚɣɬɢ� ɩɨɥɧɵɣ� ɞɢɮɮɟɪɟɧɰɢɚɥ� ɩɟɪɜɨɝɨ� ɩɨɪɹɞɤɚ 

ɮɭɧɤɰɢɢ 
32 32 yxyxz +-= . 

Ɋɟɲɟɧɢɟ. ух
х
z 34 -=
¶
¶ ; 233 ух

y
z

+-=
¶
¶ . 

ɉɨɷɬɨɦɭ: dyxydxyxdz )33()34( 2 -+-= . 
 
 
Ɍɟɦɚ 4. ɗɄɋɌɊȿɆɍɆ�ɎɍɇɄɐɂɂ�ɇȿɋɄɈɅɖɄɂɏ 
             ɉȿɊȿɆȿɇɇɕɏ 
 
 

4.1. Определение максимума (минимума) функции 
      ),( yxfz =  в точке ),( 000 yxM  
 
ɉɭɫɬɶ�ɮɭɧɤɰɢɹ ),( yxfz =  ɨɩɪɟɞɟɥɟɧɚ�ɜ�ɨɛɥɚɫɬɢ D�ɢ�ɬɨɱɤɚ 

),( 000 yxM �ɹɜɥɹɟɬɫɹ�ɜɧɭɬɪɟɧɧɟɣ�ɬɨɱɤɨɣ�ɷɬɨɣ�ɨɛɥɚɫɬɢ. 
 
Ɉɩɪɟɞɟɥɟɧɢɟ.� Ɏɭɧɤɰɢɹ ),( yxfz = � ɢɦɟɟɬ� ɜ� ɬɨɱɤɟ 0M  

ɥɨɤɚɥɶɧɵɣ�ɦɚɤɫɢɦɭɦ, ɟɫɥɢ�ɜ�ɧɟɤɨɬɨɪɨɣ�ɨɤɪɟɫɬɧɨɫɬɢ�ɷɬɨɣ�ɬɨɱɤɢ 
ɮɭɧɤɰɢɹ� ɭɞɨɜɥɟɬɜɨɪɹɟɬ� ɧɟɪɚɜɟɧɫɬɜɭ: ),(),( 00 yxfyxf < � ɢ� ɜ 
ɬɨɱɤɟ ),( 000 yxM �ɮɭɧɤɰɢɹ�ɢɦɟɟɬ�ɥɨɤɚɥɶɧɵɣ�ɦɢɧɢɦɭɦ, ɟɫɥɢ�ɜ�ɟɟ 
ɨɤɪɟɫɬɧɨɫɬɢ� ɜɵɩɨɥɧɹɟɬɫɹ� ɧɟɪɚɜɟɧɫɬɜɨ: ),(),( 00 yxfyxf > . 
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Ɇɚɤɫɢɦɭɦ� ɢ� ɦɢɧɢɦɭɦ� ɮɭɧɤɰɢɢ� ɧɚɡɵɜɚɸɬɫɹ� ɷɤɫɬɪɟɦɭɦɚɦɢ 
ɮɭɧɤɰɢɢ. 
 

4.2. Необходимые условия экстремума 
 
Ɍɟɨɪɟɦɚ.�ȿɫɥɢ�ɮɭɧɤɰɢɹ ),( yxfz = �ɞɨɫɬɢɝɚɟɬ�ɷɤɫɬɪɟɦɭɦɚ�ɜ 

ɬɨɱɤɟ ),( 000 yxM , ɬɨ� ɤɚɠɞɚɹ� ɱɚɫɬɧɚɹ� ɩɪɨɢɡɜɨɞɧɚɹ� ɩɟɪɜɨɝɨ 
ɩɨɪɹɞɤɚ� ɨɬ z� ɢɥɢ� ɨɛɪɚɳɚɟɬɫɹ� ɜ� ɧɭɥɶ� ɜ� ɷɬɨɣ� ɬɨɱɤɟ� ɢɥɢ� ɧɟ 

ɫɭɳɟɫɬɜɭɟɬ. Ɍɨɱɤɢ, ɜ� ɤɨɬɨɪɵɯ 0=
¶
¶
x
z , 0=

¶
¶
y
z  (ɢɥɢ� ɧɟ 

ɫɭɳɟɫɬɜɭɸɬ) ɧɚɡɵɜɚɸɬɫɹ�ɤɪɢɬɢɱɟɫɤɢɦɢ�ɬɨɱɤɚɦɢ�ɮɭɧɤɰɢɢ. 
 
