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BBenenue

HYCTI) {uk}zo:l — OeCKOHEeYHAdA II0CJICI0BATE/JIbHOCTD 9JIEMEHTOB HEKOTOPOI'O MHOZKECTBa.. Psadom
Ha3bIBa€TCdA CYMMUPDOBaHUE OeCKOHEYHO II0CJIEI0BATCJIbHOCTH 9JIEMEHTOB, T. €. CYMMHUPOBaHUE
OECKOHEYIHOI'0 YHCJIA IIPOHYMEPOBAaHHBIX CJlara€MbIX:

Zuk:u1+u2+u3++uk+
k=1

B maremaTndeckoMm aHasm3e BCTPEYAIOTCS PsiIbl CAEIYIONINX THUIIOB.
1. Hucosble psaapl: up € R — gucia.
2. OynknuoHaIbHBIE PAIBE Ur = Ug(x), z € R, — dyskimn. Cpenn byHKIMOHATIBHBIX PSIJIOB
HanboJIee PacIpoCTPaHEHbI
) _ k )
e creneHHble pAIbL: Uk (x) = ap(x — 20)", To, ar, € R,
® TPUTOHOMETPUYECKHUE PSAJIBL: Uk (X) = ay cos kx + by sin kx, ag, b, € R.
TepmunoJiorust:
U — 00w Ul wAEH PAIA;
n

S, = g U = UL + Uz + ... + Uy — HACNUYHAA CYMMQ DI TTOPAIKA N.
k=1
OcHoBHasI njiest — UHTEPIPETUPOBATH CYMMUPOBaHIE OECKOHETHOI'O UHC/Ia CJIaraeMbiX Kak
IpeJiesI OCIe0BATEeTHbHOCTH YaCTUYHBIX CYMM, KazK/1ad U3 KOTOPBIX COAEPZKUT KOHEIHOE YUCIIO

(o] n

E uy = lim g Uy,
n—ro0

k=1 k=1

cJIaracMbIX:

1. YmcaoBbie pgabI

1.1. IloHaTme cXOAMMOCTU WM CyMMBbI psjia

oo n
Onpenenenune 1.1. Paccmorpum psij E Uk, €r0 YaCTUIHYIO CyMMY S, = E Uy TOpsJIKa N
k=1 k=1

U TOCJIEIOBATEIbHOCTD €10 YaCTUIHBIX cyMM {5, }5° .
Cymmoti psada HA3BIBAETCS TIPeIest

S = lim S,.

n—o0

Yuc/10B0M psiji HABBIBACTCA CLOOAUUMCA, €CJIN ITOT TIPS CYIeCcTBYeT U KOHeuHbIi. Huco-
BOH psiJT HA3BIBACTCS PACTOOAUUMCSA, €CITH ITOT Tpees OECKOHEIHBIN U HE CYIIEeCTBYET.




KopoTko roBopst, cxogdiuiicsa psiji — 9TO psiJi ¢ KOHEYHON CyMMOI, pacXoIAnuics psiji — 9TO
PS¢ OECKOHEYHON CyMMO#l M BOOOIIE O€3 CyMMBbI.

Tunuanble 3842491 1)1 IACIOBBIX PAIOB:
e HaiiTu (TOYHYIO) CyMMY DsIJIa;

® eCJIM 9TO TPY/IHO MM HEBO3MOXKHO, TO YCTAHOBUTDH, UMEET JIU Psiji KOHEUHYIO CyMMY (CXO-
JIUTCST UJIA PACXOJIUTCS );

® B C/Iydae CXOIUMOCTU HAWTH MPUOTNKEHHYIO CYMMY PSa.

IIpumepsbl BbIYMCIEHUsI CyMMBI psijia o onpeaesenuto 1.1.

o0
1. 21:1+1+1+1+1+...
k=1
BBILII/ICJH/IM “I&CTI/ILIHyIO CyMMy pﬂ,ﬂa )48 Hpeﬂeﬂ HOCJ’Ie,HOBaTeIIbHOCTI/I YJaCTNUYHBIX CyMMZ

n

Sn221:n, S = lim n = 4o0.

n—00
k=1

Pan nmeer GeckoHedHYIO CyMMY, PsiJl PACXOIUTCS.

2. Y (-DF=1-141-141-...
k=0
Snech ug = 1, u; = —1, ug = 1, u3 = —1 u T.7.. Boraucaum 9acTudnyio cymmy psijia u

apeJjes1 1mocjieJ0BaTeJIbHOCTH YaCTUIHBIX CYMM:

- 1, n=024,...
Sn = Z(—l)k — {0: Z: (1):3: 5: N lim S, me cymecrsyer.

n—oo
k=0
CymMa psifia He CyIIECTBYET, P/l PACXOIUTCH.
oo

1 11 1
3. Z—k—u titgt

B nmannOM mnpumepe cymMMy psijia MOYKHO HAMTH U3 T€OMETPUYIECKON MOJIEN: KaK TTOKA3aHO
Ha puc. 1, MIpsAMOYToJIbHUK CO cTopoHamMu 1 u 2 MOXKHO pa30uTh Ha OECKOHEYHOE YUCJIO
dbparmenTos mwiromaseio 1, 1/2, 1/4, 1/8, 1/16 u t. x1. Torma cymma JaHHOTO psijia paBHA
ILJIOIIA/ M BCErO MPSIMOYTOJIbHUKA!

il L+ 5 S
L9k 48 16 '

PH,IL nMeeT KOHEYHYIO CYMMY, pPdd CXOAUTCA.
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Puc. 1

PaccmoTrpuM psji, KOTOPBI fABJIsieTcss 0000IEHneM pacCMOTPEHHBIX ITPUMEPOB, U HA3bIBa-
ercd becKoHeuHotl 2e0MEMPUYECKOT npozpeccuet:

o0

F=14+q+F+¢+..., qgeR

k=0

[Tockosbky ciaydan ¢ = 1 u ¢ = —1 pazobpanbl B ipumMepax 1 u 2, To moJiaraem jaJjee ¢ # +1. U3
Kypca 3JIeMEeHTapHON MaTeMaTuKN U3BeCTHA (DOPMYJIa JIJIsi CYMMbI HECKOJTbKHUX TIEPBBIX YJIEHOB
reoMeTPUIECKON ITPOTPECCUN:
1—g"t
}:q

1-q

Hpeﬂeﬂ IIOCJICI0BATECJIbHOCT YaCTUYIHBIX CYMM 3aBHUCUT OT 3HAYCHUA (:

T G gl <1
im = pu
Jin = = g mpu ] < 1,
1 — n+1
lim — 4 = oo upu |g| > 1.

n—o0o 1——q

O6beaunsst 3Ty UHOOPMAIMIO ¢ pe3yabTaTaMd IPUMEPOB 1 U 2, NPUXOJAUM K CJIELYIONEeMY
BBIBOJIY: GECKOHEUHAsT TeOMETPUYECKast IIPOrpeccrsi cXoJuTes upu |q| < 1 u pacxomurcs mnpu
lg| > 1. Ilpuaem B citydae CXOIMMOCTH M3BECTHA CyMMa PsiJia

- 1
§:¢=4+q+q?+f+“.:TtE,|ﬂ<1. (1.1)
k=0

[Ipocreitime cBoiicTBa PAI0B, KOTOPBIE CJIEIYIOT HEIOCPEJICTBEHHO U3 onpejeneHus 1.1 u
CBOWCTB IIPEJIEJIOB:

o (o]
® YUCJIOBOU MHOXKHUTEJb MOXKHO BBIHECTU U3-110/] 3HAKA CYMMDI: E Cup = ¢ E Uk, C 7& 0;
k=1 k=1



oo oo [e.e]
® cC/IU PAJIbI Zuk, ka CXOIATCA, TO CXOJUTCA W PAL Z(uk + vg), TpuIeM
k=1 k=1 k=1
o0 [e.9] (0.9]
Z(uk + Uk) = Zuk + ka;
k= k=1 k=1

1

® DsiJI OCTAHETCS CXOJSIIUMCS (PACXOJAIIMMCs ), eC/ii K HeMy J0OABUTH KOHEYHOE YUCIIO
cjaaraeMbIX WM W3 HEro yOparh KOHEYHO YHCJIO CJaraeMblX; B YaCTHOCTH, CXOJIMMOCTh
pdJia He 3aBHUCHUT OT €I'0 HadaJIbHBIX CJIaraeMbIX.

JIemma 1.2 (Heobxommmoe ycoBue cxomumoct psia). st Toro 9robsl psiji CXOIUIIC, Heo0-
XOJIUMO, ITOOBI OOIINI WIEH psijia CTPEMUJICST K HYJIIO:

(o]
E u cxomured = lim wu, = 0.
= k—o00

Joxazamensvcmeo. 11oCKOIBKY psiji CXOJIUTCSA, TO

E Ur = lim Sn—SER
n—00
k=1

dAcmo TaK2Ke, 9TO CABUI' IIOPAIKaA JaCTUIHON CYMMbI Ha €IMHUILY HE USMEHUT IIpeje/ia:

lim Sn—l =9

n—oo

Yro0bI 10Ka3aTh yTBEPXKJICHUE JTEMMBbI, HAJI0 BBIPA3UTDH OOIIUIT UIeH pAga KaK pa3HOCTDb JIBYX
YaCTAYHBIX CYMM M BOCHOJIB30BATHCA CBOMCTBOM KOHCYHBIX IIPEJICIIOB:

lim u, = lim (S, — S,_1) = lim S, — lim S, _; = 0.
n—00 n—00 n—00 n—00

Bamevanue 1. B HE0OXOMMOM yCJIOBUH CXOAMMOCTH Psijia MOXKHO 3aMEHUTD Uy Ha |uy|:

limu, =0 < lim |ug| =0.
k—o0 k—o0

[Ipumenenne jgemmbl 1.2 sBJsieTcst pe3yJIbTaTUBHBIM, KOIJIa HEOOXOIUMOE yCJIOBHE HE BbI-
[IOJTHEHO:
[o.¢]
lim up, #0 = E U PACXOIUTCSI.
k—o0
k=1
Ecau ke HeOOX01MMOe yCJIOBUE CXOJMMOCTH BBITIOJTHEHO, TO Psijl MOXKET OBITh KaK CXOIATIIMCS,
TaK M PACXOISIITIMCS.

HpI/IMepr HNCIIOJIb30BAaHMA HGOGXO,I[I/IMOI‘O ycJjoBud CXoauMOCTHA.



1. IIpumeps! psiJioB, y KOTOPBIX HE BBIIOJTHEHO HEOOXOIMMOE YCJIOBUE CXOIUMOCTH:

1.2.

= 2k? i 2k?2 5
T S m ——— = 2
P k241" koo k241 ’

g Vk+1, klim VEk+1=4o0;
—00
k=1

> s , T . X , kL
Zcos i ]}LIEOCOSE =1; Z(—l) k, ]}Lrgo(—l) k = oo;
k=1 k=1
Zsin k, klim sink He cymiecTByeT.
— 00
k=1

Kaxkaplit ux 95Tux psaaoB pacXoUuTC.
[Ipumep cxojsmierocst psjaa, y KOTOPOTro BBIITOJIHEHO HEOOXOIUMOE YCJI0BUE CXOINMOCTH:

io: 2\' 2+4+8+ li 2\' 0
— = — — — 11m - = U.
3 3 9 27 " koo \ 3

k=1

Brinosinenne Heo6X0IMMOTO yCJI0BUASA HE JaeT MH(MOPMAIIUN O CXOJIMMOCTH Psjia, HO JIaH-
HBII Psiji JIefiCTBUTE/IBHO CXOAUTCA, TaK KaK sIBJIsieTCs OECKOHETHON IeoOMeTPUYIeCKOil 1mpo-
rpeccueii ¢ ¢ = 2/3 < 1. Cormacuo dopmysne (1.1) cymma psiia paBHa 2:

(5 -5 () o

[Ipumep pacxojdIerocs psjia, y KOTOPOro BBIIIOJTHEHO HEOOX0UMOE YCIOBUE CXOIMMOCTH:

i1—1+1+3+1+ liml—O
kzlk_ 2 3 4 T Sk k

DTOT Psiji HA3BIBACTCS 2aPMOHUYECKUM. BBITIO/IHEHNE HEOOXOIMMOTO YCJIOBUS HE JIaeT UH-
dopmMaIum 0 cXoIMMOCTH ITOTO Psijia, OJHAKO Jlajiee Oy/IeT MOKa3aHO, YTO FapMOHMYECKU
P PACXOJIUTCS U €r0 CyMMa paBHa, +00.

3HaKOMNO0JI0>KUTEJIbHbIE PAAbI

Yuc10BOM psiJi HA3BIBACTCI 3HAKONOAOHCUMENOHDIM, ECIIH BCE €TI0 CJlaracMble MOJIOKUTETbHBI.
B stom paznene n3noKeHbl JOCTATOYHBIE TPU3HAKN CXOIMMOCTH 3HAKOTIOJIOKATETHHBIX PAIOB,
T. €. YCJIOBUs, KOTOPbIE TrapaHTUPYIOT CXOIMMOCTb.

3aMeTuM, ITO IMOC/IeI0BATE/IbHOCTD YaCTUIHBIX CYMM 3HAKOIIOJIOKUTEIHLHOIO PSAIa BO3Pac-

Taer,

a, KakK H3BECTHO, J100asi MOHOTOHHO BO3pacTaroliad II10CJIe10BaTCJIbHOCTL HUMEET IIpe-

JeJI. CJIG,[LOBaTeJIBHO, y JIIOOOTO 3HAKOIIOJIOXKUTEILHOIO pdda €eCTb CyMMa — YHUCJIO WUJIU ILJIIOC-

OECKOHEeYHOCTD:

u, >0 = S, >8,Vn = d5=1lim S,, S € Rwm S = +o0.
n—oo

6



HOCKOHbe UMEIOTCA TOJIBKO JAB€ 9THU BO3MO2KHOCTH, TO CXOJUMOCTDb UJIN PACXOJUMOCTDHL 3HAKO-
IIOJIOZKHUTEJILHOI'O PsAda MOXKHO 3allMChIBaTh CbOpMaJ’IbHOI

o
E U < +00 — 3HAKOIIOJIOZKUTEJIbHBIA PAJI, CXOJIUTCH,
k=1
(0.)
E Ug = -+00 — 3HAKOIIOJIOXKUTEJIbHBIA PAJL PACXOJIUTCH.
k=1

Hamomuum JABa SHAKOIIOJIO2KUTECJ/IbHBIX PfJa, KOTOPbIE ObLIN IIpUBEJICHBI B Ka9€CTBE IIPUMEPOB

B IIpEABbIAYIIEM Pa3Jiesie:
2 N 4 N 8 N 16 R
3 9 27 8 7

1 1 1 1
+§+§+Z+...——|—OO.
B o6oux ciaydasgx BBIIOJHEHO HEOOXOAMMOE YCJIOBHE CXOAMMOCTH: uj — (. DTO 3HAYUT, 9TO
BO3pacTaHue I10C/Ie10BaTE/JIbHOCTH YaCTUYHbIX CYMM Sn 3aMeJIdeTcd, HO BO BTOPOM CJiy4dae
3aMeISETCs HeJOCTATOIHO CUJIBHO, ITOOBI IIpeJies1 S, KOHEIHbIM (puc.2)

7—/3 £ ié 32

/9 £
8 243
* ‘+‘+‘+C+o+...

Taxum 0O6pa3zoM, CXOMUMOCTD 3HAKOIOJIOKUTEILHOIO PAJia 3aBUCUT OT CKOPOCTU CTPEMJIe-
HUAA K HYJII0 ODINEro 4jeHa psja, T. €. OT HMOPsA/IKa MaJOCTH Ug. 1eM BBIIIE MOPSI0K MAJIOCTH
BEJIMIUHBI U, T€M OOJIbIIE BEPOSITHOCTD, UTO P, CXOIUTCS.

st BBISIBJIEHUST TIOPSIJIKA MAJIOCTH U MOYKHO UCIIOJIb30BATh CPaBHEHME 3HAKOIIOJIOKUTE b
HOT'O pJia ¢ APyruM, 6osee mpocThiM, psaiaoMm. Ha 9Toii njiee ocnoBana cjiejiyiomas JemMMa.



o0 oo
Jlemma 1.3 (IIpusnaku cpasuenusi). [lycrsb E U, g Uy — 3HAKOIIOJIOXKUTEILHBIE PSIJIBI, JIJIsI

k=1 k=1
KOTODPBIX BBIIIOJIHEHO H€O6XO,HI/IM06 yCJI0OBHE CXOAMMOCTH.
oo

o0
I. Eciu psi Z V) CXOJIUTCA U U < U ipu Vk > 1, TO psij Z Uy, TOXKE CXOJUTC.

k=1 k=1
oo

o
II. Ecnu psanx Z Uk PACXOJIUTCA U U = vy upu Vk > 1,10 ps Z Uj, TOYKE PACXOJIUTCS.

k=1 k=1
o0 (o]

III. Eciit up ~ v, nupu kK — 00, TO Psijibl Zuk i ka Jmbo 0ba cxomdarcs, Jmbo o0ba

k=1 k=1
PaCXOIATCA.

/loxazamesvcmeo. YTBep:KjIeHNs JeMMbl BIIOJIHE OYE€BUJIHBI, WCXOJA U3 MPEIBAPUTETHHOTO
ONMCaHUA CXOIMMOCTH 3HAKOIIOJIOKUTE/THLHBIX PAJI0OB, C KOTOPOI0 HAYMHAETCS 9TOT pasjiesa. Tem
He MeHee, IIpoBeieM (hopMaJIbHO cTporoe joka3arenbeTso I u I1 mynkra.

0603Han/IM JaCTUIHbIC CYMMBI PAJAOB CJICAYIOIMHUMA CUMBOJIAMMU:

n

n
S;f: E Ug, S;}L: E Vg -
k=1

k=1

[TockosibKy 0b6a psjia 3HAKOIOJIOKHUTEIbHbIE, TO Y KazK/I0I'0 13 HUX CYIIECTBYET CyMMa — IIpeJiet
ITOCJICIOBATEILHOCTH YACTUYIHBIX CyMM. Kak M3BeCTHO, TIPEJIEIbHBIN MEePEX0] COXPAHICT 3HAK
HepaBeHcTBa. B ciyuae [ momydaem:

[o¢] o
u, <v, = S, <S8, = limS;jgnli_}rEOS;’<+oo & Zukézvk<+oo.

n n—00
k=1

oo
s HOCHeﬂHeﬁ OEIIOYKM HEPaBEHCTB BbITEKaET, YTO CyMMa PA1a E U KOHEYHadd.

k=1
B ciyqae II nmosrygaem:
o o
u v = Sp>=S) = limS)> lim S =40 < E uk>E v = +00.
n—o0 n—oo
k=1 k=1
oo
N3 nocieaneit 11enovYKn HEPABEHCTB BBITEKAET, YTO CyMMa Psjia E Uy, 6eCKOHeIHAa. O]
k=1

Sameuanwue 2. B nynkrax [ u I HepaBeHCTBO MKy Uy 1 U HE 00sI3aTEIHLHO JIOJIZKHO BBITIO/I-
HatTbed Jid BeceX k > 1. I[lockoJibKy CXOIMMOCTD Psjia He 3aBUCUT OT HAYAJbHBIX CJIaraeMbIX,
TO JIOCTATOYHO BBHITIOJTHEHUsI HEpaBEHCTBa I BeeX k = kg = 1, T. e. HAUMHAA C HEKOTOPOTO
HOMeEDA.



. ug
3ameuanmne 3. HamomuauMm, uTo 6€CKOHEYHO MaJible Uy U Uf SKBHBAJIEHTHI, ecjn lim — = 1,
k—o0 Vk
M 3TO O3HA4YaeT, 4YTO Ui W U, CTPEMSTCS K HYJII0 C OJMHAKOBON CKOPOCTBIO. Y TBEPHKIe-
nue nyHkra III Tak:ke BepHO, ecim up W VU, — OECKOHEYHO MaJible OJHOIO IIOpsiAKa, T. €.
ug ~ avg, a« € R, a #0.

o

Jlemma 1.4 (Uurerpanbublii npushak). [lycts E Uj, — 3HAKOIIOJIOZKUTEJILHBIN psjl. PaccmoT-
k=1

puM byskmio u(z), Takyo u9ro u(k) = ug. [lycrs dynknus u(x) HenpepbiBHa n yObIBaeT Ha
npomexyTke [1;4+00). Torma

o0

o0

Ppsi g U}, 1 HECOOCTBEHHBII MHTEIrpaJ / u(z)dz
1

k=1

Jmbo 0ba cxoasaTes, aub0o 06a PACXOIATCS.

Jlokasamenvcmeo. 3averuM, ato GYHKIUS U (), YIOBICTBOPSIONAS YCIOBHIM JIEMMBI, SBJIsI-
eTcst moJioKuTebHON: u(x) > 0 npu z € [1; +00). HecobeTBeHHBI HHTErPAJT OT TOJIOKUTETBHO
byHKIMH, KaK W 3HAKOIOJIOKUTEIBHDINA P, MOKET UMETh JIN00 KOHETHOE 3HAYCHHE (CXONT-
cst), b0 GECKOHETHO BOJIBINOE MOJIOKUTEIbHOE 3HAUEHNE (PACXOIUTCH).

JlokazaTeIbcTBO OCHOBAHO HA T€OMETPHYECKONH MHTEPIPETAIINI HECOOCTBEHHOTO UHTErpaJa
OT TIOJIOYKUTEIHHOM (DYHKIMU U PSAJIa C TIOJIOKUTETHHBIME cjlaraeMbiMu (puc.3, 4).

=
A

uZl
U
N
Mf“ll’\l\_\"
i . -

1 2 3% 456 7 &... X

Puc. 3

O6oznaanm cumBosiom D durypy, orpanndeHnyo rpadukoM GyHKIum u(x), 0Cbio abCIuce
u npamoit x = 1. [Lnomaap 31oit purypsl BeUUCIgETCS KAK HECOOCTBEHHBIH MHTErPaJI

Sp = /1 " ()

9



Ug

Us |

Ue

Us. 1

: 1141L TS

: —— e Te—
1 2 % 4 5 ¢ 7 &... X

Puc. 4

Ormernm Ha rpaduke dynknun u(z) suadenns u(k) = u; ¥ HOCTPOUM JBE CTyIeHIaThIe -
rypel D1 D D u Dy C D. 9tu dburypsl coctodr n3 6€CKOHETHOTO YUCIA MPSIMOYTOJIHHUKOB
HMIMPUHBL 1, O3TOMY MX ILIOMIAAM BLIPAXKAIOTCA B BUJIE PSIJIA:

SDl:u1-1+u2-1+u3-1+...22uk, SDQZUQ1+U31+U41+:ZUk
k=1 k=2

ITo nocrpoenuio Sp, < Sp < Sp;:

Zuk < /100 u(z)dr < Zuk

o o0
k=2 k=1
N3 sroit JIBOIHON OIEHKU BHJIHO, YTO €CJIU HEeCOOCTBEHHBIM MHTErPaJl PACXOJUTCH, TO U P
PACXOIUTCS, & eCTM HeCOOCTBEHHBINT MHTErPAJI CXOJUTCS, TO M Pl CXOTUTCS. [

Bameuanue 4. II0CKOIBbKY CXOJAMMOCTD PsJjia HE 3aBUCUT OT HAYAJILHBIX CJIAraeMbIX, TO JIeM-
Ma BepHa Jaxke B TOM Cjydae, ecjau (byHKIMs u(2Z) HenpepbiBHA U yObIBAET HA MPOMEXKYTKE
[z9; +00) ¢ HEKOTOpPBIM Ty > 1. B 9TOM citydae CXOAMMOCTB Psifia CBOJMUTCH K CXOIUMOCTH
HeCOOCTBEHHOI'O MHTErpaJia f;; u(z)dz.

[Ipoanasm3upyem Mpu MOMOIIU KHTEIPAJIBHOTO TPU3HAKA PSIJI:

=1 1 1 1 1
E_ﬁ+§+§+ﬂ+””
k=1
Taxkoit 3HAKOIOJOKUTEBHBIN P HA3BIBACTCA 0000ueHHviM 2apmonuveckum. Ilpu p = 1 —

npocTo 2apmorudeckum. Ecam p < 0, To He BBINOIHAECTCA HEOOXOMMOE YCJIOBUE CXOTUMOCTH:

1
p<0 = lim E #(0 = psiJ pacxoauTcs.

10



st p > 0 ucrosib3yeM MHTErPaJIbHbINA TPU3HAK:

1
p>0 = ux)= — HenpepbiBHa U yObIBACT Ha [1; +00).
x

Kak u3BecTHO, HecOOCTBEHHBIN MHTETIPAJT

*“dr  cxomures ipu p > 1,
. P pacxomures npu p < 1.

To ke camoe crpaBeiuBo i psijta. O0beuHss BCe JAaHHbIE, 3aIUIIeM OOIIUNl BBIBOJ, JIJIst
0000IIEHHOTO TAPMOHUYECKOTO PSJIA.

o
Z 1 cxoauTed upu p > 1,
pt kP pacxomures npu p < 1.

B gacTtHOCTH, rapMOHUYECKU P PACXOTUTCH:

k=1
[o¢]
Jlemma 1.5 (IIpusnak amambepa). Ilycrs Zuk — 3HAKONOJIOXKUTEIbHBIN psj. [lycrs cy-
k=1
IIECTBYET IIPeIesT
. u £S
lim - = ceR.
k—o00 Uk
Torma BepHo ciaemyioree:
[o.¢]
c<1l = Zuk CXOJIUTCSI;
k=1
oo
c>1 = Zuk pacxouTcs.
k=1

oxazameasvcmeo. 3amernm, 910 B J1I0OOM cirydae ¢ > 0, MOCKOIBKY PsAJT 3HAKOIOJIOXKUTE -
HBIA.

