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1. O6nacTe onpenesieHus PyHKIMH HECKOJIBbKHUX IEePeMEHHbIX

Mmuorue 3agaun GU3UKH, TEXHUKH, SJKOHOMUKHU TMPHUBOJAT K PACCMOTPEHUIO IIe-
PEMEHHOI BEJIMYMHBI, KOTOpas CBsi3aHA 3aBUCHMOCTBIO C JIByMs WK 0oJiee He3aBU-
CUMO HU3MEHSIONIMMUCS nepeMeHHbIMU. OTClofla BBITEKAeT HEOOXOAUMOCTh ONEpH-
pOBaTh C Tak Ha3bIBa€MbIMU (DYHKIIUSIMH HECKOJIBKUX MEPEMEHHBIX (aprymMeHToB). B
JAHHBIX METOAMYECKUX PEKOMEHAAIUSAX Mbl OTPAHUYMMCS PACCMOTPEHUEM cllydast
JIByX HE3aBUCHUMBIX TIEPEMEHHBIX, TAK KaK BCE OCHOBHBIC CBOMCTBA TaKUX (DYHKIIHMA
JeTKo 0000MmHUTh Ha OOJIBIIIEE YHCIO apTYMEHTOB, KpOME TOT0, (YHKIIUU BYX Iepe-
MEHHBIX MMEIOT BIIOJIHE ONPEICICHHbIA T€OMETPUUYECKHUI CMBICI.

Omnpenenenne 1.1. [Iycte D — HEKOTOPOE MHOXKECTBO Map ACHCTBUTEIIbHBIX
yucen (x; y), 1 MyCTh Kaxaou nape (x, y) u3 D 1o onpeneaeHHOMY MpaBULy OCTaB-
JIEHO B COOTBETCTBUE €IMHCTBEHHOE 3HAUEHHUE MTepeMeHHoi z. Toraa roBopsT, 4To Ha
MHOKecTBe D 3amana yynkuus oeyx nepemennvix z = f(X;y) . [lepeMeHHBIE X U
HA3BIBAIOTCS HE3ABUCUMBIMU NepeMeHHbIMuU (WA apTyMEHTaMu), a IIepeMeHHas z —
¢yukyuei.

[Ipy HaxokJIeHMM yYacTHOro 3HaueHus Qynkuuu z = f(X;)), xoTopoe oHa

[PUHUMAET NPU KOHKPETHBIX 3HAYEHUSAX apryMEHTOB X =X,, Y =),, HUCIOJB3YIOT

o6osnauenue z, = f(x,;),). Hanpumep, ecmu z=x>+y* +1 u x,=3, y,=4, 10
z,=3"+4>+1=26.
Yrobbl 3a7aTh (YHKIIUIO JABYX MEPEMEHHBIX, HYKHO 33aTh CIOCO0, C MTOMO-

IIbI0 KOTOPOTO JUISl KaXKJI0M mapsl (x ; ¥) U3 D MOXHO HAWTH COOTBETCTBYIOIIEE 3HA-

yeHue QyHkiuu. Yacto mMbl OyJieM HCHOIB30BaTh CIIOCOO 3aaHus C MOMOIIbIO (Qop-

mynsl Z = f(x;¥), rme f(x;y) — HeKOTOpOE BHIpaXKEHHUE, 3aBUCALIEE OT X U y. Ha-

npuMep, z =+/x> + y* —1 +In(xy). Takoii cnoco6 3amanus GyHKIMU HA3bIBAETCS AHA-

JUMUYECKUM.
Omnpenenenue 1.2. MHoxxecTBo Bcex map ( x; y), IPU KOTOPBIX aHATUTUYE-

CKOe BBIpaXeHHE [ (X;)) HWMEET CMBICH, HAa3bIBACTCA 001ACHbI0 Onpedesenus



¢ynxyuu z = f(x;y). B nanpueiimeM obnacTts onpeaeneHus GyHKIuK OyaeM 060-
3Ha4ath cumMBOjOM D(f).

Onpenenenne 1.3. MHOXeCTBO 3HAUYCHU, MTPUHUMAEMBIX NEPEMEHHON z B
00JIaCTH OTIpEICIICHUs], HA3bIBACTCS MHOMNCECHIB0M 3HAYECHUI (YYHKUUU.

Tak kak kaxmoi mape yrcen (x; y) Ha KOOPAUHATHOHN TIOCKOCTH (JX) COOTBET-
cTByeT Touka M ¢ koopauHaTamu (x; y), TO sl 00JIacTh ompeieicHus (yHKIUH
z = f(X;¥) MOXHO IIOCTPOUTH FEOMETPHUECKYIO MOENb: D( /) — MHOXKECTBO TOYEK
M (x;y) KOOpAMHATHOMW TUIOCKOCTH, KOOPJAUHATHI KOTOPHIX 00CCIIEYMBAIOT CYIIECT-

BOBaHHE BbIpaXeHUS f(x;y). DTO MOXKET ObITh BCSI KOOpAMHATHAS IUIOCKOCTh, Ha-

npumep D(f) ans GyEKIuE z = x* + y°), WM 9acTh TIOCKOCTH, OrPAHUYEHHOH He-

KOTOPBIMH JIMHUSIMU. JTU JTUHUU HA3bIBAIOTCS CPAHUUAMU 00J1ACMU ONPeOeIeHUs, A
WX TOYKH — 2PAHUYHBIMU TOIKAMH O00JIACTH.

Touku obiracTu onpeneneHus], He JIeKAIKe Ha TPAHUIE, HA3BIBAIOTCS GHYHI-
pennumu. O6aCcTh, coZEepKaIIas BCe CBOU IPaHUYHBIC TOUKH, Ha3bIBACTCS 3AMKHY-
moii. O61acTh, COCTOSIIAS U3 OJHUX BHYTPEHHUX TOUYEK, HA3bIBACTCS OMKPbIMOIL
oo1acmoio.

OTMETHM HEKOTOpPBIC YCIOBUS, KOTOPHIE UCIIONB3YIOTCSI IPU HAXOXKIECHUU 00-

nactei onpeaesieHus: GyHKIUN, 3aJaHHBIX aHATUTUYeCKu B Tabm. 1.1.

Tabnuya 1.1
Ob6nactp onpenencHuss QyHKIHH
Bun dbyskimmn Ob6nacTp onpeaeneHus
z = \Jo(x;y), rae n — yeTHoE P(x;¥)20
1
7=—"" o(x;y)=0
Q(x;y)
z = log o (¢(x;¥)) ¢(x)>0
z = arcsin(@(x; y)); z = arccos(@(x; ¥)); —-1<o(x;y) <1

Crnenyer uMeTh B BUJY, YTO 3THU TpeOOBaHUs MOTYT coBMeniaThcsi. Hanpumep,

, T0 O(x;y)>0. Jlnsa BepakeHUs !

1
VOx;y) In(o(x;y))

JOJLKHBI BRIOHATECS yemoBus ¢(x;y) > 0; ¢(x;y) #1 . PaccMOTpuM IpUMEpBHI.

CCJIM BBIPAXXCHHUC UMCCT BU




Ipumep 1.1. Haitnure obGnacte omnpezneneHuss (PyHKIUMU JIBYX MEPEMEHHBIX

z(x;y) =+/4+y—x* +In(x* —1). U306pa3ure ee Ha yepTeKe.
Pemenne. O6nacTpio omnpenencHuss (QyHKIUU SBISIETCS MHOXECTBO TOYEK
wiockoctu Oxy, KOOPANHATHI KOTOPBIX yIOBJIETBOPSIIOT CUCTEME HEPABEHCTB
4+y—x220,<::> y=x' -4, (1.1)
x*=1>0. x>l (1.2)
Paccmorpum cHauana HepaBeHcTBO (1.1). EMy Oyaer cooTBeTcTBOBaTh ypaB-
HEHUE ) = x*—4 , KoTOopoe omnpenenseTr napadoiy ¢ BepiinHoOM B Touke (0;—4), BeT-
BU €€ HampaBiieHbl BBepX. [lapabona AemuT KOOpAMHATHYIO MJIOCKOCTh HA JBE YaCTHU:

9 2 v 2
BHEIIHIOI W BHYTpeHHIOW. [ omHOM u3 HUX y > x° —4, mus apyroid y <x” —4
) 2 )
(Ha camoii mapadosie y =x~ —4). UTOoOBI yCTAaHOBUTH, KaKask U3 ITUX YaCTe COCTOMT

2 o
U3 TOYEK, JUIS KOTOPhIX y > x° —4, 10CTAaTOYHO MPOBEPUTH ITO YCIOBHUE JJIs KaKOH-
HUOYb oHOM ToukH. Bo3bmem, Hanpumep Touky A(0; 1). [ToxcraBuB ee koopauHa-

ThI B HepaBeHCTBO (1.1), momyunm BepHOE yuciioBoe HepaBeHCTBO 1> 0—4. Crnemo-
BaTEJIbHO, 3Ta TOYKA M MOMOOHBIC €if (T. €. BHYTPCHHHUE, JCKAIIUEC MEXKITY BETBAMH

napaloJibl WM Ha HEil) JaloT TeoMeTpUuYeckoe h300pakeHue 00J1acTu, ornpesesnse-

Moii HepaserctBoM (1.1). PaccMorpum HepaseHcTBO (1.2) x° >1. DTO HepaBEHCTBO
PaBHOCUJIBHO COBOKYITHOCTH JBYX HEpaBeHCTB Xx <—1 wiu x >1. OHM onpeaensroT
YacTH IUIOCKOCTH, JIeXkalIue JieBee npsamMoil x = —1 uim npasee npsiModt x =1. Touku
caMuX MpsIMBIX B 00JIaCTh OMNpeeNieHHs] He BXoaAT. B TakoMm ciiydyae Oynem m3zo0pa-
aTh COOTBETCTBYIOIIME JIUHUHU MyHKTHUpOM. OOJacThio onpeaeieHus: PyHKuuu Oy-
JIET MHO>KECTBO TOUYEK IUIOCKOCTH, KOOPAMHATHI KOTOPBIX YIOBJIETBOPSIOT CUCTEME

(1.1), (1.2). Dro Oynmet mapabosudeckas 30Ha, U3 KOTOPOH YAaJCHBI TOUKH, JICKAIINE

MEXIy NpAMBIMA M Ha OpAMbIX x =—1, x=1. Touku mapabosnbl mpuHaAIEKAT 00-

nactu (cM. puc. 1.1). Ha pucynke o6acTs onpeesieHusl 3alTPUXOBaHa.



‘y-(//

Puc. 1.1

IIpumep 1.2. Haiinute obnacth ompeneneHus (yHKIUH IBYX MEPEMEHHBIX

: 1
z(x;y)=arcsin(y — x) + \/T . I300paswute ee Ha yepTexe.
l-x" -y

Pemenne. O0nacTeio onpeneneHuss 3To0l (PyHKIMU SBISIETCS MHOXKECTBO TO-
YyeK MIockocTh Oxy, 3HAUeHHs] KOOPJAUHAT KOTOPBIX YAOBIETBOPSIOT CUCTEME Hepa-

BCHCTB

-1<y—x<1, x—1<y<x+], (1.3)
125 SO A
x +y <. (1.4)

1-x*—y*>0.
Pemiennst nBoitHoro HepaBeHcTBa (1.3) wm300pakatoTCs Ha KOOPJIAUHATHOM

IJIOCKOCTH TOYKaMH, JICKAIUMHU Ha IPSAMBIX Y = X + I, y=x—-1u MEXKy HUMM.

Pemenus nepaBenctBa (1.4) — Touku BHYTpeHHEH 4acTH Kpyra, ¢ IIEHTPOM B Hayaje

KoopJuHAT ¢ paauycom 1. Takum oO6pa3om, o0JacTh ornpeaeneHus JaHHOW QyHKIMH

— MHOKECTBO TOYEK MOJIOCHI, JIEXKAIMX BHYTPH OKPYXKHOCTH x° + y° =1. I'paHuIE!

monocel — mpsimble ¥ =X —1 u ¥ =x+1. Ha ueprexe (cum. puc. 1.2) o6macts or-

PEACIICHUS 3allTPUXOBAaHa.

3
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Onpenenenne 1.4. ITycTs QyHKIUM ABYX EPEMEHHEIX 3a1aHbI AHATUTUYECKH
Gopmynoit z = f(x;)). MHOXeCTBO TOYEK IPOCTPAHCTBA, KOOPAMHATHI KOTOPBIX

uMeroT BUI (x; y; flx; v)) Takux, uto (X;)) € D(f), Ha3pIBaeTcs cpagpuxom gpynkyuu

z= f(x;y).B obmem ciyuae rpapuxom pyskuun z = f(X;)) B 3aqaHHON cucTeMe

KOOpAMHAT ¢ 00macThio onpeaencaus D( f) SBIseTCsS HEKOTOPast TOBEPXHOCTb.

2. JIuauM ypoBHSI QYyHKIMH

Omnpenenenune 2.1. Jluann Ha 1muiockoctd Oxy, ypaBHEHUS KOTOPBIX UMEIOT
Bun flx; y) = C, tme C — mOCTOSHHAS BEJIMYHMHA, HA3BIBAIOTCS JIUHUAMU YPOGHA
pyukyuu 06yx nepemennsvix z = f(x;y).