Ɍɟɨɪɟɦɚ. ɉɭɫɬɶ� ɮɭɧɤɰɢɹ ),( yxfz = � ɨɩɪɟɞɟɥɟɧɚ� ɜ 

ɧɟɤɨɬɨɪɨɣ�ɨɛɥɚɫɬɢ D�ɢ�ɬɨɱɤɚ ),( 000 yxM �í�ɟɟ�ɤɪɢɬɢɱɟɫɤɚɹ�ɬɨɱɤɚ. 
ɉɭɫɬɶ� ɩɪɢ� ɷɬɨɦ� ɮɭɧɤɰɢɹ� ɢɦɟɟɬ� ɱɚɫɬɧɵɟ� ɩɪɨɢɡɜɨɞɧɵɟ� ɜɬɨɪɨɝɨ 
ɩɨɪɹɞɤɚ, ɧɟɩɪɟɪɵɜɧɵɟ�ɜ�ɬɨɱɤɟ 0M �ɢ�ɟɟ�ɨɤɪɟɫɬɧɨɫɬɢ. Ɉɛɨɡɧɚɱɢɦ: 

2
00

2 ),(
x

yxfА
¶

¶
= , 

yx
yxfB

¶¶
¶

=
),( 00

2
, 2

00
2 ),(

y
yxfC

¶
¶

= . 

Ɍɨɝɞɚ: 1) ɟɫɥɢ 02 >- ВАС ,  ɮɭɧɤɰɢɹ� ɢɦɟɟɬ� ɜ� ɬɨɱɤɟ 0M  
ɥɨɤɚɥɶɧɵɣ� ɷɤɫɬɪɟɦɭɦ, ɩɪɢɱɟɦ, ɟɫɥɢ 0>А � í� ɦɢɧɢɦɭɦ, ɟɫɥɢ 

0<А �í�ɦɚɤɫɢɦɭɦ; 
2) ɟɫɥɢ 02 <- ВАС , ɷɤɫɬɪɟɦɭɦɚ�ɜ�ɬɨɱɤɟ 0M �ɧɟɬ; 

3) ɟɫɥɢ 02 =- ВАС , ɬɨ�ɧɭɠɧɵ�ɞɚɥɶɧɟɣɲɢɟ�ɢɫɫɥɟɞɨɜɚɧɢɹ. 
 
 

4.3. Примеры решения задач 
 
Ɂɚɞɚɱɚ 1. ɂɫɫɥɟɞɨɜɚɬɶ� ɮɭɧɤɰɢɸ xyyxz 332 -+= � ɧɚ 

ɷɤɫɬɪɟɦɭɦ. 
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Ɋɟɲɟɧɢɟ. 1) ɇɚɣɞɟɦ� ɤɪɢɬɢɱɟɫɤɢɟ� ɬɨɱɤɢ, ɩɨɥɶɡɭɹɫɶ 
ɧɟɨɛɯɨɞɢɦɵɦɢ�ɭɫɥɨɜɢɹɦɢ�ɷɤɫɬɪɟɦɭɦɚ 
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Þ
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=
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Þ
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Þ
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2

2

2

2

2

0)(3

0)(3

033

033
  

Þ=-=-Þ=Þ
ïî

ï
í
ì

=

=
0)1(;0 344

2

42

ххxxxx
xy

xy
 

î
í
ì

=
=

0
0

у
х

    ɢ   
î
í
ì

=
=

1
1

у
х

,  ɬ. ɟ. )0,0(1M , )1,1(2M �í�ɤɪɢɬɢɱɟɫɤɢɟ�ɬɨɱɤɢ. 

2) ɇɚɣɞɟɦ�ɱɚɫɬɧɵɟ�ɩɪɨɢɡɜɨɞɧɵɟ�ɜɬɨɪɨɝɨ�ɩɨɪɹɞɤɚ: 

x
x
zА 62

2
=

¶
¶

= ,   3
2

-=
¶¶

¶
=

yx
zB ,   y

y
zC 62

2
=

¶
¶

= . 

3) ɂɫɩɨɥɶɡɭɹ�ɞɨɫɬɚɬɨɱɧɵɟ�ɭɫɥɨɜɢɹ�ɷɤɫɬɪɟɦɭɦɚ, ɢɫɫɥɟɞɭɟɦ 
ɯɚɪɚɤɬɟɪ� ɤɪɢɬɢɱɟɫɤɢɯ� ɬɨɱɟɤ: )0,0(1M , 0=А , 3-=В , 0=С , 

092 <-=- ВАС , ɡɧɚɱɢɬ�ɜ�ɬɨɱɤɟ )0,0(1M �ɷɤɫɬɪɟɦɭɦɚ�ɧɟɬ. 
)1,1(2M , 6=А , 3-=В , 6=С , 0279362 >=-=- ВАС , ɡɧɚɱɢɬ, 

ɜ�ɬɨɱɤɟ )1,1(2M �ɷɤɫɬɪɟɦɭɦ�ɟɫɬɶ, ɚ�ɬ. ɤ. 0>А , ɬɨ�ɬɨɱɤɚ )1,1(2M �í 
ɬɨɱɤɚ�ɦɢɧɢɦɭɦɚ. 

1311)1;1(min -=-+=z . 
 
Ɂɚɞɚɱɚ 2.� ɇɚɣɬɢ� ɧɚɢɛɨɥɶɲɟɟ� ɢ� ɧɚɢɦɟɧɶɲɟɟ� ɡɧɚɱɟɧɢɹ 

ɮɭɧɤɰɢɢ yxyxz -++= 22 3 �ɜ�ɨɛɥɚɫɬɢ D: 1³x , 1-³y , 1£+ yx . 
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Ɋɟɲɟɧɢɟ. 
 