JlokazkeM €xXouMOCTh psfa B ciaydae ¢ < 1. Ilockosnbky ¢ € [0;1), To mo ompe/esieHuio
KOHEYHOI'0 IIpejiesia

. U1
lim

P =c & Ve>03k(e):

Uk

Uk+1 ‘
—cC

11



Uk+1
Ug

= c—e< <c+e Vk = k.

Ham monamoburcesa TOIBKO IpaBasd 9acTh TOTO JIBOMHOrO HepaBeHCTBa. BosbMeM cTosb Masioe
e >0, uro ¢+ £ < 1 (rakoe € cymecrByet, Tak Kak ¢ < 1). O6oznaunm ¢ = ¢+ ¢ < 1:

Ubtl < 4 Yk > k.
(o
[ToncraBisist B 9T0 HEpaBeHCTBO 3HadYenud k = kg, kg + 1, kg + 2..., moryaum:
Uk, < Uy, (TPUBHATIBHOE HEPABEHCTBO),
Uko+1 < qug, (mogcranoBka k = ky),
Ukgro < QUry+1 < G ug, (mogcranoska k = ko + 1),
Ukyr3 < QU2 < @Pup, (mogcranoska k = kg + 2) u Tax janee.

PaccMoTpuM cyMMBI JIEBBIX M CYMMBI TIPaBbIX YacTeil BceX HEPABEHCTB.
CrupaBa 1MoIy9aeTcst psi

Uk + qUk, + qzuko + qguko +.o.= Uk, Z qk>
k=0

KOTOPBIH CXOJUTCA KaK OeCKOHeYHas reomMeTpudeckas mporpeccus ¢ 0 < g < 1.
Torna, corstacHO TpU3HAKY CpaBHEHUs, PsiJl, KOTOPBII MOIYYHIICH CJIEBA

[o¢]
Uky + Ukg4+1 T Ukg4+2 T Ukg43 T+ ... = E Uk,
k=ko
oo
TOXKe cxoauTcd. To ke caMoe BEpHO JIjIsi MCXOIHOI'O Psiia E U, TTOCKOJIBKY CXOJUMOCTD PsJia

k=1
HE 3aBHCHUT OT HEro HadaJIbHBIX CJjlaracMbIX.

JlokaxkeMm pacxoMOCTh psijia B ciydae ¢ > 1 (B ToM 4ducyie MOkKeT ObITh ¢ = +00). BHOBB
UCIIOJIB3YS OIIpeJIe/IeHe TIpe/iesia, JIETKO T0Ka3aTh, YTO

. Uk+1 Uk+1
lim —2 >1 = Jko: —L > 1 Vk > k.
k—o0 Uk Uk
STO SHQ4YIUT, 9TO Uk41 > Ug, T. €. IIOJIO2KHUTEJ/IbHad IIOCJICA0BaTC/JILHOCTL Uj BO3pacTacT, Ha-
duHad C HOMEDPa k(), n HE MOXKET CTPEMHUTLCA K HYJIIO. He BBIIIOJTHEHO H€O6XO,ILI/IM06 ycJjoBue
o0

CXOJIMMOCTH, PAJ, E Up, PACXOIUTCH. O
k=1

3ameuanue 5. Eciu ¢ = 1, To npusnak /lasambepa He qaeT nHGOPMAIIUN O CXOAUMOCTH Psijia,

PsIJT MOYKET OKa3aThCs KaK CXOIAIINMCH, TaK U pacxogdimumcs. [IpuBemem npumep pacxodiie-

rocsi TapMOHMYECKOI'O Psijia M CXOISAIIErocsi 00OOIEHHOTO TapMOHUIECKOIO Psijia, ¥ KOTOPBIX

c=1:

=1 k
P R e
P k k—oo  Up k—oo k + 1

12



— 1 Ukt . k?
— 1 = lim ——— =1
2 gm < oo Jm = i g

o0
Jlemma 1.6 (Pajgukanbubriii npushak). Ilycrs Zuk — 3HAKOIOJIOKHTENbHBIN pam. [lycTsb
k=1
CYIIECTBYeT IIpeJiest
lim up =c e R.

k—o0

Tora BepHo cieyioriee:

o0
c<1l = Zuk CXOJIUTCH;
k=1

oo
c>1 = Zuk PacxoauTCcs.
k=1

Kak n npusnax lamambepa, paJnKaJbHBIN [IPU3HAK HE jJaeT WHAOPMAIUKA O CXOAUMOCTH
pana, ecau ¢ = 1.

Yupaxkuenwne. /lokazarh paJIMKaJIbHBIIN MPU3HAK CXOIUMOCTU 3HAKOIIOJIOKUTE/ILHBIX PsJIOB
(cmrocob oKazaTenbcTBa aHasgormdeH npusnaky lamambepa).

1.3. 3HaKomepeMeHHBIE PsIIbI

UucI0BOil PsiJi HABBIBACTCS 3HAKONEPEMENHDbIM, €CIU B HEM €CTh CJlaracMble Pa3HOIO 3HAKA.
[oBopst TouHee, “HacTOANIUM 3HAKOIIEPEMEHHBIM PsIJIOM SIBJISIETCS TAKOW Psijl, B KOTOPOM Oec-
KOHEYHO MHOTI'O IIOJIOZKUTEJ/IbHBIX 1 6eCKOHeLIHO MHOTI'O OTpHuUIaTE/JIbHBIX CJIaraeMbIX (B IIPOTUB-
HOM cCJIy4dae pd/l CTaHET 3HaKOIIOCTOAHHBIM IIOCJIE OT6paCbIBaHI/IH KOHEYHOTI'O 91CJ/Ia HaYaJIbHBIX
YJIEHOB).

B omimume 0T 3HAKOIOJIOKHUTEIBHBIX PsJIOB, CYMMa 3HAKOIEPEMEHHOI'O Psijia MOYKET ObITh
KOHEYHOI, GECKOHEUHOl (€ TeM MM MHBIM 3HAKOM WK 6e3 3HAKA), & MOXKET TakKKe BOOOIIe He
CYIIECTBOBATS.

PaccMoTpuM 4acTHBIN cirydail 3HAKOLEPEMEHHOIO PSAJIa — 3HAK04ePedyowulicA PAJl U CpaB-
HIUM €r0 ¢ aHAJOTHIHBIM 3HAKOIOIOKHUTEILHBIM psaaoM. [lycrs ug > 0:

Zuk, Z(—l)kuk
k=1 k=1

JlormycTuM, BBITIOJTHEHO HEOOXOIMMOE YCJIOBUE CXOIUMOCTH: Uy — 0, T. €. IpupaleHne 4acTud-
HBIX CYMM 3ame/ijisercsd. Ho y BToporo psjia oHO JOMOJTHUTETHHO €eIle 3aMeJJIseTCs IepeMeHoit
3HAKOB (COCe/IHIe cyiaraeMble YacTUIHO “racaT” IpyT Apyra, puc.b).

13



- + - + —O+o-

Puc. 5

[TosToMy BEpOATHOCTH CXOJIMMOCTH BTOPOTO PAJIa BHIIIE, YEM MEPBOTO, & 3HAYUT, JJOCTATOY-
HBI€ YCJIOBHS JIJIT CXOAUMOCTHU JIOJI?KHBI OBITH cjiabee.

OxkasbIBaeTcs, 9TO Y 3HAKOUEPEIYIOMIErocs Psaa ¢ YOBIBAIOIIUMUA 110 aOCOTIOTHON BETUINHE
cjaraeMbIMI HEOOXOIMMOE YCJIOBUE CXOAMMOCTH SIBJISIETCSI OJTHOBPEMEHHO U JIOCTATOYUHBIM.

Jlemma 1.7 (Ilpusnax JleiiGmuma). Ilycrs uy, > 0, mocrenoBaresbHoCTh {uy }7o, yOBIBAEeT I
o0

lim uy = 0. Torma 3nakodepeayOMIHICT PsiT Z(—l)kuk CXOJINTCS.
k—o00 =

,ﬂonasammbcmeo. ,HOK&)KGM CXOAUMOCTDb 3HaKOYEPEAYIOMIETOCA Pdda HEIIOCPEJACTBEHHO II0
OIIpeaeJICHUIO CXOJUMOCTH. PaCCMOTpI/Il\l JaCTUIHbIC CYMMBI C 9Y€THBIM W HCEYETHbBIM YHUCJIOM
cJIaracMbIX.

1. PaCCMOTpI/IM JaCTUIHYIO CYMMY C 9Y€THBIM YUCJIOM CJlaraeMbIX:

Sop = —UrFug—UzFUs—. .. —Uzp—1FUsp = S—Ul + U2Z+£—U3 + U4Z+ ot (ugno1 + ugp) -
<0 <0 <0

Kaxoe uncyio B ckobkax orpurareabio (tounee, < 0), Tak Kak ug yobaer. [loaromy
Son = Sopta2, TOCTEAOBATETBHOCT {S2,}2° | yObiBaeT. IlokazkeMm, 9TO OHA OrpaHUveHa
CHHU3Y YUCJIOM —1U1:

Son = —uy + (ug —uz) + (ug — us) + ... + (Uop_o — Uop_1) + Uzp = —uy.
—— ~ ~~ ~
>0 >0 >0 >0

[To cBoiicTBaM MOHOTOHHBIX TIOCTIEI0BATELHOCTEl 3aKkouaeM, 9ro {Ss, }5° nmeer Ko-
HEYHBIN IIpeeJ:
d lim S5, =95 € R.
n—o0

2. PaccMoTpuM 4acTHYHYIO CYyMMY C HEYETHBIM YHCJIOM cjaraeMbix. Bocroab3yemest apud-
METUYECKNMHU CBOMCTBAMHU KOHEYHBIX IIPEJIEJIOB U YCJIOBUEM JIEMMBbI:

Sony1 = Sop — Uzpt1 =

14



lim S2n+1 = lim (5271 - u2n+1) = lim Sgn — lim Uoan+1 = S +0= S.
n—00 n—r00 n—00

n—oo
[
[o.¢]
Omnpenenenne 1.8. YucmoBoit psia E U}, HA3BIBAETCS CXOIAIINMCS GOCOAOMHO, €CIIH CXO-
k=1

o0
JIATCS PAJL, ¢ MOILYJISIMU E [ug|.
k=1

SaMeTuM, 9To JIAHHOE OIpeie/IeHre TPUMEHIMO K PsLy JIFoOoro Tuia. Eciu psiji 3HaKoIo10-
JKUTETbHBIN, TO OH HUYEM He OTJINYaeTCd OT Psijia ¢ MOLYJIAMU, a 3HAYUT, JIJIT HErO aDCOJTIOTHAS
CXOJIMMOCTH COBIIAIAET ¢ OOBIYHON CXOIUMOCTBIO.

Ecin e psij 3HaKOIIEpEeMEeHHbII, TO HETPY/IHO ITPE/IITOJI0KUTH, 9TO aDCOTIOTHAST CXOTUMOCTh
— OoJiee CHJIBHOE CBOMCTBO, Y€M OOBIYHAsT CXOAUMOCTD.

JIemma 1.9 (U3 abcomroTHOM €XOMMOCTH BBITEKAET OOBITHASI CXOUMOCTD ).

o0 o
E lug| cxomures = E U CXOIIUTCH.
k=1 k=1

o0
Jloxaszamenvemeo. Tlycts psig E |ug| cxommrest. BoiiemmM HoI0KUTeTbHY 0 U OTPUIIATEIBHY IO

k=1
YaCTh HOCIEA0BATETLHOCTH {Uy }:

0 < uf < Jugl.

u+_‘uk\+uk_ Up, U >0
k 2 O,ngo,

B |uk| — U —uy, up <0 _
WS T 0 wez0 0 0SSl

Panor

_l’_ —

oo 0o
k=1 k=1

ABJIAIOTCA 3HAKOIIOJIOZKUTEC/IbHBIMI (He CUnTasd HYJIEBbBIX CJ'[&FaeMbIX) " CXOJAATCH 110 IIPU3HAKY

o0 oo
CpaBHEHUS C PAIOM E |uk| Torma psi E U, TOXKE CXOUTCsI KaK Pa3sHOCThb ABYX CXOIAIIIXCSI
k=1 k=1
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psiioB (TI0 CBOWCTBY JIMHEHHOCTH):
o o0 o oo
v + -
g ukzg (uk—uk)zg uk—g (O
k=1 k=1 k=1 k=1

]

B xome nokazarenbcTBa MOJIYUUIN CBOWCTBO aOCOJIIOTHO CXOJMSAIIUXCS PSIOB: TAKOH psi
MO2KHO pa36I/ITb Ha ABa pdAga — C IOJIO2KUTEJIbHBIMU CJIara€eMbIMU 1 C OTpUIlaTE/IbHBIMHA CJlala-
€MBIM.

[TockousibKy abCcoTIOTHAsST CXOJUMOCTE — 00JIee CUIIbHOE CBOMCTBO, YeM OOBITHAs CXOJUMOCTD,
TO OTCYTCTBUE aDCOJIIOTHON CXOAMMOCTH €Ile He 3HAYUT, YTO HET OOBITHON CXOMUMOCTH:

oo o0
g |ug| pacxomures = E U  MOXKET CXOJINTBCA WA PACXOIUTHCS.
k=1 k=1
(o]
Omnpenenenne 1.10. 3HaKomEpEMEHHbBIN P E Uy, HA3bIBAETCA CXOIAIIAMCS YCAOEHO, €CIIU
k=1
OH CXOJIMTCsI, HO HEe abCOIIOTHO.

AbcosroTHasT CXOAMMOCTh OOYCJIOBJIEHa BBICOKOW CKOPOCTBIO CTPEMJIEHHS K HYJIIO ODIIEro
YIeHa Psjia. YCIOBHAS CXOAUMOCTE O3HAYAET, UTO HEJIOCTATOYHO BBICOKAsI CKOPOCTD CTPEMJIEHU ST

K HYJIIO ODOIIEro 4ieHa psjga KOMIIEHCUPYETCS TeM, 4YTO YJEHBbI PAJia PA3HOI0 3HAKA YaCTUIHO
“racdaT’ ApYT JpyTa.

IIpumepsl uccie/1oBaHnsT 3HAKOIIEPEMEHHBIX PSI0B.
1. TIpumep abCOIOTHO CXOJSAIIETOCH Psijias

i si;;k ‘

k=1

PH,ZL C MOAYJIAMUA CXOJUTCA II0 IPU3HaKyY CpaBHEHHA CO CXOAATTUMCE] O606HL€HHI)IM rapMo-

HUYECKUM PSAIOM:
. |sink L lsink| <=1
> Iz :ZT<Zp<+“-
k=1 k=1 k=1

2. Ilpumep yCJIOBHO CXOJIATIErOCs Psijia.;



Pan ¢ momyasimu (rapMOHMYECKUI Psifl) PACXOIUTCS:

o) _1k
> |5-

SuaguT, abCOTIOTHON cxoauMocTu HeT. [IpoBepuM OOBIMHYIO CXOMUMOCTH IO MPU3HAKY
JleitbHura:

= +00.

=1
k
k=1

L 6 im =0 = ié“JV
U = — bIBacT 11m — = CXOOUTCHA.
k L y ) kosoo K et k il

CiteoBaTEILHO, PSIJT CXOIUTCS YCJIOBHO.

3. Ilpumep pacxogdrerocs psjia:

[e.e]

k1
2

k=1
He BobImosineno HEOOXOIMMOE yCIOBUE CXOTIUMOCTH:

k+1
limizl%O.

k—o0 k

1.4. HexkoTopsble cBoiicTBa 6€CKOHEYHOTO CyMMWPOBAHUS

Hamomuum cBoiicTBa CyMMbI KOHEYHO YHUCJIA CJIATA€MbIX, MTO3BOJISIONINE MEHITH TOPSJIOK CYM-
MUPOBAHUS.
AcconmaTnBHOCTD CJIOYKEHUS, TPYIITUPOBKA, CJIaraeMbIX:

(a+b)+c=a+(b+c)=a+b+c
KoMMyTaTHBHOCTD CJIOXKEHHSI, IEPECTAHOBKA CIIATaCMbIX:
a+b=b+a.
JucTpuby THBHOCTD CJIOYKEHUS N YMHOYKEHUs U €€ CJIe/ICTBHUE:
(a+bc=ac+bc = (a+0b)(c+d)=ac+bc+ ad+ bd.

[Ipu orpejie/IeHHBIX YCIOBUAX 9TH CBOWCTBA IEPEHOCATCH Ha CYMMUPOBaHUE ODECKOHEYHOTO
YHUCJIa CJTaraeMbIX.

1. Ecim psin cxonurest (He obsg3aTe/bHO abCOIOTHO), TO JIOIMYCTHMA TPYIIIAPOBKA Cjiarae-
MBIX. JI100bIe TPYIIIIBI CJIaraeMbIX MOXKHO 3aK/IIOUUTH B CKOOKH , IIPOCYMMHPOBATDH CJIara-
eMble B CKOOKaX, MOJIYIUTh HOBBIN PsJl, OH TaK:Ke OyJIeT CXOIAINMCA U €ro CyMMa paBHA
CyMMe UCXOJTHOTO psijia:

U + Uo + Uz + Ug + Uz + Ug + U7 + UK + Ug + Ug + UL + ... =
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= (uy + ug + ug) + (ug + us) + (ug + uy + ug + ug) + (ugp +ugy) + ... =
S——— ~—— d N——

Vv
V1 v2 v3 V4

=V +Vy+U3+Vs+....
PaCCMOTpI/IM CXOATIUNCA PAJT (CXO,ILI/ITCH YCJIOBHO, IIO IIPU3HAKY ﬂeﬁ6HI/IHa)S

11—|—1 1+1 1+1
2 2 3 3 4 4

Haiinem cymmy psijia 1o ompejieieHuto:

n :17 .
{SQH = S=IlmS, =1

1
SQn: 1_n_+1 n—00

OtHako MpoIre HafiTH CyMMy, CCPYIIIIPOBAB CaraeMble O MapaM U BBIYUCIUB CHAYAIA
3HAYCHUA B CKOOKAX:

11 11 11
1+ ==+ —— = )+ =1 =1
+(2+2)+(3+3)+(4+4)+ +0+0+0+

['pyrnmmpoBKa cjaraeMbIX pacxosIerocs psijia 3amperena. Hampumep,
l1-1+1—-141-1+...4(1-D)+1-1)4+(1-1)+...=04+0+0+...=0.

ObparHoe jeiicTBHe, T. €. PACKPBITHE CKODOK JIJIsl CJIAaraeMbIX CXOJISIIErOoCs Psijia JIOIy-
CTUMO, TOJTBKO €CJTU TIOC/IE STOTO BHOBD MOy IAETCS CXOAAIUNACS Psil. DTO TMOITBEPZKIaeT
NPEIBIYIINN IPUMED, “TIPOYUTAHHBIN CIIpaBa HaJIEBO.

. Eciu psii exomurest abcoTIOTHO, TO JOIyCTHMAa ITEPECTAHOBKA CJIaraeMbIX: JIFOOOH psil, TO-
JIVIEHHBI U3 HEro MepPecTaHOBKOW CJIaraeMbIX, TOXKE CXOJUTCA abCOJIIOTHO U €r0 CyMMa
COBIIAJIAET C CyMMOU ucxoiHOro psijia. [lof mepectanoBKoil cjiaraeMbIX IIOHUMAETCS CJIeTy-
tomee: mycthb f : N — N — 6uekrusHOe (B3auMHO OJJHO3HAYHOE) OTOOPAYKEHIE MHOXKECTBA
HaTypPaJbHBIX YHCeJ B cels, Toraa

Z U = Z Uf(k).
k=1 k=1

HepeCTaHOBKa CJIara€MbIX YCJIOBHO CXOJANICIOCA PAJla MOXKET IIPUBECTU K USMEHEHUIO €10
CYMMBbI NJIA BOO6HL€ K PacCxXOoJIuMOCTHU:

11 1 1

1
T2f3TaT5 76"

PaCCMOTpI/IM CJIG,ILYIOHLHﬁ BapHuaHT IIepeCTaHOBKHU U HOCJIG,ZLyIOHLGﬁ I'PYHIIMPDOBKU CJlarae-

MBIX:
PR AU S U A N S S B U S
2 4 3 6 8 5 10 12
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11 1 1 1 1 1 1 1 1 1 1

2 4+6 8+10 2 2 2 3 4+5 6+

[Tostyanicss UCXOHBIH YCTIOBHO CXOAsIIIHiics psif ¢ Koaddunumentom 1/2, 1. e. ero cymma
B /IBa pa3a MeHbIIe TIepBOHAYAIBHOII.

[IpuBesiem 6e3 goKazaTebCTBa TeopeMy Pumana: eciu psji CXOJIUTCH yCJIOBHO, TO B HEM
MOKHO TaK U3MEHHUTDH IOPSI0K CYMMHUPOBaHUsI, UTO CYyMMOIl psiga OyaeT Jiroboe Hameper
3a/IaHHOE YUCJIO WM OECKOHEYHOCTb.

3. ABCOJIFOTHO CXOMSIIMUECs PSAIbI MOXKHO IT€PEMHOYKATH AHAJOTMYIHO KOHETHBIM CYMMAM:
KaXKJIbIfl YJIeH OJIHOTO psijia YMHOXKAETCd Ha KaxKJIbIi 1jIeH JIpyroro psja. B pesyibrarte
MIOJTy 9aeTcs TaKxKe abCOIIOTHO CXOJIANINNICS PsiJl U er0 CyMMa paBHa ITPOU3BEJICHUIO CYMM

IIepEeMHOZKaEMbIX PAI0B.
00 0o 00
E Ug - E (A E Uk
k=0 =0 k,l=0

[TockoJIbKY psijl, COCTABIEHHDBIN W3 IPOU3BEICHUI, CXOIUTCA aOCOIOTHO, TO HEBAXKHO, B
KaKOM IIOPsAJIKE TTPOU3BOJIUTL X cyMMupoBanue. Hanbosee oy isipHble BapUaHThI:

oS SIS 00 oo k
E UEU = E E UV, = E E UKV = E ULV —k-
k=0 k=0 1=0 =0 k=0 k=0 [=0

Taxum obpa3oM, cBOHCTBA KOHEYHOTO CYMMHPOBAHHS B IIOJHON Mepe IMePEeHOCSITCS TOJIBKO
Ha aDCOJIIOTHO CXOJIAIINECS PAJIbI.

Yupaxkuenue. JlokazaTh cBoiicTBa 1, 2 66CKOHEYHOTO CYMMUPOBaHUSI.

1.5. IIpmbamkeHHOe BBIYHNCJIEHNE CyMMbI P
o

JlotmycTuM, 9UCIOBOI psi/t E U, CXOJUTCSI, HO €10 CyMMY S BBITHC/IATH HEBO3MOXKHO WJIH TPY/I-

k=1
HO. B KkauecTse HpI/I6JII/I}K6HHOFO SHa4YeHUusdA CYyMMBbI DgAlda €CTECTBEHHO 6paTI> €ro 4aCTU4IHYIO

CyMMYy:

S~ S,.

[TorpemnuocTh 3TOrO NMPUOJIMAKEHHOTO PaBEHCTBa PaBHA

|S — Sul =|Rnl, Rn.= Z U} — OCTATOK PSJIA.

k=n+1

[Tockombky S, — S, T0 R, — 0 u npu 10CTATOIHO OOJIBITAX HOMEpAX 1 3HAYEHNE JaCTHIHON
CYMMBI .S, CTAHOBUTCSI CKOJIb YTOJHO OJIM3KAM K CYMMe psijia S, & OCTaATOK CTAHOBUTCS CKOJIh
YTOTHO MAJIBIM.
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Y100bI BBIYUCIUTD NPUOJINKEHHOE 3HAYEHNE CYyMMbBI PsIa ¢ TOYHOCTBIO £, HAJI0 10100paTh
TAKON MOPSIJIOK N, 9To |R,| < €. [l 97010 UCmosb3yoTest ciieiyoline OlleHKN OCTaTKa.

JIemma 1.11 (Ouenku ocrarka cxogsierocs psia). [lycrs ug > 0.

o0
I. Ecin psn —1)*u;, cxomures mo npusnaxy JleiiGHumna, To
p
k=1

’Rn‘ < Upg1-

[e.e]

II. Ecnu psi E U CXOJUTCS 110 UHTETPAJIbHOMY ITPU3HAKY, TO
k=1

R, </ w(z)dr, u(k) = ug.

o)

III. Ecan psn E U} CXOIUTCs 10 npusHaky Hamambepa, To, HaYMHAsI ¢ HEKOTOPOI'O HOMeEpa

k=1

Ng, BEpHA OIIEHKA,
14+¢ . Uk+1
R, < u, , c¢= lim
1—c¢ k—oo U

n = ng.

