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1.1. OnpepneneHne ABOVMHOro MHTeErpana

Paccmorpum GYyHKIIUIO ~ JABYX — TEPEMEHHBIX
z=f(xy), 3aJaHHyI0 B 3aMKHYTOH OTpaHMYEHHON

obmnactu D — R?,

1. Pazobbem o6macth D Ha n MalbIX 3JE€MEHTAPHBIX
yacTed MPOM3BOJIBLHBIM 00pazoM. (OO0o3HauYUM
yepe3 AS; miom@aap i-oid yacth, a uepe3 di -
aunametp i-oif yactu. Yueno A = max {d,}, rze

Puc. 1

i = 1,...,n, HA30BEM paH20M pazdoueHus 08yMepHoil
oonacmu D.

2. B kaxnoi yactu paz0ueHusi BbIOEpEeM NPOU3BOJIBHYIO TOUKY Pi (XiYi) U BBIYUCIUM
3Hauenue Qynkunu f B veit: f (x,y,) =f(Pi),i=1, ..., n, (Puc. 1)

3. CocTtaBuM CyMMY MapHbIX MTpou3BefeHui 3HaueHuil Gpyukimu f (Pi) Ha Tutomanu AS;
COOTBETCTBYIOIIUX YaCTEHl pa30ueHus:

Z:l:f(xi, y; ) AS, 1)

3Ta CyMMa Ha3bIBACTCS 08YMEPHOU UHMeZPAIbHOU CyMMOIU hynkyuu f(x,y)
6 oonracmu D (nBymepHoOit cymmoii Pumana).

4. BpraucauM npenen uHTerpaibHoil cymmel (1) npu ycnosuu, uto A — 0. Ecnu 3toT
npezen CylecTBYeT, KOHEUHBIN U HE 3aBUCHUT OT criocoba pazouenust odmactu D Ha
JJIEMEHTapHBIE YaCTH M OT BHIOOpA TOYEK P; B Ka)JOW YacTH, TO OH Ha3bIBACTCS
080UIHBIM UuHmMezpaiom om Gyuxkuyuu f(x,y) no oonracmu D.

Ob0o3HaueHNe U TEPMUHOJIOTHSL:

ijf(x, y)dS=IliLr(1JiZl:f(xi,yi)-ASi ()

D — o6nacth MHTETPUPOBAHUS;

f (X,y) — noasIHTErpasibHas PYHKITUS;

f (X,y)dS — noapIHTErpaibHOE BHIPAKEHUE;,

dS — GeCKOHEYHO MaJIbIi 3JIEMEHT 00JIACTH HHTETPUPOBAHUS
(muddepennpan miomanau mIockoit 001acTH).

Kparkas ¢popMyiupoBKa onpeae/ieHUs1 IBOHHOr0 HHTErpaJa

JIBoiinbiM wHTerpasiom ot ¢yukuuu f(X,y) mo obmactu D HasbiBaeTcs KOHEUHBIH
npeaes IByMEPHON HHTErpajibHOM CYMMBI, BBIYHCICHHBIA NPU CTPEMJICHUH K HYIIIO

paHra pa30HeHus, IOPOXKIAIOIIETO ATy CYMMY.



JAuamerp nmiockoi purypsl

JMuamemp d nnockoit 2eomempuueckoii 7~ d N\
¢huzypvt — 510 nnvna HauGoONBIIEH XOPIBI ITOM U

Gburypsl, To €CTh HauOOJBIIEE PACCTOSIHUE MEXKIY

JIBYMsI TOUKaMH 3TO QUrypHI.

J]OCTaTO‘IHOC yciaoBUE CymIeCTBOBaAaHUA JABOWHOIO HHTEerpaljia

Eciu ¢ynkuus z =f(x,y) HempepblBHa B 3aMKHYTOW OTrpaHHMYeHHOl oOjactu D, TO

ABOMHOM uHTETpal oT ¢pyHKIuu f (X, y) mo obmactu D cymiecTByer.

1.2. OcHOBHbIe CBOUCTBA ABOVNHOIO UHTErpana

(,Z[OK&SBIB&I-OTCH AQHAJIOTUYHO CBOMCTBAM OIIpCACIICHHOI'O HHTGFpaJIa)

CBoncTBO 1 (0 TMHEWHOCTH JBOHHOTO MHTErPaia Mo MOIBIHTErPATbHON (DYHKIIHN)

JIBOITHOM MHTErpall OT TUHEHHON KOMOMHAIIMY GYHKIIMNA paBEH aHATOTHYHOU

JTUHEHHOM KOMOMHAIIUM IBOMHBIX HHTETPAJIOB OT K0 M3 (DYHKITHA:

g(cl (X, y)+ ¢, - (X, y))dS =¢; g f,(x,y)dS +c, -ij f,(x,y)ds,

rac Cl’ C2— IIOCTOsIHHBIC MHOXXHTEIIN 110 X U 110 Y.

CBoWCTBO 2 (00 aJTUTHBHOCTH ABOWHOTO UHTETpaja Mo 00JacTH HHTETPUPOBAHHS)

Ecau D = D1 U Dy,
TO gf(x,y)dS = [[ f(x,y)dS + [[ f(x,y)dS

D1 D2




CBoncTBO 3 (0 3HaYCHHUH JBOWHOTO MHTErpajia OT (PYHKIUH, TOXKISCTBEHHO PABHOM

(117131200 ())]

Eciu mogpaTerpanbhas Gynkuus f (X,y) = 1 wa obnactu D, To aBOiHON MHTErpai OT

¢byukumu f (X,y) mo obmactu D paBen mommanu (Mepe) Sp 00JacTH HHTETPUPOBAHUS:

[[1-ds =ijdS=sD

D

CBOWCTBO 4 (OIICHKH 3HAYCHUS JIBOMHOIO HHTETpaja)

1. Ecmu m u M — HauMmeHblliee U HanOosbInee 3HaueHus Gpyukuuu f(X,y) B oomactu D,

TO
m-Sp <[[ f(x,y)dS<M -Sp
D

2. Ecia |f (x, y)|<K npu V(x,y)eD, To

[[f(xy)dS|<K-Sp

D

S, - mIomaab odjaactu D

CBonCTBO 5 (00 MHTErPUPOBAHUH HEPABEHCTB JBOHHBIM HHTETPAJIOM)

Ecim  mipm V(X, y) €D  Bepuo  HepaBeHcTBO f(x,y)=209(x,y), o

” f(x,y)dS > ” 9(X,¥)dS | 10 ectr moiinoit MHTETPa OT 0OIbIIeH QYHKIMHA UMEET
D D

O00nplIee 3HaUeHHE (MPU YCIOBUHU, YTO 00a HHTErpalia CyIIECTBYIOT).




CBOWCTBO 6 (Teopema 0 cpeIHEM)

Ecmu ¢ynkuus f (X,y) HenpepbiBHa B obsmactu D, To cymiecTByeT XOoTs Obl OJIHA TOYKA

Po(Xo0,Y0) €D, Takas uro

[[f(xy)ds=1(R)-S,

Hucno f(Po) = Ha3bIBACTCS CpeOHuUM 3HaueHuem ynkyuu f (x,y) 6

oonacmu D.

1.3. MexaHn4eckas TpakToBKa ABOMHOro MHTerpana

Ecim o6nacte D 3aHsTa ToHKOM T1acTuHKOM U pyHKIms f(X,y)>0 3amgaer
MOBEPXHOCTHYIO INIOTHOCTD PACIpeICICHUS HEOJHOPOHOTO MaTepHaa (To eCTh
BEJIMYMHY MacChl Ha €IUHMINY IUIOIIAAN), TO ABOMHOM nHTerpan oT pyukuuu f (X,y) mo

obnactu D paBeH macce TOHKOM MJIaCTUHKHU: ” f (X’ y)dS =m
D

D> JIeCTBUTENBHO, B OIpPENEICHUH JABOWHOTO uHTerpana mo ¢opmyne (2) MOXKHO MPOBECTH
CJIEyIOIll€e MEXAHUYECKOE UCTOJIKOBAHUE:

f (Pi))ASi ~Am; — »3T0 Macca »JJIEMEHTAPHOW YAaCTH, BBIYMCICHHAS MPHUOIMKEHHO Kak JyIs
OJIHOPOJHOIO MaTepuaia;
n
m~ > f (Pi ) AS; — npubIMKEHHOE 3HaU€HHE MACChl BCEX AJIEMEHTAPHBIX YacTel;
i=1
n
lim)_ f(PR)-AS; =m — 570 TouHOE 3HAaYeHHE MACCEI, TaK Kak IpH A—0 Bce 4acTH pasOHeHHs

HCOTPpAaHNYCHHO HU3MCEJIIBYAIOTCAd U TEM CaMbIM y61/1paeTc;{ MOrpCIIHOCTD,
A0ONYIICHHAs TP BBIYHUCIICHUU Ami. <

1.4. TeomeTpunyeckana TpakToBKa ABOVMHOro nHTerpana

Hununopouo unu yunrunopuueckoe meno —

1) L m— z=f(xy)
3TO IPOCTPAHCTBEHHOE TEJI0, OTPAHUYEHHOE
cHuzy obnacteio D c XOY, cBepxy — 4acTbio
noBepxHoctH Z = f(X,y), cOoky — y
WIMHIPUYECKON TTOBEPXHOCTHIO C X ST TE jj

oOpa3yronmMu, napamieabHbIMu ocu OZ.
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JIBoitHOM mHTerpan oT ¢pyHkiuu f(X,y) mo obactu D paBeH 00beMy HITUHAPOUIA

g f(x,y)dS =V

D> JIns TOsSICHEHUST D3TOTO YTBEPXKICHHUS B  ONPEICICHUU
JIBOWHOTO uHterpana  (2) IPOBOJIUM CJICYIONITHE
T€OMETPUUYECKUE UCTOITKOBAHMUS:
f(Pi):ASi = AVi — 3T0 00BEM DIIEMEHTAPHOIO IMIMHApPA C
ocuoBanueM AS; u BeicoToit f(Pj);

i) | |

P b ——— - ===

> f(R)-AS;, — o0 oObeMm  CTymeHWaToro Teia, ’ ’ ASi
i=1

COCTAaBJICHHOI'O M3 DJJICMCHTAPHBIX LUIXMHAPOB (I_[I/IJ'II/IH,I[p
OTJIMYACTCA OT HWJIHMHApPpOWJA TEM, UYTO OI'PAHUYCH CBCPXY
IIJIOCKOCTBIO, napannenLHoﬁ HUKHEMY OCHOBaHI/IIO);

n
Iimz f(P)AS, — o510 00BEeM NUIMHIPHYECKOrO Tea,
10 i=1

OrpaHUYCHHOI'0 CBCPXY YACThIO TOBCPXHOCTH

z = f(x,y), npoeunpyemoii Ha obnacts D, Tak xak mpu A —>0
Bce miomanku AS; yMmeHbmIAIOTCH (CTATMBAIOTCS B TOYKH) U

TEM CaMbIM «CTYIIEHYATOCTh» O00BEMa CBEPXY CIIaKHUBACTCSI
noBepxHocThio Z = f(X,y). <
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§2. BbIYUCNEHUE ABOMHOIO UHTEIPANA B OEKAPTOBbLIX U B
NONAPHbLIX KOOPOAUHATAX

Conep:xkanue

2.1.[1se cbopmynbl AN BbIYUCIEHNA OBONHOIO MHTErpana B JeKkapToBbIX KoopAnHaTax
10

2.2.3agava 06 n3aMeHeHun nopsaka MHTErpupoBaHnst B MOBTOPHOM MHTerpanels

2.3.dopmyna ong BblMUCNEHUSA ABOMHOMO MHTErpana B NonsipHbIX KoopanHatax16

2.4. dopmyna 3aMeHbl NEPEMEHHbIX B ABOVMHOM MHTEIPASE. ......cvvvvuieieeeeeerennns 18

2.1. ABe ¢hopmynbl AnNA Bbl4UCIIEHUS1 ABOMHOIO MHTErpana B AeKapTOBbIX
KoopAauHaTax

Brruucnenue HBOﬁHOFO HHTCI'pajia CBOAUTCA K BEIYUCICHHUIO IIOBTOPHBIX HHTCI'PAJIOB,

IIpu4cM, B IIeKapTOBOﬁ CUCTCMC KOOpAHNHAT 3TO MOJKHO CACJIATh ABYM: crocodamu.