у 

0 х 

2 1 

-1 D 

М 

 
 

Ɉɛɥɚɫɬɶ D�í�ɬɪɟɭɝɨɥɶɧɢɤ, ɡɚɲɬɪɢɯɨɜɚɧɧɵɣ�ɧɚ�ɪɢɫɭɧɤɟ. 
1) ɇɚɣɞɟɦ�ɤɪɢɬɢɱɟɫɤɢɟ�ɬɨɱɤɢ. 

÷
ø
ö

ç
è
æ-Þ

î
í
ì

=
-=

Þ

ï
ï
î

ïï
í

ì

=-=
¶
¶

=+=
¶
¶

6
1;

2
1

6/1
2/1

016

012
M

y
x

y
y
z

x
x
z

. 

ɗɬɚ�ɬɨɱɤɚ�ɧɟ�ɩɪɢɧɚɞɥɟɠɢɬ�ɨɛɥɚɫɬɢ D. 
2) ɂɫɫɥɟɞɭɟɦ�ɮɭɧɤɰɢɸ�ɧɚ�ɝɪɚɧɢɰɚɯ�ɨɛɥɚɫɬɢ. 
ɉɪɢ 1=х � ɢɦɟɟɦ: 23 2 +-= yyz � ɢ� ɡɚɞɚɱɚ� ɫɜɨɞɢɬɫɹ� ɤ 

ɨɬɵɫɤɚɧɢɸ� ɧɚɢɛɨɥɶɲɟɝɨ� ɢ� ɧɚɢɦɟɧɶɲɟɝɨ� ɡɧɚɱɟɧɢɣ� ɮɭɧɤɰɢɢ 
ɨɞɧɨɝɨ� ɚɪɝɭɦɟɧɬɚ� ɧɚ� ɨɬɪɟɡɤɟ 01 ££- у ; 16 -=¢ yz ; 

]0;1[
6
1

-Ï=у . ɇɚɣɞɟɦ� ɡɧɚɱɟɧɢɹ� ɮɭɧɤɰɢɢ� ɧɚ� ɤɨɧɰɚɯ� ɨɬɪɟɡɤɚ: 

6)1( =-z , 2)0( =z . 
ɉɪɢ 1-=y � ɢɦɟɟɦ: 42 ++= xxz � ɧɚ� ɨɬɪɟɡɤɟ 21 ££ х ; 

012 =+=¢ xz , ]2;1[
2
1
Ï-=х , 6)1( =z , 10)2( =z . 
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ɉɪɢ хy -=1 � ɢɦɟɟɦ: )1()1(3 22 -++-+= ххxxz , 
хххххxxz 4241363 222 -+=-+++-+= � ɨɬɪɟɡɤɟ 21 ££ х , 

048 =-=¢ xz ; ]2;1[
2
1
Ï=х ; 2)1( =z , 10)2( =z . 

3) ɂɡ� ɲɟɫɬɢ� ɧɚɣɞɟɧɧɵɯ� ɡɧɚɱɟɧɢɣ� ɮɭɧɤɰɢɢ� ɜɵɛɢɪɚɟɦ 
ɧɚɢɛɨɥɶɲɟɟ�ɢ�ɧɚɢɦɟɧɶɲɟɟ. 

10ɧɚɢɛɨɥɶɲɟɟ =z �ɜ�ɬɨɱɤɟ )1;2( - ; 
2ɧɚɢɦɟɧɶɲɟɟ =z �ɜ�ɬɨɱɤɟ )0;1( . 

 
Ɂɚɞɚɱɚ 3.� ɉɪɢ� ɤɚɤɢɯ� ɪɚɡɦɟɪɚɯ� ɨɬɤɪɵɬɚɹ� ɩɪɹɦɨɭɝɨɥɶɧɚɹ 

ɜɚɧɧɚ�ɞɚɧɧɨɣ�ɜɦɟɫɬɢɦɨɫɬɢ V�ɢɦɟɟɬ�ɧɚɢɦɟɧɶɲɭɸ�ɩɨɜɟɪɯɧɨɫɬɶ? 
Ɋɟɲɟɧɢɟ. 

z 

x 

y 

 
ɇɚ�ɪɢɫɭɧɤɟ�ɨɛɨɡɧɚɱɟɧɵ�ɪɚɡɦɟɪɵ�ɜɚɧɧɵ: 

xy
VzzyxV =Þ××= . 

ɉɪɟɞɫɬɚɜɢɦ� ɩɨɜɟɪɯɧɨɫɬɶ� ɜɚɧɧɵ )(S � ɤɚɤ� ɮɭɧɤɰɢɸ� ɞɜɭɯ 
ɩɟɪɟɦɟɧɧɵɯ  х �ɢ  у: 

y
V

x
VxyxzyzxyS 2222 ++=++= . 