Homep ngy 3aBucuT OT KOHKPETHOTO psijia. A MMEHHO, 9TO HOMEp, Ha9MHAs ¢ KOTOPOT'O BBITIOJI-

HdeTcd

Untl c+1
< .
U, 2

Zoxazameavcmeo. Hokazkem yTBep:kaenue [. OneHky ocraTka psija, CXOIANIErocs Mo IPU3Ha-
Ky JleitOHUIIA, MOXKHO BBIBECTH C IIOMOIIBIO METOIOB PACCYZKIEHUsI, aHAJOIUIHBIX J0KA3aTe/ b
CTBY caMoro npusHaka Jleifibaura.
[IycTh 3HAKOUYEPE Y IONTUICS s/l
oo

Z(—l)kuk = —U + U — U3+ UL — ...
k=1

cxojuTes 1o npusHaky Jleibaura Kk cymme S. Crie0BaTe/IbHO BBIIOJIHEHBI YCJIOBUS TOTO IIPH-
3HaKa, B YaCTHOCTHU Uj yOLIBaeT.
PaccmoTpuMm mocsie1oBaTeIbHOCTH YACTHIHBIX CYMM YETHOT'O U HEYETHOTO MOPSIKA:

Sgn = (—u1 + UQ) + (—U3 + U4) +...4+ (—Ugnfl + u2n) = {Sgn} y6bIBaeT;

<0 <0 <0
Sons1 = —uy + (ug — uz) + (ug — us) +. .. + (ugp — u2pr1) = {Sons1} BO3pacraer.
~— —
>0 >0 >0
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Suaunr, S = inf{S,,}, S = sup{Sa,+1}. Orcroga MOKHO IOJIYYUTH OIEHKY OCTATKA PsJia
) ) +
YETHOI'O 1 HEYETHOI'O IIOPsAJIKa:

SQnJrl < S g S2n = SQnJrl - SQn < S - SQn < 0 = —U2n+1 < R2n g 07

Sont1 K<< Sopnpa & 0S5 = 5941 < Sopt2— S+ & 0< Ropgr < Ugngo.
B srobom ciyaae nosydaercs |Ry,| < Uy O
Bameuanue 6. Ilociaeanne nepaBeHCTBa, BHIBEICHHBIC B JJOKA3aTCILCTBE, IIOKA3BIBAIOT, 9TO Y
3HAKOYEPEIyIOIEerocs psjia 3HAK ocTaTKa R, OIpeIe/seTcs 3HAKOM ero IIepBOro CIaraeMoro
(—1)"*u, 11 1 Mo aBCOMOTHON BesIMUUHE He MPEBOCXOJUT Uy, 1. [IOCKOIBLKY BCIO CyMMYy psijia

MO2KHO CYHUTATb €I0 OCTaTKOM HYJIEBOI'O IIOPpAdJdKa, TO CyMMa HMeET TOT 2KE€ 3HaK, 9YTO II€pBOE
cJlaracMoe Ui, 1 110 MOAYJIIO HE ITPEBOCXOIUT U7 .

Yupaxkuenue. Ha ocHoBe MeTO/IOB JI0Ka3aTeIbCTBA MHTEI'PAJBLHOIO MPU3HAKA U IIPU3HAKA
Jamambepa, nokasarh yreep:kaenusd 11 u I jremmbr.

ITpuMepsb! TPUOINXKEHHOTO BBIYUCIIEHUSI CYMMBI PS/IA.

1. Haittu npubsmkennoe 3HadeHue CyMMBI Psjia ¢ TOYHOCTBIO € = (), 1:
> (_1)k+1
>
k=1
DTOT psiJl 3HAKOUEPEYIOMUNCS, U JIJIsi HErO BBIIOJTHEHBI yCJIOBUs TpU3HaKa Jleitbaua:

up = e yObIBaeT, khj& i 0.

SHauuT, PsJL cxoauTced 1o npusnaky Jleitdnura. CoracHo 3amMedanuio 6 cyMMa 3TOro psijia
KOHTPOJIMPYETCs MEPBbIM CJIaraeMbIM: OHA MOJIOKUTEIbHA U HE IIPEBOCXOIUT 1.

Borancsmm npubimKeHHYI0 CyMMy 9TOIO Psijia € MOMOIIBIO YaCTUYHON CyMMBbL: S & S),.
HaiiyieM 1oxosiuii opsiioK 9acTUaHONR CyMMBbI U3 OIeHKH ocraTka paa (jdemma 1.11,
nyHkT I).

[Tockonbky |R,| < .1, TO Halljist HOMED N, YJAOBJETBOPSIONIUI HEPDABEHCTBY Uyt < &,
MBI rapanTupyeM |R,| < u,41 < €

1
Upp1 e & ——<0,1 & n=>2v10-1~=2,16.
(n+1)2

CJ'IG‘,ZLOBaTeIIbHO, JOCTAaTOYIHO B34dTb N — 3. Takum O6p&30M7

(—1)k+1 1 1 31
ZTQ 3:1—14—5:%%0,86 ¢ TouHocThio € = 0, 1.
1

00
k=
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2. Haiitu mpubimkenHoe 3Ha4eHne CyMMbI psijia ¢ TOYHOCTBIO € = (), 1:
oo
1
2
k=1

DToT PAL 3HaKOHOJIO}KI/ITeIIbeII71, n IJid HEro BBIIIOJIHEHBI YCJIOBUA MHTErPaJIbHOI'O IIPU-
3HaKa:

> dx
u(z) = —5 HempepbiBHA 1 yObIBaeT Ha [1; +00), —  cxozuTes.
x .

SHAYUT, P CXOAUTCS [0 WHTErPAJIHLHOMY MPU3HAKY. Bbraucimm npubInKeHHyo CyM-
My 9TOrO psijia C IMOMOIIbI0 YaCTHIHON cyMMbl: S & S,. Haiijgem nojaxossimmii mopsiaok
YACTUIHON CYyMMBI U3 OIEHKH ocrarka psija (emma 1.11, mynkr II).

[o.¢]
[ockonbky R, < / u(z)dz, To Halag HOMED N, YIOBJICTBOPSIONINIT HEPABEHCTBY
n

oo
/ u(z)dr < e, Mbl rapanTupyeMm R, < €:
n

00 < g 1
/ wz)de <e o / <01 & -<01 & nxl0
n n xXr n

CirenoBaTesibHO, J0ocTaTOUHO B3Th N = 10. Takum obpasom,

ilmq—1+1+1+1+1+1+1+1+1+1—
Loz 0T 4T 91625 36 49 64 81 100

1968329
~ 1270080

PaccmoTpennble mpuMepbl TOKA3bIBAIOT: I TPUOJINZKEHHOTO BBIYUC/IEHUS CyMMbI PAJIa U3
00paTHBIX KBaJIPATOB TPeOyeTCs: Topasjio OOJIBINE CIaraeMbIX, YeM g TPUOJIUKEHHOTO BbI-
YUCJIEHUSI C TOM K€ TOUYHOCTHIO CyMMBbI AHAJIOTHIHOTO 3HAKOIEPE Y IOIIErocst psiaa. JTO 3HAUUT,
YTO CKOPOCTDH CXOJUMOCTH 3HAKOIIEPEMEHHOTO Psijia BBINIE, YeM CKOPOCTH €ro »Ke abCOJIIOTHOM
CXOJIMMOCTH.

,95 ¢ Tounocthio € = 0, 1.

2. @OyHKNOUOHAJbHBLIE IIOCJIEA0BATEILHOCTA N PSIIbI

2.1. (I)YHKHI/IOHaJILHbIe ImocJjie 10BaTE€JIbHOCTHA

Iycrs {f,(z)}52, — Geckomednast mMoCIe10BATEILHOCTD YUCIOBBIX (DYHKIMIT OHON BEIeCTBEH-
HOM IlepeMeHHOM, (DYHKIMOHAJIbHAS 110CJIE/I0BATEILHOCTb. [Ipn KOHKPETHOM 3HAYEHUU Iiepe-
MEHHOIl 2 IOJIy9aeTCsl MOCIIeIOBATEIBHOCTh KOHKPETHBIX UHCENI, YHCJIOBast IOC/IEI0BATEIb-
HOCTb.

22



Onpepnenenne 2.1 (Cxomumocts B Touke). IlocienoBaresbHocTb (DYHKIWMH f, CXOmUTCS K
dbyukuu f B Touke xry € R, ecam ducaoBasg MOCAEI0BATEIBHOCTD [y, (o) CXOMUTCA K IHUCITY

f (o).

Onpepenenne 2.2 (Iloroueunas cxopumocts Ha MHOXKecTBe). [lyers X C R.
[TocnenosarenprOCTh DyHKIWMIT f,, cxonuTesa K GyHKIUN f nomovewro Ha MHOYKecTBe X, eciin
fn cxomuTed K f B Kaxk 10t Touke T € X.

[Toroueunyio cXOAUMOCTb MOYKHO 3allACATh OJHHM W3 CJIELYIOMNX CIIOCODOB:

lim f,(x) = f(x) Ve X;

fulz) = f(x) Vre X,
|fu(z) — f(z)| = 0 VzeX.

N3 omnpenenenund tpejesia mojydaeM cjejyioniee (popMabHOE OMUCAHUE TTOTOYETHON CXO/IH-

MOCTH:
Ve e X Ve>03ng(e,x2): n=2ng = |fulz) — f(z)| <e.

Onpepenenne 2.3 (PaBnoMmepHas cXOIuMOCTh Ha MHOXKecTBe). Ilycth X C R.
[TocsienoBarebHocTh byHKIWMI f,, cxoauTcs K GyHKIUN f pasromepro Ha MHOKeCTBe X , €Cin
HanboJIbIlIee OTKJIOHEHNE MEXK Iy 3HadeHusMu f, u f Ha MHOKecTBe X CTPEMUTCS K HYJIIO.
PaBromepHy10 CX0/IMMOCTH MOXKHO 3aIUCATH OJIHAM U3 CJIE/LYIONIUX CIIOCOOOB:

fa(2) = f(2) Ha X
sup | fu(z) — f(2)| — 0.

U3 onpeesnenus mpe/ena moayvaeM cieyornee (hopMaibHOe OMUCAHIE PABHOMEPHO CXO/H-
MOCTH:
Ve > 03dno(e): n=ng = sup|fulz) — f(z)] <e.
zeX

A 1OCKOJIBKY

sup [fu(2) = f(2)] <& & [fale) = f(2)] <eVre X,

zeX
TO OKOHYATE/IbHO IIOJIyYaeM:

Ve >03ng(e): n=ng = |fu(z) — f(z)| <eVreX.
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PaBHOMepHaH CXOIMMOCTD — boJjiee cUIbLHOE CBOfICTBO, YeM IIoTOYCHHAAd:

sup | fu(z) = f(2)| = 0 = [fulz) = f(z)| >0 Vze X
zeX
OrpejiesieHust MOTOYEIHON 1 PABHOMEPHON CXOMMMOCTH ¢POPMYIUPOBAHBIL JIJIsI IIPOU3BOJIb-
noro muoxkecrsa X C IR, HO wale Bcero MCIOIb3YIOTCH, KOTJIa X — YUCIOBOI ITPOMEXKYTOK.
Hanee canraem X = [a;b).

CpaBHuM CBOMCTBa MOTOYEYHOHN U paBHOMEPHOI cxoumocTu. [IponsposibHO BbIOEpeM £ > (.
Eciu f,, cxoqures K byHKIMU f paBHOMEPHO Ha IPOMEXKYTKe [a; b], To, HauuHast ¢ Homepa ng (),
rpadurn dyukmii f,(x) nonagaoor B e-kopuaop rpaduka f(z) (puc.6). Ipyrumun croBamu,
cripaBe/nBa anmnpokcumMams f,(z) &~ f(z) ¢ TouHOCTBIO £ cpaldy i BceX Todek & € [a;bl.
DT0, B 9ACTHOCTHU, O3HAYAET, ITO Il IOCTATOIHO 60JIbIux n rpadukn f,(x) n f(x) Busyaasao
Hepa3InIUMbI.

Ecin ke cxonmMocTh oToYedHast, HO He PABHOMEPHas, TO TOIXOJAIIMNA HOMED Ny 3aBUCHT
HE TOJIBKO OT €, HO U OT ToukM & € [a;b]. Her Takoro momepa, HaumHast ¢ KOTOporo rpaduku
fn(z) menmkoM monagaroT B e-Kopumop rpaduka f(x) Ha mpomexkyTke [a;b]. AnmpokcmMariis
fn(x) = f(x) ¢ TOUHOCTDIO € JTocTHUrACTCA B PA3HBIX TOUKAX T € [a; b] IPH Pa3IMIHbIX HOMeEpax
n, TPUYEM MHOXKECTBO TAKMX HOMEPOB He OIDAHMYeHO CBepXy (MHAUe MOYKHO ObLIO ObI B3ATh
BEPXHIOI I'PAHUILY B KAYECTBE €JIUHOIO MOJXO/IAIIEr0 HOMEPA).

%

Puc. 6

IIpumepsl ucciieloBaHusT TUIIA CXOJUMOCTH.
1. fo(z) = 2™ — 2™, f(z) =0, [a;b] = [0;1].
[IpoBepum HasmIme HOTOUYETHON cxoumocTi. PuKcupyem ToUKy x € [a; b].
Ecm 2z =0um x =1, 10 f,(x) = 0.

Ecm 0 <z <1, T0

" = 0,2"" >0 = fu(z)=2"—2""" = 0 npun — occ.
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Buaunt, f,(z) = f(x) VYa € [0;1].
[IpoBepum Ham4Ine paBHOMEPHOI cxoguMocTu. Paccmorpum

sup |fu(z) — f(z)] = sup |2" — 2" — 0| = sup (2" — ") = max (2" —

n+1).
x€[0;1] ze[0;1] z€[0;1] z€([0;1]

CynpeMyM MOXKHO 3aMEHHTb Ha MakCHUMyM:TpoMexkyTok [0; 1] 3aMKHYTbI u byHKIHsI
fo(x) = 2™ — "' HenpepbiBHA, MOSTOMY OHa MMeeT HamboJIblllee 3HAUEHHE Ha TOM
npoMexxyTke. Hanbosbiee 3nadenne (pyHKIMM JOCTUTAETCS JIMOO B TOYKAX JIOKAJIHLHOTO
9KCTpEMYyMa BHYTPHU MPOMEXKYTKA, JTUO0 HA KOHIIAX ITPOMEXKYTKA.

n

s yenosua (2" — z") = na"! — (n + 1)2™ = 0 HaXOMUM TOUKY, B KOTOPOH MOXKET

OBITH JIOKAJIBHBII 9KCTPEMYM:

1 ! € (0;1)
To=1——— ;1)
0 n+1 )

CpasunMm 3Hadennst GyHKIMA f,,() B TOUKe T 1 Ha KOHIAX mpomexyTtka [0; 1]:

£u0) = fu(1) =0, fn(ﬂfo):<1— 1 )"—(1 1 )

n+1 _n+1

[Tocennee 3nauenue siByIseTCs HAKOOJIBIINM Ha npoMmexyTke [0; 1]:

A 1 \" 1\ 1 \" 1
max (z" — 2" ) = (1 — —|1- =(1—- — 0.
z€[0:1] n+1 n+1 n+1 n+1

JleficTBuTe/IHHO,

1 \" 1 1 \" 1
lim (1— = lim (1— - lim =e1.0=0.
n—00 n—|—1 n—|—1 n—o00 n—|—1 n—oo N 4+ 1

Taxum obpaszom, f,(z) = f(x) na [0;1].

0.257

0.207

0.154]

0.107

0.05+

Puc. 7
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Ha puc. 7 m3o6pazkenbl rpad UK MepBbIX HECKOJIBKIX YJIEHOB TIOCTIeI0BATEILHOCTH [, ()
u rpaduk ynkipn f(x) = 0 (coBmamaer c¢ ocbio abcumee). Kaxk Bujno, nHambosbiee
OTKJIOHeHne Mex iy rpadukamu Gyukimn f,(z) u dyakinuu f(z) = 0 nocsemgoBaTeabHO
COKPAIIAeTCA MIPU N — 00. DTO MOJTBEPKIAET HAJTUINE PABHOMEPHON CXOIUMOCTH.

 folm) = 2" — 2™ f(x) =0, [a;b] = [0;1]. Tloroyeunas cXoAUMOCTH HPOBEPAETCS TOTHO
Tak ke, Kak B npumepe 1: f,(z) — f(z) V€ [0;1].

[TpoBepka paBHOMEPHOI CXOIMMOCTH, KaK U B TPUMepe 1, CBOJIUTCS K aHAJN3Y BEJTUIMHBI

sup |fu(w) — f(2)] = max (2" — ™).
xz€(0;1] z€[0;1]
s yenopus (z" — 22") = na™ 1 — 2na?"~! = (0 naxoauM TOUKY, B KOTOPOil MOXKeT ObITh

JIOKAJIbHBIH 3KcTpemMyM dbynkiuu f,(z) = 2" — 2"

To = S (0,1)

1
2
Cpasuum 3nadenns Gynkiun f,(z) B ToUke o 1 Ha KoHIAX nmpoMexkyTtka [0; 1]:

1\" 1\ 1
(0) = (1) =0, falw)=(—=) —(—=) ==
RO =60 =0 fiw = () - (5) -
[Tocsenee 3HaueHue sIBJII€TCS HAMOOJIBININM Ha npoMmexyTke [0; 1]:
1
n 2n
— ) == 0,
A

Takum obpaszom, f,(x) — f(x) noroueuno na [0; 1], HO He paBHOMEpPHO.

0.257
0.204
0.157

0.104

Puc. 8

Ha puc. 8 uzobpazkenbl rpaduKi MepBbIX HECKOJBKUX WIEHOB II0C/Ie10BaTeIbHOCTH [, ()
u rpadbuk dyuknun f(x) = 0 (coBmamaer ¢ ockio adcrmce). Kak BuHO, HamboJIbIIee
oTkJIoHeHne Mexy rpadukamu Gyakuun f,(x) n dyuxmun f(x) = 0 ocraercs mocTo-
STHHBIM, OHO HE COKPAINAETCs IPU 1 — 00. DTO TOITBEPKIAET OTCYTCTBHE PABHOMEPHOM
CXOJIUMOCTH.
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Teopema 2.4 (CpoiicTBa paBHOMEPHO CXOJSIIUXCs mocsenoBarenbrocteit). [ycrs [a;b] C R.

I. Eciin dbyukiun f, (x) nenpepsisabl u f,,(x) = f(x) na npomexyrke [a;b], To dbyukius f(z)
TOXKe HelpepbiBHA Ha [a; b].

II. Ecm dbyukmun f,(z) veupepsBubl u f,(z) = f(x) Ha npomexyrke [a; b, To

/j fa(t)dt = /: f(t)dt na [a;b)].

(s [ o= [t s

/ab fo(x)de — /abf(x)dw.

B wactrocTn

[II. Ecau dynkuuu  f,(x) wenpepsiBHO nuddepeHnupyemMbl Ha HPOMEXYTKe [a;b],
fn(z) = f(z) n mocenoBaTeILHOCTH TPOU3BOAHBIX f () CXOIUTCS PABHOMEPHO Ha IIPOME-
KyTKe [a;b], To dyrkuus f(z) Takzxke HenpepbIBHO auddepeHnupyema

fi(xz) = f(z) na [a;b].

(lim fi(@) = (lim fu(@))')

Jlokasameavcmso. 1. Ilycrs xy € [a;b]. Heobxomumo mokazars, arto lim f(x) = f(zg), Te.
T—T0

Ve>030(e) >0: |[x—zo| < = |f(x) — f(zo)| <e. (2.1)

Badukcupyem npoussosbHoe € > 0. [lo yesosuto Teopemsr f,,(r) = f(r) na npomexyrke |a; b],
TorjIA

Ino(e) : n=no = |fule) — f(2)] <§ Vo € [asb).

Bribepem u 3adukcupyem npousBosbHOE 1 2> ng. 1o yciaouio Teopembr dbyukims f,,(x) Hempe-
pBIBHA Ha IPOMeEXKYTKe [a;b|, B TOM umcsie B Touke xo. Torga Jyist JaHHOTO &

3(e) : |z —wo| <6 = |fulx) — Fulzo)| < %

Nmenno 510 3uavYeHre 0 MOXKHO B34Th B (2.1). [eiicTBUTeIbHO, 10 HEPABEHCTBY TPEYTOJIHHUKA
JJIA MOILYJIS

F(@) = Flao)| < 1F(2) = ful@)| 4 |fal@) = Falwo)| + |falao) = flao)| < S+ 5+ 5 =<
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II. U3 menpepwiBrocTH byHKIWiA f,(x) (a Takzxke npeienproii dyskimn f(x) mo myHkry I)
BBITEKaeT nxX naTerpupyemMocts’. HeobxommMo 1oKa3aTh, 9To

/j £ () — /jf(t)dt

Badurcupyem mnpoussosbhoe € > 0. Ilo yemosuto Teopemsr f,(t) = f(t) na npomexyTke [a;b],
TorjIA

Ve > 03ng(e): n=>ng = <e Vx € [a;b]. (2.2)

Tno(e) : n=np = |fult) — F(B)] < ﬁ Vt € [a;b].

NnmenHO 9TO 3HAYEHWE 79 MOXKHO B3Th B (2.2). [eficTBUTEIbHO, IO CBOWCTBAM OIIPEJIEIEHHOTO
UHTerpaJa

/j £a(D)dt — /:f(t)dt' _

I1II. ITo ycmoButo Teopemsbl f! (x) HEIPEPBIBHBI, & CIE0BATEIBLHO HHTETPUPYEMBI Ha, ITPOME-
KyTke [a;b]. O6o3HaunM cumBosioM ¢(x) Ty (DYHKIO, K KOTOPOH CXOIMUTCS MOC/IEI0BATE b
uocts f)(z): fl(z) = g(z) na [a;b]. Cormacuo cBoiictBy 1 dbynknus g(x) Toxe HepepbIBHA Ha
npomexxyTke [a; b, a mo cpoitcrBy 11

x(fn(t> dt‘ /!fn \dt<b6a(az—a)<s.

/:f,;(t)dt:fn( — fula :/ £)dt wa [a;b].

Opraxo 1o ycesosuio teopeMsl f,(z) — f(z), a snaunt, f,(x) — f.(a) = f(z) — f(a) B kax g0l
Touke = € [a;b]. 113 eqUHCTBEHHOCTH Ipeiesia 3aKIII0IaeM, ITO

ITo Teopeme Bappoy f'(x) = g(z). Orciona Boitekator yrBepxaenus 111 dynknus f(x) Hempe-
peiBHO Juddepentpyema u f)(x) = f'(x). [onytHo nmomyaaem, aro u f,(x) = f(x). O

IIpumepbl, nJUTIOCTPUPYIOIHE Ba*XHOCTH yCJIOBUI TeopeMbl 2.4.

1. B nynkrax I u II Teopembr 2.4 cyIecTBEHHO HaJUYNE PABHOMEPHON CXOIUMOCTH
fo(z) = f(z). Ecim samenursp 310 TpeboBanme Ha IIOTOYEYHYIO CXOJUMOCTB, TO
YTBEPKJICHUS TIEPECTAHYT OBITH BEPHBIMH.

PaccmorpuM mocsieioBaTe/IbHOCTL HelpepbIBHBIX GyHKIWi f,(z) = 2" (puc.9). Ha mpo-
mexkyTke [0; 1] oHa cxofmTest K pa3pbiBHOI (yHKIHNT

f(x):{g), v €[0;1)

, =1
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~o——— =

&

Puc. 9

CXO,ZLI/IMOCTI) IIoTO4YC4YHasd, HO HEe paBHOMEpHad, TaK KaK

sup |fu(x) — f(x)| = sup 2" =1-» 0,
z€[0;1] z€[0;1]

CiteoBaTeILHO, IPU OTCYTCTBUN PABHOMEPHO CXOIMMOCTHY TIpeie/ibHast (PYHKITUST MOXKET
0OKa3aTbhbCd Pa3pPLIBHOM.

[Ipumep, MOKa3bIBAIONINI, YTO TOTOYETHAs CXOIUMOCTDH MOXKET He BbIJIEPKATh MHTErPU-
poBanust, umeercst B yaebuuke [1]; crp.300.

2. B mynkre III Teopembr 2.4 BayKHO TPEJITONOKEHNE, YTO MTOCIEI0BATE/THHOCTD ITPOU3BO/I-
ubIX f!(x) cxomurest papHoMepHO. V3 cxopmmoctn camux dyHKwmii f,(x) He ciaemyer cxo-
JIIMOCTH TIPOU3BOJIHBIX, T. €. MuddepeHImpoBaHie He COXPAHSET CXOAUMOCTh (B OT/IHYNe
or uHTerpupoBanus). Muade ropopst: (byHKIMU MOTYT NPUHUMATH OJIM3KUE 3HAYECHUSI U
IPU 9TOM UMETh CYNIECTBEHHO PA3JIMIHbIE MPOU3BOJHBIE (9TO OYEBUIHO U3 MEOMETPHYIE-
CKOT'O CMBICJI& IIPOU3BO/IHOIN).

PaccmorpuM 110c/1e/10BaTe/IbHOCTL HENPEPBIBHO TudDepeHnnupyeMbix (DyHKIINMA, CXO/Is-
muxcst (v gazke papHoMmepro) K dyukrun f(x) = 0:

sin nx
Fulw) = 22— f(a) = 0 017,
|sinnz| 1
sup |fu(z) = f(z)] = sup —— < — = 0.
z€[0;7] z€[0;m] n n

[Tocae nuddepennmpoBanns CXOAUMOCTD (J1azkKe MOTOYeTHAsT) He COXPAHIETCS:

fr(x) = cosnz - f'(x) =0 na [0; 7).

n

L'V reepaxenne II Teopembl 2.4 ocTaHeTCsT BEPHBIM, eCJIl TpeOOBaHIE HEIPEPLIBHOCTH OCJIAOHTE 70 HHTErPU-
PYeMOCTH, HO JIOKA3aTeIbCTBO IIPU 9TOM YCIOKHUTCS, CM. yueOHUK [1]
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2.2. QPYyHKIIMOHAJIbHbBIE PSAJIbI

PacemorpuM DyHKITMOHATBHBIN PSIJT
Zuk(ac) = up(x) + uz(x) +ug(z) + .. ..
k=1

[Ipu Kaxkj10M KOHKpEeTHOM 3HadeHuu x € R mosrydaercss YucaoBoil psi.
Paccmorpum gacTuaayio cymMMmy psjia:

Sn(z) = Z ug(z).
k=1

CxomuMocTb (DYHKIMOHAIBHOTO Psijia CBOAUTCA K CXOMUMOCTH (DYHKIMOHAJBHON IOC/IE10BA-
resibHOCTH {S), (2) 22 .

[o.¢]
Omnpenenenne 2.5. OyHKIMOHAIBHDBIA PsI Z ug(x)
k=1

e cxo/uTCs B TOUKe T € R, ecom {S,(x)}5°, cxonurest B Touke xg € R;

e cxojuTcd noTodedHo Ha MuHOKectBe X C R, ecim {S,()}5, cxomuTcs mMoTouedHO HA
MuokecTBe X C R;

e cxojuTcs paBHOMepHO Ha MuHOKecTtBe X C R, ecsmm {S,(x)}5%, cxomurcss paBHOMEPHO
na maoxkecrse X C R.