[TocTpoeHue nUMHUI YpOBHS, COOTBETCTBYIOIIMX PA3JIUYHBIM 3HAUYEHUSIM IO-
CTOsTHHOM BeMurHbI C, BBIOPAaHHBIX C PABHBIM I1arOM, MO3BOJISIET YBUIETH XapaKTep
MOBEPXHOCTH, 3aJIaHHON HccienyemMoit (pynkiueit. CryiieHne JTUHUN YpOBHS O3Ha-
yaeT OoJsiee ObICTpOE U3MEHEHUE 3HaueHu GyHKUUU. Peqkoe pacnonokeHue JTMHUHI
YPOBHSI XapaKTEPU3yeT IMOJIOTYI0 MOBEPXHOCTD (T. €. 3HAUCHUS] (PYHKIIUU U3MEHSIOT-
Csl MEJIJIEHHO).

JIuHuu paBHBIX BBHICOT Ha (PU3UYECKOM KapTe — 3TO MPUMEP JTUHUNA YPOBHSI.

[pumep 2.1. Haligute tuHun ypoBHS QyHKUUU z =" .

Pemenne. Jlunun yposus ¢ynxuun z(X;)) = e’ — 510 cemeiicTBO TMHHIT Ha

x+
I0CKOCTU Xy, OMUCHIBAEMOE YPABHEHUEM € Y=C, IIpencraBum 310 ypaBHEHUE

B Jpyroii (popme, BHIMOTHUB CIEAYIONINE TPEoOpa30BaHUS:

xX+y __

e =Cum e =

I
e, 3naunt x+ y=InC.

* * (93 (v
Iycts InC=C", torma x+y=C", y=C —Xx (ceMelcTBO MPSIMBIX JIHHHUIA).

Onu noka3zansl Ha puc. 2.1.
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Puc. 2.1

Ipumep 2.2. Haiigure nuaun ypoBHS GyHKIME z(X;)) =y — X .

Pemenne. Onpeennts IMHuH yposHs GyHkumn z(X;y) =+/y — x° Kak cemeii-

ctBa kpuBbiX ) = g(x;C)Ha mmockocTi Oxy MOYKHO, OCYIIECTBIISS CIEAYIONIHE Mpe-

Jy—-x*=C mwm y—-x>=C".

IMycrs C2=C",torma y—x>=C",tne C" >0, (cemeiicTBo mapa6on

00pa3oBaHuUs:

*
= x>+ C"). OHu noxazausl Ha puc. 2.2.
y p

¥




3. lIpeaes ¥ HenpepbIBHOCTH (PYHKIMHU ABYX IlepeMeHHBIX

Onpenenenue 3.1. /Jenvma-oxkpecmnocmoto mouku Py(xyy)) Ha3bIBaeTCS
BHYTPEHHOCTb Kpyra pajuyca o C IIEHTPOM B 3TOM TOUKE.

Omnpenenenne 3.2. Yucio A Ha3bIBaeTcs npeodeiom yukuyuu z = f(x;y)= f(P)
npu P— F,, ecnu JJisl I0O0r0 TMOJIOXKUTENbHOro uucia € > 0 Haiijgercs Takas o-
OKPECTHOCTb TOUKH B, (x,;V,), 4TO JUIsl 110001 TOUuku P (x ;) ) W3 3TOM OKPECTHOCTU

(32 HCKIIIOUEHUEM MOXKET ObITh TOYKH Py (X,;),)) BBIIOJHAETCS HEPABEHCTBO

|f(P) — A| < €. IIpu 5TOM muIryT Illn; f(P)=A nma lim f(x,y)=4.

Yy=>Yo

['eomeTpudeckuii cMbICHT mpeena GyHKIUNA IBYX MEPEMEHHBIX COCTOUT B TOM,
YTO KaKOBO ObI HU ObLIO YUCIO € > (), HalaETCs Takas 0-OKPECTHOCTh TOUKH Fy(Xy; V)
, YTO BO BCEX TOUKax P(x ;y) 3TOM OKPECTHOCTHU, OTIUYHBIX OT F)(Xy;Y,), 3HAUEHUA
Z COOTBETCTBYIOIIUX TOYEK MMOBEPXHOCTHU z = f(x;y) OTIUYAIOTCS OT yuciia A 1Mo Mo-
TyJI0O MEHbIIIE, YEM Ha €.

Onpenesnenne 3.3. OyHKuua z = f(x;y) HA3BIBACTCS HENPEPBLIBHOU B TOYKE
P(x,;,), €ciii oHa:

1) ompeneneHa B 3TON TOYKE U HEKOTOPOM €€ OKPECTHOCTH;

2) nmeer npefen B oToit Touke  lim f(P);
0

3) oTOT TmpeaeNn paBeH 3HAYCHUIO (DYHKIUU z= f(x;y) B TOUKEe F,(x5;¥,),
r.e. lim f(P)=f(R).

Onpenenenue 3.4. OyHKIM, HEIPEPHIBHAS B KaXKI0M TOUKE HEKOTOPOii obac-
TH, Ha3bIBACTCSI HENPePbIGHOU 6 IMOIL odracmu.

Touku, B KOTOPBIX HEMPEPHIBHOCTh HAPYIIAETCS, T. €. HE BBIMOIHIETCS XOTSI Obl
OJIHO W3 yCIIOBUI HENPEPHIBHOCTHU, HA3BIBAIOTCS MOYKAMU Pa3pbléa STON (QYHKIUH.

Touku pa3peiBa GyHKIHH z = f(X;)) MOTYT 00pa30BBIBATh 1CIIbIC JIUHUN PA3PbIEA.

Tak, nHanpumep, QyHKIUSA Z = HMEET JIMHUIO pa3pbiBa V = X .

10



4. InppepenurpoBanue GpyHKIUHM ABYX IIepeMEHHBIX

Omnpenenenne 4.1. Paznocts f(x, + Ax;y,)— f(xy;),) HasbBaercst uacm-
HoiM npupawenuem Gyaxkuuu zZ = f(X;y) no nepemennoit x B touke P,(x,;y,).

O6o3mauenne: A z = f(x, +Ax; 1) — f (%05 ,).

Onpenenenne 4.2. Pasuocts f (x5, +Ay)— f(x,;),) Ha3biBaercs uacm-
Holm npupawienuem Gyakuun z = f(X;y) no nepemennoit y B touxke F,(xy;v,).

O6osnauenne: Az = f(xg; vy +Ay) — [ (x5 1).

Onpenenenue 4.3. Ilpenen oTHOLIEHUS YACTHOTO MpUpAIEHUS (QYHKIUU K
BBI3BABIIEMY €0 NIPUPALIEHUIO apryMEHTa, KOTla pUpAaIleHHe apryMeHTa CTPEMUT-
Csl K HYJIIO, Ha3bIBACTCSI YACHHOU NPOU3600HON hynKkyuu z = f(X;y) 10 ogHOMY H3

€€ apryMeHTOB

oz .. Az oz .. z
— = lim —= — = lim ——
ax Ax—0 Ax ’ ay Ay—0 Ay

! ! 4 !
Ucnonb3yoTest Takke 0003HaUeHusA: Zys 25 for f v
o d '
['eOMeTpUIECKHiT CMBICI YACTHBIX IPOM3BOHBIX Z, U Z, 3aKIK0YacTCs B TOM,
YTO OHM PABHBI 3HAYCHUAM YIIIOBBIX KO3(D(HUIMEHTOB KacaTenbHEIX /| u [, K muHmam
TepeceueHys MOBEPXHOCTH, OIpeesieMoii ypasHeHreM Z = f (X;)), muockocTsamu
X=X,, ¥=,, IPOXONANIMMH depe3 TouKky M, (kacarenpHas /, mapannensna mioc-

koctu Oxz, KacaTenbHas 12 napasuiesibHa riockoctu 0Oyz) (cMm. puc. 4.1).

3Ha4YeHUS YaCTHBIX IMPOU3BOAHBIX Z; 151 Z; B TOYKC PO COOTBCTCTBCHHO PAaBHBI

2, (%03 vo) =tga m 2} (x; ) = tgP.

11



Rxoz0)

Puc. 4.1

YactHas npou3BogHas (PYHKIIMU JIBYX MEPEMEHHBIX MO MEPEMEHHON X mpe/-
cTaBisieT co00M OOBIKHOBEHHYIO MPOM3BOJHYI0 (PYHKIIMU OJHOW IMEPEMEHHON mpH
(UKCHUPOBAHHOM 3HAUEHUHU Y, TOATOMY €€ HAXOJAT MO MpaBUJIaM BBIUMUCICHUS IMPO-
U3BOJIHBIX (DYHKIMI OJHON MepeMEeHHON (aHAJIOrMYHO paccMaTpUBAETCs M YacTHas

MIPOU3BO/IHAS 110 IEPEMEHHOM )).

19 ! !

Ilpumep 4.1.  Haiinure wvacTHble NPOM3BOAHBIE Z, M Z, (QyHKIHH
z(x;y):ln(x/;+\/;).

Pemienne. Haiinem yacTHblE NIPOM3BOAHBIC Z; u Z; byHKIIAN

z(x;y) = ln(\/;+\/;)

8(1n(\/§+f)) x+\f 2[ 2x+2f

Z =%(1n(\/§+\/}))= fl 1

1
x+\/; 2 y_2 xy+2y.

Ipumep 4.2. Haiigure dacTHBIE NPOM3BOAHBIE Z. W Z; (hyHKIUN

z(x,y) = arctg(y +1j

12



) !
Pemienue. Haiinem 4yacTHble IIPOM3BOAHBIE Z. W Z; byHKIIMHU

X

z;zi arctg(ZJrlj :%-Q(XJA]:
ox X [y j ox\ x
I+ =+1

z(x,y) = arctg(Z + 1).

S S (_ij_ —x’y -
1+(y+x)2 d x’ (x2+y2+2yx+x2)x2 2x° +2yx+
2
X
z, =—(arctg[Z ID =;2 %(Z-F lj =
X
1+(y+lj
X
x? 1 X

1

- 2x7 +2yx + y* X 2x2+2yx+y2'

5. Iu¢ppepeHurpoBanne HeIBHbIX (PYHKIMI ABYX IepeMEeHHbIX

[Tycts HekoTOpas pyukiusa z = f(x;y) 3amaHa ypaBueHuem F(x;y;z)=0.

CnpaBeyiuBa meopema (0 CylIeCTBOBAHUN HESBHOW (YHKIIMU): €CIIA (PYHKIIUS
F(x;y;z)u ee uacTHble mpousBoaubie F(x;y;2), F(x;y;2z) u F.(x;y;z) onpenene-
Hbl W HENPEPBIBHBI B HEKOTOPOM OKPECTHOCTH TOYKU M (X,;Yy52,); HpUYEM
F(x4;50:20) =0, a F/(x4;¥0:2,) #0, TO CyIIEeCTByeT OKPECTHOCTh TOUKH M, B KO-
Topoii ypaBuenue F(x;y;z)=0 ompenmenser equHCTBEHHYIO (QYHKIMIO z = f(X;V),
HENpEePBIBHYIO U T (HEepeHIUpPYyEMYIO B OKPECTHOCTH TOUKHU (X4 V) -

[TycTh yCIIOBHS TEOPEMBI BBITIOJIHAIOTCS JUIsl HEKOTOPOH (YHKITUH, TOT/Ia €¢ Ya-

CTHBIE TPOU3BOJIHBIE MOTYT OBITh HaWJIEHHI IO (hopMyJIaM

"(x: v F'(x;y;z
U €5 ) S 1 R ) @1
Fl(x;y;z) 7 Flxy;z)

IIpumep 4.1. Haiinure yacTHbIe Mpou3BoaHble QyHKIHK Zz = f(X;V), 3a0aHHOI

HESBHO YpaBHEHHEM sinz —z” + 2xy + y” =0.

13



Pemenne. Haxoaum yacTHbIC IPOU3BOIHBIC U MOCTABIIIEM UX B (POPMYJIBI
(4.1). Ionyyum
Fl(x;y;2)=2y, Fy'(x;y;z) =2x+2y, F/(x;y;z)=cosz-2z,
, 2y o 2x+2y

zl = = :
Y 2z—cosz’ 7 2z—cosz
Ilpumep 4.2. Haiinute yacTHbie Ipou3BOAHbIC GyHKIUK Z = f(X,)), eciau OHA
Xx+Inz
+62x+z _xy2 :O
y

Pemenue. HaxonyuM yacTHbIE MPOU3BOIHBIC U MTOACTABIISIEM UX B (POPMYIIBI

3aladHa HCABHO YPABHCHUCM

(4.1). Iomyuum

1 - x+Inz 1 -
Fl(x,y,z) =—+ 2> —yz,Fy'(x,y,Z):—(—z)—2xy, F!(x,y,z) =—+e™",
Y Y Yz
l+262x+z_y2 _lerlz_zxy
Z;z—y 1 , 2, == Y
7+€2X+Z 7+62x+z
Yz Yz

6. IToanbiii nudpPepenunan Gpynkuun

Omnpenenenue 6.1. Ioanvim npupawenuem ynkyuu z = f(x;y) B TOUKE
P,(x,;y,) Ha3bIBaeTcs pa3sHOCTb Az = f(x, + Ax; y, + Ay) — f(xp; ¥,).