BapuanTt 1 (1i1s1 06/1acTH NpaBWILHOH B HanpasJjienuu ocu OY))

Ecmu o6macte D — mnpaBunbHas B Yy ¥ =@(x)
HarpaBieHuu ocu OY, To ee MOXHO

3aIKCaTh CUCTEMON HEPABEHCTB ¥ =%ax);

Puc. 3

B KOTOPOM OTpaKEHO, YTO MEepEMEHHAs X
M3MEHSETCS B IIOCTOSHHBIX TpeJIeliax, a IepeMeHHas Y U3MEHseTCs, BOOOIIE TOBOPS, B

IIEPEMEHHBIX MIPEENIAX, 3aBUCAIIMX OT X; IIPU STOM I'€OMETPUYECKH OTPE3OK X € [a;b]
SBJISIETCA MpoeKiuei obnactu D Ha ock OX, MuHUA Yy = ¢, (X) OrpaHUYUBAET 00JacTh D
CHU3Y U JIUHUS Y = ¢,(X) OrpaHUYUBaET 00iacth D cBepxy (Puc.3).

Torna nBOMHON UHTETpaj CBOAUTCS K MOBTOPHOMY MHTETpaiy 1o gopmysne
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b 9,(x)
ijf(x,y)ds =£dx¢'(|'x) f(xy)dy )

CrpaBa CTOUT MOBTOPHBIM MHTETpaji, B KOTOPOM BHYTPEHHHMI MHTEIpPaj BBIYMCIISETCS
[0 INEPEMEHHOM Y B MPEANOJOKEHUH, YTO X SBISAETCA IIOCTOSHHOM; pPE3yJIbTaTOM
BBIUMCIICHUSI BHYTPCHHErO WHTErpana sBisieTcss Hekotopas Qynkuus @D(X). 3arem
BBIUMCIIICTCS] BHEITHUIM MHTETpal 0T P(X) 110 MEPEMEHHOM X B IOCTOSIHHBIX TIpejiesiax, B

PE3YIIbTATC MMOJYYaCTCA YUCJIO.

BriBoa ¢popmy.si (1)

VAN N T

> Tak kak [ f(x y)dS HE 3aBHCHT OT cnIOCO0A 5 =gy (7 ) - - - [T \

D i -1

pasObuenns obmactu D Ha onemeHTapHBIE  Aypg T[T 1

. TN ) :

4acTu TO cresaeM pazOueHue eé o — ! ]

’ ¥ = il p - :

TOPU30HTAIBLHBIMH 5 BEPTHKAIBHBIMHU a T 5 iy
L

MNpsAMBIMHA Ha IMPAMOYT'OJIBHBIC 3JICMCHTAPHBLIC -&x
1

qacTH.
Bcero kommuectBo 9JICMCHTAPHBIX JacTen 6y,[[eT paBHBIM N = nl . n2 , TAC N, — KOJIHUYECTBO YacTeu mo

ocu OX, n, - konuuectBo yacteii o ocu OY (Bood1e rosopsi, N, =n, (i), T.e. pa3HOE NPHU Pa3HBIX ).
[Imomane Kak10M JEMEHTAPHOM YaCTHU BBIYMCIIAEM KaK IUIOLIAAb MPSAMOYIOJIbHUKA! ASij = AX, - Ay i
a KOOPJIMHATHI MPOU3BOJILHO BEIOPAHHON TOUKHU Ha KaXI0W JIEMEHTAPHOM YaCTH 0003HAUYNM (K Y ) .

Tenepb paboTaeM ¢ onpezeneHueM IBOMHOIO MHTErpaia, yUuThIBas Takoe pazdouenue odmactu D:
®
gf(x’y)ds maxAanzzf(X"y ) AX ij

{maxAy]—>0 1=
HUCIOJIb3YAA MCECXAHUYCCKYK) TPAKTOBKY, BBIIIOJIHUM CYMMHUPOBAHUC CHa4dajla II0 j, TO €CTb IIO
BCPTUKAJIBHBIM 3JICMCHTAPHBIM 4YacCTAM IIpH (bHKCHpOBaHHOM YI , 3aTEM IIO i, TO €CTb NPOCYMMHUPYEM

MacCChbl BEPTUKAJIBHBIX TTOJIOCOK
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S

3 cons (%)

lim > lim Zf(x, Y,)- Ay, |- AX, =1 o6osmasmm j f(X,y)dy=d(X)¢=

max Ax; -0 max Ay]eo _
=1 o (%)

e
onpeoenéHHbIll uHmepan no NePemenHoll y

b [ P2(X)
:max"{ILoZ@( )- A% ICD dX:i {X)f(x,y)dy dx
@
Z:ﬁsﬁifzﬁtgnﬁb;u uHmez2pan no ——

Takum oOpasom, moiydeHa (opMmyida CBEICHHS JBOWHOIO HMHTErpajlla K IIOBTOPHOMY:
b o (X) b ®,(X)

”. (x,y)dS = {Bﬂ(;;ap:T;];(BT);I;OOPHHHaTaX} _ J( I £ (x, y)dy)dx = jdX j £ (x,y)dy.
D a ¢(x) a  ax

B KOTOPOM BHYTPEHHUW MHTETPAJI BBIYUCIISIETCS 110 IEPEMEHHOM Y, a BHEIIHNUN — 10 IEPEMEHHOHN X.

<

I'eomerpuyeckast wiutrocrpanus K popmy.ie (1)

Cmeic hopmynsl (1) MOXKHO Takxke NPOMILTIOCTPHPOBATH z,
BEIYKCIICHHEM 00beMa IIMHAPONAA, 3Has (GOpMyTy s z = fxy)
BbIUMCIIEHHSI 00beMa Tela C M3BECTHOM IUIOHIA/bIO I P
TIOTIEPEYHOTO CEUEHHS: I Ew )
?2(x) 7 &
= _[ f(x,y)dy — oTo mUIOWAAL NONMEPEYHOro T ] x
o) !

CCUCHUA NUWIMHAPOHUAA IIIIOCKOCTBIO x=const. Torma c

IMOMOIIBIO OIMMPEACIICHHOI'O MHTETpajia HaXOAWNM BECh 00BeM: Y

X

V:XIb dx I jfxydydx

X

Mpumep 1 (BBIYMCIICHUE IBOMHOTO MHTErpaJia B I€KAPTOBBIX KOOPMHATAX)

Brraucnuts J‘ J’ (x+y)dS» ecIu o6macte D orpanndeHa TMHUAME Y = X* Y = 2X.

PeweHne
Ctpoum obsacte D, onpenensieM e€ mpaBUiIbHOCTH B HanpaBieHuH ocl OY © 3amuchIBaeéM CUCTEMOI

HEpPABEHCTB
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10<x<2
Ix?<y<2x
BerurcrisieM 1aHHBIN IBOMHON HHTErpall CBEIEHUEM €TI0 K IOBTOPHOMY MHTErpary mo ¢popmyie (1):
2 2x 2 oY% VA
[[(x+y)dS = [dx [(x + y)dy:jdx(xy+y2j =
D 0 2 0 y=x2 y =2X
2 2 |
_ 2 3 1., (4 1, 1 5\ |52 !
__([(4x - X _EX de_&x _ZX _EX jo— 15[ @, (X) = 2X|------ i
| 2
2 Yy =X
@, (X) = X°|- A~ :
0 X 2 X

BapuanT 2 (iis1 06J1aCTH NPaBWILHON B HanpaBJjieHun ocu OX)

Eciu obGmacte D — nmnpaBwibHas B N
HampaBineHuu ocu  OX, TO OHa yA — ¥ ( y)

3alHCHIBACTCS CUCTEMOM HCPAaBCHCTB

{csysd
D:
Wl(y)SXSI//Z(y),

B KOTOpOfI OTPaXXCHO, 4YTO IMCPECMCHHAasA Y

U3MCHACTCA B IIOCTOSHHBIX IIPCACIIAX, a C

NepeMeHHass X  HW3MEHSETCs, BOOOIIE X[=w, (y) x= W, (Y)

rOBOPS, B IEPEMEHHBIX TIpeIeiiax,

3aBUCSIIUX OT Y; IIPU 9TOM I€OMETPUUECKU OTPE30K Y €|[c;d ]| sBIsAeTCcs mpoeKuueit
obmactu D Ha ock OY, nuHUs X =y, (y) orpannuuBaeT ob1acts D crneBa, TuHUS

X =w,(y) orpannuuBaet obsactb D crpaBa (Puc. 4).

Tornma nBOMHON UHTETPa CBOAUTCS K TOBTOPHOMY IO (hopMmyIie

d V/z(Y)

ﬂ f(xy)dS :jdy I f(x y)dx (2)

D ¢ wly)
CrpaBa CTOUT MOBTOPHBIM MHTErpall, B KOTOPOM BHYTPEHHHMI MHTErpPaj BHIYMCISETCS

[0 TIEPEMEHHOW X B TPEIINOJOKEHUHM, UYTO Y SIBIACTCSA IOCTOSIHHOM; pe3yJbTaTOM
BEIYHCIICHHS BHYTPEHHETo MHTerpana spisiercs Hekoropas ¢ynkmms P (Y). 3arem

BEramcisercs BHemHni naterpan or P (Y) mo mepeMeHHOI Y B HOCTOSHHEIX IIpejienax,

B PC3YJIbTATC IOJIYIACTCA YUCIIO.
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Mpumep 2 (BBIYKCIEHUE IBOMHOTO MHTErpalia B IEKAPTOBBIX KOOPIMHATAX)

Brerauciauth j j (x+y)ds, €CIA 00J1aCcTh D orpannuena muHMSIMH Y =2X 1 Y = X°.
D

PelwleHne

O6nacte D, yxe moctpoeHHast B IpeIbIIyLIeM IPUMEpE, SBISETCS TaKXKe MPABIIILHOW B HANIPABICHUN
ocu OX, mMO3TOMY MOKET OBITh 3alMcaHa CUCTEMOW HEPABCHCTB

0<y<4
D:
%SXSJ]
BrruncnsieM TaHHBIN TBOWHOM WHTETPANI CBEJACHUEM €TI0 K MOBTOpHOMY 10 (hopmyuie (2):
4 \/? 4 Xz X:\/y _]r"
”(X+y)dS:J‘dyJ‘(x+y)dx:jdy(+yxj =
D 0 yi2 0 7 x=y/2 4

4 2 2 4
y 'y y 1 5, 3/2
{y% 8+yJ§ >) !(Zy VY j y

1 2 5 3 2 5/2
J— R +i
(4y 247 57 )

vy

4 152

15/

0

2.2. 3apgava 06 U3sMeHeHun nopsaaKka UHTerpupoBaHUsi B NOBTOPHOM
WHTerpane

Ha npumenenun ¢opmyn (1) u (2) nns ogHOM M TOM Xe 00JaCTH OCHOBAHO
penieHre 3agauu 00 M3MEHEHUM MOpsAAKa MUHTETPUPOBAHUS B MOBTOPHOM HHTETpaje.
PaccMmotpum nipuMep Takou 3a1avu.

N

3
[TycTh JaH MOBTOPHBIA HHTErpa IdXI f(x,y)dy u TpeGyercs M3MeHHTH MOPAIOK
0 0

WHTETPUPOBAHUS TaK, YTOOBI BHEIIHUNM WHTErPaJl BHIUUCISIICS OBl MO MEPEMEHHOM Y, a

BHYTPEHHUU — 10 IEPEMEHHOM X.

[lo mpenenam B JaHHOM MOBTOPHOM MHTETPAJIE BOCCTAHABIMBAEM 3} p=4x =x =}

obusacts D, 3anuceIBas U1 Hee CUCTEMY HEPABEHCTB Nl R
0<x<3 kedve -
0<y< Jx o 3 0z

Hanee ctpoum ob6sacth D mo »3Toil cucTemMe HEpPaBEHCTB M 3alUChiBacM €€
HEPaBEHCTBAMM JIPYTUM CIIOCOOOM, TaK YTOOBI B MOCTOSIHHBIX TpeleiaX H3MEHSIACh

IepeMeHHas Y:
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0<y<-/3
y2 <x<3
Teneps mepexoauM OT UCXOJHOTO MOBTOPHOTO MHTErpana K JBOMHOMY HHTErpaly Mo

obnactu D, a 3arem cHOBa CBOAMM JBOMHOW MHTErpajl K MOBTOPHOMY, HO C JIPYTUM

IMOPAOKOM MHTCTPUPOBAHUA:

3 Jx NEI
[dx [ f(x,y)dy=[[f(x,y)dxdy= [ dy jzf(x, y)dx
0 0 D 0y

3 WX B3
OtBer: j dx j f(x,y)dy = j dyJ. f(x, y)dx.
0 0 0 2

y
332[3‘13 00 HM3MEHCHUH nopssaka MHTCIPUPOBAHUA HMCECT IMPAKTHYCCKOC 3HAYCHHUC B

CBA3HM C BO3MOXHBIMU TPYAHOCTSAMH IIPHW BBIYHUCJICHHH ITIOBTOPHBIX HHTCTPAJIOB OT

bynakmun f(X,y).
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2.3. ®opmyna ons BblYMCIIeHUs ABOMHOIO MHTerpana B NoNsApPHbIX
KoopAuHaTax

HYCTB 06J]3,CTI> D 3aIIUChIBACTCA CHCTGMOﬁ HepaBeHCTB
B HOJ'IHpHBIX KOOpI[I/IHaTaX
alp<pf
D :{
P1(@) < p < py(9)
O6macte D Ha3bIBaeTCS HNpaAGUIbHOU 0071aCMbIO 6

NOJIAPHOIU cucmeme KOOpOuHam, €CIIN KKIbIA JIyY,

BBIXOJISIIIIMM U3 MOJII0Ca, MepeceKaeT TpaHuIly 00JIacTH
He Oojiee 4yeM B JBYX TOYKax (3a HUCKIIOYCHHUEM TeX
Y4aCTKOB T'PAaHUIIbI, KOTOPHIC SIBJISAIOTCA YaCThIO JIyya,
UIyIIero u3 noitoca) (Puc. 5).