Obaacmoio crodumocmu (bYHKHHOHaJIbHOFO pPda Ha3bIBa€TCA HanboJiee I POKOE MHOZKECTBO
X C R, Ha KOTOPOM DA CXOAUTCA XOTs OBl IToTOYeYHO. VHBIMUI CJIOBaMHM, 3TO MHOXKECTBO

o0
X=<zeR: Zuk(a:) CXOJTUTCS
k=1

B obnactu cxomumocT (pyHKIIMOHAIBHBIN PSIJ UMEET CYMMY:

n—oo

Zuk(:v) = lim S,(z) =S(z) Vzre X. (2.3)

Bamernm, 9TO paBeHCTBO (2.3) He JgaerT nHMOPMAIUK O THIE CXOIUMOCTH, MO YMOTIAHIIO
[10/IPa3yMEBAeTCsI TOTOYETHAS CXOMMOCTD.

QO YHKIMOHAIBHBIN PsIJT CXOIUTCA PABHOMEPHO JIMOO Ha Beell 00/1acTH CXOUMOCTH, JIMOO Ha,
KaKOM-JTu60 ee TIOJIMHOKECTBE (BO3MOMKHO, IIyCTOM ).
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ITpumep. Paccmorpum (hyHKIMOHATBHBIN i/l

o 92— kx
— k (x+1)
OO6ruit waen psja:
2—ka:
up(r) = ————.
() k(x+1)
Psn se onpenesen B Touke x = —1. B Touke = 0 psij gBjIsIeTCs TapMOHIMYIECKAM U PACXOIATCSI:
o0
1
w(0) =2, Y =
k=1
[Ipu orpuraTesbHbIX 3HAYEHUAX © (KpoMe & = —1) psii pacXOJUTCs, TaK KaK He BBIITOTHEHO
HEOOXOMMOE YCIOBIE CXOIMMOCTH:
2—km 00 2—kx /
r<0 = lim uk(x):lim—:[—]zlim (—)k/:
k—+o0 k—+o0 k’(ﬂf + 1) o0 k—+o0 (k’(l‘ -+ 1))k
. — g2k T
= lim = lim 27" = oc.
k—=+co x+1 :E+1k—>+oo

[Ipn 1OI0KUTETBHBIX 3HAYEHUSIX T PsiJl SIBJIETCS 3HAKOIIOJIOKUTETbHBIM W CXOJIUTCS 110 TIPH-
snaky Jlasmambepa:

2—(k+1)a} 1
>0 = lm @@ o Betl) oy B g o
k—too up(z)  kotoo (K+1)(x + 1)27h= h—+oo k + 1

Taxkum 06pazom, 061aCTh CXOAUMOCTH psifia — IPOMexKyTOK (0; +00).

Jlemma 2.6 (IIpusnak Beiiepirpacca paBHoMepHOil cxoaumocTu psijia). Ilyers X C R.
o

Ecimu |ug(x)| < vy auist Beex x € X 1 4ucioBoit psij E V) CXOJIUTCsA, TO (DYHKIIMOHAIHHDIIN
k=1

ps E ug(x) cxomuTes paBHOMEPHO (1 abCOJIFOTHO) Ha MHOXKeCTBe X .

Joxazameavemeso. s KarxKmoil KOHKpeTHOH Toukn - € X 9uCJIOBON psl E ug(x) cxomures

k=1
abCOJTIOTHO 110 TpU3HaKy cpapHenus. Ciie1oBaTeIbHO, Ha MHOXKeCTBe X (DYHKIIMOHAIbHBIN Pl

CXOAUTCA IIOTOYEYHO U MMeeT HEKOTOPYIO CyMMY S([L’) ,B;OK&)KGM, YTO MMeeTCd paBHOMEpHad
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cxomumoctb S, (x) = S(x) ma X. Vcnosbdyem cBoiicTBa cylpeMyMa, HEPABEHCTBO TPEYTOJIb-
HUKa JJIgd MOJAYJId U yCJIOBUA JIEMMBI:

sup |S(z) — Sp(z)] = sup |upi1(x) + upro(z) + upis(z) + ... <
rzeX reX

< sup |tp41 ()| + sup |upi2(x)| + sup |uns(z)| + ... < Vpt1 + Vg2 + Upgz + ... — 0.
reX reX reX

HOCJIerH‘HHH CyYMMa CTPEMHUTCA K HYJ/JIIO KaK OCTaTOK CXOAAHIIETOCA pPAda. ]

ITpumeps! ucnosb3oBanus nmpu3Haka Beitepmorrpacca.

sin k‘x
1. Pa CXOJIIUTCSI PABHOMEPHO Ha BCEl YUCJI0BOI IIPSAMOIL:
IL 1,

| sin k| k:x|

— k: Vz € R, Z—<+oo

0 2- kx
2. Kax y»ke ObLJIO yCTaHOBJIEHO paHee, P Z ﬁ

[Tokazkem, 4To Ha TpOMeRyTKe [1; —I—oo) OH CXOJIUTCSI PABHOMEPHO:

nmeer obsacthb cxomumoctu (0; 4-00).

2714::1:

1 =1
= ’ffﬂ 1: =
PEESTR < Vz € [1;+00), ; -

TeMm ke €110cOGOM MOXKHO MOKa3aTh, YTO DfAJ] CXOJUTCS PABHOMEDHO Ha JIIOOOM IpPOMe-
KyTKe Buja [€; +00), € > 0.

Ha pasaoMepHO cxojsiuecs HyHKIIMOHAJIBHBIE Psi/Ibl MOYKHO IIEPEHECTU CBOWCTBa paBHO-
MEPHO CXOJISAIIUXCA (PYHKITMOHAIBHBIX ITOCIEI0BATETHLHOCTEI].
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Teopema 2.7 (CpoiicTBa paBHOMepHO cxopsuxcs psaaos). Ilycrs [a;b] C R.

oo

[. Ecu dyskimn uy () HempepbiBHBL U Py Z ug(x) cXoaUTC PABHOMEPHO HA MPOMEKYTKE
k=1

[a; b], To ero cymma Toxke HenpepbiBHas GyHKIUs Ha [a; b].

oo

I1. Ecoiu dyuKImn ug () HENpepbIBHBL U Psijl E uy () cxXoamMTCST pABHOMEPHO HA, IIPOMEXKYTKE
k=1

[a; b], TO €ro MOKHO TIOYUJIEHHO WHTEIPUPOBATH:

/z (i uk(t)) dt = i/x ug(t)dt, x € [a;b)].

1. Ecim dyukuun ug(z) HenpepbiBaO guddepeHiupyeMbl Ha TIPOMeKyTKe [a;b], psi
o0 oo

Zuk(as) CXOJIUTCS U P Zuﬁg(as) CXOJIUTCSI PABHOMEPHO Ha MPOMEXKYTKe [a;b|, Torma mc-
k=1

k=1
XOJTHBIN P MOYKHO TIOWIEHHO U PEepEHITMTPOBATD:

(ZW(@) = Zu%(x), x € [a;b].

,ﬂonasameﬂbcmeo. CXO,HI/IMOCTI) pdla IIOHUMaeTCAd KaK CXOJUMOCTDL IIOCJIEIOBATCJIbHOCTU €I'0

JaCTUYIHBIX CYMM:
o0 n
E ug(z) = lim E ug(x).
n—oo
k=1 k=1

S(x) Sn(z)
JlokazarebCTBO 9TOH TeOPEMbI OIIMPAETCA Ha TeopeMy 2.4 0 CBOMCTBaX PABHOMEPHO CXOJSATIIX-
Cd IIOCJIEI0BATEILHOCTEMN.

[. @yukrus S, () HeNpepbIBHA Ha MPOMEXKYTKe [a;b] KaK cyMMa KOHEYHOIO YHCJIa Helmpe-
poiBHBIX byHKIMA u(x). [lockonbky S, (z) = S(x), To mo Teopeme 2.4, nyukr I, dyHKims
S(x) Toxke HelpepbiBHA Ha IPOMEKYTKe [a; b].

II. Oyuxrwn ug(x), Sp(x) u S(x) HENPEPBIBHBI (HOCE/IHAS — 110 TOJIBKO ITO JTOKA3AHHOMY ),
a CJIeJIoBaTeIbHO MHTErpupyeMbl Ha IpoMexyTKe [a; b]. Torma mo Teopeme 2.4, myskr 11

(S )t = [ s@yar= [ tim S,@w)dt L tim [ S,(t)dt =
[ ()= [ s

n—oo n—o0 a

—~
N
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= lim E uk(t)dt@ lim E / uk(t)dt@ E / ug(t)dt.
n—oo n—oo
¢ k=1 k=179 k=179

[II. ITpearoozkenns: TOro MyHKTa MOYKHO HMHTEPIIPETUPOBATH CJIETYIONUM 00pa30M: (PyHK-
mn Sy, (z) HenpepsiBHO nuddepeHnupyeMbl Ha npomexyTke [a;b], S,(x) — S(x) u mocaemno-
BaresibHOCTH S/ () cxoauTesi paBHOMEPHO Ha nmpoMexxyTke |a; b]. Torma no Teopeme 2.4, myHKT
I1, dbyukus S(z) Toxke HenpepbiBHO JuddepeHimpyema Ha IPpoMeKyTKe [a; b] u

!/

(lim Sn(x))/ W lim S} (z) =

g
=
8
~—
Il
=8
S
~—r
~—
I

k=1
n / n oo
. 2 .. / 3) /
= lim ;uk(w) = g;%;uk(x) = ;uk(l‘)

JlajuM oTHOBpEMEHHBIIT KOMMEHTapHil K Iernodke paBeHCTB B JjokasaresnabcTse I, III. Pa-
BercTBO (1) BhITeKaer u3 yciaosus S,(xr) = S(x) u Teopembr 2.4. PaBercrso (2) obecrieueno
JIMHERHOCThIO nHTerpupoBanus (nuddepeHnupoBanns): WHTErpas (IIPOU3BOJHASI) OT CYyMMBI
KOHEYHOIO YHCJIa CJAraeMbIX DABEH CyMMe MHTEerpaJioB (IIPOM3BOJHBIX) OT ITUX CJIATaeMbIX.
Pagencrso (3) jinnib orpazkaer ToT (GhakT, 4To CyMMa PsJla eCTh MPeJesl MOC/IeJI0BATEIbHOCTH
€ro YaCTUIHBIX CYMM. O

Croiicrsa 11, 111 o3ragator, 910 TPUHIUIIBI “WHTETPa CYMMbI PaBEH CYMMe HHTerpajoB’ u
“HpOM3BOIHAsT CYMMBI PaBHA CyMMe IPOU3BOMHBLIX IIPHU ONPEIEIEHHBIX YCJIOBUAX MOXKHO Pac-
IIPOCTPAHUTH U HA CyMMY OECKOHEYHOTO Jucja OyHKIUI.

3. Crenennble pgabl

3.1. CnoiicTBa CTENEHHBIX PSAI0B

o0
[Tycts xg, {ax}72, C R — duxcuposannsie qncia. OyHKIHOHATBHDINA PsIJ] BEIA E ap(x — o),
k=0
HA3BIBAETCsI CTEIEHHBIM PSIJIOM I PSAJIOM 110 CTeeHsM (T — Zg).
oo
YacTHbIi c/iydail CTEEHHOTO PAIa: E apx® — psm mo crenensim x, xo = 0.
k=0

CrenerHoit psij1 OOIETO BUIA CBOIUTCA K Caydaio o = 0 3amenoit t = x — xg. [losTomy s
IIPOCTOTHI M3JIOXKEHUS PACCMOTPUM TEOPHIO CTEITEHHBIX PsJIOB B caydae xg = 0, /I CTelneHHbIX
PsIJIOB OOIIEro BUjIa Pe3y/IbTaThl AaHAJOIUIHBI.

OcHOBHBIE 3aJIa49U JIJIsI CTEIEHHBIX PAJIOB: HAWTH 00JIACTD CXOAMMOCTH PsAJIa; Pa3JIOKUTh
dbyurimo f(r) B cTeneHHON psil.
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ITpumep. Paccmorpum crenennoit psi

Z:pk:1+x—|—m2+x3+....
k=0

DTOT psAJL ABJIAETCsT OECKOHEYHON TeOMEeTPHIECKOil Iporpeccueil, m3BecTHa €ro 00JIacTh CXOJIH-
MOCTH W CyMMa.:

1

ka:1+x+x2+x3+...:
1—=x

k=0

D1y bopMyITy MOKHO TakxKe CIHTATh pasyiozkenneM dynkimn f(r) = I B CTCIICHHON sl
—x
Ha mpomexyTke (—1;1).

oo
Teopema 3.1 (Teopema AbGesst). Paccmorpum creneHHoit psijt E apx”.

k=0
I. Ecimm psan cxomurest B Touke x7 € R, To 0H abCOJIOTHO CXOIUTCS BO BCeX TOYKaxX T € R,
Takux 4to |z| < |z1| (puc. 10).

II. Ecnu psay pacxomures B ToUKe To € R, To OH pacxomuTces Bo BceX Toukax € R, Takux 4To
|x| > |z2] (puc. 10).

Zloxazameavcmeo. 1. Hucosoit psi E aka;]f CXOJIUTCS, 3HAYUT BBIIIOJIHEHO HEOOXOIUMOE YCJI0-

k=0
BHeE CXOAUMOCTMH:

lim a2t =0 = Je>0: |apat] < c V.
k—ro0

Badukcupyem Touky x: |z| < |z;|. Crenennoil psiyi abCOMIOTHO CXOAUTCH B ITOH TOUKE T 110
[PU3HAKY CPABHEHUS CO CXOJAIIEHCS TeOMETPUIECKON [POrpeccueit:

T T k 00 k
U = |akﬂjk‘ = }ak{l’}]f‘ ; X C :E— = Vg, Z :1:— < 400.
1 —0 1
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[e.e]

II. Mcnonb3yeM METOJ paccyzKICHUs OT HPOTUBHOrO. JIOIMyCTHM, CTEIICHHON psil E apz®
k=0

pacxoiuTest B TOUKe To € R m mpm roMm cymiecTByer Toduka X, |x| > |r3|, B KoTOpOi psif

cxoyuted. Ho Torya coryiacHo myHKTY | OH CXOJUTCS U B TOYKE Xy, 9YTO MPOTUBOPEIUT TIPEJIITO-

]

JIOZKCHMUIO.

Caexncraue 3.2 (VeTpoiicTBO 06IaCTH CXOIUMOCTH CTEIIEHHOTO psijia). JlJis KazxK0ro crerneH-
(o]

HOTO psJia E apx” cymecrByer Takoe 3Hadenne R > 0 (BO3MOXKHO +00), 9TO PsiJi CXOIUTCSI

k=0
abcostoTHO TipH || < R u pacxomurest upn |x| > R (puc.11). Snadenne R waswpiBaeTcs paduy-

COM CTOOUMOCTNU CTEIICHHOTO pdaaa.

3 ook
A
7K
W——
Puc. 11
o0
JI1060it cTerneHHonl psijt Z apz®, oueBmHO, cxomuTCs B TOUKe T = 0.

k=0
Ecmn R = 0, To crenenHol psJi CXOIUTCA TOJIbKO B Touke T = (.

Ecim R = +00, TO cTeleHHol psi CXOAUTCs B J1000i Touke x € R.

Ecm 0 < R < 400, TO CTENEHHON psJl CXOJAUTCH, IPpUYeM a0COJIIOTHO, Ha ITPOMEKYTKE
(—R; R) u pacxoaurest Ha Muoxecrse (—oo;—R) U (R;400). B Toukax © = +£R crenennoit
PsiJl MOYKET KaK CXOJIUThCs (aOCOJIOTHO MJIM YCJIOBHO), TaK M PACXOJUTHCS — 3TO 3aBUCHUT OT
KOHKPETHOT'O Psijia U TPpedyeT OTAeIbHOIO aHAIN3a.

Jlemma 3.3 (Popmysibl pajiyca cXOAuMOCTH ). Pajimyc cXoauMocTu CTeeHHOTo Psijla MOYKET
OBITH BBIYUCJICH TI0 OJIHOI U3 (hopMy.I

R = tim 1%L (3.1)
k—o0 |ak+1|
1
R= lim ——, (3.2)

€CJIM COOTBETCTBYIONINUIT IIPesiesl CyIIecTBYeT.
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Jloxazamenvcmeo. okaxem dhopmyiy (3.1). Pacemorpum psif Z apzt.

k=0
Ncxonst uz ycrpoiicTBa 00J1aCTH CXOAUMOCTH, JIJIsi BBIYUCIEHHUST PAJINYCa, CXOJIUMOCTH JIOCTa~

TOYHO BBISIBUTH Hambosiee mupokuii marepsas (—R; R), Ha KOTOPOM PsiJi CXOIUTCS aDCOTIOTHO.
Paccvorpum psi ¢ Moty isiMu:

o0 (o9}
Z |apa®| = Z |ag||z|® — 3HAKOMOMOKUTEMLHEI PsijI.
k=0 k=0

Ucrnonbsyem npusnak Jamambepa. lomycrum, cyrectByeT npejest (0003HAYMM €ro ¢):

hm |a’k+1Hx|k+1 — ’x‘ hm |a’k+1‘ —
k—o0 ’akHl"k k—o0 |ak.]

Ecmm ¢ < 1, TO psj ¢ MOIYJIAMU CXOJUTCs, €CJAU ¢ > 1, TO Pl C MOJYJISAMU PACXOTUTC.
CirenoBarebHO, HambOIEE MUPOKNI HHTEPBAJI aDCOJIIOTHON CXOINMOCTH 3aa€TCA YCJIOBUEM

|x|khm [ax1] <l & |z|< lim 2 .
=00 |ay| koo |1

Orcroma nosydaem dhopmyity (3.1) paamyca cXoauMOCTH.
Dopmyita (3.2) BEIBOAUTCS AHAJOIMIHBIM 00PA30M Ha OCHOBE PAJIMKAJILHOIO IpU3HaKa. [

Yupaxkuenune. /lokazars dbopmyny (3.2).

Bameuanue 7. Qopmyser (3.1), (3.2) He IPUMEHUMBI K CTEIIEHHBIM DsIJIaM, B KOTOPBIX OECKO-
HEYHO MHOTO HYJIEBBIX KO3(MDMUIMEHTOB @i, a TaKyKe K psgaM, Y KOTOPBIX COOTBETCTBY IO
[peJiest He CYIIeCTBYeT. B 3Tux cirydasx pajuyc CXOAUMOCTH CJI€LyeT BHIYUCIATh PYTUMU CIIO-
cobamu.
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Teopema 3.4 (PaBHOMepHast CXOMMOCTH CTENEHHOIO Psijia U CJejcTBus ). Pacemorpum cre-
oo

TTEHHOM PsT 5 az® 1 R — ero pajmyc CXOIMMOCTH.
k=0

I. CrenenHoil psiJi CXOAUTCS PaBHOMEPHO Ha  JIIOOOM — 3aMKHYTOM  IIPOMEXKYTKe
[—p; p] C (—R; R). Ero cymma siBisiercsi HenpepbiBHO# (yHKImedi Ha (—R; R).

II. Bayrpu npomexyTka (—R; R) cTeleHHON Psiji MOXKHO TIOYJIEHHO HHTEIPUPOBATH, TP 9TOM
PaJIIyC CXOIMMOCTH COXPAHAETCS:

/ > agt” dt:Z/ apt®dt, € (—R;R).
0 \k=0 k=00

III. BayTpu npomexyTtka (—R; R) cTeneHnHoit psi MOXKHO MTOUIeHHO JudHEepeHIMPOBATD, TP
9TOM PaJINyC CXOIUMOCTU COXPAHACTCS:

/

Zakxk = Z(akxk)’, r € (—R;R).
k=0 k=0

[MockobKy onepanuio JuddepeHImpoBaHnst MOXKHO IOBTOPSThH CKOJBLKO YTOHO Pa3, TO CyMMa
CTEIEHHOIO Psijia ABJISIETCS HEe TOJBKO HEIPEPBIBHOM, HO 1 Oeckoneuno juddepenimpyemoit
dbyukuumeit va (—R; R), T. e. npunaiexkut kiaccy C°(—R; R).

Jokasamesvcmeo. CrenenHoil psiji abCOMIOTHO cxoauTest Ha npomexkyTke (—R; R). Ilycrs
[=p;pl C (=R R).
I. Jlnsa Beex @ € [—p; p] cpaseymsa onenka |axz”| < |ax|p*. Yucnosoit psi

o

Z Jaxlp®

k=0

CXOJIUTCSI, TAK KAK MCXOJHBIN CTENEHHON Psij CXOJAUTCSA abCOIOTHO B TOUKE T = p. JHAYUUT, 110
npusHaky BeifepiiTpacca cTeneHHON psiji CXOUTCsI PABHOMEPHO Ha MMPOMEKYTKE [—p; pl.

U3 cBoOCTB paBHOMEPHO CXOJSAIIUXCS PAJIOB (Teopema 2.7) U3BECTHO, YTO CyMMa PsJIa, CO-
CTaBJIEHHOI'O W3 HENPEPBIBHBIX (DYHKIUM, AB/IE€TCS HEIPEPBIBHON Ha OTPEe3Ke paBHOMEPHOM
cxogumoctu. CTeneHHO psijl COCTABJIEH U3 HENPEPBIBHBIX (DYHKIMH (HATYPAJbHBIX CTEleHei
x). Jlrobas Touka x € (—R; R) nomajaer B HEKOTOPBIN MPOMEKYTOK Buia [—p; pl, 0 < p < R,
I7e CTEIeHHON psiJi CXOANTCsT PaBHOMEPHO. 3HAYUT, CyMMa CTEIEeHHOTO psija HelpepbIBHA B
moboit Touke x € (—R; R).

I1, ITI. BameTum, 9TO TOC/IE MTOYJIEHHOTO HHTEIPUPOBAHUA U TU(DEPEHITNPOBAHNS IOy 9a-
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IOTCd BHOBBb CTEIICHHbIC PAIbI:

Z/ aktkdt:/ aodt—l—/ altdt+/ at?dt + ... =
0 70 0 0 0

= apr + L T I Tkl ok (3.3)
2 3 — k
(@) = (@) + (@ra) + (@) + ... =
k=0
= ay + 2a97 + 3azx® + ... = Z(k: + 1D ajp 2", (3.4)
k=0

O603HaunM pajuyc cxoauMocTu psja (3.3) cumsosiom Ry, psana (3.4) cumsosiom Ry. TIposepun,
YTO 9TU PAIUYCHI CXOIUMOCTH COBIAAIOT ¢ 2. B obrem cirydae sTa npoBepka JI0CTaTOYHO IPO-
MO3JIKas, IO3TOMY OTPAHUYUMCH CJIyIaeM, KOTJIa PAJIIMYC CXOJIMMOCTU R MOXKET ObITh BHIYHC/ICH
XOTs OBbI 10 O/THOM 13 hopmyJt JiemMbl 3.3. [lonmycTtum 3uadenne R MOYKHO BBIYUC/IUTD 110 ITEPBOii
dopmye nemmbr 3.3. Torma

(k+1 _ k+1
N L il N LU
k—00 |kay| koo |ag| k—oo K koo |apy1|
k41 k+1
Ry = tim W DOl oy Jtnl g KLy ol

k—ro0 |(l€ + 2)ak+2| koo ’CL],H_2’ k—oo k + 2 koo |ak+1| B

st BTOpOit pOpMYJIbI JIEMMBI 3.3 BBIUMC/IEHUS aHAJIOTUYIHBIE.

Bo3MoxKHOCTH 1IOYJIEHHOIO MHTErpupoBaHus u JinddepeHImpoBaHus CTEIIEHHOI'O Psijia BbI-
TeKaeT OKOHYATE/THHO M3 JOKA3aHHOIO MyHKTa | M TeopeMbl 2.7, yC/JIOBUA KOTOPOW BBITIOJIHE-
HDI. O

Baxxkro moHmMaTh, 9TO IMOYWIEHHOE HHTErpupoBaHne n auddepeHImpoBaHe CTEIIEHHOTO
psijla COXPAHAIOT PAJIUYC CXOJUMOCTH, HO O0JIACTh CXOJMMOCTH MOKET M3MEHUThCs. Tounee
TOBODsI, Psijl OCTaeTcsi abCOMIOTHO CXOJAIUMCs Ha uHTepBaie (—R; R) u pacxofsmumcs Ha
(—00; —R) U (R; +00), HO B TOYKax +R CXOAUMOCTb MOXKET U3MEHUThCsI. [Jisijist Ha (HOpMyIIbI
(3.3) u (3.4) MOXKHO CKa3aTh, B KAKYI0 CTOPOHY BO3MOXKHbBI M3MEHEHHUsI: TIOCJI€ MHTErPUPOBAHMUSI
CXOJIUMOCTD Psijia B TOUKaX + R MOXKeT y/IydiuThes, mocsie auddepeHImpoBaHus CXOIUMOCTh
paja B ToUkax + R MoxKeT yXymuThed. L1 KazK10ro KOHKPETHOTO psiJia 3TO HY2KHO BBIICHATD
OTJEJILHO.

3ameuanue 8. YTBep:K/I€HUs TEOPEMbl 3.4 MOKHO YCUJIUTb B T€X CJIy4asX, KOrja B 00J1aCTh
CXOZIMMOCTH Psijia TIONAJAIOT eIlle M KOHIIbI IIpoMeKyTKa (—R; R). JIoBOJIbHO TIPOCTO JI0KA3aTh,
9TO ec/ii B TOUKaxX =R ecTh abCOTIOTHAS CXOJIMMOCTD, TO BO BCEX YTBEPXKJIEHUAX TeopeMbl 3.4
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MOKHO 3aMEHHUTb OTKDPBITBIN IIPOMeKYTOK (—R; R) Ha 3amkuyThIi [— R; R]. Hemrpocro nokasbi-
BaeTcs (cM. yaebHuK [1]), aro eciu B ToUKke R €CTh yCIOBHASI CXOAUMOCTD, TO B YTBEPKICHUAX
I, IT reopembr 3.4 MOKHO 3aMeHUTH npoMexRyTOK (—R; R) Ha (—R; R] (aHajorudHo, ecau psij
YCJIOBHO CXOJUTCS B TOUKe —R).