ɇɚɣɞɟɦ�ɷɤɫɬɪɟɦɭɦ�ɞɚɧɧɨɣ�ɮɭɧɤɰɢɢ ),( yxS : 
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Þ==Þ 3 2Vух �ɤɪɢɬɢɱɟɫɤɚɹ�ɬɨɱɤɚ )2,2( 33 VVM . 
ɇɚɣɞɟɦ�ɱɚɫɬɧɵɟ�ɩɪɨɢɡɜɨɞɧɵɟ�ɜɬɨɪɨɝɨ�ɩɨɪɹɞɤɚ 

2
2
44

32

2
===

¶
¶

=
V
V

x
V

x
SА M ,    1

2
=

¶¶
¶

=
yx

SB ,   24
32

2
==

¶
¶

= Mу
V

у
SС . 

031222 >=-×=- ВАС , Þ> 0A � ɜ� ɬɨɱɤɟ М� ɮɭɧɤɰɢɹ� ɢɦɟɟɬ 
ɦɢɧɢɦɭɦ. ɂɬɚɤ: 

3 2Vx = , 3 2Vy = , 33
2

3

33 2
2
1

422
V

V
V

VV
Vz ==
×

= , 

ɬ. ɟ. ɜ� ɨɫɧɨɜɚɧɢɢ – ɤɜɚɞɪɚɬ� ɫɨ� ɫɬɨɪɨɧɨɣ 3 2V , ɚ� ɜɵɫɨɬɚ� ɜ� ɞɜɚ 
ɪɚɡɚ�ɦɟɧɶɲɟ�ɫɬɨɪɨɧɵ�ɨɫɧɨɜɚɧɢɹ. 
 
 
Ɍɟɦɚ 5. ɉɊɈɂɁȼɈȾɇȺə�ɉɈ�ɇȺɉɊȺȼɅȿɇɂɘ. ȽɊȺȾɂȿɇɌ. 
              ɄȺɋȺɌȿɅɖɇȺə�ɉɅɈɋɄɈɋɌɖ�ɂ�ɇɈɊɆȺɅɖ�Ʉ  
              ɉɈȼȿɊɏɇɈɋɌɂ 

 
5.1. Определение производной функции ),,( zyxfu =  
       в точке ),,( 0000 zyxM  по направлению вектора S  

 
ɉɨɦɟɫɬɢɦ� ɧɚɱɚɥɨ� ɜɟɤɬɨɪɚ S � ɜ� ɬɨɱɤɭ ),,( 0000 zyxM . ɇɚ 

ɜɟɤɬɨɪɟ S � ɜɨɡɶɦɟɦ� ɬɨɱɤɭ ),,( 000 zzуyхxM D+D+D+ � ɧɚ 

ɪɚɫɫɬɨɹɧɢɢ 222 zyxS D+D+D=D � ɨɬ� ɬɨɱɤɢ 0M , ɩɪɢ� ɷɬɨɦ 
ɮɭɧɤɰɢɹ ),,( zyxfu = �ɩɨɥɭɱɢɬ�ɩɪɢɪɚɳɟɧɢɟ 

),,(),,( 000000 zyxfzzуyхxfu -D+D+D+=D . 
 

Ɉɩɪɟɞɟɥɟɧɢɟ.� ȿɫɥɢ� ɫɭɳɟɫɬɜɭɟɬ� ɤɨɧɟɱɧɵɣ� ɩɪɟɞɟɥ� ɞɥɹ 

ɨɬɧɨɲɟɧɢɹ  
S
u

S D
D

®D 0
lim , ɬɨ�ɷɬɨɬ�ɩɪɟɞɟɥ�ɧɚɡɵɜɚɟɬɫɹ�ɩɪɨɢɡɜɨɞɧɨɣ 
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ɮɭɧɤɰɢɢ ),,( zyxfu = �ɩɨ�ɧɚɩɪɚɜɥɟɧɢɸ S �ɢ�ɨɛɨɡɧɚɱɚɟɬɫɹ: 
S
u
¶
¶ . 

ȿɫɥɢ�ɮɭɧɤɰɢɹ ),,( zyxfu = �ɞɢɮɮɟɪɟɧɰɢɪɭɟɦɚ�ɜ�ɧɟɤɨɬɨɪɨɣ 
ɨɤɪɟɫɬɧɨɫɬɢ�ɬɨɱɤɢ ),,( 0000 zyxM , ɬɨ 

ȖcosȕcosĮcos
z
u

y
u

x
u

S
u

¶
¶

+
¶
¶

+
¶
¶

=
¶
¶ , 

ɝɞɟ Į ɫos , ȕ ɫos ,  Ȗɫos �í�ɧɚɩɪɚɜɥɹɸɳɢɟ�ɤɨɫɢɧɭɫɵ�ɜɟɤɬɨɪɚ S . 
 
5.2. Определение градиента функции ),,( zyxfu =  
       в точке ),,( 0000 zyxM  

 
Ɉɩɪɟɞɟɥɟɧɢɟ.�ȼɟɤɬɨɪ, ɤɨɨɪɞɢɧɚɬɵ�ɤɨɬɨɪɨɝɨ�ɜ�ɞɟɤɚɪɬɨɜɨɣ 

ɫɢɫɬɟɦɟ� ɤɨɨɪɞɢɧɚɬ� ɪɚɜɧɵ� ɡɧɚɱɟɧɢɹɦ� ɱɚɫɬɧɵɯ� ɩɪɨɢɡɜɨɞɧɵɯ 
ɮɭɧɤɰɢɢ� ɜ� ɬɨɱɤɟ 0M , ɧɚɡɵɜɚɟɬɫɹ� ɝɪɚɞɢɟɧɬɨɦ� ɷɬɨɣ� ɮɭɧɤɰɢɢ� ɜ 
ɡɚɞɚɧɧɨɣ�ɬɨɱɤɟ�ɢ�ɨɛɨɡɧɚɱɚɟɬɫɹ:  

k
z
uj

y
ui

x
uu

¶
¶

+
¶
¶

+
¶
¶

= qrad . 