ITo onpenenieHnto IBOMHOIO UHTETPAIa UMEEM:

n
gf(x, y):Lime:; (% i)~ AS, -
Tak Kak 3Ha4€HHE JBOMHOTO MHTETpayia HE 3aBUCUT OT

cnocoba pa3zbuenuss obmactu D Ha sremeHTapHBIE

4acTH, TO CJeJaeM ATO pa3OueHue KOOpAMHATHBIMU
JUHUSIMU TIOJIAPHOM CHCTEMBI KOOpAMHAT: JIy4aMH,
BBIXOJAIIMMUA M3 TOJIIOCA, M KOHIEHTPUYECKUMU
OKPYXHOCTSIMU C IIEHTpaMM B Toiroce. Torma
sneMeHTapHas riomans 0S  BbuMcnserca  kak

Pa3HOCTH TJIOLIAAEH IBYX KPYTrOBBIX CEKTOPOB:

1 1 1
AS =§(p+Ap)2 D= P Ap=2(p*+2p-8p+ (Ap) - p*)- Mg =

1
Z(p+2Apj-Ap-A¢>=pc,, Ap-Ag

dukcupoBaHHasg Touyka (X,y) Ha KaXKJIOW SJIEMEHTApPHOW YacTU TOXE BbIOMpaeTcs

IMPOU3BOJIBHO, ITO3TOMY €C ICKAPTOBLI KOOPAUHATHI C YHCTOM M3BCCTHBIX (1)0pMy.]'I CBiA3HU

JEKApTOBBIX M MOJSPHBIX KOOPAMHAT MOXKHO IOJOXUTh paBHbIMU X = O, -COSQ,
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Y=p, SINQ (3mecp 3HaYeHUE yriaa ¢ MOXKHO HPOMU3BOIBHO 3a()UKCHPOBATh Ha

HNPOMEXKYTKE JUIMHOW Ag). Torma ompejieicHUe ABOWHOIO WHTErpaja 3aluIIeTcs B
CJIeIyIOIIEM BUJIE:

gf(x,y)dS:Lim > f(pcpcosgo,pcpsin(p)-pcp-Ago-Ap:J.Jf(pcosgo,psin(o)p-dp-d(p

no ecem
uacmsm
pasbuenus

dS 6 nonspueix
KoOpOuHamax

HpaBI/IJIO nmepesoaa IlBOﬁHOI‘O HHTETrpaja B CUCTEMY MMOJAPHBIX KOOpAUHAT

UtoObl TmIepeBeCTH JABOWHOM HWHTETpal ” fFO,y)dS  ys JIEKAPTOBOM CHUCTEMBI
D

xkoopmuHaT (X,¥Y) B cucremMy monspHeIX KoopamHaT (¢, ), HykHO B
X=p-COSQ
MOABIHTErPAIbHON  (PYHKIMU clenaTh 3aMEHy [EepPEMEHHBIX y = p-sing

GeCKOHEUHO MaJIbIif 3JIeMEHT IUIOIIAM 3anucaTh 1o popmyne dS = p-dp-de

IlepeBeneHHBIN B MOJISPHBIE KOOPAWHATHI IBOWHON MHTETPal CBOJUTCS K OBTOPHOMY
MHTErpaly 1o uMerolencs 3anucu odsactu D HepaBeHCTBaMU 11 IEPEMEHHBIX (@ U
p. B pesynbrate mnomydaercs gopmyna 0na eévivucienus O060IiH0O20 UHmMEZPANA 6

HOJIAPHBIX KOOPOUHAMAX.

B p2p)
I £(x,y)ds =[] f(ocosg, psing)p-dp-de = [do I(f)(pcosco,psin o)p-dp 3)
D D o PP

Mpumepbl 3 (BBIUKCICHUE IBOMHBIX HHTETPAJIOB B MOJISPHBIX KOOPANHATAX )
2
1. Beruucnutb ”X ydS, roeD = {(x y)/ x>0,y>0,x2+y? < 4}. yA
D
Pemenue
Ctpoum obGnacte D u 3amuchiBaeM ee CHCTEMON HEpaBEHCTB B V(D

MOJIIPHBIX KOOpAWHATAX:
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0<p<Z®
D: ?=3

0<p<?2
ITo dhopmyse (3) momydnum:

X=p-COSp xl2 2 212 52

”xzde: y=p-sing ZHpZCOSZgo-psinq)-p-dp-dgz):I cosch-singo-dwfp“dp: jcosch~singo-dgo~% =
D dS=p-dp-dp| ° 0 0 0 0

i 32 cos’pl? _[32

3 15

== E[ cos?p-d(cosg)=— :

0

2. BerauciuThb ” ydS, e D = {(X, Y/ X2 +y?<2xmy> O}.

D
PelweHune

CTpOI/IM ooOiacts D u 3amuceiBaeM ee HCPABCHCTBAMMU B IIOJIAPHBIX KOOpJAHWHATAX
p 1

[Ipu 3TOM ypaBHEHHE OKPYKHOCTU CO CMEIIEHHBIM IIEHTPOM IE€PEBEIECHO B MOJSIPHBIE KOOPIUHATHI:
X2 +y° =2X << p°cos’ g+ p’sin®p=2pCosp < p=2C0SQ.
Tenepp nepeBoANM JaHHBINA IBOWHON MHTErpan B MOJSPHbIE KOOPAUHATHI 0 ¢opMmyiie (3) U cBOIUM

€ro K IOBTOPHOMY MHTErpaly B COOTBETCTBHUH C 3alMChio oOnactu D HepaBeHCTBaMu:

2c0sp 3|2cose 7l2

Hde :Hpsingo-p-dp-dgo:ﬁjl‘zsin(p-dgo I pzdpzﬂjl.zsin(p-d(o-p— == I sing-cos’p-do =
D D 0 0 3 3 0

0

0

zl2
zl2 8 COS4 ¢

8 3 8 2
=——| cos” ¢p-d(cose) =— =——
3£ ¢-d(cosy) 3 3

cos* £ —cos* 0 _81_ |
1 4 |3

1
0 4

(S —
0

4

2.4. ®opmyna 3aMeHbl NepeMeHHbIX B ABOMHOM UHTerparne

[Tycts TOuka (X,y)eD m nmepemenHsie X, Y SBIAIOTCS QYHKIMSIMUA HOBBIX MEPEMEHHBIX

o [0

y=y(uv)’



19

npudeM d5TH (GYHKIWUUA SBISIOTCS OJHO3HAYHBIMH, HEMPEPHIBHBIMU W HWMEIONTUMU
HENpEepbIBHbIE YaCTHbIE MpPOU3BOAHBIE. Torjga CyllecTBYeT ¢popmyna 3amemnvl

REePEeMEHHbBIX 6 0BOUIHOM unmezpaine, Koropass HMCCT CJ]CI[y}OIHHﬁ BH]I.

ﬂf(x, y)dxdy:_”f(x(u,v),y(u,v))-|l|-dudv (@)
D dey D' ds,,
3nech | = .| — 9T0 ynKyuonanwvhlii onpedenumens HAxoou (akobuan),
uJv
MTOMOIIIBIO KOTOPOTO TiepecunThIBaeTCs AuddepeHIiman rIoaim:

ds,, =|1|-ds,,
Oo6nacte D' coBmamaer ¢ obmacteio D, eciiu paccmarpuBarth (U,V) Kak KpUBOJIMHEHHBIC

koopauHatel  Toukn  M(X,y)eXOY. Ecmm ke (U\V) paccMarpuBaTh — Kak
IPSIMOYTOJIbHBIC KOOPAUHATHI B pyroit miockoctu UOV, ToD' < UOV — 310 0071acTh,

KOTOpasi OJTHO3HAYHO oTOoOpaxaercs B ooyacte D XOY dynkuusamu X = X(U,V) u y =

y(u,v).

3ameuanme: K. SIxoou (1804-1851) — Hemelkuii MaTeMaTHK, YWICH psAa eBPOMECHCKUX

aKaJIeMUid, B 4aCTHOCTH, MOYeTHHIN wieH [lerepOyprckoit AkageMuun HayK.

Mpumep 4 (mpuMeHeHue (HopMyJibl 3aMEHBI IEPEMEHHBIX B JBOMHOM MHTErPAJIC)

St

2 .2
J‘J.xzydxdy,ecmI D:{X Ty =2

D x>0,y>0 2
D=D
BrITIOTHUM TIONISIPHYIO 3aMEHY IMePEMEHHBIX X, Y-
X=pcosp=x(p,p) il 5 *-Ip
y=psing=y(ep), 0
P )
T
0<p<™
D 2 2
0<p<2, D'
| X, X, _ —psing  Ccosg _ .
Yo Yo| | pcosp sing 0 i @
:—p(sin2¢+cosz(p):—p:|l|:p 2

” x°y dxdy =”(02 cos” ¢- psing- pd pde

D f(xy) dS, b’ F(p.p) dS,,

!
3necs D' cosnamaer ¢ D, ecnu paccMmarpuBaTh MOJISIPHBIE KOOPIUHATHI (¢, p) KaK KPUBOJIUHEIHBIE

KoopauHaThl Toukd M(X, Y) B COBMEIIEHHBIX JIEKAPTOBOM M MOJIIPHON CUCTeMaX KoopauHAaT. Eciu ke

'
aCCMaTpuBaTh KOOPAHWHATHI ( ) ) KakK IIpsAMOYT'OJIBbHBIC B JPYIrou INJIOCKOCTH, TO 00J1aCcTh D HMECT
?, p )

apyryio ¢hopmy, a MMEHHO (GOpMYy TIPSIMOYTOJILHHKA.
Takum 00pa3om, BEITIOJTHEHHAS MOJISIPHAS 3aMEHa TIEPEMEHHBIX XOPOIIIO WILTIOCTPUPYET popmyy (4).
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§3. TPOMHBLIE MHTEIMPAINbI. ONPEAENEHUE, CBOUCTBA, MEXAHUYECKAA
TPAKTOBKA, BbIMUCITIEHUE B OEKAPTOBbIX, B UUNTMHOPUYECKUX U B
COHEPUYECKUX KOOPOUHATAX

Conep:xkanue
3.1.0npegeneHne TPOMHOIO UHTErparna n ero OCHOBHbIE CBOMCTBA ................ 20
3.2.BbluncneHne TpoMHOro MHTerpana B 4eKapToBbIX KOOPANHATAX ............... 22
3.3.BbluncrneHre TpoOMHOro nHTerpana B LMIMHAPUYECKNX KoopAnHaTax........ 24
3.4.BbluncrneHme TPOMHOro MHTerpana B chepuyeckmx KoopamHatax............. 26

3.1. OnpeneneHne TPOMHOIrO UHTErpana u ero oCHoBHble CBOUCTBA

[Tycte pynkuus f (X,y,z) 3amana B 3aMKHYTOM

orpannueHHol obnacu VRS,

X

Tpoiinbim unmezpanom om Qyukuyuu f(x, y, z) no oéaacmu V Ha3bpIBaeTCs Npeaei
TPEXMEPHON WHTETPATBbHOW CYMMBI TIPH CTPEMJICHHHW K HYJIIO paHTra pa3OueHus,
MOPOXKTAIOIIETO ATy CYMMY (€CJIH ATOT MpeJen CYIEeCTBYET, KOHCUHBINM U HE 3aBUCUT
HHU OT crioco0a pazouenus obmactu V Ha 3JIeMEHTapHBIC YacTH, HU OT BEIOOpA TOYCK HA

I(a)K)_IOﬁ N3 3TUX JJICMCHTAPHBIX qaCTeﬁ):
Uj f(x,y,z)dV :le);f(xi,yi,zi)AVi

371eCh N — 3TO KOJUYECTBO dJIEMEHTAPHBIX YacTel pa3ouenus obiactu V;
Pi (Xi,Yi,Zi) — MpOMU3BOJILHO BEIOPAHHAS TOYKA HA KaXTO0H 3JIEMEHTAPHOM YacTH,
i=1,..,n;

A= max {d;} — panr pa36uenus;
i=1,...,n

d, — quameTp I-oii JIeMEHTapHOM YacTy.
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JlocTaToOYHOE YCJI0BHE CYIIECTBOBAHNS TPOITHOT0 HHTErpaJjia

Ecmu ¢ynkuus f(X,y,Z) HempepblBHas B 3aMKHYTOM OrpaHMuYeHHOH obOnactu V, TO
J'J._[ f(x,y,z)dV cymecTByer.
\

Mexann4yeckasi TPAKTOBKA TPOMHOI0 HHTErpaJia

Ecmu f (X,y,2) > 0 — 310 00BbeMHas IJIOTHOCTh paclpeaeiicHUs BElecTBa B 00gacTu V,
TO .m f(x,y,z)dV =m — 3To Macca BCEro BELIECTBa B TpeXMepHOU obnactu V.
\Y

OcHOBHBIE CBOMCTBA TPOWHOI0 HHTErpasa

AHanoruyHbel CBOMCTBAM OIPEACIICHHOTO MHTErpaja Mo OTPE3Ky [a,b] U JIBOWHOTO
uHTerpana no odnactu D.