IIpumep ucciieoBaHusi CTENEHHOTO Ps/jia.
Paccmorpum crenennoit ps;

= b 1
; N (35)

Haiiem pajmyc cXomuMOCTH IO OHOM 13 POPMYJI JeMMBbI 3.3:

(k1) k41
A T TN T T
CiieoBaTeIbHO, PsiJT CXOJUTCSI, TPUIEM abCOJIIOTHO, HA WHTEPBAJIE (—5;5) 1 PacxXoguTcsl Ha

(—o0; —5) U (5; +oo) I[IpoBepum oTmenbHO TOUKH £5.

r=95 = 5 Z T TapMOHUYECKUI P, PACXOJUTCS.
k=1

r=-5 = 5§:(_
k=1

Taxum 06pazom, 061aCTh CXOANMOCTH CTEIEHHOTO psijia (3.5) — mpoMeKyToK [—5; 5), mpraem
Ha uHTepBasie (—5;5) cXonUMOCTh abCOJIIOTHASI, & B TOUYKe —bH CXOJAUMOCTD YCJIOBHAS.

Cornacuo Teopeme 3.4 Ha npomexxyTke (—5;5) psj (3.5) umeer HENPEPHIBHYIO 1 GECKOHETHO
nuddepeHImpyeMyIo CyMMYy, JOIYCTHMO HOYIEHHOE MHTErpupoBanue u auddepeHnupoBanme
C COXPaHEHMEM PaJyCa CXOAUMOCTH.

[IpoBesieM nowieHHOE WHTErpUpoBaHue psiia (3.5):

iy = "
/0<Zk5k 1> Z/ k5k1 Z k—i—l L5kE—1 Zk‘——l)5“ (3.6)

CXOJIUTCS YCJIOBHO T10 TpU3HAKY Jleifibuuia.

Pajuyc cxojMocT 3T0ro psijia MPEXKHUiA, 3HAYUT PsJi TOYHO CXOUTCS ([prdeM abCOJIIOTHO )
Ha npomexyTke (—5;5). [IpoBepum oTesibHO ToUKM +5:
o0

1
r=95 = 25 Z m — TOJIOZKUTETbHBIN P, CXOAUTCS 10 TPU3HAKY CPABHEHUS:
k=2
L L N <+

U _ 0.

k(k—1) k% k:2
r=-5 = 25 Z k:_—l) — 3HAKOYEPELYIOIUICS Psijl, CXOAUTCS abCOTIOTHO.

k=2
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Takum 06pa3oM, 00JIaCTb CXOMUMOCTH CTereHHoro psaa (3.6) — mpomexyrok [—5;5] (cxomu-
MOCTb abCOJTIOTHAST ).
[Tpoesiem nowienHoe jpuddepennupopanne psjaa (3.5):

I N T R
Z k51| — Z <k5k—1) = Z Bl Z 5 (3.7)
k=1 k=0

k=1 k=1

| 8

e

Pajnyc cxomumMocTu 9T0r0 psijia MPEXKHUH, 3HAYUT PAJT TOUHO CXOAUTCsI (mpudeM abCoIOTHO)
Ha npomexkyTke (—5;5). [Ipoepum oryenbro TOUKN +5:
o0

r=2>5 = E 1 PacXoJuTCA (He BbBIIIOJIHEHO H€O6XO,ZLI/IM06 ycJjoBue CXO,ZLI/IMOCTI/I);
k=0

o0
r=-5 = g (—1)F pacxomures (e BbIIONHEHO HEOGXOMMMOE YCIOBHE CXOIMMOCTH ).
k=0

Takum 06pazomM, 061aCTh CXOAUMOCTH CTEHEHHOro psia (3.7) — npomexyTok (—5;5) (cxomu-
MOCTH abCOJIFOTHAS).

Bee dhaxTbl, uzioxkeHubie B 3TOM pazjiesie, JIErKO MEePEHOCIATCS Ha CTEIeHHON psi/i 00IIero

BUIA:
o0
Z ap(x — o)k
k=0

CymecrByer Takoe 3Haderne R > 0 (paiyc CXOAUMOCTH), YTO PSJI CXOAUTCS abCOTIOTHO IPU
|z — x9| < R m pacxomurcs 1ipu |z — x| > R (puc.12). Paguyc cxoqmmocT MOXKHO BBIYHCTATD
o dopmyaam Jlemmer 3.3. B Toukax = x¢+ R MOXKeT OBbITh KAK CXOUMOCTh (abCOTIOTHAS UJTH
YCJIOBHASI), TAK U PACXOJUMOCTH — 9TO 3aBUCUT OT KOHKPETHOro psja. Ha 060M 3aMKHYTOM
HPOMEXRYTKe [To— p; Xo+p| C (xo— R; o+ R) paj| CXOAUTCst pABHOMEPHO. BHYTPH IIPOMEXKYTKa
(o — R;x9 + R) cremeHHOil psiji MOKHO MOYWIEHHO HHTEIPUPOBATH 1 JindDepeHInpoBaTh, Ipu
9TOM paJInyc cXouMocTH coxpansercs. Cymma psiia npuaaiexut Kiaccy C®(zo— R; z9+ R).
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3.2. Pazjgoxkenue (pyHKIUU B CTEIIEHHON DS/

Onpenenenne 3.5 (Paznoxkenne dynknun B crenenHoit psj). [lycrs dyakmus f(z) onpe-
JejeHa B OKPeCTHOCTH TOUYKU Ty € R.

ToBopsr, uro dyukuus f(x) packaadwsaemcs 6 cmenennol pad B OKPECTHOCTH TOYKU T,
eCJIU CYIIECTBYIOT KOI(DMUIMEHTBI G, U TOJOKUATETbHOE YUCI0 7 > 0, TaKue 9T0 CIpaBe i /InBO
PaBEHCTBO

f(z) = Zak(a: —20)", € (x0—T;W0 + 7). (3.8)

B srom ciyuae dyukims f(x) HA3BIBAETCA AHAAUMUYECKOT B TOUKE Iy.

PagenctBo (3.8) o3HauaeT, 9TO CTENEHHON D] CXOAUTCA 1 ero cymMMa pasHa f(2) B KaxK10ii
Touke x € (xg — ;20 + 7). 3amernM, 9to r < R, nie R — paguyc cxopumoct psija (3.8).

Jlemma 3.6 (Beckoneunasi ryiaJIkocTb, €MHCTBEHHOCTH DPA3JIOXKEHUsI B CTEHEHHON psij).
[Iycrs dynkmus f(z) packiaagbiBaeTcs B CTEIEHHO psAJl B OKPECTHOCTH TOUKM Ty € R. Torma
oHa OeckoHevuHO auddepeHnupyemMa B 9TOi OKPECTHOCTU U KO3(MDUIMEHTHI CTEIIEHHOTO Psijia
(3.8) 3amarorcs opmysoit
f) (z0)

kL

ajp =

CrietoBaTeIbHO, pa3/I0KeHNe e TMHCTBEHHO.

Joxazameavcmeo. 1lepBoe yTBepKaeHne JIEMMBI CJIEJyeT U3 TeopeMbl 3.4: cyMMa CTEIeHHOI'O
psiga beckonedHo guddepeHnnpyema.

Jl1s1 mokasaTebeTBa BTOPOrO YTBEP:KIEHMS JIEMMbI BBIDA3UM B sIBHOM BHJIE KO (DUIIIEH-
ThI aj, creneHnoro psnaa (3.8). Hymesoit kosddurmenT nosydaercst u3 MojCTaHOBKU T = Tg B
pasercTBO (3.8):

f(@) =ao+ ai(@ — z0) + as(z — 30)* + az(z — 39)* + as(z —m)* +... = ag= f(zo).

Hanee nuddepennupyenm pasencTso (3.8) U BHOBb HOJICTABIAEM T = Xo. lIpu 9TOM CTeleHHOM
psz (3.8) muddepentupyercs mowienno (reopema 3.4):

f'(x) = a1 + 2az(x — 20) + 3az(x — x0)* + dag(z —20)* +... = a = f'(20);
1"
f"(r) = 2as + 2 - 3az(x — 20) + 3 -dag(x —x0)* +... = ag= @;
"
f"(x)=2-3a3+2 -3 day(x —x9) +... = az= %3730) U Tak Jjiajiee.
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Onpepenenne 3.7. [lycrs dbyukius f(z) onpeseseHa u nMeer TPOU3BOIHbIE JTFOOOIO TTOPSI-
Ka B Touke g € R. Crenennoit ps Bujia

<18 (2

= f(xo) + f/<l’0)(l‘ - l’o) + @(I — I0)2 + @(ZE — l’o>3 + ...

HasbiBaeTcst padom Tédnopa nas dbyskimn f(x) B OKPECTHOCTH TOYKH To. lacTudHas cymma
psana Teitiopa HazbiBaeTCs MHo20uneHom Tetropa n 0bO3HATAETCS

n ) (2 )
P,(x) = Z fk—('>(x — x9)".
k=0 '

B cinyuae 9 = 0 psaag u muoorowien Teityiopa TakKe Ha3bIBAIOTCSA PAJOM U MHO20UNEHOM
Max.aopena.

Pan (3.9) maseBaercsa psigom Teiyiopa HE3aBHCHMO OT TOTO, COBIAJAET JIM €ro CyMMa C
f(z) B oOKpecTHOCTH TOUKH (. 3aMeTnM, 9To B JIIOOOM ciydae psn Teitmopa coBnagaer ¢ f(x)
B TOYKE Ig.

U3 emmbt 3.6 coretyer, uto ecan hyHKImsA f () pacKIaIbIBAETCA B CTEIIEHHON PSAJT B OKPECT-
HOCTU TOYKH T, TO 3TO psij Teitopa. Pasnoxkenue (pyHKIUU B CTEIIEHHON PsiJT U PA3JIOKEHUE
dyukimuu B psy Teitopa — 0JHO U TO Ke.

N3 nemmbl 3.6 cieyeT HeoOXOIMMOE YCJIOBUE pa3joxKeHus (yHKImu B psj Teityiopa B
OKPECTHOCTHU TOYKHU Tg:

Ir>0: f(x) € C®(xg —r;z0+ 7).

[Tpudem paszioxkeHue CIPABEJIMBO UMEHHO Ha [IPOMEXKYTKe (Lo — 73 Tg + T).

Ecim 310 yesioBre He BBINTOIHEHO, TO (DYHKIUS B OKPECTHOCTH TOYKHU Xy B CTEHEHHOMN Psi
He packjajbiBaercsa. OIHAKO 9TO YCJIOBUE HE ABJISIETCs JOCTATOYHBIM: CYIIECTBYIOT HPUMEPHI
OeckoHedHO uddepeHnnpyeMbIx (pyHKINI, KOTOPhIe HE PACKJIA/IbIBAIOTCS B CTEIIEHHOW Psi/I.

Yupaxkuenmue. [Iposeputs, uro dpyHKIUA
e~ 7? x40
r) = ’
ro={g

sBJIsieTCs GeckoHeuHo JuddepenipyeMoii (Ha Beeit 4MCI0BOi IPSIMOii), HO IPU 9TOM HE pac-
KiajpBaercst B paj Teiiiopa B okpectHocTn Touku oy = 0 (cymma psjga Teiiiopa He pasHa
f(z) B okpectHOCTH TOUKE o = 0).

HamomuuMm, uro ecium dynknusa (n + 1) pas auddepeHnupyeMa Ha MTPOMEXKYTKe
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(xg — 1320 + 7), TO €€ MOXKHO Pa3IoKuUTh 110 (opmyste Teitopa:

n ) (g L (g .
flz) = Zf—u(g; — Zp) +JEHT§)')($ —xo)"", x € (xg—T;T0+T), (3.10)

J/ '

o Rn(x)

rjie  — HeKasl TOUKa, PACcIoJIOXKeHHast MeXKly To U . Beipaxkenue R, () Ha3bIBAeTCS OCTATKOM
dopmysbr Teittopa B dhopme Jlarpamxka. Eceimm dynknusa 6eckoneuno muddepenimpyema Ha
npoMexyTKe (Tg — 1;xg + 1), To cupaseiusa dpopmyiia (3.10) s joboro mopsjika n. fcHo,
YTO NpeJIebHBIN 1epexo B dopmyse Teitsopa mpu n — 00 NPUBEET K PA3JIOKEHUIO (DYHK-
mn B psajn Teitopa, TOTBKO €C/IM OCTATOK CTPEMUTCS K HYJTH0. TakuMm o0pa3oM, CIpaBeInBa
CJIEJIyTOINAsT TEOPEMA.

Teopema 3.8. Oyukius f(x) packiaajapBaercs B psij Teitopa
X fk)
= Z S o) k:('xO) (x —20)*, =€ (xg—r;mo+7),

TOr/Ia U TOJIBKO Torja, Korya f(x) € C®(xg — r;x9 + 1) 1 ocrarok dopmyssr Teiimopa (3.10)
CTPEMHTCS K HYJIIO:
R,(x) >0 Ve (rvg—r;zo+r).

3.3. CranmapTHble pa3JjioXKeHus B paj Teilsopa

B sTOM pasjiesie BBIBEICHBI PA3JIOKEHNST HEKOTOPBIX deMeHTapHbIX (hyHKIwii f(x) B psax Teit-
J0pa B okpectHoCTH TOUKE xo = 0 (psaa Maxiopena).

DT pas3/oyKeHNUsl HA3bIBAIOTCSA CTaHIAPTHBIMU, OHH COOTBETCTBYIOT CIIMCKY CTaHIAPTHBIX
pazsoxkennii o dpopmysie Teitmopa.

L fz) =
Haiinem kosadpdunmentsr psiga Teitopa, Beraucans 3nadenus Gyskiun f(z) = e* u ee
IPOU3BOAHBIX B Touke (:

(em>(k)’x:0 =1, k£=0,1,2,... = ap=—.

Cocrasum psij Teitiopa:
2 3 4

e
1 T R T
J“H2+6+24+120Jr Zk'
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Haiiiem pajiiyc CXOIMMOCTH CTeIeHHOro psijia 1o dopmyste (3.1):

R tim A% o DY 1) = oo
k—o0 |ak+1| k—o0 k! k—oo
BHauuT, 00JIACTh CXOJAUMOCTH Psijia — MPOMEXKYTOK (—00; +00). [Jokarkem, 9T0 HA 9TOM
npomexyTke psj Teitiopa cxomurcs Kk dysakiuu f(z) = e* (reopema 3.8). Bo-nepsbix,
BBITIOJTHEHO HeoOxomMoe ycsosue: GyHkmus f(x) = e” apiagercs 6eckoredno auddepen-
IUPYeMOIl Ha BCell YMC/IOBON NpAMOil. Bo-BTOPBIX, MOKaXKeM, UTO MPU KaXKJIOM KOHKPET-
HOM 3HaueHun r € (—oo; +00) ocrarok dopmyssl Teitnopa (3.10) crpemurcs K HyITIO:

f(n+1)<a~;) an _ ef|$|n+1 e|x\‘x|n+1
(n+1)! (n+1)! = (n+1)

|R,(z)| = — 0 pu n — 0.

D10 crenyer u3 Toro, uro (n + 1)! — Geckonedno Gosbinas BesuduHA 00JICE€ BBHICOKOTO
HOPsIJIKa POCTa, YeM MoKa3aTe bHas BeJmdauHa |x|™.

Takum 06pazoM, MOJIyYeHO Pa3/IoyKeHne SKCIIOHeHThI B psajl Teitopa:

X Xz X OOiL'
=lt+r+ o+ -+ttt =) =, € (—00;+00).

[To cBOHCTBY CTENEHHBIX PsiJIOB, CXOJMMOCTb aOCOTIOTHAST HA BCEH YHMCJIOBON TTPAMOIi.

f(z) =sinz.
Haiiem koaddunuentsr psga Teitopa, Beraucins 3uadenust GyHkiwmn f(x) = sinz u ee
IIPOM3BOJHBIX B TOUKe ():

(sinz)|z—0 =0, (sinz)'|,—o =cos0=1, (sinz)"’|,—9= —sin0=0,

(sinx)”|,—0 = —cos0=—1, (sinx)"|,2o =sin0=0...

—1)*
= a2k+1:ﬁ, ag, =0, k=0,1,2,...

Cocrasum psij Teitiopa:

3 5 7 © (_1>kx2k+1

T x x
0 0222 402t + = 028 — — ... =5 LT
T T e TV T hoa0 T ; 2k +1)!

Kazkioe cimaraemoe 3Toro psijia 1o MOJYJIIO HE MPEBOCXOIUT aOCOJIOTHYIO BEJTUYUHY CO-
OTBETCTBYIOIIErO cjaraemMoro psja Teitiopa Jijisi SKCIIOHEHTBI, KOTOPBI CXOJUTCH abCco-
JIIOTHO Ha Bceil uucsoBoil npsamoii. [lo npusnaky cpaBHeHHUs 3aK/II0UaeM, UYTO TaKyIO Ke
00JtacTh abCOJIIOTHOM CXOJMMOCTH uMeeT u psiji Teiyiopa g cuayca. JlokazaTeabcTBO
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Toro, uto psi Teitopa cxomures nmenno K dbyukmun f(z) = sinx #a (—00; +00), Mpo-
BOJIMUTCSI TOXKe 110 aHAJOTHHU ¢ pAaoM Teitsiopa st SKCIIOHEHTHI.

00
1'3 .275 k 2k+1

smx:x—g—f—l—% 5040 —kZ% 2k+1" x € (—00; +00).

. f(l’) = cos x. Pazyoxenue KOoCuHyCa II0JIydaeTcCd TaK 2Ke, KaK pPa3J/Io2KeHue CUHYCa:

a:2 IB4 x6 > (_1>kx2k
cosr=1——+———+.

> " 24 720 o0 &€ (oeiteo).

1
1—x

- f(e) =

Pasznoxenue B ps Teitopa sToit pyHKIUU TpejicTaB/IgeT cOO0N U3BECTHYIO (DOPMYITY
CYMMbI OECKOHEYHOI IreoOMeTPUYIECKO IIPOrpecCuu:

L 2, 3, 4 _ k ,
1_x—1+x+w +a’ 4 +...—Zx, r e (—1;1).

. f(x) =In(1 4+ z).

st pazsozkenust 3Toit GyHKIUU B psiji Teilsiopa BOCIOIb3yeMCs Pa3/I0KEHUEM IIPEJIbLLY-

mero HyHKTa, C,Z[‘eJIaB B HEM HO,ZLCTaHOBKy xr = —t:
1 o0
— =1 —t+2 -4+t — .. = —1DEF —te(=1:1) & te (=1:1).
17 + + z%( )", (=1;1) (=1;1)

CorstacHo TeopeMe 3.4 9TOT CTENEHHO Ppsijl MOXKHO MOYJEHHO MHTEIPUPOBATH BHYTPHU
npomexyTtka (—1;1):

In(l+z) = Om 1d—jt = /Ox ( N (_1)ktk> - i/ox(_nktkdt =

k=0

k okt oo (_1)k+1xk

:Z k:+1 :ZT, r e (—1;1).
—0

k=1
[Ipu moTerpupoBaHUU CTEIECHHOTO PsJia €ro PAJINYC CXOJUMOCTU COXPAHAETCs, OJIHAKO
MIOBEJIEHUE Psijla MOXKET U3MEHUTBHCS Ha KpadX MPOMeKYTKa cXoguMmocTu. [IpoBepum or-
JeJIbHO TOodYkH x = *£1:
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(e e]
—1)*
r=1 = Z (=1 CXO/TCst yesIoBHO (1o npu3Haky JleiiGauia).
k=0
Heobxommo ybeiuThest, uTo B Touke x = 1 psjt Teilyiopa cXoauTcss UMEHHO K 3HAYEHHUIO
dbyuxmpm f(1) = In2. g storo nmokazkem, 9ro octatok dopmynbl Teitopa (3.10) B
ToUYKe T = 1 CTpeMHuTCs K HYJIIO:

@) 1y

Rul1) = (n+1)! (142 (n+1)

O<x<l1

1
= |R,(1)] < ?—>0Hpnn—>oo

Takum o6paszom, jorapudnm packiasiBaercs B psaj Teitiopa na npomexytke (—1;1]:

22 g8 o0 (—1)k+1gh
ml+a)=o——4+2 L 4 5L T
nlte)=e-o gt L

x € (—1;1].

Cxomumocts Ha (—1;1) abcosornast, B Touke & = 1 ycJaoBHAS.

. f(x) = arctg x.
st passozkenus 1ol GyHKun B paj Tefisiopa BOCHOIb3yeMcsl BHOBb Pas3JIoKeHueM 4,
C/IeJIaB B HEM TOJICTAHOBKY T = —t2:

1 o0
i —1-C4t =0+ 8- =D (DM, e (-11) & te (1)
k=0

CorstacHo TeopeMe 3.4 9TOT CTENEHHOH Psijl MOXKHO I[OYJIEHHO MHTEIPUPOBATH BHYTPHU
npomexyTka (—1;1):

vt " (% k2k k2k:
arctgx:/o 1+t2:/0 (Z t > Z/ tdt =

k=0

k 2k+1

—1:1).
Z 2k+1 , we(-11)

k=0
[Ipu nHTErpUpPOBAHUE CTEIIEHHOTO PsiJia €TI0 PaJUyC CXOIUMOCTHA COXPAHIETCs, OJTHAKO TI0-
BeJICHUE PsJia MOXKET U3MEHHUThCS Ha KPasixX MPOMEXKYTKa CXOIUMOCTH. JIerko ybemThbes,

47



9TO TIOJyYEeHHBIN CTEIeHHOH psJi YCJAOBHO CXOJUTCS B TOYKAX ¥ = =1, OJIHAKO JIOKa-
3aTeJHCTBO TOTO, UTO DsIJi CXOJUTCSI MMEHHO K 3HadeHusaAM arctg(£1) siBisiercst BecbMa
TpyaoeMkuM. [IpuBegem uToroBoe pasjoxkeHue 6€3 3TOrO JOKA3aTETHLCTBA:

o0 (_1>kx2k+1

aI‘Cth’ZZQk—H, T € [—1,1]
k=0

7. flx) =1 +x)™, meR.

[IpuBeeM 6e3 oKasaTeabeTBa® passoxkenue Toit GyHKImN B pajx Teilopa, m3BeCTHOE
110/, Ha3BaHUEM “OMHOMUAJIBHBIN P .

-1 -1 -2
(1+w)m—1—|—mx+—m(m2 )w2+m(m 6)(m )xS—l—...:

:1+im(m—1)...(m—k+1)xk’ ve(~11).

Beraenum gacTHblil ciydait aToro pasnoxkenus. Eciau m € N To psiyi npeBpainaercs B
CyMMY KOHEYHOT'O YHCJIa CJlaraeMblX, TaK Kak, HaduHasg ¢ Homepa k = m + 1, Ko3a(-
urnmenTHl psijia paBHBI HyJO (COJEPXKAT HYJIEBOH MHOXKHTENL). [Ipu aroM mepBbie m
KO3 PUITMEHTOB MOYKHO 3alUCATh B BUJIe OMHOMHUAJIBHBIX KO3(DDUIINEHTOB:
mm—1)...(m—k+1) m! i
= =Cr, k=1,2,....,m.
k! kEl(m — k)!

Takum obpazom, Ipu HATypaJbHOI cTerneHu m OMHOMUAJIBHBIN PsiJl COBIAJIAET C U3BECT-
Hoit popmytoit “Ounom Hbrorona”, KoTopas clipaBeiinBa, s JTIOObIX 3HAYEHUN T

(1—1—:15)’”220,23%, reR, meN.

k=0

Yupakuenune. s 6osbmmncTsa “xoporux” byHKIuil f() IPOMEKYTOK Pa3/IOKEeHUsI B CTe-
HEHHOM DsIJT COBIIAAET ¢ 0OIACTHIO CXOIMMOCTH 9TOT0 psiya. [Ipuseaure npumvep DyHKIMN (H/TH
ONUIIINTE CBOMCTBA TAKOU cbyHKLu/H/I), y KOTOpOit 00/1acTh CXOIMMOCTH psAjga Teitsiopa mmpe, yem
POMEXKYTOK, Ha KoTopoM psy Teitiopa cxomures K f(x).

Ha ocnoBe cranmapTHBIX pa3jiokeHuil B psaj Teilytopa MOXKHO HMOJIYYUTH PAa3JIOXKEHUST U
HEKOTOPBIX JIPYTUX IJIEMEHTAPHDBIX (DYHKITHIA.

IIpumepst. Pazioxum cienyromue dynknnun f(x) B psg Teitsiopa B OKpecTHOCTH TOYKHI Ty,
MOJIb3YSACh CTAHJAPTHBIMY Pa3JI0KEHUSIMHU.