Onpenenenune 6.2. Oyuxuusa z = f(x;y) Ha3bBaercs ougpepenyupyemoii 6
mouke P(x;y), eciu ee MoNHOE NMpUpAIEHUE B 3TOW TOYKE MOKET OBITh MPEIICTAB-
JIEHO B BUJE Az = AAx+ BAy + a(Ax;Ay), rae uncia A u B — He 3aBHCcAT 0T Ax U Ay,

: A
a a(Ax;Ay) — 6eCKOHEYHO Majasi BeIUYKHA, UIT KOTOPOoi lim _UAxAY) =0.
JAX + A

Ax—0
Ay—0

Omnpenesenne 6.3. ['maBHas nTuHENHHAs OTHOCUTENBLHO Ax U Ay 4acTh npupa-
nieHus: (QYHKIIMU HA3bIBACTCSl HOHBIM Oudghepenyuanom >tol pyHkuuu u o0603Ha-
qaercs dz:

dz = AAx+ BAy .

14



0 0
s muddepenmpyemoit Gynkmm A :6_2; B=2. [Tockonbky mpuparie-

X oy

HHA HCE3dBUCHUMBIX IICPCMCHHBIX X MW )y COBIAAAOT C HX I[I/I(I)(i)CpCHHI/IaJIaMI/I

Ax=dx, Ay =dy, oxoHUaTeIbHO UMEEM dZ = o dx + & dy.
ox oy

I'eomerpuueckuii cMpich auddepernmana dz Gyukuuu z = f(Xx;)) COCTOHUT B
TOM, YTO OH PaBCH MPUPAMICHUIO Az aNIINKaThl KacaTeIbHOU TIOCKOCTH.
Ipumep 6.1. Haiinute nonueiii nuddepeHiman dz QyHKIMN ABYyX NEepeMeH-

xarcsin
HBIX z(X;)) = Xaresmy.

Pemenue. [Tomneii nuddepennnan dz QyHKIun z(x;y) = xarcsin y

dZ:d(xarcsmyj:i(xarcsmyjdx+i(xarcs1ndey:
y Ox y y y

paBeH

lz-y—arcsiny-l
_aresiny oo N1ZY d

y:
y v
=mdx+%- L—arcsiny dy.
y y 1-y?

7. KacareabHas VIOCKOCTH U HOPMAJIb K NOBEPXHOCTH
IMycrs Gynxums z = f(x; y) mddepenumpyema B Touke Fy(xy;y,) Hekoro-

poii obnactu D, nexamei B mimockoctu Ox) . Paccedem moBepXHOCTH S, n300pa-

KA QYHKIIUIO Z, INIOCKOCTIMU X = X, ¥ = V¥, (cM. puc. 7.1).

15



Puc. 7.1

[Inockocth X = X, mepecekaeT MOBEPXHOCTh S O HEKOTOPOM JIMHUU, YpaBHE-
HUE KOTOPOH B ILIOCKOCTU X =X, UMeeT BHI z = f(x,;y)=0,(y). OHO momydaercs
MOJCTAHOBKOW  x=Xx, B  wucxomHyw  ¢yukmmo  z= f(x;y).  Touka
M (x45 05 f (x5, ) npuHamtekuT kpusoit ¢,(»), nexaruei B IIOCKOCTH X = X,,. B
cuty auddepenippyemoct GyHKIUH z B Touke M, dyHKImsa @,()) Takxke sBIseT-
cs muddepeHuupyemoii B Touke y = y,. ClienoBarebHO, B 3TOH TOYKE B IIOCKOCTH
x = x, K KpuBO#l @,()’) MOXeT OBbITh IPOBECHA KacaTeabHas /;.

[TpoBomsi aHATIOTHUYHBIC PACCYXICHUS ISl CEYEHHS IUIOCKOCTBIO Y = ) , MO-
CTPOUM KacaTellbHy0 [, K KpuBoi z = f(x;),) = @,(X) B Touke x = x, . [Ipsmbie /,
1 [, OIIPE/IeTSIOT MIIOCKOCTH (0) , KOTOpasi Ha3BIBACTCS KACAMENbHON NIOCKOCHIBIO K

nosepxuocmu S ¢ mouke M.
VYpaBHEHHE KacaTeIbHOW INIOCKOCTU B TOYKE M, K IOBEPXHOCTH S HMeEeT
CIICIYIOLINM BU/L:
zZ—zy= fx'(xo;yo)'(x_xo)+fy’(xo;yo)'(y_yo)- (7.1)
[Ipsamas, npoxopsmas yepe3 TOUKy My U NEPHEHAUKYISpPHAs KacaTelbHOU

IIIIOCKOCTH, HOCTpOGHHOﬁ B OTOM TOYKE IMOBCPXHOCTH, HASBIBACTCA HOPMA1bIO K 110-

BEPXHOCTH S B TOUKe M.

16



HopmanbHblil BEKTOp KacaTeNbHOW IJIOCKOCTH MOXKET OBbITh NMPHUHAT 3a Ha-
IIPaBJSAIOIMIMN BEKTOP HOPMAJIM K IIOBEPXHOCTH, MOITOMY €€ KaHOHUYECKHE ypaBHE-
HUs OyayT

X=Xg _ V= )Vo _Z27%

fl(xgsve)  flxgsve) -1

Ecnu moBepxHoCTh 3a1aHa ypaBHeHueM F(x;y;z) =0, To ypaBHeHMs Kaca-

(7.2)

TEIbHOU IJIOCKOCTH U HOPMaJIH OyAyT COOTBETCTBEHHO

F;(Mo)(x_xo)"‘Fy’(Mo)(y —Y) + F/(M)(z-2,)=0. (7.3)

Y~X _ VTV _ Z7Z (7.4)
F(My)  Fi(M,) F(M,)

Ipumep 7.1. CocTaBbTe ypaBHEHHUS KacaTEIbHOM MIIOCKOCTH U HOPMAaJH K I0-
BEpXHOCTH z = x" + y* —1 B TouKe M (1;-2;4).

Pemenue. Haliiem 3HaueHUs 4aCTHBIX MPOU3BOJHBIX Z; 51 Z; JTAHHOM (PYHK-
i B Touke (1;-2):

z. =2x, z. (1;—2) =2, Z; =2y, Z; (1;—2) =—4.

VpaBHEHHE KacaTelbHOH IUIOCKOCTH K IOBEPXHOCTH z(X;y)=x"+)° —1, B
touke M, Oyner
Z2—4=2(x—1)—4(y +2),
WIN
2x —4y—z—6=0.

Ncnonb3ys paBeHcTsa (7.2), MOIyYuM KaHOHUYECKHUE YPABHEHUSI HOPMAJIU

x-1 y+2 z-4
2 —4 -1

IIpumep 7.2. CocTtaBpTe ypaBHEHHS KACATENBHOM IIOCKOCTH U HOPMAJH K I10-

BepxHOCTH x° + y° —z° =—1 B TOuKE M, (2;2;3).
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Pemenne. YToOBI 3anucarh ypaBHEHUE KacaTeIbHOM MJIOCKOCTH U HOPMaJH K
MOBEPXHOCTH, OIpEeIsIeMOi 3aJaHHON (DyHKITMEH, HallJileM 3Ha4eHUsI YaCTHBIX MPO-
M3BOJHBIX OT 3TOM (pyHKIMU B Touke M

F!=2x, F(M,)=2-2=4;
Fi=2y, F/(M,)=2-2=4,;
F!=-2z, F/(M,)=-2-3=-6.

3anuuieM ypaBHEHHE KacaTelIbHOW INIOCKOCTH

4(x-2)+4(y-2)-6(z—3)=0. WMnu nocne npeodbpa3oBaHuil 2x+2y—-3z+1=0,

x-2 y-2 z-3
4 4 -6

Kanonnueckue ypaBHeHUs HOpMaIH OyIyT UMETh BUJT

8. Ilpou3BoaHasi MO HANIPABJICHUIO U TPAANECHT PYHKIUU

[ycte ¢ynkuus z = f(x;)) onpeneneHa B HEKOTOPOH OKPECTHOCTH TOYKH

My(x0;y0), a [ — [;aHHOE HamIpaBJIeHHE, 3aJaBacMOE€ CIUHHYHBIM BEKTOPOM

—

e

é ={cosa;cosP}, |e|=cos’a+cos’P=1, npu stom a+B=g,a coso. U cosP —

—

KOCHHYCBHI yTJIOB, 00pa3yeMbIX BEKTOPOM [ C OCSIMH KOOPAWHAT (HAMpaBJISIOIINE

KOCHUHYCBHI).

Onpenenenne 8.1. Ilpu mepemenieHUM B JaHHOM HalpaBieHUH [ TOYKH
Mo(x0;y0) B TOuKy M, (x,+Ax,;y, +Ay) dyskuust z = f(x;y) momydaer mpuparie-
Hue A,z(xy;y,) = f(x, +Ax;y, +Ay)— f(x,;),), Ha3bIBAEMOE npupauieHuem QyHK-
uuu z = f(x;y) 6 dannom nanpasienuu.

JlnmrHa oTtpeska M M, :‘AZ‘ YHCJICHHO paBHA THIOTCHY3€ IIPSIMOYIOJIBHOIO
TPEYTOJbHHUKA, KaTEThl KOTOPOTO paBHBI Ax ¥ Ay, ClIeIOBaTebHO, Ax = ‘Al ‘-cosa,
Ay :‘Al‘-cos [ ¥ mpupamneHue byHKIIUN A 12 (x;y)B JJAHHOM HAaIIpaBJICHUH MOXKHO

NPEICTaBUTh CIEAYyIONIei (opMyIIoii:
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Ajz(xo329) = f (3 + ‘Al‘cosa; Yo +‘AZ‘COSB)_f(xo;y0)'
Ecnu paccMaTpuBath nmpou3BoibHYI0 Touky M (X;)), TO MOXKHO BBECTH TaKOE
OIIpEEIICHUE.

Onpenenenne 8.2. Ilpouseoonoit z,(X;y) no nanpaenenuto | Qynxuuu

ABYX TepeMeHHBIX Z = f(x;)) Ha3pIBacTCs Tpee]l OTHOIICHUS TpHpamieHus GpyHK-

[IMK B 5TOM HalpaBjeHUH K BenuunHe npupamienus Al npu crpemiennn Al K Hy-

JIO

. Az(x;
z/(x;y)=lim —’Z‘g’ Y

[Tpou3BoaHas IO HANPaBJICHUIO z,(X;)) XapaKTepH3yeT CKOPOCTh M3MEHECHUS

—

Gyskuun  z= f(x;y) B HampaBaeHuH [ WM ONpENENSeTCs BBIPAKEHHEM
z/(x;y) =z, -coso+z, -cosP, rae cosa, cosB — HanpaBIAIOLIME KOCUHYCHl BEKTOPA

- ] / -
[ , KOTOpBIC BBIYUCILSIIOTCS O (GOPMYyIaM .o = -, cosp=-2» 1€ [ — BexToOp, 3a-
d

q

o 7 2 2
NI JaHHOE HalpaBleHHeE, [,/ — €ro KOOPIMHATEL, a ‘l ‘ =1+ . — MozyIb
BekTOopa [ .
. 4

Ipumep 8.1. Boruuciure npoussoanyto pynkuun z(x; ) =5x" —3x—y -1
B Touke M (2;1) mo nHanpasienuto Bekropa M M, ,rne M (5;5).

Pemenne. HaxoxaeHne mpom3BOHON z;(X,;),)T0 HANpaBIEHHIO BEKTOpa
MM, cornacHo ¢opmyne z,(x;y)=z,-cosa+z, -cosP CBsI3aHO C ONpeneICHUEM

!

YaCTHBIX [IPOM3BOIHBIX Z,, Z, U HAIPABISIOIINX KOCHHYCOB COSC, COSp.

4 /
Berancium yacTHble MPOU3BOJAHBIE Z, W Z, B Touke M (2; 1)

z! :§(5x4 “3x—y-1)=20x" -3, z/(2;1)=20-2°-3=157,
X

z :Q(Sx4 —3x—y—1):—1, z/(2;1)=—-1.
Oy
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Hamnpagnstoiiye KOCHHYCBI COSOL U COSf3 MOKHO HATH, €CITM MCIOJIb30BaTh

IpuBeACHHBIE Bblle popmynbl. M M, = {5 -2;:5—- 1} = {3; 4} ,

3 4
—3*+4> =/25=5. Torna Cosa=§, COSB:g.

e

3HaueHue Mpou3BoAHON GyHKIMK z 1o HanpasieHuto M M, B Touke

M (2;1) paBHO
! ! ! 3 4
z/(2Z;1) =z, (2;1)-cosa+z,(2; 1)-c0sB:157-§+(—1)-g=93,4-

Tax kak z(2;1) B Touke M ,(2;1) MOIOXKUTENbHA, TO MOKHO CAENATh BBIBOJ, YTO

¢ynkims z(x; y) Bo3pacraer B HanpaBieHuH Bektopa M M, .

Onpenenenue 8.3. I'paduenmom gradz ¢yuxkumu z = f(X;y)Ha3bIBaeTcs
BEKTOP C KOOpAMHATaMu z ; z' . T.e. grad z = {z' - 7' }

p p x> Ty> v g X’ y)

[Tpou3BOIHAS 110 HANPABJICHHUIO Z, PABHA CKAJAPHOMY MPOU3BEIECHUIO IPai-
eHTa QYHKIMK Z W eAMHUYHOTO BEKTOpa, 3aJAI0IIEro HaIlpaBJCHHE BIIOJb HEKOTO-

o o 0z N
poii mpsimMoii /, T. e. ~, = gradz-é= z'ycosa+z'y - cosP.