Ƚɪɚɞɢɟɧɬ�ɮɭɧɤɰɢɢ�ɜ� ɬɨɱɤɟ 0M �ɞɚɟɬ�ɫɤɨɪɨɫɬɶ (ɜɟɥɢɱɢɧɭ�ɢ 
ɧɚɩɪɚɜɥɟɧɢɟ) ɧɚɢɛɵɫɬɪɟɣɲɟɝɨ�ɢɡɦɟɧɟɧɢɹ�ɮɭɧɤɰɢɢ�ɜ�ɬɨɱɤɟ 0M . 
 

5.3. Определение уравнений касательной плоскости и 
       нормали к заданной поверхности в точке ),,( 0000 zyxM  

 
ɉɭɫɬɶ� ɩɨɜɟɪɯɧɨɫɬɶ� ɡɚɞɚɧɚ� ɭɪɚɜɧɟɧɢɟɦ ),( yxfz = , ɬɨɝɞɚ, 

ɟɫɥɢ� ɮɭɧɤɰɢɹ ),( yxf � ɞɢɮɮɟɪɟɧɰɢɪɭɟɦɚ� ɜ� ɬɨɱɤɟ ),( 000 yxР , ɬɨ 
ɭɪɚɜɧɟɧɢɟ� ɤɚɫɚɬɟɥɶɧɨɣ� ɩɥɨɫɤɨɫɬɢ� ɤ� ɩɨɜɟɪɯɧɨɫɬɢ ),( yxfz = � ɜ 
ɬɨɱɤɟ ),,( 0000 zyxM �ɢɦɟɟɬ�ɜɢɞ: 

)(),()(),(
0

00
0

00
0 yy

y
yxzxx

x
yxzzz -

¶
¶

+-
¶

¶
=- . 
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ɍɪɚɜɧɟɧɢɟ� ɧɨɪɦɚɥɢ, ɬ. ɟ. ɩɪɹɦɨɣ, ɩɪɨɯɨɞɹɳɟɣ� ɱɟɪɟɡ� ɬɨɱɤɭ 
),,( 0000 zyxM �ɩɟɪɩɟɧɞɢɤɭɥɹɪɧɨ�ɤɚɫɚɬɟɥɶɧɨɣ�ɩɥɨɫɤɨɫɬɢ, ɡɚɩɢɲɟɬɫɹ 

ɜ�ɜɢɞɟ: 

1
0

),(
0

),(
0

0000 -
-

=
-

=
-

¶
¶

¶
¶

zzyyхх

y
yxz

x
yxz . 

ȿɫɥɢ�ɠɟ�ɩɨɜɟɪɯɧɨɫɬɶ�ɡɚɞɚɧɚ�ɭɪɚɜɧɟɧɢɟɦ 0),,( =zyxF �ɢ�ɜ�ɬɨɱɤɟ 
),,( 0000 zyxM � ɮɭɧɤɰɢɹ ),,( zyxF � ɭɞɨɜɥɟɬɜɨɪɹɟɬ� ɭɫɥɨɜɢɹɦ 

ɬɟɨɪɟɦɵ�ɫɭɳɟɫɬɜɨɜɚɧɢɹ�ɧɟɹɜɧɨɣ�ɮɭɧɤɰɢɢ ),( yxfz = , ɡɚɞɚɧɧɨɣ 
ɭɪɚɜɧɟɧɢɟɦ 0),,( =zyxF  (ɩ. 3.4), ɬɨ� ɭɪɚɜɧɟɧɢɟ� ɤɚɫɚɬɟɥɶɧɨɣ 
ɩɥɨɫɤɨɫɬɢ�ɜ�ɬɨɱɤɟ 0M �ɢɦɟɟɬ�ɜɢɞ: 

.0)(),,(

)(),,()(),,(

0
000

0
000

0
000

=-
¶

¶
+

+-
¶

¶
+-

¶
¶

zz
z

zyxF

yy
y

zyxFxx
x

zyxF

 

ɋɨɨɬɜɟɬɫɬɜɟɧɧɨ�ɭɪɚɜɧɟɧɢɟ�ɧɨɪɦɚɥɢ�ɡɚɩɢɲɟɬɫɹ�ɜ�ɜɢɞɟ: 

z
zyxF

y
zyxF

x
zyxF

zzyyхх

¶
¶

¶
¶

¶
¶

-
=

-
=

-
),,(

0
),,(

0
),,(

0
000000000

. 