2 JlokazaTeIbCTBO ITOTO Pa3IokKeHHs ecTh B ydJeomnkax [1], [2].
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1. f(z) =sin*z, 29 = %

CHauaJjia IOHU3UM CTEIEHD:

. 9 l—cos2x 1 1
sin“s = ————— = — — —cos 2z
2 2 2

ITockoIbKy Tg = /4, TO B pe3y/IbraTe PA3J/IOXKEHNsT JOJIXKEH HOJLY TUTHCS PSJL 10 CTEIIEHSIM
(x —m/4).
O6oznaunm ¢t = & — 7/4:

sinzx—l—ECOSQ(t—l—E)—l—lcos<2t+z>—1+lsin2t
2 2 4) 2 2 2/ 2 2

Ocrasoch pazinoxuth dyHkimio sin 2t B Teiopa B okpecrnocT Touku ty = ro—m/4 = 0.
JL71s1 3TOTO UCHO/IB3YyEeM CTaHIAPTHOE PA3JIOYKEHHE Sin 2 ¢ TOJICTAaHOBKOM 2z = 2t:

1 1 ‘ 1 1 oo ( 1) (2t>2k+1 1 1 o k22k‘+1t2k+1
— 4+ —sin2t= -+ = —_— = — 4 — t € (—o0;
24—251n 2—|—2]§:0 2k + 1) 2—1-2;:0 2k+ 1)1 (—00; +00)
Bepnemcsa K MCXOIHOI TTepeMEeHHOI:
[e%S) k+1
1 1SN (—1)R22H (p — 1)
2 -1 4 .
sin x—2+22 k4 1) , & € (—00;+00)
k=0
T
2. f(x)=m7 z9 =0

Paznmoxxenne 91oit (yHKIMN MOKHO TIOJTYINTh IIPY TOMOIIN ONHOMHUAJIBHOTO PsiJia, HO €CTh
U JIPYTOil criocob. 3aMeTuM, 9TO JlaHHad (DYHKIUA ABJIA€TCs TPOU3BOJIHOM DoJ1ee IpocToit

dyHKIINT:
x 1/ 1
(1+22)2 2 \1+a2

Bocronbzyemcest craniapTHBIM pa3jiozKeHueM (hyHKITUN ]

C TIOJICTAHOBKOi 2 = —2% 1
z

IIpoBeJieM TouIeHHOe auddepeHnnpoBaHne CTEIIEHHOTO psijia BHYTPU UHTEPBaJIa CXO/IM-

=) (DR ™) =Y (—DR2ka™ T = (—1)F2ka
k=0 k=0 k=1
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[TepecunTaem IpoMexKyTOK, Ha KOTOPOM CIIPaBEJINBO pa3/IOKeHue:

z€(—1;1), z = —2?

= xze€(-1;1).

NsBectno, 4ro mocie juddepeHnupoBannsd pajuyc CXOJUMOCTH OCTAeTCA TeM Ke, Ha
Kpasix IPOMEXKYTKA CXOJMMOCTb MOXKET yXyAmuThesd. B mamnoMm ciydae 710 nuddepen-
[UPOBAHUA U TaK CXOJUMOCTH He OBLIO Ha KpasiX MPOMEKYTKA, CJIeJ0BATEIHLHO, TOCTe
s depeHIMpoBaHsl HIIEro He U3MEHUTCsI. TakuM 0O6pa3oM,

(—1)Fka® 1 2 € (—1;1).
1

X

(1+22)

o]
k=

3.4. Hexkoropsbie npuioxkeuusi psaga Teitopa

Anmpokcumanus pyHKIMU MHOroWwIieHaMu Teitsiopa
[Tycrs dbyuknus f(x) gBisercd aHATUTUYIECKON B TOYKE Tg, T.€. PACKJIAILIBAETCH B DSl
Teitiopa B HEKOTOPOIT OKPECTHOCTH TOYKH T(:

f(z) = i%(m—xo)k, x € (xg—r;xo+71), 7>0.
k=0 '

Pacemorpum anmpokcumariuio (pyHkimn MHorodienom Teitmopa:

n ) (g )
f(x)an(x):ka—(!)(x—xo) x € (xg— 1530 + 1) (3.11)

k=0

Knaccuueckne ocobeHHOCTH allIpOKCHMAIIN (DYHKIIUNA MHOTOUIeHOM Teiisiopa: npub/imKeHHoe
PaBEHCTBO CTAHOBUTCS TOYHBIM IIPU & = Xo; IMIOTPENTHOCTDH AlTPOKCUMAIIAN CTPEMUTCS K HYJTIO
IIpu r — Xop.

U3 exopmmoctu psia Teitopa BeITEKaeT erre 0HO KauecTBO — anmpokenMarmio (3.11) Moxk-
HO C/IeJIaTh CKOJIb YTOJIHO TOYHON 3a CUET YBeJIUIeHUs MOPSIKa 1

Vo € (zg—r;xo+1) Ve >03n(e,z) : [f(x) — Pu(x)] <e.

[TockosbKy psii Teiisiopa (CTeleHHON psijt) CXOAUTCST DPABHOMEDHO Ha JIFOOOM OTpPE3Ke
[x0 — p; o + p|] C (xo — ;20 + 1) (Teopema 3.4), To dyHKIMIO f(2) MOXKHO AIPOKCUMUPOBATD
HEKOTOPbIM MHOrowieHoM Teiisiopa ¢ 3apaHee 3aJlaHHOl TOYHOCTBIO € Cpa3y BO BCEX TOYKAX
9TOr0 OTpE3Ka:

Ve >03dn(e): |f(z) — P.(x)] <e Yz € [xo — p; 20 + p).

Ha puc.13 tpojieMOHCTPUPOBAH TUIIUYHBINA BuL aripokcuManun (3.11).
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ﬁy

g&)

Xo X

Puc. 13

Broruncienne HeOepyIIMXCS MHTErPAJIOB

Paznoxenne dynxnun B ps Teitiopa moIe€3HO JJTs1 YIIPOIIEHUST MATEMATHIECKUX OTIEPAITUT
HaJ QyHKIIMEe: HaIpuMep, 1ocje pasJjoxkenus (pyHimuu B psji Teitiopa ee necyiozkuo gudde-
PEHIUPOBATh U MHTErPUPOBaTh (KaK GECKOHEYHYIO CYyMMYy CTereHHbIX (yHKIwit). [Ipu sTom
B J1I000# MOMEHT MOYKHO 3aMEHHTBH TOYHBIH pacdeT MPHOIMKEHHBIM, OTOPOCUB UJIEHDBI DsIa,
HaYMHAsT ¢ HEKOTOPOro HOMEpa, T. €. 3aMeHuB psi1 Teitopa wa muorowien Teitopa.

Yepes passioxkenre (DYHKIMU B CTEIIEHHON PsiJT PeniaeTcs mpobieMa HebepyInxcst HHTerpa-
noB. Hammomunm, ato uaTerpast ot dyukimn f(x) HasbiBaeTcsa HeOGEpyIMMCs, €CIH IepBoObpas-
Hag f(z) He MOXKeT OBITh IIpeJICTaBIeHa B BUJE dJeMeHTapHOH (hyHKIIH.

ITpumep 1. Crenyromuit HeOepyIuiicss MHTErPaJl HA3bIBAETCST MHTEIPAJIBHBIM CHHYCOM:
sint
/ —dt z € (—00; +00).

NuterpaabHblii CHHYC BBIYUC/ISETCS IIyTEM Pa3JI0KEeHUs TOJILIHTErPAIbHON (PYHKIINN B CTEIICH-
Hoit ps. Bocrnosib3yemcst cTaHIapTHBIM Pa3/IoXKEeHUEM JIjIsi CHHYCa U BO3MOYKHOCTDBIO ITOYJIEH-
HOI'O MHTECTPAPOBAHUA CTCICHHBIX PAJOB BHYTPHU MHTEPBAJIa CXOIUMOCTH:

/Sm /Z( ) dt:z (=1 /tdet:Z (=1 ‘
0 (2k +1)! 2k+1)! /), (2k+1)!(2k + 1)
k=0 k=0 k=0
SHadeHNe WHTErPaAJbHOIO CHHYCa B JIIOOOH TOUYKe BBIPAXKAETCsl KaK CyMMa YHCJIOBOTO Psja,
HallpuMep:

_2_ _
(2k + D12k +1) 6~3+120-5 5040-7+

i ’~622k+1 8 32 128
O

Haiiiem npubsinzkensoe 3unadenue Si(2) ¢ rounoctsio € = 0,01. Jlanubiil 3HaKOUepepyOMumiics
YUCJIOBOM PsiJl CXOMUTCS 110 Ipu3HaKy JleitOHuria, cieoBaTe/IbHO, JJIsi €r0 OCTaTKa BEpHA OIeH-
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Ka |R,| < Upy1. Hailem nanMmeHbImii HOMEp n, TAKO# 9TO U,i1 < €. B maHHOM cirydae 910
HECJIOZKHO CJIeIaTh H0JI00POM:

8 32 128
=2>0,01 = —> 0,01, =——7~0,05>0,01 =—=0,004 <0,01.
Uo > U, 9 Uy 6-3 > Uz 120 -5 9 >0, ) us 5040 - 7 3 <y,
Takum obpasom, n + 1 =3, T.e. n = 2:
8 32 362
Si2) xSy =2— —+ ——— ~ 1,609 ¢ rounocreio 0,01.

6-3  120-5 225

Berancienue Si(2) B mar.makere gaer Si(2) = 1,6054..., Ipu 9TOM KOMIBIOTEPHBIH PACIET Tak-
JKe OCHOBAH Ha IPUOJIIYKEHHOM BBITHCIEHIHN CYMMBI Ds/a, TOIBLKO C 3aBeIOMO 00Jiee BBICOKOIL
TOYHOCTBIO.

Kpome umHTErpasbHOrO cuHyca, €CTh U JAPYIHe U3BECTHBbIE HEOEPYIINecs WHTEI'PAJIbl, BbI-
paxKaeMbl€ B BHJE DPAda. OHI/I NMEIOT ClieliaJIbHBbIE O603Ha‘{eHI/IH 1 Ha3BaHUA, OTHOCATCA K
CeMENCTBY CHEeIUAIbHBIX (DYHKIUN B MaTeMaTUKe, T.e. (DYHKIINIT, ONIPe/Ie/IAeMbIX KAKUM-TO CIIe-
muduaecknM 06pazom (0OBITHO Yepe3 MHTerpasbl U Psijbl):

+00 o ¢ o0 Y2k
Ci(z) = — / dt =~v+Inz+ Z 2k , v~ 0,577, — uHTerpajbHBIA KOCHHYC;
z k=1
T odt (1
li(z) = = +Inlnz + Z I];lg]i) v~ 0,577, — uHTErpasbHbIi JlorapudM;
O .

)k 2k+1

erf(x \/_ / Pt = \/_ Z 2k +1) — ¢dyuknuga omubok, pyuknusa Jlammaca.

HOCHerH‘HHH (bYHKHHH IIIMPOKO HCIIOJIB3YETCA B TeOpUun BepOHTHOCTefI 1 CTaTUCTHUKE.

4. TpuronoMmerpuyeckue psibl

4.1. CsoiicTBa TPUTOHOMETPUYIECKOII CUCTEMBI I TPUTOHOMETPUIECKO-
ro pgaga

Badurcupyem uncyo [ > 0 u paccMOTPUM TPUTOHOMETPUIECKYIO CUCTEMY:

T . 7T 2t | 27z krx . krmx
1,co8 —,sin —, cos —,sin ——, ..., co8 —,sin —, ... ¢ . (4.1)
l [ l [ [ [
HauboJree pacrpocTpalHeHHbIH 9acTHBIN cirydail 9Toit cucteMbl — 1ipu [ = T
{1, cos x,sinz, cos 2x,sin 2z, . .., cos kx,sin kz, ...} . (4.2)
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Uccnemyem ocnoBuble cBojicTBa cucreMsr (4.1).

Ounpenesienne 4.1. Oyuxipn f(r) u g(r) HA3BIBAIOTCS OPTOrOHAJBHBIMU HA MIPOMEXKYTKE

(a;b), econ / f(z)g(z)dx = 0.

Jlemma 4.2 (OpTOroHaJIbHOCTH TPUTOHOMETPHUYIECKON cucrembl). JIroOble j1Be pasimdHbIe
dbyukImm u3 cucremsl (4.1) B3aUMHO OPTOrOHAJIBHBI Ha poMexkyTKe (—I;1).

Jloxazameavcmeo. Jis moboro HaTypasibHOrO k

: k I krxt
/_l 1 - cos %dm = sin % il (sin(km) 4 sin(km)) = 0; (1)
! l
/ 1-sin kﬂdw L Cos AL (cos(km) — cos(km)) = 0. (2)
_ l km [l km

W3 Toro, 4To KaKJblil KOCUHYC U CHHYC OPTOTOHAJIEH €JIMHUIIE, BHITEKAET B3aUMHas OPTOrO-
HaJIbHOCTH KOCHHYCOB U CUHYCOB. J[71g TFOOBIX HATypaJIbHBIX ki, ko
! L ! !
. ke komx 1 . (K + ko) 1 . (k= ko) . (2
/ sin (—>d:c +— [ sin gdm = 0.
—l

dr = -
7 cos ——dr =2 _lsm l 5/ l

st mo0bIX HATYPAJIbHBIX ki # ko

! ! ! _
/ cos hamre kﬂmjd _ ! / COS —(kl + kQ)mde + 1/ CoS —(kl le)W'Idx ) 0;
-1

R Y o l 2/,

! ! _ !
/ sin e sin kﬂxd:c = 1/ cos —(kl kQﬁmdaz — %/ oS —(kl +Zk2>7mdx L 0.
—_1 _

l l 2/, l y

kmx

Bosspammasich K axagnsy cBoiicTs cucteMbl (4.1), paccmorpum cymmy GyHKIumit cos -

. kmx
sin e ¢ HEKOTOPBIMU KO3 DUITMEHTAMME:

krx s krx 2 12 ag kmx n by, . kmx

aj oS —— + by sin — = 4/a cos sin =

l N BV N l
A — —

sin ¢ cos ¢

23



) kma . kmx : ™
=A sin ¢ cos —— + cossin —— ) = Asin | o+ -
Oynknun Buyia A sin(@+wx) OMUChIBAIOT IIPOCThIe TADMOHUYECKIE KOJIeOaHMsT TOUeTHO MacChl
U HA3BIBAIOTCS MPOCTHIMK TapMoHuKamu. [Ipu stom A — ammmmrya, ¢ — HadaabHas dasa, w —

T
JacToTa, — — IMePHUOJI TAPMOHUYECKOTO KOJIeOaHUs.
w

Takum o6pa30M, TpUronoMeTpuieckasd CucCreMa (41) BKJ/IIO49a€eT pa36I/ITbIe Ha KOMIIOHEHTDI

km

[IPOCThIe TAPMOHUKHU C YaCTOTAMU T U IepuojiaMu T k=1,2,3,... Enunnunasa dbyHximus

COOTBETCTBYET IIPOCTON TaAPMOHUKE C HYJEBON 4aCTOTON.
PaccmoTpuMm cyMMy BceX 9THX FapMOHHMK C HEKOTOPBIMU KO DUITMEHTAMU:

= k k
ao—f—Zakcos%x—i-bksinﬁ.

l
k=1

Takast cymMa Ha3bIBACTCS TPUTOHOMETPUYECKUM PSIIOM. 3HAK CyMMHUPOBAHUS 110 HHIIECKCY
k pacrpocTpaHsiercss KaK Ha KOCHHYCBHI, TaK M Ha CUHYCbI, HO 110 TPAJMIMK CKOOKU B JAHHOM
caydae He CTABHAT.

[TockosbKy HamMeHbIIee 00IIee KpaTHOE IEPUOIOB BCEX ITUX FAPMOHHUK PAaBHO 2/, TO JIETKO
[OKa3aTh, YT0 CyMMa TPUTOHOMETPUYIECKOTO psifa (B cay4dae ero CXOAUMOCTH) sIBJISI-
eTcd 2l-mepumoanyeckoii pyHKIueii.

[Ipocreiimuii cirydait TPUTOHOMETPHYECKOTO Psifia, COOTBETCTBYET cucreme (4.2):

ag + Z ay, cos kx + by, sin kx
k=1

U €CJIU CXOJUTCHA, TO K 2M-TIePUOJANIECKON (DYHKITNN.

[Ipu sTOM CyMMa TPUTOHOMETPUUECKOI'O Psi/ia B ODIIEM CJIydae He SBJISETCS BHOBb ITPOCTOM
Fapl\IOHI/IKOﬁ. B pe3yJibTaTe HaJIO2KEeHU A ITPOCThIX KOHe6aTeﬂbeIX rZLBI/I}KGHI/IIL/'I IIOJIydaeTcCd I1epu-
oJuvIecKuii, HO OoJiee CJIOXKHBIHN mporiecc. BosHnkaer obOpaTHas 3a/1a49a — IPEACTaABUTH CJIOXKHBIM
IIPOTIECC B BUJIE CYMMBI ITPOCTHIX KOJIEOAHUIA.

Onpenenenne 4.3 (Pasznoxkenne GbyHKIUH B TpUTOHOMeTpHUYeCKHid psii). [oBopsT, [9To
byukus f(x) packaadvsaemes 6 mpuzonomempuueckuti pad Ha MuokecrBe X C R, ecim
CYIIECTBYIOT KO MUIHMEHTHI Gy, by, TaKWe UTO CIPaBEJIMBO PAaBEHCTBO

- k k
f(:v):ag—l—Zakcos%ijbksinﬂ, r e X. (4.3)

l
k=1

Pasencrso (4.3) o3HauaeT, YTO TPUTOHOMETPUUYECKHH PsiJ CXOIUTCS W €ro CyMMa pPaBHA
f(z) B kaxoit Touke x € X. Ecim dynkuus f(x) He apiagercs 2[-mepuoganveckoii, To0 HeJIb3s
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paccunTbiBaTh Ha X = R. /lasiee OyjieT 1mokaszaHo, 9TO €CTECTBEHHBIM MHOXKECTBOM Pa3JI0yKEHUS
siBJIsieTcst IpoMexkyToK X = [—[; ], BO3MOXKHO, 3a BBIY€TOM HEKOTODBIX €r0 TOYEK.

Jlemma 4.4 (EpuncrBenHocTs passoxkenusi). [lycrs dyuknus f(x) packiajplBaeTcst B pas-
HOMEPHO CXOZAIIHUiics TpuronoMerpudeckuii psiz (4.3) Ha npomexyTre [—[;[]. Torma kosaddu-
meHThl psia (4.3) 3amarcs dhopMymaMu

I I k
= ﬂ/ flz)dz, ai = 7/ f(z) cos %dx, / f(z)sin —dx k=1,2,3,...
I —1

CiietoBaTeIbHO, pa3/I0KEHNE € TMHCTBEHHO.

Jlokasamenvcmso. TIoCKOIBKY psiJi CXOIUTCS PABHOMEDHO Ha IPOMeXKyTKe [—[; ], To paBeHCTBO
(4.3) MOXKHO Ha 3TOM ITPOMEXKYTKE UHTEIPUPOBATH, TIPUYEM DsIJl HHTEIPUPYETCsl TToUIeHHo. 13

OpPTOI'OHaJIbHOCTHU TpHFOHOMeTqueCKOﬁ CHUCTEMBI (41) cjaeayer, 4To HHTEerpaJibl IIOYTHU BCEX
9JICHOB DPfAJJa PpaBHBI HYJIIO:

! ! kmx . knx
/_lf(x)dxz/_l ao+2akcosT+bksm l dr =

=l

! 00 l !
k k
:ao/ dx + E ak/ cosﬂdx~|—bk/ sinﬂda: = ag- 2.
4 p J [ . l

J

~~ ~~

=0 =0
Orciona BeITEKaeT hopmyJia sl dg.
kmx
YmuOKUM 00€ YacTu paBeHcTsa (4.3) Ha cos - 1 CHOBa, IIPOMHTErPUPYEM Ha IIPOMEIKYTKE
[—1;1]. VI3 opTOrOHAIBHOCTH TPUTOHOMETPHIECKON cucteMbl (4.1) BHOBL CJieJlyer, 4To HHTerpa-
JIBI TIOYTH BCEX UIEHOB PsIJa PaBHBI HYJIO:

k ’ k
/ f(x) cos ﬂdw = /_ ap + Z a; cos 22 b; sin ‘77lm cos %xdx =

l o0 l . l .
k k k
= a /_l cos %dw + jE_l a; / cos ‘? cos %dm +b; /_ sin ]7;96 cos %dw =

—1 l
—_——— ~ ~
=0 =0 IpH j#£k =0

! ! l
o k 1 1 2k
:ak/ cos ﬂdm-ak —/dx+—/cos dex =ay -l
. l 2/, 2/, l

J/

-~

=0
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Orcrosia BeiTeKaeT (opmyna s ag. Popmysta mist b, BBIBOIUTCS aHAJIOTUIHBIM oOpa3oM. [

4.2. Psan @ypbe Ha npoMexyTke [—[; ]

Ounpenesienne 4.5. [lycrs dyukuus f(x) onpesenena u abCOJIIOTHO HHTEIPUPYEMa Ha, PO~

MexkyTKe [—[; 1] (9T0 3HAYMT, UTO / |f(z)|dx < 4+00). Tpuronomerputeckuit psi

k
ag + Z ay, cos — —i— by, sin % (4.4)

¢ KoadunreHramm

1/ 1 [ k k
ﬂ/ flz)dz, ar= 7/ f(z) cos %dm‘, / f(z)sin ﬂdw
-l -

HasbiBaeTcst padom Pypvé mius dbyuxiwn f(x) Ha npomexyTke [—1;l]. Yucna ag, ax, by Ha3bI-
BatoTCs Koaipuyuenmamu Pypve nist dyukuuu f(x) va npomexkyrtke [—I;1].
Kak o6bran0, cumBosioM S, (x) obo3HaUaeTCS YaCTHIHAS CyMMa Psijia:

k
—a0+Zakcos—+bksin$

Psan @ypbe nHaspiBaeTcs TaK HE3aBHCUMO OT TOTO, COBIAJIAET JIX €ro cyMMa ¢ f(z) Ha mpo-
mexkyTke [—[;1]. Bamerum, aro psi Pypbe onpeseseH TOABKO it (DYHKIMIT, THTEIPUPYEMBIX
Ha mpoMexkyTKe [—(; (], aTo6br Ko3bOUIMEHTH Psijia MMeJIn KOHEYHbIE YHCIOBbIe 3HAUCHUS.

Pazjioxkenune pyHKIIUU B TPUTOHOMETPUIECKUI Pl U pasjiokeHue GpyHKIUU B psaj Oypbe
— OJTHO ¥ TO Ke.

Y1006b!I cPOPMYINPOBATDH YCJIOBUS CXOAUMOCTH psja Pypbe, HATOMHUM HEKOTOPbIE TEPMU-
HBI.

Oynknust f(r) Ha3BIBAETCS HENPEPBIBHOI Ha 3aMKHYTOM IIpOMex)yTKe [—[;l], ecsm oHa
HEIPEPBIBHA B Kaxk 101t Touke = € (—[;1) n xlil?+0 f(z) = f(—!1) (menpepsiBHA CIIpaBa B TOUKE

—1), 1115110 f(z) = f(l) (menpepbiBaa ciaeBa B Touke [). Kiacc HenpepblBHBIX (DyHKIMHA 0603HA~
z—l—

qaerca cumsosiom C[—I; 1] wm C°[—1;1]. Cumsonamu C™[—1;1], m = 1,2,..., obosnauaiorcs
KJIACCHI TIAJKUX (PYHKIUH WU M pa3 HelpepbIBHO JuddepeHnnpyeMbix (pyHKIUN Ha TpoMe-
KyTke [—[;1]:

f(x) e C™-1;1] < 3fM(2) e -]

Oynknus f(x) Ha3BIBAETCS KYCOUHO HEIPEPLIBHON Ha poMexkyTKe [—[; 1], ecin OHa HelpepbIB-
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Ha Ha 9TOM IIPOMEXKYTKE 3a UCKJIIOYCHHNEM, BO3MO2KHO, KOHEYHOI'O YHCJIa TOYCK, B KOTOpOIU/I OHa
uMeeT Pa3pbIBHI | poja.

OBGO3HAYIM CHMBOJIOM [ (x) 2l-mepuogumveckoe npogoskenune GyHkiwn f(x) ¢ mpome-
KyTka (—[;1] na Bcro uncioByo npsmyio R. Ilepuommaeckoe mpojioszkeHne urpaer IJiaBHYyIo
poJib B aHasm3e cxoauMmocTu psjia Pypbe.

Teopema 4.6 (Iloroueunasi cxomumocts psiyta Pypwe (puc.14), 6e3 mokasarenbcrsa). [lycrs

dbyukuus f(r) KycouHO HeNpepbIBHA U MMEET KYCOYHO HElPEPBIBHYO mpousBojnyo f'(z) Ha

npomeskyTtke [—[;1]. Torma psm @ypee (4.4) cxomuresa B Kaxk/Ioit Touke € R u ero cymma

paBHa

f(x), & — Touka menpepsiBHOCTH f (1)

S(x) =19 flx—0)+ f(z+0)
2

, T — TouKa paspsiBa I pona f (x) 7
rue

flx—0)= lim f(t), flz+0)= lim f(t).

t—x—0 t—x+0

OcHoBHbBIE BBIBOJIBI U3 TeopeMbl 4.6 u puc.14:

e Py @ypoe cxonures K f () BCrofy, KpoMme TOUeK paspbiBa f(x). 3aMeTuM, 9TO B yCJIOBUIX
reopeMbl 4.6 dyHKIusg f(r) KycOYHO HENPEPBIBHA, & 3HAYUT, MOXKET MMETh Pa3pPbIBbI

TosbKO | posia, mostomy u f(x) MoXKeT MMeTh pa3pbIBbI TOIBKO I poma (‘ckauku’”).

e B roukax “ckauka’ f(z) psg @ypbe CXOMUTCS K MOIYCyMMe IPEJIEIoB CIpaBa i CJeBa,
T.e. Ha rpaduke S() COOTBETCTBYIOIIAS TOUKA PACIIOIOKEHA POBHO II0 CEPE/IIHE “CKadIKa’
(puc.14). Takum obpaszom, ecim f () mmeer pa3pbiBbl, TO 1 S(T) UMeeT paspbIBBI B TeX
JKe TOYKAaX, HO JIPYyTHe 3HAYCHUS.

e Eciu dbyukius f(x) He sBisieTcsi meproudeckoil (He COBIIAJAET CO CBOMM MEPUOUIE-
CKHUM IIPOJIOJIZKEHKEM ), TO Ha paBeHCTBO f(x) = S() MOXKHO PacCYUTHIBATH TOJBKO HA
npomexkyTke [—[;[] u To 3a uck/OYEHNEM TOYEK paspbiBa f() — 3TO U €CTh MHOKECTBO,
Ha KoTopoM dyukIws f(z) packiajpiBaercs B psiyi Dypbe:

kmx kmx

flz) =ao+ Zak cos —— + by, sin - @ e [1;1] \ {rouxu paspssa f(z)}.
k=1

Hanpuwmep, dyukrus f(x), msobpakennas Ha puc.l14, packiajpiBaercs B psig Pypbe pu

x € (—=;1).