I'paguent Gyukuuu z = f(X;y) B JaHHOW TOYKE XapaKTEPU3yeT HAIIPABIICHHE
MaKCHUMaJIbHOW CKOPOCTH M3MEHEHUS (YHKIIUU B 3TOW TOUKE.

IIpumep 8.2. Haiigute rpaguent grad z pyHKIuu z = x - In(x + y) 1 ero JyiuHa
B Touke M (-1;2).
Pemenune. KoopauHatel BekTopa grad Z MOKHO HAWTH, €CIIM BBIYUCINTH 3HA-

!/ !/
YEHHS YaCTHBIX IPOM3BOAHBIX Z, M Z, B Touke M (—1;2):

!

Zx:i(x-ln(x+y)):1-ln(x+y)+x-(ln(x+y));zln(x+y)+ i
ox x+y

zZ(-1;2)=Inl1-1=-1,

Z'y:%(x-ln(ery)):x-(ln(x+y))'y:xiy,

2 (-1;2)=-1.

Torma grad z = {—1; —1}.
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Monyns rpanuenta ¢ynkmuu |grad z| B Touke M (—1;2) — 3T0 MHA 3TOTO

BEKTOpa

|grad z| = \/ (=1 2)2 + (2/5(~1;2))" = J(—1)Z + (- 1)? = V2.

Ipumep 8.3. Haiinute rpaguent grad z Qyrkumm z =x>- y + 2% u ero gmua
y

B Touke M (=2;1).
Pemenne. Koopaunarsl BekTopa grad Z MOKHO HalTH, €CIM BBIYMCIUTH 3HA-
!/ !
YCHHUS YACTHBIX POU3BOAHBIX Z, U Z, B Touke M (—1;2):

Z =§(x2 -y+2fj “ap+ 2, 2 (-2;1)=-2,
Ox y y

' 0 2 X 2 1 ,
zZ =—| X -y+2—]:x +2x-(——), z,(-2;1)=8.
y ay( y y2 y

Torma grad z = {—2; 8}.

Monyns rpamuenta ¢gynkiun |grad z| B Touke M (—2;1) — 3T0 JIMHA 3TOTO

BEKTOpa:

lgrad z| = \/(z’x(—Z; 1))2 + (z'y (-2 1))2 =/ (=2)% + (8)2 = V68.

9. YacTHbIe NPOU3BOIHbIC BTOPOI0 MOPSAKA

Omnpenenenue 9.1. YactHas mpou3BoAHAs OT YACTHOW MPOU3BOIHON QYHKIIMH
HA3bIBACTCS YACHHOU RPOU3EO0OHOI 6MOPO20 NOPAOKA.
[TpunsaTH crnexyromniye 0003HAYEHUS ISl YACTHBIX MPOU3BOIHBIX BTOPOTO TO-
psaKa:
0 ( 0z

a(aj =z, = fo(%Y) — dynxkums auddepeHIEpyeTCs MO X MOCIEI0Ba-

TCJIbHO /IBa pasa,
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0 ( 0z " "
5 a =2Zz,, = f o (x;¥)— byHKkIusa cHavana quddepeHmpyeTcs mo x, a pe-
3ynbTar auddepeHnupyercs mno y;

0|0z " "
a(@j =z, = [, (%)) - pynkuus cHavata auddepeHHHpyeTcs o v, a pe-

3ynbTar auddepeHupyeTcs mno x;

0 ( oz " "
5£5j: zy, = [ (5)— byukus nuddepeHuupyeTcs Mo y IMociaeaoBa-

TCJIBHO JIBA pa3a.

Teopema 9.1. Eciu pynkuus z(x;y) nBaxnel auddepeHmupyemMa B TOUYKE
M, (x,,y,), TO €€ CMCIIaHHBIC TPOM3BOIHbBIC Z;'y 1 Z;x B OTOM TOYKE PABHEI.

IIpumep. HaiiguTe yacTHblE MPOU3BOAHBIE BTOPOro MOPSAAKA OT (HYHKIHH
z(x, ) =x"y* +x°y-3xy - 2y.

Pemenne. [lepBoHauanbHO HAXOAUM YaCTHBIE IIPOM3BOHBIE Z, U Z; :

z! :ai( “yz+x2y—3xy—2y):4x3y2 +2xy -3y,
X

, O
z, :6—(x4y2 +x2y—3xy—2y)= 2x*y+ x> =3x-2.
v
[TocnenoBaTenbHO HAXOAUM YACTHBIE IPOU3BOIHBIE BTOPOTO MOPSIIKA:

zZ = §(4x3y2 +2xy—3y): 12x°y* + 2y,
x

Xy

z! :ai(4x3y2 +2xy—3y)=8x3y+2x—3,
y

z5, =a§(2x4y+x2 —3x—2)=8x3y+2x—3,
X

z5, :§(2x4y+x2 —3x—2): 2x*
vV
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10. OxkcTpemMmyM pyHKIUH

Onpeneaenne 10.1. Touka Fy(x,;y,) Ha3BIBACTCI MOYKOU MAKCUMYMA
¢ynkuyuu z = f(x;y), a 3Hauenue QyHKUUM B HeH z, = f(X,;),) — Makcumymom,
€CIIM CYIIECTBYET TaKas OKPECTHOCTh 3TOM TOYKH, 4TO JUII BceX Touek P(x;)) us

9TOM OKPECTHOCTH, OTIUYHBIX OT Fy(x,;),), BBITIOJHICTCS HEPABEHCTBO

SOsp) < f(x05 ).

Onpenenaenne 10.2. Touka F,(x,;y,) Ha3bIBACTCS MOUKOU MUHUMYMA PYHK-
uuu z= f(x;y), a 3HayeHue QYHKIUH B HEH z, = f(X,3),) — MUHUMYMOM, €CIH

CYIIECTBYET TaKash OKPECTHOCTh ATOM TOUKH, YTO JUIsI BCEX TOUeK P (x ;y ) U3 ITOM

OKpPECTHOCTH, OTJIMYHBIX  OT Fy(xy5¥0), BBITIOJIHSIETC ~ HEPABEHCTBO

S(x5y)> (x5 0)-

MakcuMyM 1 MUHUMYM (DYHKIIUH 3TO €€ IKCHIPEMYMbL.

Omnpenenenue 10.3. Touka, B KOTOpoil 00€ YaCTHBIE MPOU3BOHBIE PABHBI HY-

oz oz . .
mo, T. e. —=0, — =0, Ha3BIBACTCA CMAUUOHAPHOU MOUKOU byHKIUHA

ox oy
z=f(x;)).

Teopema 10.1. (HeoOxonuMbIN MpPU3HAK CYLIECTBOBAaHUS AKCcTpemyma). Ecnu
P(x,;y,) — Touka okctpemyma muddepenuupyemori dyHkmmm z = f(x;y), TO
2, (%3 %5) =0, Z;(xo;yo) =0.

DTOT MPHU3HAK HE SABJSCTCS JOCTATOYHBIM ycioBueM. Copmymupyem jocra-

TOYHBIN MPU3HAK.

Teopema 10.2. Ilycts B cTanimoHapHOM Touke F)(X,;),) U HEKOTOPOH €€ OKpe-

CTHOCTHU (1)YHKI_[I/I$I HMCCT HCIIPCPBIBHBIC YaCTHBIC IIPOU3BOJAHLBIC 10 BTOPOI'O IIOPAAKA.

4 14

23 (X3 Y5 Zy (%93 o), Zy (%3 o) -
CocTaBuM onpeaenuTeb
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_ z, (x330) 24, (X3 75)
sy 2 ()|
Torma: 1) ecmu A>0, to dynknus z= f(x;y) umeer B Touke P, (x,;y,) Kc-
TpemyM. [Iprdaem makcumym, ecmu z” (x,;¥,) <0 ¥ MUHAMYM, eciH z (x,;V,) > 0;
2)ecmu A<0, o ¢ynkuus z= f(x;y) B TOuKe Fy(x,;y,) HE UMEET IKCTpe-
MyMa;

3) eciu A =0, Bopoc 00 skcTpeMyMe B TOUKe F)(X,;),) OCTAeTCs OTKPBITBIM.

Cxema uccneoosanusn ynkyuu 7(x; y) Ha IKCmpemym

1. Haxoaum ctarimoHapHbIE TOYKH.

! ! — .
1.1. HaxonuM 4acTHbIe IPOU3BOAHBIE z, U Z, QyHKIMU z=(X; V).

!
z =0,
1.2. Haxonum pemeHus CHCTEMbI YPaBHEHHUH <
z,=0.
2. IIpoBepsieM BBIITOIHEHUE OOCTATOYHOTO YCIOBHS JKCTPEMyMa B KaXAOU
CTAallMOHAPHOMU TOYKE.

2.1. HaxonuM 4acTHbIE TIPOM3BOHBIE BTOPOTO MOpAaKa z.., z, , Z, (yHK-

uu z=Af(x; y).
2.2. OnpenernsieM 3HAYEHUs YaCTHBIX IMPOU3BOIHBIX BTOPOrO IMOpSAIAKA Z

14
xx 2

"

z" , z" B CTallMOHAPHON TOYKE.
w Sy

" . " .
Zxx(x07y0) ny(x()’yO)
2.3. BolumcnseM 3HadeHue ompegenutens A=| _ " _
ny(xmyo) Zyy(xo’yO)
B KQOXJOUW U3 CTAlMOHAPHBIX TOYEK U, UCIIOJIB3YS IOCTATOYHOE YCIOBUE, JETAEM BbI-
BOJI OTHOCHUTEJILHO HAJIMYUS SIKCTPEMYMA B KaXKJO0M U3 HUX.
IMpumep 10.1. Vccaenorars Ha sxkcTpemyM GyHknuo z(x;y)=xy(l—x—y).
Pemenue. 1. Haxonum craiimoHapHbIE TOYKH.

) ! !
1.1. Haiiziem 4acTHbIE NPOM3BOAHBIE Z, W Z, QyHKIMHU z=f(X; ).
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D
z, =§(xy(l—x—y))=y(l—x—y)+xy(—1)=y—2xy—y2-

z, :%(xy(l—x—y)) =x(1-x—p)+xp(=1)=x—x" —2xy.

1.2. JInst HaXOXKIEHUs CTAIMOHAPHBIX TOYEK PEIIUM CUCTEMY YpaBHEHHI

zl =0;
{Z;—O.
y-2xy-y"=0; [y(1-2x-y)=0;
{x_xz 2y =0, :{x(l—x—2y)20.

OTa cucrema pacmagacTcCsa Ha COBOKYITHOCTb CUCTCM

x=0; x=1 x=0; 1-2x—y=0; x=1/3;
1) 2) 3) 4) =
y=0. y=0. y=1. l1-x-2y=0. y=1/3.

B utore nosmyuaem takoit Habop cranuoHapHsIx Touek: M, (0; 0), M, (1; 0),

M,(0; 1) u M,(1/3; 1/3).

2. IlpoBepyM BBITIOJHEHUE OCTATOYHOTO YCJIOBHS IKCTpPEMyMa sl Ka)Ion
U3 HUX.

% " " "
2.1. Haiimem 9acTHBIC IPOM3BOIHBIE BTOPOTO MOPAAKA Z,. , Z, , Z, HCCIEIye-

Mot pyHKUIUU z=f{(X; V).

ox
1= e)= e - 2y)= 2
oy i
zl =2, =g( ;)zg(x—x2 —2xy)=1-2x-2y.
ox X

" " " .
2.2. Onpenenum 3HAYEHUS. YaCTHBIX IPOU3BOIHLIX Z,,, Z,,, Z,, HCCIELyeMOM

dbynkuuu z=f(x; y) B ctarmonapubix Toukax (0; 0), (1; 0), (0; 1) u (1/3; 1/3).
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z' (0;,0)=0; =z’ (1;,0)=0; z"(O;l)=-2; =z’

XX

TN
W | =
W | =

20 (0,0)=0; z (1,00=-2; z (0;1)=0; 2z

Yy

TN
W | =
W | —
~
(')

z,(0;0)=1 z, 1,00==1; =z (O;)=-1; =z (

&
W | —
W | —
N
W

2.3. BeunciuM onpeaenurens A B ka0l U3 9TUX TOYEK.

0 1
A(0;0) = =0-1=-1<0, caegoBaTenapHO, B cTaiuoHapHoi Touke M, (0; 0) skc-
10 :

TpeEMyMa HET.

0
A(L;0) = 2‘ =0-1=-1<0, cinenoBaTelbHO, B cTalMOHAapHOW Touke M, (1; 0)

OKCTpEMYyMaA HCT.

A(0;1) =

‘ =0-1=-1<0, cnenosaresnpHo, B crarmonapHoii Touke M, (0; 1)

JKCTpPEMyMa HeET.

2

3’3) |1
3

4 1 1 .
— ——=—>0, cief10BaTeIbHO, B CTAlMOHAPHON TOuke M,

1
3_

2909
3

11 (11 2 11
—;— | okctpemyMm ectb. Tak kak z| | —;— |=——<0,T0o Touka M,| —;— | — TOUYKa
33 33 3 33
MaKCHUMyMa.
) 5 . [1.1j 1 1(1 1 1) 1
HaueHne PyHKIUH B TOYKE MAKCUMyMa Pl el I Sl et
Y e (373)73730 3 3) 7 27

I'paduk uccnenyemoit pyuxiuu z(x;y) =xy(1 —x — y) npeacrabicH Ha puc.