 
5.4. Примеры решения задач 

 
Ɂɚɞɚɱɚ 1. ɇɚɣɬɢ� ɩɪɨɢɡɜɨɞɧɭɸ� ɮɭɧɤɰɢɢ zxyzxyu ++=      

ɜ� ɬɨɱɤɟ )3,1,2(A � ɜ�ɧɚɩɪɚɜɥɟɧɢɢ,  ɢɞɭɳɟɦ�ɨɬ�ɷɬɨɣ�ɬɨɱɤɢ�ɤ�ɬɨɱɤɟ 
)15,5,5(B . 

Ɋɟɲɟɧɢɟ.� ɇɚɣɞɟɦ� ɜɟɤɬɨɪ ABS = � ɢ� ɟɝɨ� ɧɚɩɪɚɜɥɹɸɳɢɟ 
ɤɨɫɢɧɭɫɵ: 

}12;4;3{}315,15,25{ =---== ABS . 

131691441691243 222 ==++=++=S . 
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13
3Į cos = ,  

13
4ȕ cos = ,  

13
12�Ȗcos = . 

ɇɚɣɞɟɦ�ɱɚɫɬɧɵɟ�ɩɪɨɢɡɜɨɞɧɵɟ�ɮɭɧɤɰɢɢ  u:  zy
x
u

+=
¶
¶ , 

zx
y
u

+=
¶
¶ , xy

z
u

+=
¶
¶ . 

ɇɚɣɞɟɦ� ɡɧɚɱɟɧɢɹ� ɷɬɢɯ� ɩɪɨɢɡɜɨɞɧɵɯ� ɜ� ɬɨɱɤɟ А, ɩɨɞɫɬɚɜɢɜ� ɜ 
ɜɵɪɚɠɟɧɢɹ�ɩɪɨɢɡɜɨɞɧɵɯ�ɫɨɨɬɜɟɬɫɬɜɭɸɳɢɟ�ɤɨɨɪɞɢɧɚɬɵ�ɬɨɱɤɢ А. 

4)31( =+=
¶
¶

Ax
u ;   , 5)32( =+=

¶
¶

Ay
u ;   3)21( =+=

¶
¶

Az
u . 

ɉɪɨɢɡɜɨɞɧɚɹ�ɩɨ�ɧɚɩɪɚɜɥɟɧɢɸ�ɛɭɞɟɬ�ɪɚɜɧɚ: 

13
68

13
362012

13
123

13
45

13
34 =

++
=×+×+×=

¶
¶
S
u . 

 
Ɂɚɞɚɱɚ 2.� ɇɚɣɬɢ� ɜɟɥɢɱɢɧɭ� ɢ� ɧɚɩɪɚɜɥɟɧɢɟ� ɝɪɚɞɢɟɧɬɚ 

ɮɭɧɤɰɢɢ xуzyxu ++-= 32 453 �ɜ�ɬɨɱɤɟ )1,0,1(0 -M . 

Ɋɟɲɟɧɢɟ.� Ʉɨɨɪɞɢɧɚɬɵ� ɜɟɤɬɨɪɚ u qrad � ɟɫɬɶ� ɱɚɫɬɧɵɟ 
ɩɪɨɢɡɜɨɞɧɵɟ�ɮɭɧɤɰɢɢ�ɜ�ɬɨɱɤɟ 0M : 

6)6(
0
=+=

¶
¶

Myx
x
u ,  4)5(

0
-=+-=

¶
¶

Mx
y
u , . 1212

0

2 ==
¶
¶

Mz
z
u , 

kjiu 1246qrad +-= . 
ȼɟɥɢɱɢɧɚ�ɝɪɚɞɢɟɧɬɚ�ɪɚɜɧɚ: 

14196144163612)4(6qrad 222 ==++=+-=u . 

ɇɚɣɬɢ� ɧɚɩɪɚɜɥɟɧɢɟ� ɜɟɤɬɨɪɚ – ɡɧɚɱɢɬ� ɧɚɣɬɢ� ɟɝɨ 
ɧɚɩɪɚɜɥɹɸɳɢɟ�ɤɨɫɢɧɭɫɵ. Ⱦɥɹ uqrad : 

7
3

14
6Į cos == ,  

7
2

14
4ȕ cos -
=

-
= ,  

7
6

14
12�Ȗcos == . 
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Ɂɚɞɚɱɚ 3.� ɇɚɩɢɫɚɬɶ� ɭɪɚɜɧɟɧɢɟ� ɤɚɫɚɬɟɥɶɧɨɣ� ɩɥɨɫɤɨɫɬɢ� ɢ 
ɧɨɪɦɚɥɢ�ɤ�ɩɨɜɟɪɯɧɨɫɬɢ 22 42 yxz += �ɜ�ɬɨɱɤɟ )12,1,2(0M . 

Ɋɟɲɟɧɢɟ.�ɉɨɜɟɪɯɧɨɫɬɶ 22 42 yxz += �ɡɚɞɚɧɚ�ɜ�ɹɜɧɨɦ�ɜɢɞɟ. 
ɇɚɣɞɟɦ�ɱɚɫɬɧɵɟ�ɩɪɨɢɡɜɨɞɧɵɟ�ɜ�ɬɨɱɤɟ 0M : 

84
0
==

¶
¶

Mx
x
u ,   88

0
==

¶
¶

Mуу
u . 