CBOWCTBO 1 (IMHEHHOCTH TPOWHOTO WHTETPAJIA IO MOJABIHTEIPATBHON (DYHKITIH)

.[\_U(Cl' f(xY,2)+¢,- f,(xy,2))dv =01-U_[ f.(xy,z)dV +c, _U;j f,(x,y,z)dVv

rjae c,,c,— IOCTOAHHBIC MHOXXHTCIH IIO X, Y, Z.

CBOWCTBO 2 (aAIMTHBHOCTH TPOWHOTO UHTETpaja Mo 00JacTH HHTETPUPOBAHHS)

EcmV =V U V,, 1O m' f(x,y,z)dVv :m. f(x,y,z)dVv +j.|"|'f(x,y,z)dv :

CBoNCTBO 3 (0 3HAYCHUHU TPOMNHOIO MHTErpaia oT (PYHKIIUH, TOKICCTBEHHO PABHOM
€JIMHUIIC)

Eciu nonpiaTerpaneHas ¢dynkus f(x,y,z) = 1 ansa V(x,y,z) eV, TO TpOHHON UHTETpalI OT

He€ 1o obsiact V paBeH 00beMy (Mepe) 00J1acTH HHTETPUPOBAHUS:
[[J1-dv =[[Jdv =v
\Y

(3mech obmacthb V u e€ 00bEM V 0003HaUCHBI OJHOM OYKBOK).
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CBOWCTBO 4 (0lIeHKH 3HAYEHUS TPOMHOTO MHTErpasa)

Ecmu m u M — Hanmenbiee u Hanboubiee 3HaueHus: pynkuuu f(X,y,z) B 3aMkHyTON

o6xactu V, TO

m-V <[[[f(x,y,z)dV<M -V

Ecimm [f(X,y,2)|< K mpu V(X,y,2) €V, T0

<K-V

w f(xy z)dVv

CBOWCTBO 5 (Teopema 0 cpeTHEM 3HAYCHHUH TIOIBIHTETPATbHON (DYHKIIHUN )

Ecmu ¢pynxius f (X,y,2) HenpepsiBHA B 001acTH V, TO CYIISCTBYET XOTs ObI OJJHA TOYKa

Po(Xo0;Y0;20) eV Takas, 4to

H.[ f(xyz)dv="~(R)V
m f(x y,z)dv

IIpu sTom uncno f(R,)=-Y y HAa3bIBACTCS CPEOHUM 3HAYCHUEM

¢ynxyuu 1(X,y,2) no oonacmu V.

3.2. Bbluncnenue TpOﬁHOFO MHTEerpasna B AeKapToBbIX KOoOpAMHaAaTax

Brraucnenue TpOfIHOFO HHTCTpaia CBOAUTCA K BBIYUCIICHUIO TPCXKPATHOT'O MHTErpasia.

Z=122(X,y)

Z=171(x)y) Y

X h x

Puc. 6

N
]

B nekaptoBbix koopauHatax o0nacTh V, npaBuiibHasi B Hanpasienuu ocu OZ,
3aMKUChIBACTCS] CUCTEMOM HEPABEHCTB
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V:{(x,y)eD

z(xy)<z<2,(xy)’
rae D — sto mpoekuus obmact V Ha miockocth XOY, a MOBEPXHOCTH z,(X,Y) U Z,(X,Y)

OTPaHUYMBAIOT 001aCTh V COOTBETCTBEHHO CHU3Y U CBepXY (Puc. 6).
Ecnmu nBymepnyro obnacts D Takke 3ammucath CHCTEMOW HEPABEHCTB

{?’jxx)iby <Y, (x)

TO TpexMepHas 00JacTh V 3aUMIIETCs] CUCTEMOM TPEX HEPABEHCTB

as<x<b
Viiy(x)<y<y,(x)
z(xy)<z2<2,(x.y)
Tornma TpoitHO# MHTErpasl CBOIUTCS CHavajga K JBOMHOMY, a 3aTeM K TPEXKPATHOMY C
y4€TOM TOT0, YTO B JICKapTOBBIX KoopauHarax dV = dx-dy-dz.
Dopmyna ceedeHUs MPOUHO20 UHMEZPANA K MPEXKPAMHOMY UHMEZPATYy WMEET

(1010101000507 3701

z,(x,y) b Y2 (%) 2,(X,Y)

[[[fouy.2)av =[[axdy [ f(xy,z)dz=[dx [ dy [ f(xy,2)dz 1)

dxdydz D 7, (x,y) a y1(x) 7 (X,y)

CYHIGCTBYCT Bcero 6 BAPHAHTOB CBCACHUA TpOfIHOI‘O HHTCIpalia K TPECXKpPAaTHOMY B

JIEKapTOBBIX KOOPJMHATAX (B 3aBUCUMOCTH OT BHIOPAHHOTO MOPSAKAa HHTETPUPOBAHUS ).

Mpumep 1 (BBIYUCIECHUE TPOMHOTO UHTETPaAJIa B ICKAPTOBBIX KOOPIMHATAX)

Brrancnuts m XyzdV , rie o6sacTh V orpaHHueHa MOBEPXHOCTIMU X =0, y=0,2=0,x+y+z=1.
\Y

PelwieHne
y
1 xby = 1 3anuniem o6sacTh V CHCTEMOM TPEX HEPABEHCTB!
0<x<1
& V:ii0<y<l-x
0 1 X

0<z<1l-x-y

CBoauM TPOHHOM MHTErpal K TpexKpaTHoMy 1o Gopmyiie (1) B COOTBETCTBUU C CUCTEMO

HCEPAaBCHCTB U BBIYUCIISICM TpCXKpaTHBIﬁ HHTCrpaIl:
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Xyz dz = j‘dxlj‘xdy(xyzzzj
0 0

—x 1 z=1-x-y

'[\'/U xyz dV = .l[dxl.([ dy :[

dx dy dz 0

y 11 1-x )
= ~[dx- (1=x-y) dy=
2jxxjy( x—y) dy

z=0 0 0w dv

u=y=du=dy

dv=(1-X-y) V=] (1—x—y)2d(1—x—y):—(1_xs_w

y=1-x I

1 1-x—-y)’ *(1-x—y)’ L 1-Xx—

zlIdx-x —yi( Y) +J'( x-y) dy | = Ejdx.x _w =

20 3 0 3 0 12

y:0 y=0
U=Xx=du=dx 51 5 .

17 1] (1=x)°| l(-x 1( (1-x 1
Lo - 4 ooy | = ] 0] axPy |1 ) [T

244, — dv=(1-x) dx:>v:—T 24 5 ‘0 0 5 120 6

3.3. BbluncneHue TpOMHOro UHTErpasna B LUIMHAPUYECKNX KOOpAMHaTaX

Hununopuueckue koopounamot mouku ¢ npocmpancmee XOYZ— 310 ee NoJisipHbIe
KoOpAuHATHI (@, p) B iockoctd XOY u koopauHaTa Z.

CBs3b MCXKAY ACKAPTOBBIMU U HUIIMHAPUUICCKUMU KOOPpAWHATAMM

X=p-C0SQ
y=p-sing

_ M(x,3,2)
2=t ' (@p2)

i ) :_L'

I'panunel M3MEHEHMS LWIMHAPUYECKUX KOOPAMHAT p 2 -

@ !
X T __

JUTSL BCEX TOYEK MPOCTPAHCTBA:

pel0;+x), @e[0;27) umnee(-z, x|, ze(-w;+mn)

X Puc. 7

[lepeBoa TpoitHOTO MHTErpaia K LWJIMHIPUYECKUM KOOPAUHATAM U CBEJICHUE €r0 K
MOBTOPHOMY TPEXKPATHOMY MHTETPAITy OCYIIECTBIISIETCS CIEIYIOUUMU JEHCTBUSIMHU:
e 00beM V, npaBuiibHbIN B HanpaBieHUH ocu OZ, MpoekTupyercs B 001acTh

ny < XOY y sanuceiBaeTcs cucreMoii HEPABEHCTB:
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(x,¥) e D,,
V:
z,(X, y)<z<z (X, y)
e JlaJIccC 06JIaCTB DXy 3aIIUChIBACTCA HepaBeHCTBaMH B HOJIHpHOP'I CUCTCMC KOOpI[I/IHaT

(Puc. 7) m cocTaBisieTcsi OECKOHEYHO MaIbIH AJIEMEHT IIJIOCKOW 00JIaCTH B TOJISIPHBIX

KOOpJIMHATAaX:

alp<p
D:{ dS=p-de-dp:

pPi(@)<p<p,(p)
e B HOIILIHTeraHBHOfI q)YHKHI/II/I UB Hpezleﬂax I/IHTerI/IpOBaHI/IH 10 Z ACJIACTCA nepexoz[

K IIEPEMCHHBIM @ U PO .
f(x,y,2) = f(pcosg, psing, z) = f (o, p,2);
— (X y)=1z(p-cose,p-sing) =7(ep, p);
2,(X,y) =7,(p-Ccos@, p-sing) = Z,(p, p).

Ecau BBIMOJHUTH BCE YKa3aHHBIC IMOACTAHOBKH, TO IMOJYYHTCSA CbOpMy.]'Ia BBIYMCJICHUA

X=p-C0S @
y=p-sing

TpOﬁHOFO HHTErpaja B HIMIMHAPHUYCCKUX KOOPAUHATAX.

z; (%) 2 () Z(o,p)
jjjf(x yz)dV jjds j f(x,y,2)dz jd¢pj¢ - Tp o o )
Dyy 7 (x,y) a (o) (p.p)

Takum 00pa3oMm, OECKOHEYHO MaJblii 3JeMEHT o0beMa B IWIMHAPUYECKHX

KoopauHaTtax nomydaercs crenytonmm: dV = p-de-dp-dz

Mpumep 2 (BBIYUCIICHUE TPOMHOTO MHTETPAJIa B IUIUHAPUIECKIX KOOPIUHATAX )

Brrauciuts J‘ J’ J’ 7xdV » €cTu 00macTh V orpaHuYeHa MOBEPXHOCTIMU

X*+y*=1 y+z=3 =0,
PelwweHnve

Crpoum o0nacth V 1 3anUChIBaeM €€ CUCTEMOI HEpaBEHCTB B IIMJIMHIPUYECKUX
KOOp/AMHATax:
0<p<2r

V:ii0<p<1
0<z<3-y=3-psing
Tenepb cBOAUM TPOMHOM HHTETPAII K

TPEXKPATHOMY B COOTBCTCTBUH C CHCTEMOM D

HepaBeHCTB W BBIYHUCIIACM €I0:
z=3-psing

mZXdV— fdfﬂjpdp f pCospzdz =

z=3-psing 2
_J.dwj.[p cos (3102”1(0)) p=

z=0

2z 2

= Idcofpdp peosp L :
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2z 1 1 1 2z
:% _[ d¢cosw[j9p2dp—65in ¢jp3dp+sin2(pjp4dpj :;J'(3005(p—isin ¢005¢+;sin2(p003(pjd¢
0 0 0 0 0

1o

°©°° 2 2], 5 3

0

., 2z . g
:1{3Sin¢|zﬁ_3.sm 9| L1sing

3.4. BbluncrneHue TPOMHOro UHTerpana B cpepuyeckmux KoopamHartax

Cdepuueckne koopauHatel Touku M npoctpanctBa XOYZ onpeaenstoTcs clieIyonum
obpazom (Puc. §8):

I — paccrosaue TOYKd M OT Hayama KOOpAUHAT 7
(nMHA ~ pamMyc-BEeKTOpa  TOYKHM); I Ha3bIBAIOT M(xy.2)
chepuueckum paouycom mouku, D (pr.0) y
r
0]

@ — yrom MeXIy paamyc-BeKTOpoM OM m \l
aam
X

IMOJIOKUTCIIbHBIM HAIIPABJICHUCM OCH OZ,

@ — YroJ MEXIy IOJOKUTEIbHBIM HampaBiaeHrueM ocu OX u mpoeKIuer paamyc-
BekTOpa OM Ha 1wiockocth XOY, OTCUHTHIBAGMBIH IPOTHB YACOBOH CTPEIKH
(TOJISIpHBIN yTOJT).