10.1.
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Puc. 10.1

Ipumep 10.2. UccnenoBath Ha SKCTpEMYM (PYHKIIUIO
z2=3x+6y+x> —xy+y*.

Pemenue. 1. Haxonum craiimoHapHbIE TOYKH.

1.1. Haiinem 4yacTHbI€ MPOU3BOAHBIE Z ; uz ; bynaknuu z=£(x; y).

=§(3x+6y+x2 —xp+y’)=3+2x—y.
x

:%(3x+6y+x2 —xy+y2):6—x+2y.

9

!

JIns1 onpeienIeHns CTaMOHAPHBIX TOYEK PEIIUM CUCTEMY YPAaBHEHUN { =0
!

=0.
)’

3+2x—-y =0, 6+4x-2y=0, 12+3x=0, x=-4,
= = =
6-x+2y=0. 6-x+2y=0. y=3+2x. y=-5.

CrannoHapHasi Touka UMeeT KoopAuHaThI (—4;—5).

2. HpOBCpI/IM BBIIIOJTHCHUC JOCTATOYHOT'O YCIIOBUA SKCTPEMYMaA.

o /i 14 "
2.1. Haiinem 4acTHbIE IPOM3BOJHBIE BTOPOrO Nopsaka Z,., Z,,, Z,, GyHKIUH

z=f(x; y)-
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0 0 0
m_ Y (= 2 2x — =2, r _ Y () = Y (6 )
v ax(ZX) x(3+ X y) . 8y(2y) (6 x+2y) 2
0 0
"mo_ o _ r)— _ 2 :_1.
ny Zyx ax (Zy ) ax (6 X + y)

" " "
2.2. YactHble MPOU3BOIHBIE Z , Z, , Z A MMEIOT MIOCTOSHHBIC 3HAYCHHUS B JIFO-

0011 Touke miockocTu Oxy.

2.3. BolurcnuM 3Hauenue onpeaenurens A B touke (-4;-5).

2
A(—4;-5) =

=4-1=3>0, cmemoBaTenbHO, B CTallMOHAPHON Touke (—4; —5)

SKCTPEMYM €CTh H, TaK Kak z” (—4;—5)=2 >0, To Touka (~ 4;-5) — Touka MuHIMY-
ma. Haitnem munnManbHoe 3Hauenue pynkuun z(—4;—-5)=-21.
I'paduk nccnemyemoii ynxmmu z(x, y) =3x+6y + x° —xy + y* npencras-

jeH Ha puc. 10.2.

OOSTIITHTH
&k
AT T T4

e

Puc. 10.2
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11. Hau0oJab1uee 1 HaMMeHblIee 3HAYEHUS QYHKIUH

Iycrs ¢ynxuus Z = f(X;)) onpenencHa m HempepslBHA B OTrPAaHUYEHHOM
3aMKHYTOM obnactu [, Torma oHa TOCTUTaeT B 3TOM OOIACTH CBOETO HAWOOJBIIETO
Y HAUMEHBLIETO 3HAa4YEHUH.

[Topsinok nefcTBUM MpU HAXOXKIEHUU HAaHOOJIBLIETO U HaUMEHBIIETr0 3Ha4E€HUN
nubepeHIpyemMoil B 3aMKHyTO# obmact D dyskimu z = f(X;)) COCTOHUT B Cie-
IYIOIEM:

1. Haiinem Bce cranmoHapHble TOUKH (DYHKIIMH, PpUHAAIexKamue D , 1 BhIUUC-
UM 3HaueHus1 QyHKIUU B HUX.

2. Haitnem nHaumOosplliee U HauMMeEHbIIee 3HAYCHUS (QYHKIUHA Z = f(x;¥) na
rpaHulle 00JIacTH U €€ 3HAYEHUS B YIJIOBBIX TOUKaX 00JIacTH.

3. CpaBHUM Bce HalJIeHHbIE 3HAUYEHU (DYHKIMU U BbIOEpEM U3 HUX HauOOJIb-
nIee ¥ HauMeHbIIIee.

Ipumep 11.1. Haiinure nHauGomnplliee W HauMEHbIIEEe 3HAYCHUS (YHKIUU

2 2 o o o
Z(x; V)=x"+y —xy+x+)y B 3aMKHYTOH 0O0NacTH, 3aAaHHON CHCTEMOW Hepa-

x<0,
BEHCTB y <0,
2x+3y+62>0.
Pemenne. 1. Hailnem cTainoHapHbIE TOUYKU U3 CUCTEMBI YPaBHEHUM
( 0
z! =—( 24 y? —xy+x+y):2x—y+1:O;
Ox
z! :i( 24y’ —xy+x+y):2y—x+1=0.
S

Cucrema umeer eauHcTBeHHOe pemieHue (-1;-1). CramvoHapHas Touka
M(-1;-1) nexut BHyTpu obnactu (obmacte D wuzoOpaxkena Ha puc.ll.1). Halinem
3HayeHue QyHKIUM B Hell: z, = f(—1;-1) =-1.

1. Hccnenyem noBenenue (pyHKIMHM Ha rpaHuue obmnactu. s atoro paszo-

Obem rpanully Ha Tpu oTpeska AO, OB, AB. Ha otpe3ske AO wumeem:
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y=0,-3<x<0, z=x"+x. Haiizem 3HaueHns (QYHKUMH Ha KOHIAX OTpE3Ka
[-3;0] B Toukax A(-3;0) u O(0;0). Homyuum z, = f(-3;0)=6, z, = (0;0)=0.

Tenepp HalIeM CTALMOHAPHYIO TOYKY Ha 3TOM OTpe3ke. Uit 3Toro HamujaeMm npous-

BOJHYIO Zx, =2x+1 u npupaBHsIeM ee K HYJIO, MOJyIUM x:_l. Touka (_%;Oj
2

nexxuT BHYTpu otpeska AQ. 3HadueHue GQyHKIUM B OITOH TOuke Oyzer

z, = f(—l;Oj = —%. I[lepeiinem x otpesky OB.

2

By
05

Puc. 11.1

3necs x=0,-2<y<0, z=y"+y. Boluucnum 3HaueHue (GYHKIUM B TOUKE
B(0;-2). Honyunm z, = f(0;-2)=2. [lpu y =0 3HaueHue (QyHKIHMU BBIYUCICHO
paHee.

HaiizieM cTalMoHapHYI0 TOUKy QYHKIUM Z = y° + ), eXKallylo BHYTPH OTpe3-

OB 7 =2y+1 _ ]
Ka . st oTorO Hadigem z, =2y +1 u npupaBHseM ee K HyIIt0, IOIy4uM ) = —5
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Touka (O;_lj JEXKUT BHYTpU oTpeska OB. 3HadueHue GyHKIUU B HEH

Paccmorpum noBenenune GyHKIMUA z Ha OTpe3ke AB. 3HaueHust QyHKIMM Ha
KOHIIaX OTpe3ka (B Toukax A u B) BbiumcieHbl panee. Haiinem cranimoHapHyo TOY-

Ky, JISKAIIYI0 BHYTPH 3TOTO OoTpe3ka. M3 ypaBHeHus mpsmon AB 2x+3y+6=0

2 . .
BBIpa3UM ) y:—gx—Z. [loncTaBuM  HalIEHHBIN Yy B QYHKIHIO

2 2 19 2 9]
z=x"4+y " —xy+x+y.llonyuum z = Ex + 5x + 2 u HaliieM CTallMOHAPHYIO TOUKY

9Tol QyHKUMK TpH ycioBuH, uTo —3<x<0. Nmeem: z| :%x +5=0, x= —%.
Takum 00pazom, craliMoHapHasi TOUYKa, Jiexanias BHyTpu oTpe3ka AB, nMeer koop-
JUHATHI 45,46 3HaueHne QyHKIUU B HEU z, = f _45, 46 1

387 38) Y 7 38°38) 76

CpaBHuBas Bce HailieHHbIE 3HAYeHUS OYHKIWH Z,,Z,,...Z,, JE€IaeM BBIBO, YTO

B 3a7aHHOW oOnacTu (QyHKIUS z TPUHUMAET HAWMEHbIIIee 3HaueHue —l B TOUKe

M (—1;—1). HaubGompliiee 3HaueHue, paBHoe 6, pyHkuus npuHumaet B Touke A(—3;0).
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Tunosoi pacuer «(DYHKIII/IPI HECKOJBbKHUX IIEPEMECHHDBIX»

Bapuanm Ne [

1. Haiinure o6macts onpeneneHust GyHKIUH

a) z=\/9—xz—y2 +\/x2+y2—4; 0) z=3+x—y- -In(x+1).

2. Haiinute  4yacTHble ~ NPOM3BOJHBIE  MEPBOrO  MOpsAKa  (QPyHKUUHU

z=1In(x’+2y*)+cosxy.

3. Haiimute wacTHble TpoW3BOAHBIE (PyHKIUU z = z(X;)), 3aJaHHOW HESIBHO
ypaBHEHHEM x° + y° +z> +2xz—4yz=1.

4. Haiigure rpaauedT QyHKIMU z = x° —2xy—2y° B Touke My(1; 2) u mpousBo-
HYIO I10 HAIIPaBJIECHUIO BEKTOpA W ,roe M,(2;4).

5. CocraBbTe ypaBHEHHUs KacaTeIbHOM IUIOCKOCTH M HOPMAJd K MOBEPXHOCTH

x*+y*+2°+6z-4x+8=0 B rouke M, (2; L —1).

6. Wccnenyiite Ha skcTpemyM QyHKIMIO z=x" —3x° —2)° +10y 4.

7. Hamngure HanOoJIbIIEe U HaVMEHbLIEE 3HAYCHUSA byHKIMH
z=6x"+6xy+2y” +2y+6x B 3aMKHYTOM 001acTH D, OrpaHUYEHHON 3a1aHHBEIMU

muausvu X =0; y=0; y=x+3 .

Bapuanm Ne 2

1. Haiigute obnacts onpenenenus QpyHKIuni

a) z:ln(l—y—%x2)+\/5; 6) z=arcsin(x — y).

. 1
2. HaiiguTe yacTHBIE IPOU3BOAHBIC TIEPBOTO NMOPsAAKA GYHKIUHU Z =

arctgJ/xy’
3. Jokazate, uyro ¢yHKumMs <z =2z(X;y), 3amaHHas HESIBHO YypaBHCHUEM
- Oz Oz
4sin(3x+2y+5z)=3x+2y+ 5z, y1oBIETBOPSACT yPAaBHECHHIO P + ™ +1=0.
x oy

4. Haitnure rpaguent GyHKumm z = x> +xy+y°> +3 B Touke My(1; 2) u npous-

BOJIHYIO T10 HaIlpaBJIEHUIO BeKTopa M M, ,tae M, (1; 1).
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5. CocTaBbTe ypaBHEHHS KacaTEIbHON IMJIOCKOCTH M HOPMAIH K TOBEPXHOCTH
xZ y2
z="+<5- BTOUKE My(2; 3; 2).

6. Hccnenyiite Ha skcTpemyM QyHKIMIO z = X" —4x—4)° +12)° =5,

7. Haiigure HanOoJbIIee u HaVMEHbIIIEE 3HAYCHUE byHKIMH
z=x"+2y’ —4y+8x+1B 3aMKHYTOI 00acTH D, OrpaHUYEHHON 3aIaHHBIMH JIU-
Husimu x=-3; x=0; y=0; y=2 .

Bapuanm Ne 3

1. Haiinure obnacts onpeneneHus GyHKIANA
a) z=1I1—L2—y—2+\/E. 6) z=arcsin(x — y+ 1) ++/1-x* .

9 4 y

2. Haiigute  yacTHble  MPOU3BOJHBIE  MEPBOr0  mopsaka  (QyHKIUHU
z=e""P  (x+1).

3. Haiimute wacTHble TpoW3BOAHBIE (QYHKIMU Z = z(X;)), 3aJaHHOW HESIBHO
ypaBHEHHEM z° —3Xyz=a’.

4. Haiimure rpaguedt QyHKIMUA z=x" +)° —xy+4 B Touke My(2;1) u npousBos-
HYIO 110 HaIpaBJIeHHIO BeKTopa M, M, , rae Mi(-1; 2).

5. CocraBbTe ypaBHEHHUS KacaTeIbHOM IMJIOCKOCTH U HOPMAald K TMOBEPXHOCTH

x> +y?+z° —xy+3z=T7 BTouke M,(1;2;1).

6. Wccnenyiite Ha SKCTpeMyM QyHKIHIO z =X —2)° —3x+ 6y +7.

7. Haiigure HanboJIblee ¥ HAMMEHbIIEE 3HAUYeHHE PYHKIUH z=x" —9xy+y° +27B
3aMKHyTOM  oOmactu D, OTPAaHMYECHHOW  3aJaHHBIMU  JIMHUSAMH
x=0; x=3; y=0; y=3 .