Bameuanune 9. CymecrByioT U JApyrue J0CTATOYHBIE YCJIOBUSA MOTOYEIHON CXOIUMOCTH Psi-
na @ypoe. Hamnpumep, teopema 4.6 ocraHeTcst BEPHOIA, €CjiM BMECTO KYCOUYHOIl HerpepbIBHO-
cru f'(x) morpeboBaTh KyCOUHYIO MOHOTOHHOCTE f(x) Ha mpomexyTtke [—[; (| (9T0 3HAYIMT, YTO
byHKIMS Ha 9TOM IPOMEXKYTKE KOHEYHOE UYHMC/I0 pa3 MeHsieT BO3pacTaHue Ha yObIBAHWE WJIH
HA060POT).
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Teopema 4.7 (PaBnomepnas cxopumocts psjga Pypee (puc.15), 6e3 nokasaresnbcrsa). [Iycrs
L f(z) € C[=L1], f(=1) = f(1),
2. f'(x) KycouHo HenpepbIBHA Ha TpOMeKyTKe [—[;1].

Torna psig @ypwe (4.4) cxomurest pasHoMepHo Ha R u S(z) = f (x). B wactaocTn, dynknus
f(z) packnagpiBaeTcss B paBHOMEpPHO cxojgmuiics psiyi Pypee wa [—1; (]
[Tpuuem ycsioBue 1 saBJisteTcss HEOOXOAMMBIM JIjIsi PABHOMEDPHOM CXOIUMOCTH.

Yegosue 1 reopembr 4.7 paBHOCHIIBHO ToMy, uTo yHKuus f(z) HenpepbiBHa Ha R. Heobxo-
JIIMOCTDH TOTO YCJIOBUS OOYCIOBJIEHA T€M, UYTO CyMMa PABHOMEDPHO CXOJISTIETOCs Psiia, COCTAB-
JIEHHOT'O U3 HENPEPBIBHBIX (DYHKIINIA, TOXKE sIBJIsIeTCsl HElIPEPBIBHOI (Teopema 2.7).
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Puc. 15

Teopema 4.8 (CkopocTh paBHOMEPHOIT cxopumocTn, 6e3 JoKa3aTeabersa). [lycts m — reoe
qucio, m = 0 u

L f(z) € C™[=L:1), fO(=1) = fO() mpn j = 0,1,2,...,m,
2. fm*(x) kycouno menpephiBHa Ha HpoMexKyTKe [—I; [].

Toryia ckopocTh paBHOMEpHOiT cxopumoctu psga Oypbe (4.4) oneHUBAETCA COOTHOIIEHUEM

C

|f(z) = Sulz)] < iz L E (=4 1],

rie S, (z) — gacruunasa cymma psjga Oypbe.

Yenosue 1 meopembl 4.8 paBHOCHIBHO ToMmy, 4TO byHKIHUA f(7) MMEET 1M HeNpephIBHBIX
npou3BoIHbIX Ha R. HeMm GosibIlle HEPEPBIBHBIX TPOU3BOIHBIX MMeeT (DYHKIWs f (), TeM BbIIIe
CKOPOCTH cXouMocTH pana Pypobe.

OcHoBHbIe BBIBOJIbI U3 TeopeM 4.6-4.8 u puc.14-15:

e Cxomumoctb psjia Pypbe 3aBUCAT HE TOIBKO OT KadecTBa GyHKINK f(x) HA TPOMEXKYTKe
[—1;1], HO m OT KauecTBa ee MePUOJUIECKOr0 MPOJIOJIKEHUS ¢ ITOrO POMEXKYTKA Ha BCIO
qrcaoByo npsmyio. Cama dyskims f(x) Moxer ObITH Jlayke GeckoHeTHO nuddepenin-
PYEMOii, HO 9TO He rapaHTUPYeT BBICOKOE KavIeCTBO €€ MEPUOINIECKOrO TTPOJIOIZKEHNUS.

e Pas3pbIBbl U M3JIOMBI IIEPHOMIECKOrO MIPOJIOJIZKEHIs HanboIee 3aMEeTHBIM 00pa30M yXy/I-
IAIOT KAuecTBO cXomuMocTH psia Dypbe. Paspbior f () MpensITCTBYIOT paBHOMEPHOM
cxopumoctu psjna Pypee (ocTaercss TONBKO MOTOYETHAsI, pUC.14), IpUYeM OHA 3aMeis-
eTCsl B OKPECTHOCTSIX TOUeK pa3pbiba 3a cueT adderra ['n66ca (cm.Hmxe). Eciu paspeiBos
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y f(x) mer, Ho ecTh m3a0MbI (puc.15), TO UMeeTCst pABHOMEPHAs CXOIUMOCTh, HO TeOpe-
Ma 4.8 BepHa TOMBKO Tipu M = 0, T.e. CKOPOCTH PABHOMEPHOI CXOANMOCTU MUHUMAJIbHA!

|f(z) — Su(z)] < ﬁ

Annpokcumariusa pyHKIUN YacTUIHOI cyMmoii psajga Pyprbe.

Pacemorpum BHOBE dyuKImO f(z) u f (x) — ee mepuoOANIECKOE MPOJIOIKEHIE C TIPOMEIKYT-
ka (—[;l] Ha BCIO YncaoBYIO mpsimyto. [lycTh Jist HUX BBITOJIHEHBI YCJIOBHS TeopeMbl 4.6, B
YACTHOCTHU, KYCOUHAs HENIPEPHIBHOCTD.

Coracio reopene 4.6 psii @ypbe, nocrpoennsii jist dyuximun f(z), cxomures K f(x) Bero-
J1y, KpoMe Touek paspbiBa f(z). YacTHdHble CyMMBI 9TOTO Psijia, CIIYZKAT JUIsl AIIIPOKCHMAIII
f () Ha Bceil YmMCIIOBOI MpsiMOii U 7T anupokcumanun f(z) Ha npomexyTke [—[; ] (omsaTh ke
34 BBIYETOM TOUEK Pa3phIBa | (x)):

~ n k k _
f(z) = Sp(x) = ap + Z ay, cos % + by sin %, x € R\ {rouku paspseiBa f(x)}. (4.5)
k=1
= kmx . kmx z
f(z) = Sp(x) =ag+ Z a CO8 —— + by sin - TE€ [—1;1] \ {rouku paspeBa f(x)}. (4.6)
k=1

Dopmyia (4.6) ssasercs caejcrsuem (4.5). Onuinem u npouLocTpupyem rpadbudeckn ocobeH-
HocTH anmpokcumManuu (4.5) B AByX ciaydasx. Takue e 0COOEHHOCTH €CTh Uy aIlllPOKCHMAIINN

(4.6).

Cuyuaii I. @yukmus f(z) nmeer paspbiBbL

Paspbisbl f () MOryT GBITH CIIPOBOIMPOBAHBI, BO-IIEPBBIX, Pa3pPbIBAME HUCXOIHON QyHKIINH
f(z) BayTpu npomexkyTka [—[;l], Bo-BTOPBIX, uMeloTcst B Toukax =+, £3l, £5l u T.1., eciu
f(l) # f(—I). Ha puc.16 nokazan Kak pa3 BTOPOii BAPHAHT.

Cymma psja @ypee S(z) Toxke paspbiBHa B 9ToM caydae (em. puc.14). Ilpu sTom gactud-
HBIe CyMMBI Sy, () B JII000M CJlydae HeIPEPhIBHBI, TaK KaK SIBJISTFOTCS CYyMMaMU KOHETHOT'O IHCIIa
HEIIPEPBIBHBIX TPUTOHOMETPUIECKUX (DYHKITUI ¢ 9rcI0BbIMU Kodddurmerntamu. Popma rpadu-
KOB Sy, () BOJHUCTASI, KAK U TOJIOKEHO KOHEYHOH CyMMe MPOCThIX rapMOHUK (KoJsiebanuii).

Ha puc. 16 uso6pazken Tumuanblii Busy annpokcuMamuy f(z) ~ S, (z) B aroM caygae: f(x)
(kpacHas yuHUs), S,(x) (buoserosast TuHMs).

TIOIBITKA AIIPOKCAMUPOBATD PA3PLIBHYIO | (x) HenpepbIBHBIMU Sy, (Z) IPUBOJUT K SIBJIEHHUIO,
KoTOopoe HasbiBaeTcsa 3 dekToM I'mbbca. DdpderT cocTonT B TOM, 9TO BOIM3K TOUEK pa3PhIBA
f (x) mabmiomarores ycuaeHnble Kosebanus Sy, (x), 6osiee 3aMeTHbIE, YeM B OCTATBHBIX TOYKAX.
AMIUITY I8 9TUX KOJIeGAHHl [IPONOPIUOHAILHA Be/IMInHe “CKauka” (DyHKIUH | (r) B TOuKe
paspeiBa. llpu yBenudenun n cykaercs OKPECTHOCTb PACIPOCTPAHEHUs STUX KoJieDaHui, HO
aMILTATY/Ia He cokpariaercs. Vubivu ciioBamu, 3 dekT ['nb0ca Herb3s moIaBUTh YBEINIYeHIEM
nopsiika n, rpadbukn S,(x) u f (x) HUKOI/IA He CTAHOBSATCS BU3YaJbHO HEPA3TMIUMBL. DTO
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[PU3HAK OTCYTCTBHsI pABHOMEPHON cxomumoctu S,(x) K f(z) — u meficTBUTEIHHO, COIIACHO
TeopeMe 4.7 B 9TOM cJIydae eCTh TOJBKO MOTOYeTHAs CXO/IMMOCTb.

S,

Puc. 16

Bameuanue 10. Dddexr ['nbOca MOKHO HAOIIOAATH IIPU COXPAHEHNN M300paskeHuilt B op-
Mare jpeg. I'pybo roBopsi, TeXHOJIOTUSA jpeg OCHOBaHA Ha TOM, UTO M300payKeHue KOIUPYeTCs
HEKOTOPOI (DyHKIIIEH (3a;ga10me171, HallpuMep, APKOCTb KazKJI0I'0 HI/IKcenH) U C2KUMAaeTCd IIyTeM
3aMEHBI 9TOI (PYHKIMHU Ha YacTUIHYIO cyMMy psjga Oypwe. Ecin n3obpakenne coaepKuT KOH-
TPacTHBIE TIEPEXOJIbI, TO OHO KOJUpYyeTcd (PYHKIUEH, UMeIoIeil CKauKu, U 10C/e CXKATUHA jpeg
BOJIM3Y JIMHUI KOHTPACTA TOSIBJIsIETCsI pAOb. D10 U ecTb nposieiierne sbderra ['nb6ea (puc.17).
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Puc. 17

Cayw4aii IT. Oyuxius f(x) HenpepbIBHa.

B srom ciayuae va rpadurax vactuaHbix cyMm Sy, (x) adbdekr ['nb66ca orcyreryer (puc.18).
Ipadukn S,(r) UMeEOT BCIOY OJAMHAKOBYIO ‘BOJHUCTOCTD’, 6e3 crenuduaecKux BCILIECKOB.
[Tpu Gosbiux n rpaduku S, (z) u f () cTaHOBSITCSI BU3yaJIbHO HEPA3JIMIUMbBI — TAK BbIDAZKa-
eTCs pABHOMEPHAsL CXOIUMOCTh Sy, (2) K f (), KoTopast coracho Teopeme 4.7 HMeeTcst B JAHHOM
cirydae.

Puc. 18

IIpu sroM, Kak ObLIO 3aMeYeHO IIOCje TeopeMbl 4.8, Ha CKOPOCTh PABHOMEDPHON CXOIMMO-
CTH, a 3HAYUT, U Ha KadecTBO amnpokcumanuu f(x) ~ S,(x) mioxo BaugioT uzmoMmer f(x).
[Torpemtaocts ammpoxkcuMarmu f () /S, (2) Bblllle B OKPECTHOCTH TOYEK U3JIOMA.



CpaBHeHrEe MeTOAMK pa3jioxkeHust GyHKIuu B crenenHoil psaq (psag Teitmopa) u
TpuroHomerpuveckuii psg (psg Pypoe).

flz) = Z ap(z — x0)", 2 € (10 — 1320 + 7). (4.7)
k=0
f(z) =ag+ i ay, Cos @ + by sin lmrTx’ z € [—1;1] \ {Touku paspsisa f(z)}. (4.8)

k=1

Yrobbl dyukius f(z) packiajbBaiach B crerneHHoil psit (4.7), HeoOX0AuMO, IT0ObI OHa, ObLIa
6eckorneuHo uddepeHnupyemMa Ha MpOMexXyTKe (rg — ;&g + 1) (1 J1ake 9TO TOJBKO Heob-
XOIMMOe yCJIoBre, HO He joctarodnoe). [lpu srom psiy (4.7) cxomurest K f(x) paBHOMEpHO Ha
moboM oTpeske [xg — p;xo + p] C (g — 7;%0 + 7), IPUIEM BMECTE CO BCEMH ITPOU3BOHBIMU
(paBHOMEpHAsT CXOJUMOCTD COXpaHseTcs u noce quddepeHupoBansi).

Hrobb! dyukiwmst f(z) packiaibBagach B TPUTOHOMETPHYIECKHUil psif (4.8), 10CcTaTOIHO, ITO-
6u1 f(x), f'(x) 6GpUIM KyCOUHO HempepbIBHBI Ha mpoMexyTKe [—[;1]. B obmieit curyanuu cxo/m-
MOCTD IIOTOYETHAS.

Takwum 06pa3oM, B CTEIEHHON PsJT PACKJIAIBIBAIOTCA (DYHKIUMHA TOJBKO OY€Hb BBICOKOTO Ka-
YeCcTBa U CXOJUMOCTD Psijia TIOJIYYaeTCsl CHJIbHAA; B TPUTOHOMETPUIECKHUN PsIJi MOYKHO Pasyio-
JKHUTh T0pa3o 6oJibIne QyHKIM, TOAITCsT (DYHKIMN CPABHUTEILHOIO HI3KOTO KadecTBa (Jazxe
paspbIBHBIE), HO CXOJUMOCTD Psijia MOXKET ObITh CJ1aboii.

MeToauku pa3/IozKeHust B CTEIEHHONR ¥ TPUTOHOMETPUIECKUI PsiJl CYIECTBEHHO PA3IUIHDI.
Koaddunnenrsr crenernnoro psaa (4.7) mosydatorcs myteM jauddbepeHnupoBanus (QyHKIINA
f(z) B TouKe 4. Pasioxkenune B cTeneHHOI Psiji OCHOBAHO HA UJlee TIPOIHO3MPOBaHUsI (TI09TOMY
geM BJINKE T K To, TEM BBIIIE CKOPOCTH cxoaumocTu psja). Kosddunnentsr Tpuronomerpude-
cKkoro psiza (4.8) mosydaroTcs IyTeM HHTerpUpoBaHUs Ha npomexyTke |—(;[] dyukmumm f(x),
YMHOXKEHHOW Ha 3JIEMEHTBHI OPTOrOHAJBLHOW TPUTOHOMETPUYECKON cucTeMbl. B ocHOBe 3TOrO
Pa3IOKEHNs — UJest OPTOrOHAIBLHOIO IPOEKTUPOBAHUSL.

Psan ®ypbe B KoMmImiiekcHO popme.

Kommuiekcnas dhopma 3anucu psijia Pypbe ocHoBana Ha dopmysnax Jilyiepa, BhIPAKAIONINX
KOCHUHYC U CHHYC Yepe3 KCIOHEHTY MHUMOI'O apryMeHTa:

kﬂ'.T 1 ikﬂ _,L'kﬂ'CE . kﬂ'l‘ 1 ikﬂ —im fl —im i’“ﬂ
COS— =—=\(e 1 +¢e¢ T |, sSin— = — (e I —e "1 =—le T —e T ).
l 2 l 21 2

[Toncrasnsiem 3t popmysibl B psaj, Pypbe, IPYHIIAPYEM CjiaraeMble U BBOJIUM HOBbIE 0003HAUE-
HES 1711 KO3(MDDUIMEHTOB:

- k k
a0+Zakcos%x+bksin%$ =
k=1

63



St Do (¢ ) g (¢ ) -

CLQ,]{?:O
. . +o00 ak—ibk
R D=t L D
- a_k—i-ib_k
= IT — oo — 5 k<0

DopMmytbt 71 KO3MD@UIIMEHTOB ¢ BbIparKaeM TaKyKe depe3 IKCIOHEHTY MHUMOTO apr'yMeHTa:

L.Lk>0 = ck:ak_Zbk: /f Cos—da:——/f sinkﬂ—xdx—

e =
=— [ f(x) Coslm—gc—z'sink7T / f(z i
20 ), l

b_
2. k<0 = ck:ak+l b= /f cos

1 l — T
=3 f() (Cos kTC _isin k”_x) dr — _/ F(@)eF
1

3.k=0 = cy=ag= /f dx——/f B Rl

Taxum obpazom, Bce KOIPDUIUEHTDI ¢ BBIYUCISIOTCS 110 OJHON u Toit ke dopmyite. [lo-
Jy9daeM KOMILTIeKCHY0 dhopmy psia Pypwe misa dbyaxmun f(x) Ha npomexyTtke [—I; []:

Z e’ T / f(z e T da,

4.3. Psan @ypbe Ha npomexytke [0;!]

HamomuuM u3BecTHBIE CBONCTBA HHTEIPaJia OT YeTHON 1 HedeTHON (DYyHKIIUN 110 CHMMETPUYIHO-

My HIPOMEXKYTKY:
p(—z) = —p(z) = /

o(—2) = () :/ dx—2/0<,0()dx

Pacemorpum psijt u koaddurmentsr Pypoe (4.4) B 1By ciaydaax: korga dyukius f() yeTHas
u korja dyskims f(r) HedeTHA.
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[Iycrs dbyukius f(z) gernasi, Torga Bee kKoddbduimentst by, = 0 u ee psjg Pypbe BKIOIAET
TOJIKO KOCUHYCHI:

!
agp + Z ay oS lmr_x / f(x)dx, ar = / f(z) cos k%dm. (4.9)
0

[Tycrs dbyukrust f(x) vHedernas, Torjaa Bee kKoaddurmentst ap = 0 u ee psajg Pypbe BKIOIaeT
TOJIBKO CHUHYCBI:

k k
Zbksm T / fla sinﬂdx (4.10)

PaccmoTpuM Ternepb pou3BOJIbHYIO (BYyHKIUIO f(Z) U COCTABUM IS Hee TPUTOHOMETPHYe-
CKHe PeAJIbl, Ucrosb3yst popmyist (4.9), (4.10).

Onpepenenne 4.9. Ilycrs dbyukius f(x) onpejeneHa u abCOTIOTHO WHTErPUPYeMa Ha IPO-
mexyTke [0;1].

Tpuronomerpudeckuii psi (4.9) nasvisaercsa padom Pypve no xkocunycam i dyukuuu f()
Ha nipomexytke [0;1].

Tpuronomerpudecknii psj (4.10) waseiBaercst padom Pypve no cunycam s byuxiwn f(z)
Ha ripomexkyTke [0;1].

st mocrpoenus psima Pypbe 1m0 KocuHycaM (10 CHHYCaM) UCIOJIb3YeTcs WHPOPMAIHS O
dbyukim f(z) va nupomexyrtke [0;1] (koaddunuenter Pypbe BHIUUCISIOTCS Yepe3 HHTEIPAJIBI
o npomexyTky [0;1]). IIpu sTom dhyHKIM BocnpuanMaercs Kak deTHast (HederHast). Orcroza
BbITeKaeT MoauduKanmsa TeopeMbl 4.6 0 IOTOYEIHOH CXOAUMOCTH.

Teopema 4.10 (IToroueunas cxomumocts psia Pypbe 1m0 KocuHycam (o cuHycaMm), 6e3 110-
KazaresbeTBa). 1lycth dyHkims f(x) KycOYHO HENpPepbIBHA M UMeET KYCOYHO HEelPEePBIBHYIO
upoussoznyio f'(z) na mpomexytke [0;[]. Torma pax @ypbe mo kocuHycam (1o CHHycaMm) CXo-
JIITCS B KazK 101t Touke © € R n ero cymma pasHa

f(x), * — Touka nenpepbisHOCTH f(x)
S(z) =9 fle=0)+ f(z+0)

5 , & — Touka paspbiBa I poga f (x) 7

e f(x) - dernHoe (HeweTHOE) 2I-TIEPHOIIIECKOE IIPOIOIZKeHHEe BYHKIWHA f(2) ¢ IIPOMENRKYTKa,
[0; (] ma BCIO YHCTOBYIO TIpsIMYyIO R.
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YHeTHBIM MEPUOJINIECKUM TIPOojIoJizKeHneM byHKIMN () Ha3blBaeM PE3yJIbTaT CJIEILYIOMNX
JIeCTBUIl: CHAYaIa CTPOMTCS deTHoe orobparkenne dyHKIwu f(x) ¢ mpomexyTka z > 0 Ha
npomexkyTok x < 0 (cummerpuunoe orpaxkenue rpaduka f(z), £ > 0, OTHOCUTEILHO OCH OD/IH-
HAT), 3aTeM JJIs TIOJIyIUBIIeiics 9eTHON (DYHKIMU CTPOUTCS 2[-TIEPUOAMIECKOE MTPOJIOJIZKEHIE C
npomexxyTtka (—[; ] Ha Bcro dncioByio npsimyto (puc. 19).

NérHoL J 1éme N Z//mo?k’lea@e
452“ :(3: ::A :> O%AHIMM& —' ) ”fao{a/nwume
5 ¥ P \ J‘
;'e ]Z f /\ 3}%7
| \]\ : \

Puc. 19

HeuernbiM mieprogumaeckuM mpojo/kenneM GyHKnuu f(z) Ha3blBaeM PE3YJIbTAT CJIEYIO-
mux JeficTBuii: cHavYasa CTPOUTCs HevdeTHOe oTobpazkenne GyHknuu f(x) ¢ mpomexyTka x > 0
Ha npoMexkyTok = < 0 (cumMmerpudaHoe orpazkenue rpaduka f(z), © > 0, OTHOCHTEEHO HaYa-
J1a, KOOPJIMHAT, IIPH 9TOM HEBAyKHO — KaKoe MMEHHO 3Hadenue pyHKIUU B Touke () IPUHATD, a
KaKoe BBIKOJIOTH), 3aTeM JIJIg [OJIyYUBINeHcsi HeUeTHOH (DYHKIMU CTPOUTCS 2[-TIePUOUIECKOe
IPOJIOJIZKEHNE ¢ TIpoMekyTKa (—[; (] Ha Bcio qucioByio upsmyio (puc. 20).

‘ 7; ; ()() HL2ertoe ) @uzmoe
H&Z&'T#/o& __ ey
»K’éuﬂ /]9 nhedu e
Z)}WI&H-&/L > OVﬁW(HML

39 | ( RN (\Qe\ 2
"f\\ \\ Y\\\

Puc. 20

Conocrasisst Teopemy 4.10 ¢ pucyHKaMu, OPUXOAUM K BBIBOILY: B obreii curyarun f(x)
packyiazpiBaerca B paj Pypbe 1o KocuHycam (cunycam) Ha mpomexyTke [0;(], kpome ToUek
paspeiBa f(z).

Teopembr 4.7, 4.8 o paBHOMepHOIT cxojauMocTn psajia Pypbe MOXKHO TaKyKe IepeHecTHd Ha
PsJT IO KOCHHYCaM U PsJI 10 CHHyCaM € COOTBETCTBYIOIUME n3MeHeHusMu. /L1 paBHOMEpPHOiT
CXOZIMMOCTHU Psijia IO KOCHHYycaM (110 CHHYyCaM), OYeBH/HO, Tpebyercs T0OGABUTH YCJIOBHUS, Ta-
PaHTUPYIOIIHE HEIPEPBIBHOCTL YETHOrO (HEYETHOTO) MEPUOINIECKOTO MPOIOJIKE s (OyHKIINH
f(z). Ilpu 5TOM HENPEPBIBHOCTH YETHOTO MEPHOMIECKOrO MPOJIOIKEHUST YCTPOUTH TOPA3/I0
[IpoIIie, YeM HEeYeTHOrO:

66



e ccm B JionOJIHEHNE K ycsousiM TeopeMbl 4.10 dyukmus f(z) menpepwiBHa Ha [0; (], TO
OHA PACKJIaJIbIBAETCSI B PABHOMEPHO CXOJISITIIIACS P 1o KocuHycaMm (4.9) Ha mpoMexKyTKe

[0; 1];

e ecM B JIONOJHEHHE K yciaoBusM TeopeMbl 4.10 dbyukims f(z) wenpepbiBaa Ha [0;1] u
f() = f(0) = 0, To oHA paCKJIABIBAETCA B PABHOMEPHO CXOJSIIUACS sl [0 CUHYCAM
(4.10) ma nmpomexyTke [0;].

IIpumep pasnoxkenusa pyHkuuu B psag Pypbe pasHOro Tuma.

Pacemorpum dynkumio f(z) = (x + 1) u ancno | = 1. CreoBaTelbHO, /IS Pa3I0KeHHsT
OyJIeT MCIOJIB30BATHCS TPUTOHOMETPUYECKAsT CUCTEMA

{1, cos mz, sin 7, cos 2mx, sin 27, . . ., cos kmwx, sinkwx, .. .}.