['panuibl n3MEeHEeHHs cPepruuecKrX KOOPAUHAT ISl BCEX TOYEK MIPOCTPAHCTBA:

re[0;4+x), ¢@e[0;27) niun (06(—72';72'], 0 €[0; x].

CBs13b cpeprueckux U JEKapTOBBIX KOOPAUHAT (BHIBOJAUTCS T€OMETPUUECKH ):

z : y
. rsin@
X=r-sin@-cos¢p z y M’
y=r-sind-sing % rsing
Z=r-cosd 8 0/ T
4
O O X X

3amMeHa TEPEeMEHHBIX B TPOWHOM HHTErpaje OCYIIECTBISIETCS B OOIIEM ciydae IO
dbopmyse, aHamoruyHOW (opmyJsie 3aMEHBl TEPEMEHHBIX B JBOWHOM uWHTEerpaie. B

YaCTHOCTH, IIPH MepexoJie K chepruyecknum KoopAruHaTam 3Ta (popMysia UMEET BU:

j\ﬂ f (x,y,2)dxdydz = '[\ﬂ f (rsin@cosg,rsindsing,rcosd)-|1|-drdéde,

dvxyz dVrH¢
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| — 3T0 QpyHKIMOHANBHBIN ONpeneauTens IKoOu TpeThero nopsiaKa:

! ! !

X X X, sindcose rcosdcosep —rsindsing
I=]Yy VY, VY, |=]|sin@sing rcosdsing rsindcosep |=
z, 7, 1z, cosd —rsiné@ 0
rcos@coseg —rsingsin singcose —rsingsin
=C0s6 - se IS ¢ ng.| > o T P l_
rcos@sing rsin@cose sindsing  rsin@cos¢g
. cosp —sin . ) cosep —sin
—c0sO ricosdsing-| 7 ? |+ rsingsing rsing.| "7 v ‘z
sinp CcoS@ sing  cosg

= r?sin 0(cos® 0 +sin® 0)=r’sin 0 =
‘I‘:‘ rzsine‘ =r?sin@, rak kax 6 €[0;7] nosromy sind>0.

Takum ob6paszom, dxdydz =r®sinddrddde .

beckoHeuHo Malblil 5ieMeHT 00beMa B chepuuecKUX KOOpAMHATaAX UMEET BH/I:

dV =r?-sin@-dr-de-dé:

¢opmyna nepesooa mpoiinozo unmezpania K cpepuveckum KOOpOUHAmMaAM UMEET BU/L:
.[V“. f(X,y,z)dxdydz = J.\.U f(rsin@cosg,rsin@sing,rcosd)-r>-sin@-dr-de-do (3)

Jlaee TpoitHOM MHTETPAT CBOJAUTCS K TPEXKPATHOMY B COOTBETCTBUHU C HEPABEHCTBAMU
st oosmactu V B chepruyeckux KoopuHaTax.
OddexTuBHO nMepeBOANTH B ChepruiIecKrue KOOPANHATHI TPOMHOM UHTETPAI IO

00J1acTsIM, B TPaHUIIAX KOTOPBIX €CTh cepa.

Mpumep 3 (BBIYUCIIEHUE TPOMHOTO UHTErpayia B chepruuecKruX KOOpIUHATAX )

x2+y2+22£4

Brrauciuts _m(x2+yz +zz)dV 1 rae \/ ;{ .
v 72

PelwweHnve
O6macte V mpencraBiseTr co0OWl BEPXHIOIO TMOJOBHHY Iapa

pamyca 2 ¢ LEHTpOM B HadajJe KOOpPAMHAT. 3alluIIeM
HepaBeHCTBaMHU 007acTh V B chepruueckux KOOpAHHATaX.

0<¢p<2n
V:i:i0<r<2
0<0<mw/2

IlepeBoiuM aHHBIN TPOWHOM MHTETpai B cepudeckre KOOpAMHATHI 1o opmyiie (3) U CBOJIUM €ro K

TPEXKPATHOMY UHTCTPAy B COOTBCTCTBHU C CHCTEMOM HCPABCHCTB:
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X=rsinécos ¢ Xy +zt=r?
”_[(x2+y2+zz)dv ={y=rsindsing | dV=r-sin@-dr-de-do}=
\%

Z=rcosé
:m'rzrzsinedrdgodez ngpj ridr Tsin&de =Td¢jr4dr:2ﬂ.ﬁ2 _(84 |
v »=0 p=0 6=0 0 0 5 0 5
—cosd|]" =1

§ 4. MPUNOXEHUA OBOUHbIX U TPONHbIX UHTEMPAIOB K 3A0AYAM
FrEOMETPUN N MEXAHUKU

Copepxanue
4.1.BbluncrieHve nnowanm nnockon urypel, 3aHnmatowen obnacts D......... 28
4.2.BbluncneHne o6beMOB C MOMOLLbH ABOMHOMO MHTEMPANIA .....eeeeeeeeevvnnnnnn. 29
4.3.BbluncreHne macchbl, cTaTn4ecknx MOMEHTOB U1 MOMEHTOB MHEPLUN TOHKUX
11 =T 71T TGP 31
4.4.KoopanHaTbl LEHTPA MACC MIACTUHKM ...ccevvneeeeiiieeeeeeiieeeeeaiieeeseanaeeeeennnns 34
4.5.T1IpUNOXEHNA TPONHDBIX MHTEIPASOB ...ueeviiiieeeeeeiieeeeeetiseeeeasaneeesesnnneeeeennnns 35

4.1. BeluucneHuve nnowaau nnockon urypsl, 3aHMMarowen oénactb D

Ecmu mnockas ¢urypa 3anumaer obmactb D XOY, To ee miomans MOXeT OBITh
BBIUKCJICHA C MOMOINIBIO JBOMHOTO MHTErpasia MO €ro CBOMCTBY O 3HAYECHUM JBOWHOTO
UMHTErpajia oT (PYHKIHU, TOKIESCTBEHHO PAaBHOW €AMHUIIC HA 00JIACTH UHTETPUPOBAHUSI.
B pesynbTaTe mosydaercs ¢opmyiia il BBIYUCICHUS IUIOMIAAU TJIOCKOW (UTYPHI C
MOMOIIBIO IBOMHOTO MHTETpaja:

Sp =[] as W
D

Mpumep 1 (BBIYUCIICHHE TUIONIAIN TIIIOCKOU (PUTYpPHI C TOMOIIBIO0 TBOWHOTO MHTETpasa)

Boruncnuth miomanas Gurypsl, 3aHumaromieid ooiaacts D, orpaHMueHHYIO TUHUSAMA
X=y> u x+y=2.
PelweHnve

CTpOI/IM o0Oiacts D 1 3amuceIBaeM ee CUCTEMOM HCPAaBCHCTB:
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|-2<y<1
lyP<x<2-y

ITo hopmyne (1) BIUUCIsEM IIIOLIA B!

1

S, =IIdS :”dxdy: jdyzjydx: jdy-xﬁ/;y :I(Z—y—yz)dyz
D D ) ) o

2 3
(% -%)

y
Otget: Sp = 4,5 (exUHUII IUIOIIA/TN).

1

1
3

=201+ 2)—%(1—4)— (L+8)=45

-2

4.2. BbluucneHme o6eMoB C NOMOLLLIO IBOMHOIO MHTerpana

C nomMompl0 ABOWHOTO HMHTErpana, €CIM BOCIHOJIB30BAaTHCS €r0 T€OMETPUUYECKOU
TPAKTOBKOW, MOKHO BBIUUCIUTH OOBEM UUIUMHIAPOUAA; hopmyna 01sa 6blUUCIEHUSA

00vema yuauHOpouoa UMeEeT BUJL;

L — _U 2 ( X, y) ds

b , (2)
, z=1(xy) 2= 125(x,y)
y
y —
X —
S = e S
Puc. 9 Puc. 10

rae GyHKOUS z=2z(X,y) 3aJacT IMOBEPXHOCTh, OTPAHWUYMBAIOIIYIO ITUIUHAPOU
cBepxy (Puc. 9)
bonee oOmas ghopmyna ona eviuucnenus obvema mena ¢ nNOMoOuibio 0BOUHO20

unmezpaia NMCCT BUA!

v :H(zz(x,y)—zl(x,y)) ds (3)

D
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Ona noJtydaercst Kak pa3HOCTbh 00b€MOB JBYX HUIUMHIApou10B (Puc. 10).
OO0beMbl IpYruX TN BBIYUCISIOTCS ABOWHBIM MHTETPAjOM TOJBKO B CIIydasx, KOTAa
3TH 00bEMBI MPECTABIISAIOTCA KaK CyMMa WJIM Pa3HOCTh 00bEMOB IIMIINHIPOUIOB.

HamoMHuM, 9TO ITUIMHAPOUIOM HA3BIBACTCSI TEOMETPHIECKOE TEI0, KOTOPOE B
koopauHaTHOM cucteme XOYZ orpannyeHo cHU3y 00sacThio D < XOY , CBEpXy —

4acThI0 HEKOTOPOU MOBEPXHOCTH Z = z(X, Y), COOKY — IIMJIMHIPUYECKON MOBEPXHOCTHIO

¢ oOpa3yronumMu, napayenbHsiMu ocu OZ.

Mpumep 2 (BBIYUCIICHHE 00BhEMa C IIOMOIIBIO JBOWHOTO HHTETpaIa)
Brrunciauts 00beM T€J1a, OrPaHUYCHHOI'O ITOBEPXHOCTAMU
1-z=x2+y*x=0, y=0,2=0,rne x>0 u y>0.
Pelwenne
HOCTpOI/IB JaHHOC TCJIO KaK OI'paHUYCHHOC Hapa6OJ'IOI/I,I[OM z=1- X2 - y2 H KOOpAHMHATHBIMHA

INIOCKOCTAMU, HAXOOAIICCCS B I OKTAaHTC, BUIUM, YTO OHO ABJIACTCA HUJIMHAPOUIOM, ITIOOTOMY €Io

00beM BeIIHCIsieM 1o popmyiie (2):

Taxk kak o6macts D orpanndena 4acThio OKpY’KHOCTH, TO JBOHHOM MHTErpajl Mo Heil IpoIIe

= l—r‘j—}“j ¥
T
O<p<—
D: ¢ 2¢ ==>
0<p<1 > D
P 1 o -

BBIYKCIIUTH B MOJISIPHBIX KOOPJMHATAX; TOrNa X = pCOS@, Y= psSing, dS=p-dp-de,

Vuuﬂul—tdpouda = J-J. z (X, y) ds = ” (1— X% — y2 ) dsS
D D

7l2 1

V =([[(1-p*cos’p-p?sin*p) p-dp-dp= = [[(1-p*) p-dp-dp= [ do[(p-p*)dp=
D

D 0 0

OtBerT: V = /80,4 (emuuuil oonema).
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4.3. BbluncneHme mMaccbl, CTaTU4€CKMX MOMEHTOB U MOMEHTOB nHepumnun
TOHKUX NIACTUHOK

YToOBI BBIUMCINTh MEXaHUYECKHE XApaKTCPUCTUKHU TOHKHX

IJIACTUHOK, 3aHuMaromux obOmacth DcXOY, (maccy,

CTaTHU4YCCKHC MOMCHTHI, MOMCHTHBI I/IHepHI/II/I), HYKHO

3aMCTHUTD, YTO BCC OTH BCIIMYMUHBI ABJIAOTCA alJUTHBHBIMUA, 1

IPUMEHHUTD OOIIYI0 METOAUKY MPUIOKCHUH HHTEIPAJIbHOTO

MCUUCIICHUSI.