Bapuanm Ne 4

1. 1.HaiinuTte obnacte onpeaeneHus: GyHKIUH

_ 1
a) z=x+In> 1; 6) z=In(4—x* = y*)+—.
y+

Vy
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x4+ 2xy

2. Haiinute yacTHBIE MPOU3BOIHBIC MIEPBOTO MOPSAAKA QYHKINH z = S
3. Haiigute yacTHbIe IPOM3BOIHBIC GYHKIMU Z = Z(X; )), 3alaHHON HESIBHO
2x

ypaBHEHHUEM Z = ) - e: .

4. Haitnure rpaguent GpyHKimy z = 2x° +)° —x° —y B Touke My(-1; 2) u npous-
BOJIHYIO 10 HAIIPaBICHUIO BeKTopa M, M, , rae M(1; 1).

5. CocrtaBbTe ypaBHECHHUS KacaTEeIbHOU MJIOCKOCTH U HOPMAJIHM K TIOBEPXHOCTH
X+ +2 +6y+4x=8 Brouke M,(-1;1;2).

6. Wccnenyiite Ha skcTpemyM QyHKIMIO z =3x" +3)° —9x -9y +1.

7. Haiinure HanOomblliee M HAMMEHbIIIEEe 3HaYeHNE HyHKIIUN
z=3x" +6xy—2y’ =5y B 3aMKHYTO} 061acTu D, OrpaHHYEHHON 3aJaHHBIMH JIU-
HusMu x =0; x=2; y=—1; y=1.

Bapuanm Ne 5

1. Haiigute obmacTs onpeneneHust PyHKIMMA
a) z=x —4+\/9—y2 ; 0) Zzln(i/;;)+\/y2 —x*+1.

2. Haiiaure yacTHBIC MPON3BOHBIC IEPBOTO MOPSAKA QYHKIIUA z = I::yy"

3. Haiiaure yacTHBIC pou3BOAHBIC PyHKIMH z = z(X; ), 3aJaHHON HESIBHO
ypaBHEHHEM Xx° + y° +z° —2xz+3yz =1,

4. Haiinure rpaauent byHKmun z = x° — y° +xy B T0uxe My(0; —3) 1 mpousBo-
HYIO 110 HaNpaBJIeHHIO BeKTopa M M, , rie M;(2; 1).

5. CocrtaBbTe ypaBHEHHUSI KacaTeIbHOW MJIOCKOCTH U HOPMAJIM K TTOBEPXHOCTH
2x* =y +z* —4z+y =13 Bouke M,(2;1;-1).

6. Hccnenyiite Ha skcTpeMyM QyHKIHIO z =2x° —2)° —6x+4y +6.
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7. Haiinure HanboJbllee U HAUMEHBIIEE 3HAUECHHE QYHKIUHN z = 2x” +2xy+ y° —3y
B 3aMKHYTOU 001acTu D, OrpaHUYE€HHON 3aJJaHHBIMU JJUHUSAMU X = — 3; x = 1;
y=0; y=4.

Bapuanm Ne 6

1. Haiinure obnacte onpeneneHust GyHKIMMA
a) Z:\/16—x2 -y° +\/x2 +y>—4; 0) z=arcsin(x+y-2).

2. Haiinure  4YacTHble  NPOM3BOJHBIE  TEPBOrO  Mopsiaka  (PyHKIUU
z=arcsiny2—x> -y’ .

3. Haiigute yactHbIe TpOM3BOIHBIC GYHKIMU Z = z(X; )), 3alaHHON HESIBHO
ypaBHEHHEM cos” x + cos” y + cos” z = 1. Haiinure dz.

4. Haiigure rpaguenT QyHKIMU z = x° +3y° —xy° B Touke M(1; 1) u npousBo-
HYIO 110 HaNpaBJIeHHIO BeKTopa M M, , rie M;(-1; -2).

5. CocTaBbTe ypaBHEHUS KacaTeIbHOU IJIOCKOCTU U HOPMAJIU K MOBEPXHOCTH

X2+ 428 —6y+4z+4=0 Brouke M,(2;1;-1).
6. Hccnenyiite Ha skcTpeMyM QyHKImIO z =3x" —3)° +9xy + 2.
7. Haiigure Hanbosblee ¥ HAMMEHbIIEE 3HaUeHnEe PYHKIUK z=x"+2)" —4x+1 B

3aMKHYTOU o0siactu D, OorpaHu4eHHON 3aJaHHbIMU JTUHUAMHU X = 0; y = 0;

y=3-x.

Bapuanum Ne 7

1.

. Haligute yacTHbIe MpOU3BOAHBIE IEPBOTO MOPSAKA PYHKIHMH Z =

Haiinute oOnacTe onpenenenus GpyHKUUNA
2) 7= In(x? = 6y) ++/xy . 6) 7= arccos(x + y)

5tg(3x2 +y)

3. Haiigute yacTHbIe IPOM3BOIHBIC GYHKIMU z = z(X; )), 3aJaHHON HESIBHO

ypaBHeHHeM Xx° —2xyz —8x +sinz+5=0.

. 4 3, 2
. Haiigure rpaguent pynkuun Z=X +) +X") B touke M((2; -1) u mpousBoa-

HYIO0 IO HalpaBJIEHUIO BeKTopa M M, , rae M;(1; 2).
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. CocraBbTe YPaBHCHUA KacaTeJIbHOM IIOCKOCTH U HOpMaJIM K IOBCPXHOCTHU

x>+ 22 =5yz+3y =46 B Touke M,(1;2;-3).

. Uccnenyiite na sketpemyM GyHKuMio z =x° +8y° —12xy +1.

. Haiinmure nanbomnpliiee 1 HaMMeHbIIIee 3HaYeHUE QYyHKIIUN

z=-2x> -y’ =2xy+4x+5 B 3aMKHYTOH oGyacTi D, OrpaHMYEHHOM 3aJaHHBIMU

maausMu x = 0; x =3; y=x; y=-3.

Bapuanm Ne 8§

l.

Haitnure ob6aacts onpeneneHus: GyHKITAN

a) z=1ll—%—%+\/g; 6) z=+/1+x—y> +In(1-x).
y

Y

. Haiinure gacTHEIE TIPOM3BOAHEIE IEPBOTO TIOPAAKA GyHKIHH z = In(x* ———).

2x

. HaiinmuTe yacTHbIe ipon3BoaHbIC QYHKIMK Z = Z(X; )), 3alaHHON HESIBHO

ypaBHEHHEM 2xy —3yz +6xz +e** =0.

. Hailimure rpaguent pynkuuu z = x> +4y° —x’y* B Touke My(1; 1) u npousBo-

HYIO I10 HaIpaBJIeHUIO BekTopa M M, , rae M,(0; -2).

. CocraBbTe YPaBHCHUA KacaTeJbHOM IIOCKOCTH U HOpMaJIM K TIOBCPXHOCTHU

x4+ y* —xz—yz=0 B rouke M,(0;2;2).

. Hccnenyiite Ha skcTpeMyM QYHKIMIO z =X — 4" —3x+4y—2.

. HaﬁﬂHTe HanOOJIbIIIee 1 HAMMEHBIIICE 3HAUCHUE q)YHKHI/II/I

z=x"+3y"—6y+2x+2 B 3aMKHYTOI 001acTi D, OrpaHNIEHHOM 3a1aHHBEIMU

maHusMu X = 0; x =-2; y=x+3; y=—1.

Bapuanm Ne 9

l.
2.

3.

Haitnure ob6aacts onpeneneHus: GyHKITAN

_fo_.2 2 Xy . _ : _
a) z=49-x> -y +—— 0) z = arcsin(2x — y).

y—Xx

HaiimuTe acTHBIC TPOU3BOIHBIC TIEPBOTO MOPSAIKA PYHKITUHN z =3/x° +2xy .
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3. HaiinuTe yactHbie mpou3BoaHbIe QyHKIMU Z = Z(X; V), 33JaHHOW HESIBHO
ypaBHEHHEM 2x —3y + 5z =¢"""7%,

4. Haiigure rpaguenT QyHKIMU z = 2x” —3)° +4xy B Touke My(-3; 1) ¥ npousso-
HYIO 110 HaNpaBJIeHHIO BeKTopa M M, , e M;(4; 2).

5. CocraBbTe ypaBHECHHUS KacaTeIbHON MJIOCKOCTH U HOPMAJIA K TIOBEPXHOCTH
X+ +2yz -2 +y—-2z=2 Brouke M,(I;1;1).

6. Hccnenyiite Ha skcTpemMyM GyHKIHIO z=x" —4)° —3x+12y +7.

7. Haiinure HanOomblliee M HAMMEHbBIIIEEe 3HaYeHNE HyHKIIUN
z=x"+2y" +2xy+4y—2 B 3aMKHYTOH 001acT D, OrpaHUueHHOMN 3aJaHHBIMU

maausMu x = 0; x =3; y=0; y=-3.

Bapuanm Ne 10

1. Haiigure obmacTs onpeneneHust PyHKIMMA

a) Z=\/x2—9+\/9—y2 . 6) z:w/x+y+ln(y—1)-

w/4—x2y

3. Haiigute yactHbIe TPON3BOIHBIC GYHKIHMU Z = z(X; )), 3alaHHON HESIBHO

2. HaiiguTe yacTHBIE IPOU3BOAHBIE IIEPBOTO NOPAAKA QYHKIUHN Z = €

ypaBHEHHEM x° + y° +3z° —3xyz =0.

4. Haiigure rpaguenT QyHKIMA z = —x° +2y° —5xy B Touke My(1; -3) u mpous-
BOJIHYIO TI0 HATIPaBIICHUIO BeKTOpa M M, , Tie M(2; 4).

5. CocraBbTe ypaBHECHHUS KacaTeIbHON MJIOCKOCTH U HOPMAJIA K TIOBEPXHOCTH
y =22 +x* =2xz+2x—1=0 BTouke M,(I;1;1).

6. Hccnenyiite Ha sxkcTpeMyM GyHKIMIO z =x" —4)° —2x+12y+5.

7. Haiinure HanOombliee M HAMMEHbBIIIEEe 3HaYeHNE QYyHKIIUN
z=2x"+y’ +2xy+y—3 B 3aMKHYTOI 00aacTi D, OrpaHUYEHHOM 3a1aHHBIMU

maausMu X =0; y=x—-2;y=0.
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Bapuanm Ne 11

1. Haiinure obnacte onpeneneHust GyHKIMMA

a) z:\/9—x2—y2 +\/x2+y2—5; 0) z= x+;'
y—

2. Haiinute  4YacTHBIE  MPOU3BOJHBIE  TMEPBOTO  moOpsaka  (QyHKIUAA
z=In(1+ tg%) +3xy .

3. Haiigute yacTHbIe IPOM3BOIHBIC GYHKIMU Z = z(X; )), 3aJlaHHON HESIBHO
ypaBHeHHeM 3x” -5y +4z° —6x+3y+2z-1=0.

4. Haiimure rpaauedt QyHKIMU z = 5x” —3xy+4y° B Touke M(2; -1) 1 npousBo-
HYIO 110 HaNpaBJIeHHIO BeKTOpa M M, , e M;(2; 4).

5. CocrtaBbTe ypaBHECHHUS KacaTeIbHOU MJIOCKOCTH U HOPMAJIA K TIOBEPXHOCTH
z=x"+y"—2xy+2x—y B TOUKE MO(—I;—l;—l),

6. Wccnenyiite Ha skcTpeMyM QyHKIMIO z =X —6x° +9x—2)" + 6y +8.

7. Haligute HanOonblliee 1 HaMMEHbIIIEe 3HaUeHUE QYyHKITUU

z=x"+3y’ +4x-6y+5 B 3aMKHYTOI 00aacTH D, OrpaHUYEHHOM 3a1aHHBIMU

maHusMA X = 0; x=—3; y=2; y=—x—3.

Bapuanm Ne 12

1. Haiinure obnacts onpeneneHus GyHKINANA

a)z:ln(x2+6y)+\/x_; 0) z= /%
x=3y+

9 X
2. Haiinure yacTHbIC IPOU3BOIHBIC MIEPBOTO MOPSIKA PYHKIIUU z =

A 4xy + y2 .
3. Haiigute yacTHbIe IPOM3BOIHBIC GYHKIMU Z = Z(X; )), 3aIaHHON HESIBHO
ypaBHeHHEM e” —(2x—1)-y-(3z+2)=0.

4. Haiigure rpaguenT GpyHkumu z =3x* —4y° +x B Touke My(1; 1) u npoussoa-

HYIO T10 HalpaBJieHuto Bektopa M M, , rne M;(2; 1).
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5. CocraBbTe ypaBHEHHs KacaTeIbHOM MIIOCKOCTH ¥ HOPMAIH K IIOBEPXHOCTH
z=3>—x*—2xy—3y Brouke My (-1;1;—1).

6. Hccnenyiite Ha skcTpemyM QyHKIMIO z = Xx° —2x —4)° +24)° =36y +18.

7. Haiigure HanboOIIbIlEEe M HAUMEHBIIEE 3HAUCHUE QYHKIUK z =x" — ) +2xy +4x

B 3aMKHYTOM 00siactu D, orpaHu4YeHHOM 3aJaHHbIMU JTUHUsIMU X = 0; y = 0;

y+x:—3.

Bapuanm Ne 13

1. Haiigute obmacTs onpeneneHust PyHKIMMA

2 2 |
a)Z: l_x__y_+ ﬁ) 6)Z:i
V25 9\ x’ 4y

2. Haiinure  4YacTHble ~ NPOW3BOJHBIE  NEPBOro  mopsiaka  (PyHKIUHU

z=In(yx>+y* +xp.