ɍɪɚɜɧɟɧɢɟ�ɤɚɫɚɬɟɥɶɧɨɣ�ɩɥɨɫɤɨɫɬɢ: 
)1(8)2(812 -+-=- yxz � ɢɥɢ 
01281688 =+---+ zyx  

01288 =--+ zyx . 

ɍɪɚɜɧɟɧɢɟ�ɧɨɪɦɚɥɢ: 
1
12

8
1

8
2

-
-

=
-

=
- zух . 

 
Ɂɚɞɚɱɚ 4.� ɇɚɩɢɫɚɬɶ� ɭɪɚɜɧɟɧɢɟ� ɤɚɫɚɬɟɥɶɧɨɣ� ɩɥɨɫɤɨɫɬɢ� ɢ 

ɧɨɪɦɚɥɢ�ɤ�ɩɨɜɟɪɯɧɨɫɬɢ 83 3 =- zyxz �ɜ�ɬɨɱɤɟ )2,2,0(0 -M . 
Ɋɟɲɟɧɢɟ.� ɉɨɜɟɪɯɧɨɫɬɶ� ɡɚɞɚɧɚ� ɭɪɚɜɧɟɧɢɟɦ 0),,( =zyxF , 

ɬ�ɟ. ɜ�ɧɟɹɜɧɨɦ�ɜɢɞɟ. 
83),,( 3 --= zхyzzyxF , ɩɨɷɬɨɦɭ� ɭɪɚɜɧɟɧɢɹ� ɤɚɫɚɬɟɥɶɧɨɣ 

ɩɥɨɫɤɨɫɬɢ�ɢ�ɧɨɪɦɚɥɢ�ɜ�ɬɨɱɤɟ ),,( 0000 zyxM �ɢɦɟɸɬ�ɜɢɞ:  
ɇɚɣɞɟɦ�ɱɚɫɬɧɵɟ�ɩɪɨɢɡɜɨɞɧɵɟ: 

123
0

-==
¶
¶

Myz
x
F ,  03

0
==

¶
¶

Mxz
y
F ,  1233

0

2 -=-=
¶
¶

Mzxy
z
F . 

Ɂɚɩɢɲɟɦ�ɭɪɚɜɧɟɧɢɟ�ɤɚɫɚɬɟɥɶɧɨɣ�ɩɥɨɫɤɨɫɬɢ: 
0)2(12)2(0)0(12 =+--+-- zух �ɢɥɢ 

0)2(1212 =+-- zх , ɬ. ɟ.  02 =++ zx . 
Ɂɚɩɢɲɟɦ�ɭɪɚɜɧɟɧɢɟ�ɧɨɪɦɚɥɢ: 

12
2

0
2

12
0

-
+

=
-

=
-
- zух    ɢɥɢ   

1
2

0
2

1
+

=
-

=
zух . 

 



 34

ȼȺɊɂȺɇɌɕ�ɄɈɇɌɊɈɅɖɇɕɏ�ɁȺȾȺɇɂɃ 
 
ɋɬɭɞɟɧɬ� ɞɨɥɠɟɧ� ɜɵɩɨɥɧɹɬɶ� ɤɨɧɬɪɨɥɶɧɨɟ� ɡɚɞɚɧɢɟ� ɩɨ 

ɜɚɪɢɚɧɬɭ, ɧɨɦɟɪ� ɤɨɬɨɪɨɝɨ� ɫɨɜɩɚɞɚɟɬ� ɫ� ɩɨɫɥɟɞɧɟɣ� ɰɢɮɪɨɣ� ɟɝɨ 
ɭɱɟɛɧɨɝɨ�ɧɨɦɟɪɚ (ɲɢɮɪɚ). 

 
I.� ȼ� ɡɚɞɚɱɚɯ 1 – 2 ɧɚɣɬɢ� ɱɚɫɬɧɵɟ� ɩɪɨɢɡɜɨɞɧɵɟ� ɮɭɧɤɰɢɣ,     

ɜ�ɡɚɞɚɱɚɯ 3 – 4 ɧɚɣɬɢ�ɩɨɥɧɵɟ�ɞɢɮɮɟɪɟɧɰɢɚɥɵ�ɮɭɧɤɰɢɣ. 
 

    ȼɚɪɢɚɧɬ 1       ȼɚɪɢɚɧɬ 2 
1. 22 xyyxz +=   1. xyyxz 2++=  

2. 222 zyxu ++=   2. 333 zyxu ++=  

3. 
y
xz =    3. 

x
yz =  

4. zyxxu 54 23 +-=   4. yzxyxu +-= 32  
 
    ȼɚɪɢɚɧɬ 3      ȼɚɪɢɚɧɬ 4 
1. yxz sin2=    1. xyz  tg2=  
2. zxyu 2=    2. zyxu 2=  
3. xyez /=    3. yxez /=  

4. 
x
yzu =    4. 

y
xzu =  

 
    ȼɚɪɢɚɧɬ 5      ȼɚɪɢɚɧɬ 6 
1. 