CHayaJia Hy)KHO BCIIOMHHUTB IPOCTEHIITNE POPMYJIBI U3 (PU3UKH:

1) m=y-S - TaKk BBIYHCIUTH MacCy M IUIACTUHKH, IUIOIIA[Ih
KOTOPOH S, a MOBEPXHOCTHAS IIOTHOCTh MaTepuaia y
SIBIIICTCS TIOCTOSTHHOW BEJTMYNHOWM;

2) S €CJTM TOYEUYHAas Macca M PAcToJIOKeHa Ha PacCTOSHUN

() 1. or ocu ((), TO €& craTMueckuii MOMEHT
OTHOCHUTENIBHO OCH (() BbIYMCIIAETCS N0 hopmyIe
M,=m-r,;
IpH 3TOM TOUKH, PACIOJOKEHHBIE IO Pa3Hble CTOPOHBI OT HIPAMOH ((),

HMCIOT CTATHYCCKUC MOMCHTBI PA3HBIX 3HAKOB,

3) MOMEHT MHEPLUHN TOYEUHOH MAaCChl M OTHOCUTEIBHO OCHU (() BBIYHCIISIETCS
o ¢opmyie |, =m-r?, a OTHOCUTEIBHO HEKOTOPOH TOUKH A - 10 (hopMmyie
I,=m-d?, e d - 3TO PacCTOSTHUE OT MaTePUATBHON TOYKH J0 TOYKU A.

Otu popmynbl Henb3s MPUMEHUTh K BBIUMCICHUIO MAcChl WJIM MOMEHTOB BCEH
IJIACTUHKH, 3aHUMAIOLIEH KOHEUYHYIO 4acTh IUIOCKOCTH, TaK KAK €CTh HEOJHOPOJHOCTh

WJIU TI0 TIOTHOCTH ¥ = y(X, Y) # Const WJIA MO PACCTOSHUSM I, M d JUIsl pa3IMYHbIX TOUEK

MJIACTUHKHU.

B cooTBeTrcTBUM C METOAMKON NPWIOKEHUS WHTErPAIBHOIO HCUYUCIEHUS,
pazouBaem oOiacTh D, 3aHATYI0 TUTACTMHKOW, Ha Maiyble (dJIEMEHTApHBIE) YacTh W
coctasisieM (GOpMYITy JUJISl AJIEMEHTApPHOTO CIaraeMoro KICKOMOU XapakTepucTuku (Puc.
11), wucnone3ys (u3MUecKUue YHpOINEHHUS (HAmpuMep, MOXKHO CUYHTATh KaXKIyro
AJIEMEHTAPHYI0 YacThb OJIHOPOJHOW WJIM 3aMEHHUTh €€ TOYEYHOW Maccoil). 3aTeM
CYMMHPYEM BCE JIEMEHTapPHBIE CIAraeMbI€ U MEPEXOJIUM K NpeJeay IPH yCIOBUHU, YTO

BCC 3JICMCHTAPHLIC YaCTH HCOI'PAHUYCHHO U3MCIIbYar0TCAd, y61/1pa>1 9THUM IIOT'PCHIHOCTD,
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AOIMYIICHHYIO ITPHU COCTABJICHUU 3JICMCHTAPHBIX CJIaraCMbIX. B PE3YJIbTATC BBIXOAUM Ha
ompeesIeHHe JIBOMHOTO MHTerpaia mo objsactu D ot HekoTopol PyHKIIMM KOOpJIUHAT
X, Y:
dQ=q(xy)-ds = Q=[[qxy)-ds,

D

rae ds - oTo njIeMeHTapHas IUIoIalb
dQ - 3TO BIEMEHTapHOE clIaraeMoe BeJIMYMHbI Q , aIIUTUBHOM 10 oOnactu D
Dopmyna 014 BbIMUCTACHUA MACCHI HEOOHOPOOHOU NIAACMUHKU  WMEIOIICH

IIOBEPXHOCTHYIO INIOTHOCTE (X, Y):

KQKYIO JIEMEHTAPHYIO YacTh IUIACTHHKU CYMTAEM OJHOPOAHOM, TOrAa

dm = y(x,y)dS = [m=[[dm=[[7(xy)dS
s 7008 = = =766 @

(DOpMlea 011  GbIUUCIICHUSA CHAMUYECKUX MOMEHMO8 MOHKUX NIAACMUHOK
OMHOCUMEJIbHO KoopOuHametx ocel.
CUHUTACM KaXXKAYIO 3JICMCHTAPHYIO 94aCTb TOYCUYHOM MACCOM; TOTJa

dM,  =y-dm=y-y(x,y)dS=M, = [[dM, = [[y-7(x y)ds (5)

0.M. d1emenm
cmam. MOMeHma
omuocumenvrno OX

dM, = x-dm=x-y(x,y)dS = M, = [[dM, = [[x-7(x, y)dS (6)

(DOpM_)lJlbl onsa eébluuc/ienun MOMERmMoe unepuuu MOHKUX niaiacmunokK
OmHocumesibHo KOOpdqumelx oceiu:

di, =y>-dm=y>-y(x,y)dS =1, :J.J'dlX :ijz-y(x,y)ds (7)

6.M. demenm
Momenma
unepyuu
OMHOCUMENbHO
Ox

di, =x2dm=x*7(x, y)dS = 1, = [[dl, = [[x* - 7(x, y)dS (8)

(Dopmyﬂa 0/17 8bIYUCICUSL MOMEHMA unepuuu nilaCMmUHKU OMHOCUMETTbHO MOUYKU

Hauaua Koopmmam:

dl, = (X% +y2)-dm = (x? + y2)- y(x, y)dS = I :”dlo :”(x2+ y2)-7(x, y)dS (9)

Mpumepbl 3 (BBIUUCIICHNE MEXAHUYECKUX XapaKTEPHUCTUK TOHKUX IJIACTHHOK)
1. Beruucnurs Maccy TOHKOTO KOIblla, 3aHMMamIero obmacte D: 1< x*+y> <4, ecin

NOBEPXHOCTHAsl IUIOTHOCTh MarepHana B Touyke (X,Y) o0OpaTHO mpomopIHOHaIbHA
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KBaJ[paTy PAacCTOSHUS OT 3TOW TOYKH JI0 Havyasa koopauHat u B Touke (0;1) pasHa 1.

PelwieHne

CocrasnsieM GopMyiTy /Ui IUIOTHOCTH:

k
,1': M =,
7(M) oM [’

k -K03(HUIIMEHT IPOIOPLUUOHATBHOCTH

jy(xiy):%yz,TaKKaK |OM|2:)(2+y2;

=k=1;

ecmu M (0;1), o ¥ =1, TO 1:%

02

OKOHYATCJIbHO I10JIy4YacM, 4TO

y(x,y) =

2 2"
X +Yy
CocranseM hopMyIty A MAacchl KOJIbIa aHaJJIOTUYHO TOMY, Kak Oblia coctaBieHa Gopmyna (4):

m:ﬂy(x,y)dS:“ﬁyzdS.

Tenepp BpIUMCIAEM JBOMHON UHTETPaAN B MOJISPHBIX KOOPAUHATAX:

X = pCose 0<o<o
y=psing = xX+y’=p%, D&%QQ;ZE
dS=p-dp-do =P=

1 2 21 2z .
m:”?p-dp-d¢= qu;-j;dpz Id¢-|np|f:|n2-¢|§ =2r-In2~4,35.
D 0 1 0

OteeT: m=27-In2~ 4,35 (eauHUI[ Macchl).

2. BBUUCTUTH MOMEHT MHEPIHH | OTHOPOIHOTO KBaJpaTa co CTOPOHON 8 OTHOCHUTEIIEHO €T0

BEPIIUHBI.

PelwweHnve
¥y [TomectuB kBaapaT B cuctemy XOY, cocraBisiem Gopmyny
a JUISL ICKOMOTO MOMeHTa uHeprmu: dl, = (X2 + y2)~dm , T1e

dm=y-dS, y=const =

dly=y-(X+y*)-dS = 1, :y~_|..|'(x2+y2)d8.

D

TCHCpB BBIYHCIISIEM JBOMHOMN HHTCI'paJI B ICKAPTOBBIX KOOpANHATAX, 3alIUCAB obmacte D

0<x<a
HEpaBEHCTBAMHU ¥ yuuThbIBas, uto dS =dx-dy:
0<y<a
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y=a a , a3 B a3
=y|| Xa+—|dx=y|a—+—Xx|| =
AlverFJoerla ).

y=0

I, :y:a[dxj'(xz + yz)dy :yjdx(x2y+y?3]

0 0 0

2 4
OtBeT: | = 3 ya  (eIMHHUI] MOMEHTA WHEPIUH).

4.4. KoopanHaTbl LleHTpa Macc NJIaCTUHKN

Ilo cBOWCTBY LIEHTpa Macc 3HaeM, YTO MEXAHMYECKUE XapAKTEPUCTUKHA MATEPHAIBHOTO
TE€Ja MOYXHO BBIYMCIIATh, 3aMEHSS TEJIO0 MAaTEPUAJIbHOM TOYKOM ¢ Maccol, paBHOW Macce
BCErO TeJla, HO PACIIOJIOKEHHOH B LIEHTPE Macc.

Hampumep, Tak MOXHO BBIUHUCIUTH CTaTHYECKUE MOMEHTBHI Te€lda OTHOCHTEIBHO
KOOPANHATHBIX OCEH:

M, =y.-m M =X -m, y

rie M — Macca BCel IUIACTHHKH, C(Xe, Yo)
X
X, — paccTosiHue OT ee IeHTpa Macc 10 ocu OY, A

Yy, — paccTosiHUE OT ee IeHTpa macc 10 ocu OX. 5 . =
C

Puc. 12

YT0OBI BEIYMCIIUTE BENUYUHLL M, M, B M, HYKHO HCIOIb30BaTh (GopMyisl (4), (5) u

(7). B pesynpraTe monydaeM opmyivl 01 KOOPOUHAM UEHMPA MACC MOHKOU
NJIACMUHKU

v [reenexas o [fy(xy)-yds

ST T reonss T oo )

B wactHOCTH, €ciiM TJIaCTUHKA SIBISIETCS OJHOPOAHOM, TO €€ TIIOTHOCTh (X, Y) = const

BBIHOCUTCSl 332 3HAKM WHTETPAJIOB B YHCIUTENIE M B 3HaAMeHaTelle o0eux IpoOeit u
cokpamaercs. B pesyibrare monydatorcs 6osiee npocmule popmynsl 0ns Koopounam

UeHmpa macc 00OHOPOOHOU NIIACIMUHKU.

j xdS _U ydS

Xc=h«?;yc=?ﬂT (11)
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Mpumep 4 (BbIYKCIEHUE KOOPAUHAT LIEHTPA MACC OJTHOPOIHOM MJIACTUHKH)
Haiiti KOOpAMHATHI IIEHTPa Macc OJHOPOAHOM (UTypbI, OTpaHHUCHHOM JIMHUSIMU Y =SiNX u Y =0
(0<x<7).