3. Haiigute yacTHbIe IPOM3BOIHBIC GYHKIMU Z = z(X; )), 3aJaHHON HESIBHO
ypaBHeHHeM 3x” — 5y +2xy +sin(2z—1)—4y+2=0.

4. Haiimure rpaguedt GyHKIMU z = 6x” —5y° +x—2y B Touke Mo(2; 1) 1 mpous-
BOJIHYIO 10 HAIIPaBJICHUIO BeKTopa M, M, , rae M;(0; 0).

5. CocTaBbTe ypaBHEHHS KacaTeIbHOU IIIOCKOCTH ¥ HOPMAJIH K TIOBEPXHOCTH
z=x"—y*—2xy—x—-2y Br1ouke M, (-1;1;1).

6. Wccnenyiite Ha skcTpeMyM QyHKIMIO z =X —6x° +9x—2)" +2y +9.

7. Haiigure Hanbosblee U HAUMEHBIIIEE 3HAYCHNE (YHKIUH
z=x"+2y" +2xy—2x B 3aMKHYTO} 001acTu D, OrpaHUYEHHON 3aJaHHBIMH JIH-

HusMu x =0; x=3;y=0; ypy=-x.

Bapuanm Ne 14

1. Haiinure obnacts onpeneneHus GyHKINUNA

a) z=425-x" -y’ +%; 0) z:arcsin[fj.
4y—x y
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. 1+ xy
. Haligute yacTHbIe MPOU3BOAHBIE IEPBOTO MOPSAKA PYHKIUH  z =3 5

. Haligure yactHbie mpou3BoaHbIC QyHKIMH z = z(X; V), 3alaHHOI HESIBHO

YPaBHEHUEM XCOS ) + COSZ+ ZCOSX =4 .

. Haiimure rpaguent dpynakumn z = 4x* +3y° +x —y B Touke M(2; 2) 1 mpo-

U3BOJIHYIO IO HAMPABIIEHUIO BEKTOpa M M, tae Mi(-4; 2).

. CocraBbTe YPaBHCHUA KacaTeJIbHOM IIOCKOCTH U HOpMaJIM K IOBECPXHOCTHU

X’ =2y’ +22 +xz—4y =13 Brouke M,(3;1;2).

. Uccrenyiite Ha skcTpeMyM QyHKIMIO z =3x° +9x> +3y° —18)° +27y—17.

. Haiigure Hanbospliee 1 HAaMMEHbILEE 3HAYEHHE PYHKIMU z=X"+Xy+X—y B

3aMKHYTOM 00yiacTul D, orpaHWYeHHON 3aJaHHBIMU JTUHUAMH X = 0; x = 2;

y=0y=-4

Bapuanm Ne 15

1.

. Haiinure yacTHbIE TPOU3BOAHBIE IEPBOTO NMOPAIKA PYHKIUU z =| tg

Haiigure obnacts onpenenenus QpyHKIui

2) z=Vxt ~16 4167 6) z=In(y" —x7)

4
xy+4

JX+y

. Haiimute wactHeie mpowm3BomHbIe (GYHKIUU Z = z(X;)), 3aJaHHON HESBHO

ypaBHeHHEM X" + ' +z* —4xyz +sin(4y —2z%) =a.

. Haiigure rpaguent QyHkumu z=7x —3y° +xy B T0ouke M(1; -3) u mpousBo-

HYIO 10 HallpaBJIEHUIO BeKTopa M M, , rae M,(5; 3).

. CocraBbTe YPaBHCHUA KacaTeJbHOM IIOCKOCTH U HOpMaJIM K IOBECPXHOCTHU

4y* —z" +4xy—xz+3z=9 Brouke M,(1;-2;1).

. Uccrnenyiite Ha skcTpeMyM QYHKIMIO z =2x° +12x” +18x —2)° +8y + 4.

. Haligute naubonpiiee 1 HaMMeHbIIee 3HaUeHNE (QYHKIIUU

z=1-12x+2y—6x" -y’ B 3aMKHYTOM 001acTi D, OrpaHMYEHHOM 3a1aHHBEIMU

muHuAMU X =0; y=2; y=—x —1.
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Bapuanm Ne 16

1. Haiigure obmacTs onpeneneHust QyHKIMUMA

3
a) z=\/12—xz—y2 +\/x2+y2—9; 0) z:3x—y+ln(y+1).
+

2. Haiinure  4YacTHble  NPOW3BOJHBIE  TEPBOro  mopsiaka  (PyHKIUU

Z=C0s2+x°y" —y.

3. Jlokazarb, uyTo QyHKIHUA z = z(X; ), 3aJlaHHAs] HESIBHO YPaBHCHUEM

3sin(5x+2y+2z)=5x+2y+z, yIOBICTBOPSIET yPaBHCHHIO 2—2 + S—Z +7=0.
X oy

4. Haiimure rpaauedt QyHKIMU z =4x +5y°> —x’y B TOuKe My(2; 4) 1 npous-
BOJIHYIO 10 HAIIPaBICHUIO BeKTOpa M M, , rae M(3; 5).
5. CocraBbTe ypaBHEHHs KacaTeIbHOM MIOCKOCTH ¥ HOPMAITH K IOBEPXHOCTH
z=x"+y’ =3xy—x+y+2 Brouke M,(2;1;0).
6. Wccnenyiite Ha sxcTpemyM QyHKIMIO z =3x" —9x* +9x—3y" — 6y +9xy — 4.
7. Haiizure HanboOIIbIlEe M HAUMEHBIIEE 3HAUCHUE (DYHKIIUK
z=15-4x+6y+x" +y’ B 3aMKHYTOI1 o6actu D, OrpaHMYEHHON 3aJaHHBIMH

maausMu X =0; x =3; y=0; y=—4.

Bapuanm Ne 17

1. Haiinure obnacte onpeneneHust GyHKIMMA

a) z=\/xy +In(4—x*—y?); 6) z=arccos(x +2y).

x+2xy
Jx©+y?

3. Haiigute yacTHbIe IPOM3BOIHBIC GYHKIMU z = z(X; )), 3aJaHHON HESIBHO

2. Haiinure yacTHBIE MPOU3BOIHBIC IEPBOTO MOPSAKA QYHKIIUHA z =

X z
ypaBHeHHEeM — =In—+1.
z y

4. Haitnure rpagueHT GyHKIMH z =5x —6)° +x +y B Touke My(2; 0) 1 Ipom3-

BOJIHYIO T10 HaIlpaBJICHUIO BeKTOpa M M, , rae M(4; 5).
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. CocraBbTe YPaBHCHUA KacaTeJIbHOM IIOCKOCTH U HOpMaJIM K IOBCPXHOCTHU

2x* —y* +2z> + xy + xz =3 B TOUKe Mo(l; 2; 1).

. Hccnenyiite Ha skCcTpeMyM QYHKIMIO z = x° +3x” +15x+8y” — 28y —12xy +21.

. HaﬁﬂHTe HanOOJIbIIIee 1 HAUMEHBIIICE 3HAUCHUE q)YHKHI/II/I

z=2-6x+2y—x’—y" B 3aMKHyTO# o6sacTu D, OrpaHHYeHHON 3aJaHHBIMH JIU-

HUSMU X =0; x =—4; y=-2; y=2.

Bapuanm Ne 18

l.

Haitnure ob6aacts onpeneneHus: GyHKITAN

2) z=In(x’ —8y)+\/E; 6) z=arcsinQx - y)

. Haligute yacTHbIe MpOU3BOAHBIE IEPBOTO MOPSAKA PYHKIHUH z = arcig(e” —xy).

. HaiinmuTe yactHbie ipon3BoaHbIe QYHKIMU Z = Z(X; )), 3alaHHON HESIBHO

ypaBHeHHEM x° + y* —z% +tg(xyz) =a.

. Haiigure rpaguent QyHkumu z =4x -8y’ +x +2y B Touke My(1; 1) u mpo-

W3BOJIHYIO IO HAIIPaBJIEHUIO BeKTopa M M, , rine M (2; -1).

. CocraBbTe YPaBHCHUA KacaTeJIbHOM IIIOCKOCTH U HOpMAJIN K IIOBCPXHOCTHU

X’ =y +z' —4x+2y =14 Brouke M,(3;1;4)

. Hccnenyiite Ha sxctpeMmyM QyHKIMIO z =X —4y° —3x" -4y,

. Haiinure Hanbonpliee 1 HAaMMEHbIIIEE 3HAUCHUE (PYHKIUN

z=2xy—-3x" -2y’ —4x+18y+10 B 3aMKHyTOM 00nactu D, orpaHMyeHHOM 3a1aH-

HBIMU JIMHUSAMU X = —2; x = 1; y=0; y = 5.

Bapuanm Ne 19

I.

2.

Hatinute o6nacTs onpenenennsi GyHKITUH :

a) z=416—x" -y’ +L; 0) z:ln(9—x2—y2)+L.
2y —x° \/E

Haiimute  wacTHble  TPOU3BOAHBICE  MEPBOrO  TOpsAAKa  (QYHKIIHUH

z=sin*(xy +3)+x.
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3. HaiinuTe yactHbie mpou3BoaHbIe QyHKIMU Z = Z(X; V), 33JaHHOW HESIBHO

W L cosz4+xT + yE+1=0.

ypaBHCHHUEM e

4. Haiigure rpaguenT QyHKIMU z =5x° +3)° +x+y B Touke My(2; -3) u npous-
BOJIHYIO TI0 HATIPaBJICHUIO BeKTOpa M, M, , Tie M(-1; -1).

5. CocraBbTe ypaBHECHHUS KacaTeIbHON MJIOCKOCTH U HOPMAJIA K TIOBEPXHOCTH
X4y’ -2 +xz+4y=4 Brouke M, (1;1;2).

6. Hccnenyiite Ha skcTpemyM QyHKIMIO z = X" —4)° —3x—24)" =36y —1.

7. Haiinure HanOomblliee M HAMMEHbBIIIEEe 3HaYeHNE HyHKIIUN
z=1-2x+2y-3x" -3y’ —8xy B 3aMKHyTOIi ob6nactu D, OrpaHMYEHHON 3a1aH-

HBIMU JIMHUAMHU X = —1; y=0; y =x — 3.

Bapuanm Ne 20

1. Haiigute obmacTs onpeneneHust PyHKIMMA

a)Z=\/1_+arccos2x; 0) z=43-x" -y +In(x* +y* - 1).
xX=y

o x° +3xy
2. Haiinure yacTHbIE MPOU3BOIHBIE MIEPBOTO MOPsAKAa QYHKIUHA z = §|—— .
y

3. Haiigute yacTHbIe TPON3BOIHBIC GYHKIHMU Z = z(X; )), 3alaHHON HESIBHO

ypaBHeHHEM Sin(xy) +sin(yz) +sin(xz) =a.

4. Haitnure rpaaueHT PyHKIUU Z = 8x* +y* —5x+y BTOUKE My(1; 1) u ipo-

U3BOJHYIO 10 HampaBieHuio Bektopa M M, , toe M(-2; -2).

5. CocraBbTe ypaBHECHHUS KacaTeIbHON MJIOCKOCTH U HOPMAJIA K TIOBEPXHOCTH
x> =2y* —2° + xz+4x =—6 B TOUKE MO(—2; 1 O).

6. Mccnenyiite Ha sxkcTpeMyM GyHKIMIO z =x° —4)° +4x+12)°.

7. Haiigure HanboblIee U HAUMEHBILEE 3HaUeHNuE PYHKIUKN z=4(x—))—x"—)’ B
3aMKHYTOW 00ylacTu D, orpaHWYeHHON 3aJaHHBIMU JTUHUAMH X = 0; x = 3;

y=0y=3.
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Bapuanm Ne 21

1. Haiigure obmacTs onpeneneHust QyHKIMUMA

2 x+y 1 2 2
a) z= + arccos ; 0) z=——=+In(9—x"—-y").
Ny +2 VX' +y* =5

o .o x+3
2. HaiiauTe yacTHbIE MPOU3BOJAHBIE TIEPBOTO MOPSIKA (1)yHKI_[I/II/I z =Insin

T

3. Haiigute yacTHbIe IPOM3BOIHBIC GYHKIMU Z = z(X; )), 3alaHHON HESIBHO

ypaBHeHHEM X + y° +z° +2xyz +cos2z+1=0.
4. Haiimure rpaguenT QyHKIMU z = x* +3x°y* —5x+y B Touke M(0; 1) u mpo-

W3BOJIHYIO IO HAITPABJIEHUIO BEKTOpa W , rme Mi(3; 5).

5. CocTaBbTe ypaBHEHUS KacaTEIbHOMU IJIOCKOCTA U HOPMAJH K IIOBEPXHOCTH
X +y?—xz+yz-3x=11 Brouxke M,(1;4;-1).

6. Hccnenyiite Ha skcTpeMyM QyHKIMIO z = X" —4)° +8x+24y> —36y +28.

7. Haiinute HanOoJblIIee U HAMMEHbBIIIEE 3HAUCHUE (PYHKIUN
z=3x+6y—xy—x’—y" B 3aMKHYTO} 001acTH D, OrpaHUYEHHON 3aJaHHLIMU

JUHUSAMU X = —2; x =2; y =—1;y=4.