22 ухеz +=    1. хуеz =  
2. )(ln 2zyxu ++=   2. )(ln zyxu =  
3. yxz  arctgcos ×=   3. )(arcsin xyz =  
4. 22 zyxu ++=   4. xzxyxu -+= 2  
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   ȼɚɪɢɚɧɬ 7      ȼɚɪɢɚɧɬ 8 
1. yxz cos×=    1. xyz sin×=  

2. xyzu =    2. 
z
xyu =  

3. 
y
xz ln=    3. 

x
yz ln=  

4. 
zx

yu
+

=    4. 
yx

zu
+

=  

 
   ȼɚɪɢɚɧɬ 9      ȼɚɪɢɚɧɬ 10 
1. yxz =    1. xyz =  
2. zxyu +=    2. yzxu +=  
3. yxz +=    3. yxz 3×=  

4. )(ln xyzu =    4. 
zyx

u 111
++=  

II.�ȼɵɱɢɫɥɢɬɶ�ɱɚɫɬɧɵɟ�ɩɪɨɢɡɜɨɞɧɵɟ�ɜɬɨɪɨɝɨ�ɩɨɪɹɞɤɚ: 

      2

2

x
z

¶
¶ , 2

2

y
z

¶
¶ , 

yx
z
¶¶

¶2
. 

1.  223 54 yyxxz +-=  
2.  yxxyz lnln -=  
3.  xyyxz 22 +=  
4.  2)(xyz =  
5.  )(sin yxz -=  
6.  232 yxz =  
7.  23 4xyyz +=  
8.  )(cos xyz =  
9.  yxez +=  
10. )(ln xyz = . 
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III.� ȼ� ɡɚɞɚɱɟ 1 ɜɵɱɢɫɥɢɬɶ� ɱɚɫɬɧɵɟ� ɩɪɨɢɡɜɨɞɧɵɟ� ɮɭɧɤɰɢɢ 
0),( =yxF , ɡɚɞɚɧɧɨɣ� ɧɟɹɜɧɨ; ɜ� ɡɚɞɚɱɟ 2 ɜɵɱɢɫɥɢɬɶ� ɩɨɥɧɵɣ 

ɞɢɮɮɟɪɟɧɰɢɚɥ dz . 
 

    ȼɚɪɢɚɧɬ 1        ȼɚɪɢɚɧɬ 2 
1. 222 аух =+    1. 022 =-+ хуух  
2. )7(sin vuz -= , ɝɞɟ  2. vuz ×= 2 , ɝɞɟ   
    xyu = , yxv +=            yxu -= , )(sin xyv =  
 

 
    ȼɚɪɢɚɧɬ 3        ȼɚɪɢɚɧɬ 4 

1. 0)()( =- ух ху   1. 0 tg =- xух  
2. vu eez -= , ɝɞɟ  2. vuz ln2= , ɝɞɟ   

    xyu = , 2xyv -=            
y
xu = , xyv 23 -=  

 
    ȼɚɪɢɚɧɬ 5        ȼɚɪɢɚɧɬ 6 

1. 0222 =+- xyх   1. 012

2

2

2
=++

b
y

a
x  

2. )(arctg uvz = ,  ɝɞɟ  2. 2)( vuz -= ,  ɝɞɟ   
    xyu = , 2xyv +=            3xyu = , yxv +=  
 

    ȼɚɪɢɚɧɬ 7        ȼɚɪɢɚɧɬ 8 

1. 0222 =-+
х

xy   1. 01coscos =-+ xyyx  

2. 23 uvuz -= , ɝɞɟ  2. 12 22 ++= vuz , ɝɞɟ 

     yxu cos= , xyv cos×=      
x
yu = , xyv ln=  
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    ȼɚɪɢɚɧɬ 9        ȼɚɪɢɚɧɬ 10 
1. 0)(ln 22 =++ yxy  1. 03 22 =-++ yxyx  

2. 3)( vuz += , ɝɞɟ  2. )(arcsin vuz -= , ɝɞɟ 
   2yxu -= , xyv 2=            xyu 3= , xyev =  

 
IV.�ɇɚɣɬɢ: а) zqrad �ɮɭɧɤɰɢɢ ),( yxfz = � ɜ� ɬɨɱɤɟ ),( yxA ,  

б) ɟɟ�ɩɪɨɢɡɜɨɞɧɭɸ�ɜ�ɧɚɩɪɚɜɥɟɧɢɢ АВ . 
 
1)  xyxz += 22   )2,1(-A ; )6,2(B  
2)  22 yxyxz ++=   )1,1(A ; )0,3(B  
3)  23 xyyxz +=   )3,1(A ; )15,4(-B  
4)  )32(ln yxz +=   )2,2(A ; )4,1(-B  
5)  xyxz += 2    )1,2( -A ; )8,3(-B  
6)  22 22 yxyxz ++=   )3,1(A ; )5,3( --B  
7)  )(ln 22 xyxz +=   )2,1(A ; )2,4( -B  
8)  12 22 ++= yxz   )8,3(-A ; )2,7( -B  
9)  22 xyyxz +=   )1,1(A ; )7,7( -B  
10) )( arctg xyz =   )3,2(A ; )6,6(B  
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