PelweHne
HOCTpOI/IB (bI/Il"ypy, 3aMcdyacM, 4YTO FGOMCTpI/I‘IeCKI/I OHa ABJIACTCA CHMMCTpH‘IHOﬁ OTHOCHUTCIIBHO

o T
IpssMou X = E Tak kak q)nrypa H3TOTOBJICHA U3 OAHOPOAHOTO MaTCpHualia, TO OHA UMCCT HC TOJIBKO

reOMETPUYCCKYIO, HO U (1)I/I3I/ILIGCKYIO CUMMCTPHIO, TO €CTb Macca eé YaCTH, KOTOpasd pPacCIlOJIOKCHA
CJICBAa OT OCH CUMMCTPHHU, paBHA MACCC YaCTU, KOTOpAd PaCIIOJIOKCHA CIIpaBa. Torma 1o U3BECTHBHIM
(1)I/I3I/I‘ICCKI/IM CBOICTBaM OCHTpAa MACC 3aKI4YacM, 4YTO OH HAXOAUTCA Ha OCU CUMMCTPUHU, TO CCTb

YTOoOBI BBIYUCIHUTD Y, , COCTABIIsIEM CTaTHYEeCKU MOMEHT M, u ucnonssyem ¢popmyisl (4) u (5):

Mx:ycm:yc:Mc/m;
1
: 0<x<rz
T icC m=[[rds =y[[ds = D'{OSySSinx' dszdxdy}=
8 : D D
0 z T X 7 sinx b
2

=y[dx [ dy=y[dx-sinx=-ycosx| =2y,
0 0 0

2 sinx

M, :”;/~de :;/desj.x ydy:;/]idx Y
D 0 0

= ZJ.sin2 xdx =
0 2 2 0

0

T

:Zjl(l—COSZX)dx:Z(x—smzxj =— = yc=£“0'4-
242 4 8

2

OrtBer: C(”;”j.
2 8

4.5. NMpunoxeHnsa TPOWHbLIX MHTErpanos

[Ipuno>xeHust TPOMHBIX MHTETPATIOB aHAJIOTUYHBI ITPUIIOKEHHUSAM JBOMHBIX UHTETPAJIOB,

HO TOJIBKO JJISI TPEXMEPHBIX TEl.
Ecnu ucnons3oBaTh 0OIHO U3 CBOMCTB TPOMHOTO MHTETpaja (0 €ro 3Ha4eHUH OT
(GyHKIMH, TOXXKIECTBEHHO PABHOM €IMHUIIE), TO MOIYYACTCS (hopmyia 01 ebl4UC/IeHUSA

oo0vema 1106020 RPOCMPAHCMBEHHO20 MEld.

v ZIVH av 12)
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Mpumep 5 (BBIYUCIICHHE 00hEMa C IIOMOIIIBIO TPOWHOTO UHTETpasa)

Haiiti 06beM Tela, OrpaHHYEHHOTO MOBEPXHOCTAMH X> + Y2 + 22 =4 u X? +Yy? =3z

Pemrenue

Haxomnum JIMHUIO MepeceuCHUs MMOBEPXHOCTEH.
z, =-4
z,=1

X>+y?+2°=4

, 2 _q :>zz+32—4:O:>[
x? +y? =3z

z=1=>x*+y?’=3=

IIOBEPXHOCTU IIEPECEKAOTCS M0 OKPYKHOCTH paauyca V3,

nexatnel B miockoctu Z =1, napamnensnoit XOY.
3anuceiBaeM (Gopmyny sl o0beMa 4yepe3 TPOWHOW HMHTETpall W BBIUMCISAEM TPOHHOW WHTErpan B
LWIMHIPUYECKUX KOOPANHATAX:

7=y/4-x%-y?

v=[ffav=[focy | o= foay. z|m H(W

X2 +y
3

2
y )dxdy =

X=p-COSQp

y=p-sing 0<p<2r 2 2z B )
- {0<p<\/_ Ljpdcodp(\/ll—pz—%)=£dgo£(\/4—p2—%)pdp=

dx-dy=pdp-de

X2+y2 :pZ He 3agucum om @
5
NG} 1 Ne 2\ 4\/5
2z, 1 " 1(4—,0)2 1p
(= [ (4= p?)z-d(4- 7Y Gt wintoi s RV
S SRR IS j d4p) - > 3 34
2
3
con(cramay - Lo or (L3, B 18)
3%;7—’ 12 3 4 12 6

OTtBeT: v = 6 ~ (equHul oobema).

Dopmyna 0na bIHUCTCHUA MACCHL MPEXMEPHOZ0 00bEeKmMa, 3anumarouiezo oovem V,

UMeEET BUII.

m=[l[(x, y, )8V (13)

3n1ech y(X,Y,z) - 3TO 00bEMHAas INIOTHOCTh PACIIPECIICHUS MACCHI.

Mpumep 6 (BBIYUCIIEHNE MACChl TPEXMEPHOTO TeJia)

Haiitu maccy mapa paauyca R, eciy mioTHOCTh IPONOPIHOHATIbHA KyOy pacCTOSIHUSI OT LIEHTpa U Ha
eIMHHILIE pacCTOSHUS paBHa K.

Pemenne

Pacnonoxum map B cucreme koopauHat XOYZ ¢ Hauanom O B LEHTpe LIapa U cOCTaBUM (HOpMyITy

IS TFIOTHOCTU MaTepuaia B Jito0oi Touke M (X, Y, 2):
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3
7/(M):k-|OM|3 :k-(x2+y2+22)2.
Teneps coctaBum Gopmyiy (13) mist Maccsl mapa:

m :m‘k (x2+y2+ zz)gdv.
\

DOTOT  TpOMHOM  uWHTerpadx  yAOOHO  BBIYUCIUTH B

C(bepI/I‘leCKI/IX KOoOopJiMHaTax, 3allucaB B HHX CHCTCMY

HEPaBCHCTB JIA obnactu mapa:

0<r<R

V: 10< @ <27, snemenrapabiii o6bem dV =r?sind-dr-de-d@ u x* +y> +z> =r°.
0<O0<nr

Tornma

3 R 27z 6 |R
= ; . r 2
m= km'(rz)2 r?sin@-dr-de-do = k_[rsdrj d(ijln 0-do=k-—| -¢|,"-(-cosO)[ =
\% 0 0 0 6 0

R® 2
=k-—-27-2==kzR".

6 3
BaMeTHM, qTO 3I4ECh HpI/I BBIYNCIICHUN TpeXKpaTHOFO I/IHTeraHa HO.quI/IJIOCI) HpOI/I3BeI[€HI/I€
I/IHTeraJIOB, TaK KakK BHyTpeHHI/Ie I/IHTeraJILI OKazaJIuMCb HC 3aBHUCAIIINUMU OT HepeMeHHI)IX BHCIIHUX

UHTETPAJIOB.
2, o6

OtBeT: m = 3 kzR® (eauHu1l Macchr).

MexaHuueckue XapaKTCPUCTHUKHU OJIA obonema V (CTaTI/ILIGCKI/Ie MOMCHTBI, MOMCHTbBI

WHEPIUHU, KOOPAMHATHI IIEHTPA MACC) BBIYUCIISIIOTCS 1O (popMyJsiaM, KOTOPhIE

COCTABJISIFOTCS [0 aHAJIOTHH € (POpMyJIaMU JIsl IBYMEPHBIX TEJI.

O0béMm V pa3zbuBaerca Ha Majible dJEMEHTapHbIE z

. . z
gactu. Jnsg  KaxaoW  dIEeMEHTapHOM — 4acTH (X,Y,2)
COCTaBIISICTCS MEXaHMYeCKas XapaKTEepHUCTUKA Kak y y

JUISL MaTepualibHOM TOYKU (X;Y;Z), UMEIOLIEH Maccy X i > /
dm. X (valo)

SHCMCHTapHBIC CTaTUYCCKHUEC MOMCHTBI U MOMCHTBI HHEPIIHUHU OTHOCUTCIILHO

KOOpPJIHMHATHBIX OCEM:

2
= 2 2 . = 2 2 . . .
dM, =y +2° -dm=/y* +2°y(x,y,2)-dV; dlx_( Y+ ) dm =(y*+2°)-7(x,y,2)-dV;

2
dM, =v/x* + 2% -dm=~/x* + 2 - y(x,y,2) -dV; dlyz(\/x2+zz) dm=(x*+2%)-y(x,y,2)-dV;
dM, =/x* +y* -dm=x*+y* - ¥(x,y,2)-dV; di, =( /xz+yz)~dm=(x2+y2)~7/(x,y,z)-dv;

QJICMCHTAPHBIC MOMCHTEI HHCPIHHUHN OTHOCUTCIIbBHO KOOPAWHATHBIX IJIOCKOCTEN U TOYKU

Ha4dalJla KOOPpAWHAT:
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dl, =z*-dm=2z*-y(x,y,2)dV;

di, =y*-dm=y*-y(x,Y,2)-dV; dIO:(\/x2+y2+22)Z-dm:(x2+y2+22)-y(x,y,z)-dv

dl, =x*-dm=x*-y(x,y,z)dV;

Jlanmee, 4TOOBI BBIYKCIUTh MEXaHHYECKYIO XapaKTEPHCTHUKY Bcero o0béma V, HYKHO
IPOCYMMHPOBATh JJIEMEHTAPHBIC ClIaracMble 3TOM XapaKTEPUCTUKH 110 BCEM YaCTsIM
pa3OueHnsa (Tak Kak BbIYMCISIEMAs  XapaKTEpPUCTHKAa 00JIaJaeT  CBOMCTBOM
QJUIMTUBHOCTH), @ 3aT€M MEPEUTH K MPEICTy B MOJyYHUBIICHCS CYyMME TP YCIIOBUH, YTO
HCOIPAHUYCHHO YMCHBINAIOTCS (CTATHMBAIOTCA B TOYKH) BCE DIIEMEHTApHBIC YacTH
pa30OueHMs. OTH JEHCTBUSA OIMCBHIBAIOTCSA KaK HWHTETPUPOBAHHME DIIEMEHTAPHOI'O
CJIaracMOro BBIYHCIIICMOM MEXaHHUECKON XapaKTEPUCTUKH 10 00bEMY V.

B pesyibTrare moaydarorcs CIeAyIOUue opmynvt 011 6bIUUCTACHUS CIAMUYUECKUX

momenmoe M u momenmoe unepuuu 1 mpexmepHbvlX meit.

M, = [TV + 2" r ey, 2)-dv; 1= [[J0¢+y?)p(x y.2)-aV;
Myzj}jx/m.y(x,y,z).dv; hﬁﬁfzz-y(x,y,z)-dv;

MZ=I}IW'7(X,y,z)-dV; 'xz=my2-7(x,y,z)-dv; ”
g :“}(yzﬂz)'ﬂx, y,z)-dV; l,, =j_v[jx2.7(x, y,2)-dV:

e e =002 vy

Dopmynst 014 KOOPOUHAM YEHMPA MACC MPEXMEPHOZ0 mena.

o, ety G ) o )
Com [y (eyiz)av Y= T wy(x,y,z)dv C e m wy(x’y’z)dv (15)

Ha mpakTturke nmonae3Ho 3T¥ GopMyIibl HE TOJIBKO MCIIOJIH30BATh Kak TOTOBBIE, HO U

BBIBOJAUTDH UX B pemaeMoﬁ 3aJa4c.

Mpumepbl 7 (BBIYUCIEHUE MEXAHUYECKUX XapaKTEPUCTUK TPEXMEPHBIX TEN)

Haiit MOMEHT MHEPIIUU OJHOPOIHOTO HUJIMHIPA, BRICOTA KOTOporo h u paauyc ocHoBaHus R,

OTHOCHUTCIIBHO OCH, COBHaJIaIOHIGﬁ C IMaMCTPOM OCHOBAHUA.
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Pemrenne z
Ecnm munuHAp MOMECTUTh B CHCTEMY KOOPAMHAT, Kak
YKa3aHO Ha 4YepTexe, TO MOMEHT HWHEpIuH OyJeT
HaXOIUTHCSI OTHOCHUTCIIBHO OCHU OY

s (bl/ISI/IKI/I HN3BCCTHO, qTo MOMCHT 50:(510) 00505

MaTepHaHBHOfI TOYKH BBIYUCIIACTCA Kak KBaJpar

paccTosiHusl OT OCH JI0 JTOM TOYKHM, YMHOXKCHHBIM Ha

Maccy:
I =m-d?

mamep.
mouku

Haiiném paccrosiaue d 1uist TpoOX3BOJILHOM TOYKH [IAIMH/IPA:

paccTosiHue OT TOYKHM ¢ KoopauHartamu (X,Y,z) mo ocu OY -3TO ecTh JUIMHA TMEpICHIUKYJISIpa,
MpoBeACHHOr0 OT 3ToM Touku K ocu OY . Iloctpoum miockocTs neprneHaukyasipayo ocu OY Tak,
410 Touka (X,Y,Z) MPUHAIICKUT dTOH mockocT. Torma iarobdas npsmas, nepecekaromias ocb OY wu
MpUHAUIeKAIAs 3TOM TIOCKOoCcTH, Oyner mnepnenaukyiaspua OY. B wacrhHoctu, mpsimas,
coeaubstomas Touky (X,Y,z) u Touky (0,y,0), Oyner neprnenaukyssipua ocu OY , a paccrosiHHue

MEKIy 3THMU TOYKAMHU M OyIET MCKOMBIM paccrostuueM 0. Beruucisiem ero mo m3BecTHO# (hopmyrie

PacCCTOAHUA MCKAY ABYMS TOYKaMU:

d :\/(X—O)Z +(y-y)> +(z-0)° :\/x 2+ 7°
Tenepb cocTaBiIsIeEM OECKOHEYHO MAJIbIil DJIIEMEHT HUCKOMOI'O MOMEHTa HHCpUOUN OTHOCHUTCIBHO OCH
oY :

dl, =Am-d® = Am- (x* + 2°) = (x* + 2%) -y -dV ,
B HaHHOﬁ 3aaavue y = const , TaK KaK OUJIUHAP ABJIACTCA OJHOPOAHBIM II0 YCIIOBUIO.