[Tocrponm psajg Pypbe Ha nipomeskyTke [—1; 1] mo Beeit 910ii cucreme u psijibt Pypbe HA TPOME-
xKyTke [0; 1] mo cuHycam U 1O KOCHHYCaM, T.€. IPU yIACTHH [TOJOBHHBI 9TON CHCTEMBIL.

1. Psan ®@ypee va npomexyTtke [—1; 1].

Brorancisem koadpdurmentsr Pypbe 110 onpejeaeHuio 4.5:

1! >
a = (x 4+ 1)%dx = =,

1

4(—1)*

/ (z + 1)* cos krwdr = 2%2),
_1\k

/ x+1 Smkwxdx:—4( 1).
km

Cocrasisiem psi Qypoe (4.4):

= (—1)k —1)k
42 (k:Q )2 cos kmx — (k: ) sin kmx.
T

™

QO | W~

[To Teopeme 4.6 psji Pypbe cxomuTes B KaxKioit Touke r € R u ero cymma paBHa

S(x):{f(x)’x#Qn—i_l’,nGZ,
2, x=2n+1

rie f(z) — nepuomuueckoe npogonkenue dyuxiun f(x) = (24 1)2 ¢ mpomexkyrka (—1; 1]
HA YUCTIOBYIO MIPIMYTO (cM. Ha puc.21: 06bIMHOE TIePUOANIecKoe IPOJI0JZKEeHNE ). SHATCHNUST
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-1 1
:g(x) kel “dﬁgﬁfﬁwc
| | ! 4 'l \
[ | [ ! |
4 : o 5 5 —
5 -3 | 3
Sia-opees pG
| | | 4
, % » 2
4 & 5 —_—
5 -3 =
Puc. 21

dbyukmun f(r) u cymmbr S(x) coBmagator Ha npomexkyrke (—1;1). SHaunT, mosydaem
caemytoree passoxkenne byskimn f(x) B psag Oypbe:

(x+1) Z cos kmx — (k—)sinkmc, r e (—1;1).

§ 7r
k=1

Cx0IMMOCTD Psijia MOTOYETHAs], TAK KAK HE BBIIIOJTHEHO HEOOXOMMOE YCJIOBHE PABHOMED-
HOII CXOIMMOCTH, YKa3aHHOe B Teopeme 4.7: dyHKIus f(x) He SBJIseTCs HEIPEPHIBHOI.

. Pan @ypre no kocumycam Ha npomexyTie [0; 1].

Beorauciisiem kosddunimentsr Pypoe 1o dopmynam (4.9):

! 7
aoz/ (x +1)%de = ,
0 3

! 4(2(-1)F -1
ay —2/ (z +1)% cos kmwdr = ( (k;27)r2 )
0

Cocrasisiem psi Pypbe 10 kKocurycam (4.9):
+4 Z k27r2 cos kmx.
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ITo Teopeme 4.10 psan Pypbe cxomuTest B Kaxk 1ol Touke x € R u ero cymma S(r) = f(x),
x € R, tak kak f(r) — 9eTHOE EPUOIMIECKOE MPOJIOJIKEHNE — SABJISIETCSI HEIPEPHIBHOI
dbyHKIMel Ha YUCI0BON MpsiMoii (cM. puc.22).

Buavenus bynknnn f(x) u cymMmsl paga S(x) coBnagaior na npomexyTke [0; 1]. Snaqnr,
HOJIydaeM CJle/IyIolnee pasjoxenne GyHKun f (:c) 10 KOCHHYCAM:

(z +1)? ———|—4Z k:27r2 Coslmrx, z € [0;1].

Cx0IuMOCTD psijla PABHOMEPHAs, TaK KaK f ) SIBJIsIETCST HEITPEPBIBHON (DYHKITHEA.

\J/ F0= (e

;(Y(\q — 1eTHoe n?ua(}auaroe n/;o')onluc//h&

5 —
S(V (%)-S(X) - %mma fujq @PK No Kocmgcm

Puc. 22

3. Pan @ypbe no cunycam Ha npomexyTke [0; 1].
Berauciisiem kosddunmentsr Pypoe 1o dopmynam (4.10):
Ak*m?(—1)F — 2(=1)% — k*1? 4 2)

k33

' 2 . _2<
by =2 [ (x4 1) sinkradr =
0
Cocrasmsiem psit Pypbe 1o cunycam (4.10):

00422_1k_2_1k_22 9
S S e VT

sin kmx.
k373

ITo Teopeme 4.10 psig Pypbe cxoauTcst B KaxKI0if Touke £ € R u ero cymma paBHa

S(x):{f(x)’ x%n,j n € 7,

0, z=n
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e f () — mevyernoe nepuoguveckoe npogo/kenue gyukmun f(z) = (r + 1) ¢ upome-
KyTka [0; 1] Ha "ncIoByIO npsaMyto (cM. puc.23).

Buauenns Gynknuu f(x) u cymmbr psiza S(x) copnagaror Ha npomexyTke (0;1). 3uaunt,
HoJIydaeM cJeylomnee pasuoxkenne GyHKkuy f () 10 CHHycaM:

L ARPTA(—1)k = 2(=1)F — K*r? + 2
(x+1)2:—22 (=) (=1) s sinkrz, x € (0;1).

k33

CxoIMMOCTD psijia MMOTOYeTHAasI, TaK KaK He BBIMTOJTHEHO HEOOXOMMOE YCIOBHE PaBHOMED-
HO#t cxopumocTu: dyHKIma f() He ABJISETCST HENPEPHIBHOM.

|
\

|
— ~ t _|1

SR
\»5
5

S (X> cg MMMA })..Z}k %})6 e

4/-- nNo CMHJCAM-

Bamernm, 9TO sl aHasmM3a cxogauMocTu psia Pyphe (/718 BbISICHEHUS, YeMy DaBHA CyM-

Ma pgJia 1 Ha KakoM mpomMexyTke f(z) packiaaapiBaercs B psii Oypbe) BoBce He 00s3aTE/IBHO
BBIMUCAATD Kodbdurmentsl Pypbe u cocTaBiaaTh psijl. JJ0CTATOIHO HOCTPOUTH U IHPOAHAIA3H-
posaTh f(z).

pyrue npumepsl anaansa psiga Pypbe cM. B IPUIOKEHNN K KOHCIIEKTY JIEKIUil (B KOHIIE).
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4.4. HWnarerpaJs m npeodpa3oBanuss Pypbe

[TocraBum creayronuii Bopoc: MoxkHO Jin yHKnuio f(z) pasnoxkuTsh B psan Oypbe Ha Beeii
quCsIOBON HpsiMoit R, T.e. MOCTPOUTH TPUTOHOMETpHUUYECKUil psiji, cxomsmmiicss K f(r) B Kaxk-
qoit Touke x € R? Takoe BO3MOXKHO TOJIBKO JIJI HEPUOIUIECKUX (DYHKITHIA, TIOCKOJIbKY CyMMa
TPUTOHOMETPHUYECKOTO Psijia IBJISIETCS ePUOIUIECKOI.

Eciau dyuknus f(z) He sBisieTcsa MepUOANIECKOil, TO ee Heb3sl IPEJCTaBUTh B BHJIE P
Dypre Ha Beeil unciopoil npsmoii R, HO TobKO Ha orpaHmdYeHHOM TpoMmexxyTke [—[;1] (3a
BBIUETOM TOYEK PA3PbIBa €€ MEPUOJUIECKOTO TIPOJIOJIZKEHNU ).

Nurerpan @ypbe — 3T0 KOHCTPYKIUS, anaaornatas psany Pypbe, HO IpeaHasHadenHas 11
[peJiCTaBIeHns Herleprondeckoil yukiun f () Ha Beeil 9uCa0BOIM IPSIMOI.

B sToMm pasmene npupeneHa yupoIneHHas cxXeMa IocTpoeHus uHrerpaia Dypbe: Kparkas
U HaIJIAIHAsg, HO HEIOCTATOYHO OOOCHOBaHHas. MaTeMaTH4eCKu CTPOTMil BBIBOJ MHTErpaJa
Dypbe MOXKHO HAHTH B aKaJIeMHYCCKIX yIeOHUKAX 110 MATEMATHICCKOMY AHAJIN3Y.

OcnosHnas ujes nosydenus narerpaita @ypbe — npegeabHblil mepexon 1 psaga Oypbe npu
[ — 4o0.

Honycrnm, dyakmus f(z) onpesenena u abcomorHo naTerpupyema Ha R. Tlocsrennee o3na-
9aeT, YTO CJIeLYIONMi HeCOOCTBEHHBIN MHTErPa/l CXOJUTC:

+o0
/ |f(z)|dz < +o0.

o

Torna f(x) abcomroTHO MHTErpUpyeMa ¥ Ha JIIOOOM OMpaHHYeHHOM mpomexyTke [—[;1], | > 0,
U JIJIsi Hee MOYKHO COCTaBUTDH psiji Pypbe:

o0

ap + Z ay, cos(wyx) + by sin(wgz), (4.11)

k=1
! ! !
ag = % /_ l f)dt, a = % /_ l f(t) cos(wyt)dt, by = % /_ l [ (t) sin(wgt)dt.
km

CuMBOJIOM Wy, = T obo3Havena dactora k-toit rapmonuku. [lojgcraBum dpopmyiibl Koadhdurm-

entoB Qypoe B psax (4.11):

1 l oo 1 1 . ; | |
2 /z f(t)dt + ; 7 /z f(t) cos(wyt)dt - cos(wpx) + 7 /l F(t) sin(wyt)dt - sin(wyz) =

— 2% /_1 ft)dt + % ; /_l f(t) (cos(wpt) cos(wpz) + sin(wyt) sin(wyx)) dt =

! o0l
- %l/lf(t)dt+%kz:;/lf(t) cos (wy(t — x)) dt. (4.12)
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Haiiziem npenen Boipazkernst (4.12) npu | — +oo. Ilo suHeHOCTH TIpEIeIBHOTO HIepexo/ia, OH
paBeH CyMMe IMPeJIEJIOB [IEPBOI0 U BTOPOI'O CJIAraeMoro.

1. Pacemorpum niepBoe ciiaraemoe B mpaBoii wactu paBenctsa (4.12) npu | — +00:

/f )t +OOf()

HecoGeTBeHHBIN HHTErpal CXOIUTC, TaK Kak Tpejnosaraercs, 4ro gyukuus f(z) abeo-
JoTHO nHTerpupyeMa Ha R. Torma

1 !
ﬂ/_lf(t)dt 0.

2. PaccMoTpuM TIpejies1 BTOPOro ¢JiaraeMoro B pasoii yactu pasenctsa (4.12) npu | — +oo.
Bripasum cymmy psgjia Kak Ipejies MOCaeT0BATeTbHOCTH YaCTUIHBIX cyMM. He ymassis
OBIHOCTH, CIUTAEM, 9TO [ — TeI0€e ncja0 (TaKyl BO3MOXKHOCTD JaeT OIpeeIeHne mpe-
Jesia 1o [eifHe), U yCTaHOBUM TIOPSJIOK YaCTUIHOI CyMMBI B BUjie nl.

lim —Z/ f(t)cos (wi(t —x))dt = lim — hm Z/ f(t) cos (wi(t — x)) dt =

=400 [ n—oo

T n—o0 [—+oo

1 tim ?; /_ | £(t) cos (wg(t — x))dt. (4.13)

[Tokarkem, 4TO TOJIyUIUBIIIEECs B KBaJPATHBIX CKOOKaX BbIPAXKEHUE MOYKHO MHTEPIIPETU-
pOBATh KaK MHTErpajibHyio cymMmMy Pumana jjisg dpyHKImnn

_ /_lf(t) cos (w(t — z)) dt

u upomexytka [0; mn]. JeficTBuTenbHO, TOUKM

km
o
pasbusaior npomexkyTok [0;7n] Ha nl gacreil (mocseHsIA TOUYKA COBIIAJIACT C HMPABBIM

KOHIIOM TIPOMEXKYTKA). JIJIMHBI BCeX OTPE3KOB pa3OHeHWs OJMHAKOBBI (CJIe0BATENIbHO,
paBHBI paHI'y pa3OueHus):

W = k:1,2,...,nl,

™
Awk = W — Wg—1 = 7
CocraBum JJ1ed (byHKLLI/II/I @1 (w) HHTEIr'paJIbHYIO CYMMY PI/IMaHa, BbI6paB B Ka4eCTBE TOYEK
Wy € [Wk—l; Wk:] IIpaBble KOHIBI 9TUX OTPE3KOB!:

nl nl 1
Z o1(wr) Awy, = ;Z /l f(t) cos (wi(t — x)) dt.
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Ecim | — +00, TO panr BBIIEONNCAHHOTO Pa30MeHUsl CTPEMUTCS K HYJIO U IPEIes WH-
TerpajibHBIX CyMM PuMaHa COBIIQJAET ¢ ONpeJIe/IeHHBIM HTerpagoM oT dbyHKImn ¢;(w)
1o pomMezkyTKy [0; 71| (HAIIOMHIM, 9TO ONpe/IeJIeHHBII MHTErpaJl He 3aBUCUT OT CIIOC06a
pas0ueHusi U OT BBIOOPA TOUYEK Wy ). OCOOEHHOCTD JIAHHOM CUTYaIUU 3aK/II0IAeTCS B TOM,
qro 1pu | — +00 MeHsiercst u cama GyHKIws @ (w):

—+00

= /—z ft)cos(w(t—x))dt — ¢w)= f(t)cos (w(t — x)) dt.

HecoberBennbiii nHTErpasl CXOAUTCs, Tak Kak GyHKiwms f(x) abCoTIOTHO WHTErpupyemMa
na R 1 KocuHyC IO MOJTYJTIO OTPAHUYEH €JIMHUIICH.

llgrnoo [ Z/ f(t) cos (wi(t — 7)) dt] = ZE-IPOOZSOI wi) Awy = / o(w)dw.

Jns okoruaresbHOro Beipazkenus (4.13) ocTasoch BBIYUCIUTE IPEIET IPU N — +00:

1 ) nm 1 +oo
— lim olw)dw = — o(w)dw.
0

T n—+0 Jq T

Taxum obpazom, ipu | — 400 Beipaxkenue (4.12) crpeMuTcs K 3HAYEHUIO

%/0%0 _+<>O f(t)cos (w(t — x)) dtdw =

+oo 1 +oo 1 +oo
= / — f(t) cos(wt)dt - cos(wz) + — f(t) sin(wt)dt - sin(wz) | dw =
a?(:) b?‘:)

- /0 h a(w) cos(wz) + b(w) sin(wz)dw.
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Onpenenenne 4.11. Ilycrs dyukiws f(z) onpeenena u abCOTIOTHO HHTErpUpyeMa Ha Beei
qucaoBoit npsmoit R. MuTerpan

400
/0 a(w) cos(wz) + b(w) sin(wx)dw, (4.14)
rie
1 +oo 1 +o0 ]
a(w) = = f(z)cos(wx)dx, bw)= - f(z) sin(wzx)dz,

Ha3bIBaeTCst unmezpasom Pypve nst ynknuu f(x).
Oynknus a(w) HasbBaeTcst Kocunyc-npeobpazosanuem byuximn f(x), bdynknus b(w) Ha3bl-
BaeTCs CuHyc-npeobpasosanuem Gyuximn f(x).

Samerum, aro uHTerpas Oypbe sBjsgeTcss HECOOCTBEHHBIM U €0 3HAYEHUE 3aBUCHUT OT IIe-
pemennoii x. [TosTroMy K HEMY TPUMEHHMA TEPMUHOJIOTHSA (DYHKITMOHAIHHBIX PAJIOB: HHTErPAJ
MOZKET CXOJUTHCS WM PACXOAUTHCS B KaxKJIOH KOHKPETHOI Touke x. B obiacTtu cxoamMocTn
€ro 3HavYeHue ecThb (PYHKINsA OT [TePEMEHHOI .

VeiioBust U pe3y/IbTaT CXOAuMOCTH nHterpajga Oypbe BBITEKAIOT U3 aHAJOTMIHON HWHMOP-
marmu st psajga Oypee. Econ Boimosaens yeaoBus teopembl 4.6, To ps (4.11) cxomures B
Kazk 7101 Touke x € R u ero cymma Ha mHTepBase (—I[;[) Takosa:

f(z), * — Touka menpepbiBHOCTH f ()
S(r) = { Fla=0) + (2 +0)
2

x € (=;1).

, © — Touka paspbiBa I pona f(z)’

[Iepexons B 3T0i1 bopmyse K mpeiery npu [ — 400, MOIydaeM pe3yabTaT CXOJIUMOCTUA WHTe-
rpasia Oypbe Ha wHTEpBasE (—00; +00).

Teopema 4.12 (IToroueunas cxomumocts uHTerpasa Pypbe (puc.24), 6e3 J0KA3aTETHCTBA).
[Tycrs dyukuus f(x) abeomorao nunterpupyema wa R u dynkuuu f(z), f/'(x) Kycoano Herpe-
pbiBHBL Ha R (970 3HAYUT, YTO OHM MMEIOT KOHEUHOE YUCJIO0 Pa3phiBOB | poja Ha 060M orpa-
HuaeHHoM orpeske [—[; 1], | > 0). Torma unrerpan @ypbe cxoaures B Kaxkjioi Touke © € R K
3HAYCHUIO

f(z), * — rouka HenpepbiBHOCTH f(7)
S(r) = { Fla—0) + [(z +0)
2 )

x — Touka paspeiBa I poma f(x)

Taxkum obpazom, dyuknus f(r) Moxker ObITh mpejcraBieHa unrerpajom Pypbe Ha Beeil
YHUCIOBOI MPSIMOii, 3a UCKJIIOUEHnEeM TOYeK pa3pbiBa f ().
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—

S(x) - qﬁ Heynd,
k keTofou %o T

MHTM‘M;\, chYhe

¢

A

Puc. 24

TpeboBanue abcosoTHOiT nHTErprpyemoctr f(z) B Teopeme 4.12 HaKIIABIBACT CYIIECTBEH-
Hble OrpaHIYeHns Ha (DYHKIINNA, KOTOPbIE MOXKHO Ipe/icTaBuTh narerpajiom Oypoe. Hampumep,
dyHKIUN

fl('r) =z, fZ(x) :6r7 f3(‘r) :sinx, f4<l’> = arctgx
+oo

HE SIBJIIOTCS aDCOJTFOTHO MHTErpupyeMbIMu Ha R, Jiis HIX / |f(z)|dz = +oc.
[e.e]

ABCOJIIOTHO UHTEIrPUPYEMBIMHE SIBJISIIOTCS, HAIPUMED, Takue (DYHKIIUU:

o) = e B0 =t =2 h@={o ST

[Ipu stom dbyukimu f5, fg, fs ABAAIOTCH TaKyKe KYCOUHO HENPEPBIBHBIMU U MMEIOT KYCOYHO
HEIPePbIBHbIE IIPOM3BOJIHBIE, TIOITOMY 3TU (DYHKIIMKA MOXKHO HpeJCTaBuTh uHTerpasoMm Pypbe
(reopema 4.12). Oyukuus f; He sIBIsETCS KYCOYHO HEIPEPBIBHOM, Tak Kak mMmeeT paspbis 11
pona B Touke x = 0.
HeobGxomumoe (HO He jocrarodnoe) ycjaosue abeosoTHoit narerpupyemoctu f(x) ma R:

lim f(z) = 0.

T—00
fcno, 4TO 3TOMY YCJIOBHIO HE MOXKET YIOBJIETBOPATH HEPHOIMYecKas (DYHKIINS, IOITOMY MHTe-
rpaj Oypbe NPUHIUIHAILHO IIPeIHA3HAYeH JIJIs Herlepuondeckux dynknnit. MoxKHO cKa3aTh,
110 uaTerpas Pypbe — 9T0 HHCTPYMEHT PA3JIOKEHUsT HEIEPUOINIECKON (DYHKINN HA TaAPMOHU-
YecKue KojiebaHusl ¢ HEIPEPbIBHO U3MEHSIIOIUMECS JacToramu (B ormdre ot psiia Pypbe, rje
HabOp YACTOT FAPMOHUK MPEJICTABIIsIeT CO0Oil JMCKPETHOE MHOYKECTBO ).
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Sameuanue 11. 3amernm, 9T0 B 3TOM maparpade Bce HeCOOCTBEHHbBIE HHTEIPAJIBI OT —00 JI0
400 caeyeT MOHNMATh B CMBICTIE TJIABHOTO 3HAYEHUS, T. €.

+o00 l
/ ...= lim e
oo l—4o00 1

NuaTerpas n npeodpaszoBanne @ypbe B KOMILJIEKCHOI popme.

[To anaJiorun ¢ KomiiekcHoi popmoit psjga Pypbe MOXKHO BBIBECTH KOMILIEKCHYIO (hopMy
unrerpajia Oypobe:

oo . 1 [t .
/ c(w)e“ dw, c(w)=— (x)e " dx.

[Tpu sToM ¢(w) HasbIBaeTcst (KOMILIEKCHBIM) TpeobpasoBarueM Dypoe.

VYupaxkuenue. Boipectn KoMminiekcHyio (popmy uHTerpaja Oypobe.

IIpsimoe u obpaTtHoe nmpeobpa3zoBanus Pypbe.

Honycrnm, dyukiws f(x) Moxker ObITh TIpesicTaBieHa naTerpagoM Oypbe, 3aluiiem ero B
KOMILIIEKCHO# (bopMme:

fla) = /_ " (@) dw, c(w):% " F@)erdy, (4.15)

[e.9] -

[leperumiem (4.15) B “cummerpuaHOM’ BUJIE:

1 e iwz ¢ _ L e —iwz
f(:c):\/—2_7r/_oo Flw)e du, f(w)_\/%/_oo F@)eedz.  (4.16)

Barmch (4.15) npugaer BcrioMorarebHoe 3HaUeHne QYHKINN ¢(w) Kak K03 hUImenTy rap-
MoHuKE B uHTerpase Pypre. Samuch (4.16) momxdepkuBaeT caMoCTosTeIbHOE 3HAUEHHE (DYHK-
wnn f(w), pasrosnaunoe Gyukipn f(x), U CBA3b MEKLY f 1 f BOCHPHHUMAETCS KAK B3ANMHO
OJIHO3HAMHOE 0TOOparKeHue.

Orobpaxkenmue

~

fa) = ), fw) == [ e

Ha3bIBACTCSI NpAMbLM npeobpadosarnuem DPypve byukiun f. ObparHOEe 0TOOparKEHHEe

ﬂm%ﬂm,ﬂm:%;[wﬂ@wMu
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HA3BIBAETCSI, COOTBETCTBEHHO, 00pammvim npeobpasosanuem Pypve bynrnum f.

B nuteparype MOXKHO BCTPETUTH paz/ndHbie (popMysibl mpeodpaszoBannsd Pypbe, KOTOPbIE
OOGBIMHO OTIMIAIOTCS TOIBKO THCIOBBIM KO3(DUIMEHTOM TIepet mHTerpastoM, Kak f(w) u3 (4.16)
u c(w) u3 (4.15). Ograxo cummMeTpudHas 3auch (4.16) ucronp3yercs Jaire, IOCKOJIBKY B 9TOM
cirygae popMyJIbl IPSIMOro U ob6paTHoro npeodpasoanus Oypbe MOYTH OJMHAKOBDI.

Cwmblc mpsaMoro u obparHoro npeobpasoBannii Pypbe: ecin mepeMeHHas T BbIpaykaeT Bpe-
v, f(x) — dbyHKIMs OT BpeMeHu (CHrHAJ), TO f (w) — dyskus ot yacrorsl. [IpeobpasoBatus
f(z) = f (w) BBIpAXKAIOT MEPexoJi U3 BPEMEHHOTO IPOCTPAHCTBA B YacTOTHOE U obparHO. B
5TOM KOHTeKCTe (byHKIHIO f HA3bIBAIOT OPUIMHAIOM, (PYHKIIHIO f HA3BIBAIOT N300DPArKEHHEM.

Hekoropnie cBoiictBa npeodbpazosanus Oypobe:

1. f+g—=f+9, af—>af a€R (JTMHEHHOCTD );
2. f(ax) — éf (g) :

3. fla—7) = e f(w);

4. [ (@) = (iw)" f(w).

Yupaxkuenue. J[okazaTh 1epednciieHHbIe CBOWCTBA.

OTu U Jpyrue cBoiicTBa npeobpazoBanus Pypbe MOKA3bIBAIOT, UTO MHOTHE OIl€pallii CTa-
HOBSITCSI HIPOIIE IIOCJIe TIepexo/ia OT opuruHaja f K M300parkKeHuro f . Orcrona ujest perenus
HEKOTOPBIX 3aJ1ad: C IIOMOIIBIO MPSAMOro mpeodbpasoBanust Pypbe mepeiiT B 94aCTOTHOE IIPO-
CTPAHCTBO, T/e 3aJlada CTAHOBUTCH IPOIIE, HAUTH PelleHne U BOCCTAHOBUTH MO HEMY OPUTHHAJ
¢ TIOMOIIBIO obpaTHoro npeobpasoBanus Pypoue. Hanpumep, 1o jelicrBueM npeobpa30oBaHUs
Qypbe JgunHeitnoe uddepeHImaIbHoe ypaBHEHNE ¢ TOCTOAHHBIMU KoM MUIIMEHTaM# ITPEeBPa-
IAETCS B ajredpandecKoe:

y'(@) +y (@) = flz) = (iw)*§w) + (w)jw) = f(w).

Huddepennuanbioe ypasHeHHe OTHOCUTENBHO ¥(x) Hpeobpas’oBaioch K aarebpamdecKoMy
YPABHEHUIO [IePBOil CTeleHN OTHOCUTEIHHO ¢(w). Beipasum u3z wero g(w):

o) = 1

w—w?’

Hasee ocrasiocsh nmpuMeHnTh 06paTHOe mpeobpaszoBanne Pypbe, 4T0bbl HafiT Y(T).
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