Bapuanm Ne 22

1. Haiinute o6nacts onpeneneHust GyHKIUH
1

/4_x2_y2 )

2. Haiinure yacTHbIC MPOU3BOIHBIC NIEPBOTO MOPSIKA PYHKIUU 7 = m%tgx
2 2
X +y

3. Haiigute yacTHbIe IPOM3BOIHBIC GYHKIMU Z = Z(X; )), 3aJaHHON HESIBHO

a) z=lg(x-2)(y-1)+——; 6) z=In(x>+ > —16)+
x+1

ypaBHeHHeM 8x° —3)” +5xyz —sinz+2x-3y+1=0.
4. Haiimure rpaguedt QyHKmu z =2x* -3y’ +x+2y B TOouKe My(2; 1) u npous-
BOJIHYIO I10 HANPaBIICHHIO BekTopa M M, , rae Mi(5; 3).
5. CocTaBbTe ypaBHEHHS KacaTeIbHOM IJIOCKOCTH W HOPMAJIH K TIOBEPXHOCTH
x*+2y° +2° +4xz =6 B TouKe M,(1;2;-1).
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6. Wccnenyiite Ha skcTpemMyM QyHKIMIO z =X +3x° —2y° +10y—3.
7. Haligute HanOonblliee 1 HaMMEHbIIEe 3HaUeHUE QYyHKITUU
z=7-x"—xy—y*+3x-3y B 3aMKHyTOI1 o06actu D, OrpaHMYEHHON 3aJaHHBIMK

maausMu X = 0; x =4; y =1,y =—4.

Bapuanm Ne 23
1. Haiinure obnacts onpeneneHus GyHKIUNA
\3x -2
a) z=+/x(y+1) +InO-x>-y*); 0) z 2#.
X +y +4
2y+x

2
Y

2. Haiinute yacTHBIE MPOU3BOIHBIC EPBOTO MOpsiiKa GYHKIUU Zz = arctg

3. HaiinuTe yactHble mpou3BoaHbIe QyHKIMU Z = z(X; ), 3aJaHHOW HESIBHO
ypaBHeHHEM X~ + y° +2xy +3xz+1=0.

4. Haitnute rpaiueHT PyHKIUU Z = x* +y* + xy—3x B TOUKE My(2; 2) u mpous-
BOJIHYIO 110 HaIIPABJIEHUIO BEKTOPA W , rne M,(4; 2).

5. CocrtaBbTe ypaBHEHHUS KacaTeIbHOW MJIOCKOCTH U HOPMAJIA K IIOBEPXHOCTH
x* =y =2z -2y =0 B rouke M,(-1;-1;1).

6. Uccnenyiite Ha SKkcTpeMyM (DYHKIUIO z =3x° +18x” +3)° +27x-27y* + 72y +6.

7. Haiinute Hanbosnbliiee 1 HAUMEHbIIEe 3HaUeHNEe QyHKIIUU

z=x"+xy+y’ —3x—6y B 3aMKHYTOMH 00acTh D, OrpaHMYEHHOM 3aJaHHBIMU

muHuaMHa x = 0; y =0;y =x + 3.

Bapuanm Ne 24
1. Haiigute obmacTs onpeneneHust QyHKIMMA
a) z=In(3-x’ —y2)+i; 0) Z:;.
Jx 4-x*—y?

2. Haiinure yacTHbIE MPOU3BOIHBIE MIEPBOTO MOPsiAKAa QYHKIUH Z = tg 5
Xy
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3. HaiinuTe yactHbie mpou3BoaHbIe QyHKIMU Z = Z(X; V), 33JaHHOW HESIBHO
ypaBHeHHEM e”* V"7 4 2xyz -5y +7=0.

4. Haiimure rpaauedt GyHKIMA z =3x" +4y° +xy —2y B Touke My(1; 3) u mpous-
BOJIHYIO IT0 HaIPaBJIEHUIO BEKTOPA W , rne M(-1; 2).

5. CocTaBbTe ypaBHEHUS KacaTEIbHOM IJIOCKOCTA U HOPMAJH K IIOBEPXHOCTH
x> +y* =32 +xy+22=0 B rouxe M,(1;0;1).

6. Hccnenyiite Ha skcTpeMyM QyHKIHIO z =2x° —6x° -2 +12.

7. Haiinute Hanbosnbliiee 1 HAUMEHbIIEe 3HaUeHNnEe QyHKIIUU
z=x"+xy+)’—13x—11y+7 B 3aMKHYTO# 001acT D, OrpaHUYEHHON 3aJaHHbI-
MU JUHUAMHA X = 6; y = 0;y =x — 3.

Bapuanm Ne 25

1. Haiinure obnacts onpeneneHus GyHKIANA
a) z:\/)c2 +y° —16+\/)c2 +y>-9; 0) z:ln(2x—y)+§.

2. Haiinure yacTHbIC MPOU3BOIHBIC MIEPBOTO MOPsiIKa QYHKIUU z = m.

3. Haiigute yacTHbIe IPOU3BOIHBIC GYHKIMU Z = Z(X; )), 3alaHHON HESIBHO
ypaBHeHHEM 3x” — y> + 27 +3xyz+1=0.

4. Haiigure rpaguenT QyHKIMU z = 6x —2y° —xy+7x B Touke My(2; -1) u npous-
BOJIHYIO T10 HarpaBiieHuto Bekropa M M, , rne M;(0; 5).

5. CocTaBbTe ypaBHEHHUS KacaTeIbHOMU IJIOCKOCTU U HOPMAJU K MOBEPXHOCTH
2x =y + 22 —6x+2y+6=0 Brouke M,(I;—1;1).

6. Uccnenyiite Ha skcTpeMyM QYHKITHIO
z=3x" +18x> +27x+9xy —-3y* +24y 1.

7. Haiinute HanOoJblIee U HAMMEHbBIIIEE 3HAUCHUE (PYHKIUU

z=6xy—3x"—2)* —6x+4y+1 B 3aMKHYTOH 00acTH D, OrpaHUYEHHOM 3a/1aH-

HBIMU JIMHUAMU X = 1; y = 0;y =x + 3.
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Bapuanm Ne 26

1. Haiigure obmacTs onpeneneHust QyHKIMUMA

a) z=+/x y +lg4-x>-y*); 0) z=%+arccos(x+l).

X—ay

2

2. HaiinuTe yacTHbIe IPOU3BOAHBIE IEPBOI0 MOPs/IKAa GYHKIMU Z = arcsin

X+y
3. Tlokasate, uto (yHKIWMs z = z(X; V), 3aJ]aHHas] HSIBHO YPaBHEHUEM
. 0z Oz
sin(x+2y+3z)=x+2y+ 3z, yI0BIECTBOPSAECT yPAaBHEHUIO ™ + ™ +1=0.
x oy

4. Haiimute rpaguenT QyHKIHE z = 7x +3)° —6x° —x” B Touke My(0; -1) 1 mpo-
V3BOJIHYIO IO HAIIPABJIEHUIO BEKTOPA W , roe Mi(2; 2).
5. CocrtaBbTe ypaBHEHHUS KacaTEIbHOU MJIOCKOCTH U HOPMAJIH K TIOBEPXHOCTH
X +y?—z' +6xy—z=8 Brouke M,(1;1;0).
6. Uccnenyiite Ha DKCTpeMyM QYHKIUIO z =X —6x° +12x+8y° —12xy + 24y +3.
7. Haiinute HanOoJblIee U HAMMEHbIIIEE 3HAUCHUE (PYHKIUU

z=2+(x—y)y +y* +2y B 3aMKHYTO}H 00acTH D, OrpaHUYEHHON 3aIaHHBIMU

muHuaMu x = 0; y = 0;y = —x — 3.

Bapuanm Ne 27

1. Haiinure obnacte onpeneneHust GyHKIMIMA
a) z:arccosx;y ; 0) z=q4-x"—p" +In(x* +y* -1).

2. Haitnure yacTHble MPOU3BOAHBIE PYHKIMU z = 3/tgln(x+ y).

3. Haiigute yacTHbIe IPOM3BOIHBIC GYHKIMU Z = Z(X; )), 3aJaHHON HESIBHO

ypaBHEHHEM X° + 1> +z° +3xyz +3cos(x —z) =a.

2

4. Haiigure rpaguenT QyHKIMU z =x +9y° +x° —10x* B Touke My(1; 2) u mpo-

W3BOJIHYIO IO HampaBieHuto Bektopa M M, , tne M,(3; -3).
5. CocrtaBbTe ypaBHEHHUSI KacaTEIbHOU MJIOCKOCTH U HOPMAJIH K TTIOBEPXHOCTH

z=2x"-3y* +4x -2y +10 B rouxe M,(-1;1;3).
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6. Vccnenyiite Ha skcTpemyM QyHKIMIO z =X —6x° +9x—4y° —12y 3.
7. Haiimure HanboIbIlice ¥ HAMMEHbIIIEE 3HAUCHHE QYHKIUK z = x" +x)° +2xy—11

B 3aMKHYTOW 001acTH D, orpaHUYe€HHON 3aJaHHBIMU JTUHUAMH X = 0; x = 2;

y=1y=2
Bapuanm Ne 28
1. Haiinure obnacts onpeneneHus GyHKIUNA
a) 7= arcsin(x — ). 6) 2= eV In xy .
_ cos(x +y)

2. Haiinure yacTHbIC MPOU3BOIHBIE PYHKIUU z \/7 .
2 2
x“+y

3. HaiinuTe gactHble mpou3BoaHbIe QyHKIMU Z = z(X; ), 3aJaHHOW HESIBHO
ypaBHEeHUEM X) — Xz + yz +sin(xyz)+1=0.

4. Haiinure rpaguenT GyHKIMU z = 6x° +3y° =3y B Touke My(1; 2) u npous-
BOJIHYIO IT0 HaIPaBJIEHUIO BEKTOPA W ,rne M(4; 4).

5. CocraBbTe ypaBHEHHUsI KaCaTEIbHON IIJIOCKOCTH U HOPMAJIM K IOBEPXHOCTH
z=x"+y"—4xy+3x—15 Brouke M,(~1;3;4).

6. Wccnenyiite Ha skcTpemyM QyHKIMIO z = X" —2x—4)° —12y> - 2.

7. Haiinure HanOombliee 1 HAUMEHbIIIEEe 3HaYeHUE QyHKIUU

z=2x"+3y’ —4x—12y -2 B 3aMKHYTOM 00acT D, OrpaHUYEHHOM 3a1aHHBIMU

JUHUSIMHA X =—2; x =2; y=0;y = 2.

Bapuanm Ne 29

1. Haiigute obmacTs onpeneneHust QyHKIMMA

x+1

1
L 6) Z=
) Vx> +y* -9

. / . X+
2. HaiiguTe yacTHbBIE TPOM3BOIHBIE (DYHKIIMKA Z = §[SIN vy
y
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. Tlokasatb, uro dhyHknus z = z(X; y), 3aJaHHAS] HESBHO YpaBHEHUEM

2cos(3x+2y+z)=3x+2y+z, yIoBIeTBOPSET yPaBHEHHUIO % + o +5=0.

X

. Haiinure rpaauenT QyHkuun z = 7x°> —6y° +xy B Touke My(2; -2) 1 mpons-

BOJHYIO MO HarpasjeHuto Bektopa M M, , rae M(5; 5).

. CocTaBbTe ypaBHEHUS KacaTEIbHOM IJIOCKOCTHA U HOPMAJH K IIOBEPXHOCTH
z=x>+2y" +4xy -5y 10 Brouke M,(~7;1;8).

. Uccrnenyiite Ha skcTpeMyM QYHKIMIO z =X —3x> —4)° +20y —1.

. Haiigute naubonbiiee 1 HaMMeHbIIee 3HaUeHNE (QYHKIIUU

z=x"+6xy+5y’ —x+5y—5 B 3aMKHYTO} 001acTH D, OrpaHUYEHHON 3aJaHHbI-

MU JUHUAMH X = —3; Y =0; y = —x.

Bapuanm Ne 30

1. Haiinure obnacte onpeneneHust GyHKIMMA

4 .
a) Z:\/E_F [36-x>-y*; 06) z= xy2+arcs1n(x—y+l).
-y

2
X

x=2y

. HaiinuTe yacTHble IPON3BOAHBIE QYHKIMH z = Xy + ytg )
X

. Haiigure yactHbIle mpon3BoaHbIe QYHKINH z = z(X; ), 3alaHHOI HEIBHO
YPAaBHEHHEM COSX) + COSXZ +COSyz =a.

. Haiigure rpaguenT QyHKIMU z = 5x° +4y° +5x—y B Touke My(-2; 2) ¥ mpous-

BOJIHYIO TI0 HampasiieHuto Bektopa MM, , toe M (-4; 3).

. CocraBbTe ypaBHEHHUS KacaTeabHOM IIIOCKOCTH M HOPMAJIH K IIOBEPXHOCTH
z=2x" =3y’ +xy+3x+1 B rouxe M,(I;—1;2).

. Uccnenyiite Ha skcTpeMyM QyHKIUIO z =3x" +9x” +3)° —27y° + 72y +1.

. Haiigure Hauboibiee 1 HauMeHbIIEe 3HaYeHHe ()YHKIUU

z=3x> —2xy+2y* +5x B 3aMKHYTO} 001acTH D, OrpaHUYEHHON 3aJaHHLIMU JIU-

HUAMU X = 1; y=—1; y =x+2.
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