I/IHTCFpI/IpOBaHI/IeM QJICMCHTApHOTO CJIaraeéMoro d|y Io 06"beMy MUJIMHApPA V nojryqa€M HCKOMYHO

MEXaHMUYECKYI0 XapaKTEepPUCTUKY 3TOro o0bema:
l, =my.(x2+z2)dv =y~ﬂ_f(x2+zz)dv .
\% \%

BrrunciisieMm coCTaBI€HHBIN TPOWHOW UHTErPAT B IWIMHIAPUYECKUX KOOPUHATAX:

X= p-CO0S
r . ¢ 0<z<h
= p-SIn
y=p ¢ \Y <@p<2r
Z1=1
0<p<R

dV =p-dp-dp-dz
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h

2z R h 27 R 3
Z
l, =Id(pJ.p-dpJ.}ﬂ(pz~C032g0+22)dz=;/-Id(pJ.p~dp-(p2~COSZ(p~Z+€)
0 0 0 0 0

0

2r R 3 2z R 3
h h
=7 dcojp-dp-(pz-Coszw-h+§)=7- | dcof(h-ps-coszwg-p)dp:
0 0 0 0

2 4R 13 2R 27 4 3 2
R h® R
=y [dph-cos?p- 2| +—- 2| =y. .cos’ p+—-—)dp =
7£¢ (p403207£(4 o+ 2)do
2 4 3 2 4 . 2z 3 2 2z
h-R* (1+cos2¢) h° R h-R sin2¢ h®-R
= . +——Vdo=v- (o+ + . -
7£(4 > 3 o= g ) )

4 3 2
(R IR

RZ 2
27)=y-hR2z-| o .
8 )=y ”[4 3]

2 2
Otser: |, = 7/hR27{RT +?j (enuuun MoMeHTa MHEpLUK).

2. OHpeI[eJ'II/ITL KOOPpAMWHATLI HCHTpPA MaCC BerHeﬁ ITOJIOBUHEI 1IIapa paanyca Rc IHCHTPOM B HA4YAJIC
KOOpAHUHAT, CUMUTas IJIOTHOCTh €TI0 MaTCpHrajia MMOCTOSIHHOM.

Pemenue

[omymap orpaHudeH HoBepXHOCTAMH Z=+/R’—-X’-y* u
z=0.

Tak xak nojrymap uMeCT UMECT ABJIACTCA OAHOPOAHBIM U OCh
cummerpun OZ , TO €ro LEHTP Macc JIEKHUT Ha 3TOM OocH .

[Toaromy
[[Jz-r-av
x.=0,Y.=0, z =~

BbiHOCHM B 000MX TPOMHBIX HHTErpajax MOCTOSHHYIO MJIOTHOCTh ¥ M MEPEBOIUM HMX B CepHUUSCKHE
KOOPAMHATHI, 3aMeHss Z=rcosd u dV =r?-sind-dr-de-dé. B pesynpTate BEIUKMCIEHHS TPOHHOTO

HHTCTpajia mojydacMm, uTo
2 zl2 R
y'[dgoJ.dHJ.rcose'rzsianr o R1
0 0o 0 2 =§R
8

Zc = 2r wl2 R -

e
7Jd§0f dejrzsine-dr gﬂRs
0 0 0

OtBeT:. c(0; 0; SR).
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TEMA 1. KPUBOJIMHEMHBIE U NOBEPXHOCTHbIE MHTEMPATNbI

§5. KPMBONWHENHBLIE UHTEIMPAIbI | POOA: ONPEOENEHUE, OCHOBHbIE
CBOMUCTBA, BbIYUCIIEHUE, HEKOTOPbIE NPUNOXEHUSA

Conepxanue
5.1.OnpeneneHune KpUBOSIMHENHOIO MHTErpana | poaa ......ccccceeeeveeeeevevveinnnnnnn. 41
5.2.OCHOBHblEe CBOMCTBA KPUBOSIMHEMHOIO MHTerpana | poaa .........ccceeeevvvnennn. 43
5.3.BbluncneHune kpuBonnHenHoro nHTerpana | poga (Kak Bbiamcnsietca
KPUBOSTMHEMHBIA MHTEMPAS | POMA) ..cciieiieiiiiie e e e e e e e eeanns 43
5.4.HekoTopble NpUnoXXeHNa KpUBONMHENHOIO MHTerpana | poga................... 46

5.1. OnpepeneHne KPMBOJIMHENHOIO UHTerpana | poaa

OOwmmii B KpUBOJIMHEMHOro MHTErpana | poga, Wiv KpUBOJMHEHHOTO MHTErpaia 1o
JUTUHE JYTHU:

I f(x,y,2)-dl wiu J' f(x,y,z)-dl; I f(x,y)-dl - AByMEpHBIN ClIydan
0) (AB) 0
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1. Iyry kpusoit | wm AB B z A
npoctpanctBe XOYZ pa3ouBaeM Ha N - M 1
MaJbIX gacTeil Toukamu Mo=A, My,..., il ¢ B
M,=B; o6o3HauaeM JUIMHBI XOp] / Al
Al =M M|, i=Ln, (Puc. 13) )
0 >
* Puc. 13

2. Boluucnsiem 3Hauenus Gpynkiuu f (X,y,2) B Ipou3BoIbHO BRIOMpaeMbIX TOYKax M, Ha
I-TOi YacTH pa30MeHHs W YMHOXKaeM HUX Ha COOTBETCTBYIOHIME JIMHBI xopx Al;:
f (Yiyyi!Z)'Aliy i :ﬁ
3. CocTaBisieM HHTETPaIbHYIO0 CyMMY

no

> (6, Yinzi) - Al

i=1
¥ BBIUKCIISIEM eé Tpesen mpu A — 0, rue 4 = T?_r)]( {Ali} — 3TO paHr pa3OHeHMs.

4. Ecnu npenen MHTErpalibHOM CyMMBI CYIIECTBYET, SIBIISIETCA KOHEYHBIM U HE 3aBUCUT

HU OT criocoba pasomenus ayru (I) Ha sneMeHTapHBIC YacTH, HU OT BBIOOpA Ha HUX
To4eK M, TO OH Ha3bIBaCTCS Kpusoauneiunvim unmezpanom I pooa om ghynkuyuu

f (X, Y, 2) no aunuu l:

[0cy.0-0 z im " 1,3, 2)-A1 (1)

Mexanuueckasi TPAaKTOBKa KpHBOJ’[HHCﬁHOFO HHTErpaJjia | poaa

Ecmu f(X,Y,z) >0 — 970 nuHEHAs TWIOTHOCTh PaCIpeIe/IeHUs] MaTepuaa mo JuHuu |
(T.e. KOJIMYECTBO MaTepuasa Ha eUHUILY JUTUHBI), TO

[ f(x,y,z)-dl=m — 910 «maccay» Tsoxenoit muuuu (1).
M
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5.2. OCHOBHbIe CBOMCTBa KPMBOJIMHEMHOIro MHTerpana | poaa

AHaJIOTUYHBI CBOMICTBAM OIIPCACICHHBIX U KPATHBIX NHTCIPAJIOB.

CBONCTBO 1 (iuHeHHOCTh KPUBOJIMHEHHOr0 HHTErpajia [ poaa 1mo moasIHTErpaabHOM
byHKIIAN)

j (- f,(xy,2)+¢,- f,(x,y,2))-dl =c,- j f,(x,y,z)-dI +c2j f,(x,y,z)-dI
) Q) )

rae Ci,c2 — MOCTOSIHHBIC 110 X, Y, Z.

CBOWCTBO 2 (ajIuTHBHOCTh KPUBOJIMHEWHOTO MHTErpaia | poja mo auHuu
MHTETPUPOBAHUS])

Ecnm ()=(l) U (l2), 0 [ f(x,y,2)-dI = [ f(x,y,2)-dl+ [ f(xy,2)-d
Q) (1) (12)

CBOWMCTBO 3 (3HaueHHE KPUBOJUHEHHOTO HHTErpaia [ poaa ot ¢pyHKIHH,
TOXKJIECTBEHHO PaBHOM €IMHUIIC HA TUHUU MHTETPUPOBAHUS)

Ecimm f(x,y,z)=1 Ha (4B), TO jdl =|,g — MuHa ayru uHuH (4B).
(AB)

CBOWNCTBO 4 (IocTaTOYHOE YCIOBHE CYIISCTBOBAHUS KPUBOJIMHEHHOTO HHTErpaia I
poza)

Ecmu ¢ynkuus f(x,y,z) siBIseTcss HENpepbIBHOW i V(X,Y,z) (1), TO I f(x,y,2z)-dl
0

CYILECTBYET.

5.3. BbluucneHue KpMBosIMHeMHOro nHterpana | poaa (Kak Bbluncnserca
KPUBOJIMHENHbIN nHTerpan | poaa)

X =X(t)
Ecnu 3anucats napamerpuueckue ypaBaenus unauu (1): <y =y(t),te [a; p ],
z=12(t)

B kotopeix Qymkmmm X(t), Y(t), z(t) semsorcs muddepeHIMpyeMbIMH, TO MOXKHO

nokazatb, 4to nuddepeniman umHbl ayru dl mepecuutbiBacTes mo  opmyie,
aHajornyHou dopmyine s auddepeHimana JIUHbl TyTy IIOCKOW JUHUU (CM. TeMy

«MHTeTpanpHOe ucuuciaeHnue GyHKIIMA OJTHON TIEPEMEHHOM» ):

dl = /(dX)2 + (dy)? + (d2)? =/ (x0)2 + (})? + (z})?dlt,




44

a KpHUBOJIMHEHHBIM MHTerpan | poma CBOAMTCA K ONPENEICHHOMY HWHTEIpaidy IO
nepemenHoii t € [a; B].
B pesynbrare nomydaercs ciaeayromas gopmyna O 6biMUCICHUA KPUEOIUHEUHO20

unmecpana I pooa:

B
[ F06y,2)dl =T £ (x(), y0), 2(t) - ()2 + (y0)? + ()% - dit 2)
() a

[Tpu sToM B kauectBe mapamerpa t Ha muann () MOkHO OpaTh OOYI0 HE3aBHCUMYIO

ICPEMCHHYIO.

B wactHOCTH, €cnii 1aH IBYMEPHBIN KPUBOJIUHEWUHBIA HHTETPA U JIUHUS
uHTerpupoBanus | aeisercs rpapuxom pynkmuu Y =Y(X), Xe [a;b] , TO B KQUECTBE

napaMeTpa MOKHO B3Th HE3aBUCHMYIO NepeMeHHyIo X: Toraa dl =1+ (y,)?dx u

¢opmyna ceedenun kpugoauneiinozo unmezpana I pooa k onpeoenennomy
unmezpany OyieT UMETh BUI;

b
[ £yl =] £ (6 yOO) L+ (y32dx. ©
0) a

Ecnu mockas nunus | 3amana ypaBHenueM p = p(@), ¢ela;f] B NOIAPHOHN cHCTEME
KOOPJIMHAT, TO B KAUeCTBE MapaMeTpa HY>KHO OpaTh MOJISIPHBIN YToJl ¢ U UCTIOIh30BaTh

CBA3b MCXKAY IOJAPHBIMH M JICKAPTOBBIMH KOOpAHMHAaTaMu: X= p-COS@, Y= ,O'Sin Q.

X(p) = p(p)-cosp

Torma {y(p)=p(p)-sing = dl =/(x,)* +(y,)*dp = p*+(p,)dp=

pela; pl

(dbopmyna cBefeHUsl KpBOJIMHETHOro MHTErpana I pojga K onpeneaeHHOMY MHTErpany B

IMOJIAPHBIX KOOPAWMHATAX!

B
[ F0cy)di = [ £ (p(p)cosp, plp)sin)yp° + (o)) do (4)

[Ipu cocraBnenun popmyn (2)-(4) Hy>KHO yUUTHIBATh, YTO 3HAUYCHUE KPUBOJIUHEHHOTO
uHTerpaiga | poma He 3aBHCHUT OT HANpaBJICHUS HA JMHUW MHTErpupoBaHus |, mosromy
dl >0 Bcerma B cHIeACTBHE STOr0 MpPeAeabl HHTCTPUPOBAHUS 110 HE3aBHUCHMOM

MEepeMEHHON «O0T ¢ A0 f» Bceraa Takue, uto a < /f3.

Mpumep 1 (BbIYUCIIEHUE KPUBOJIMHENHOTO UHTErpaia | poaa)

Beraucinth I(X + 2y — z)dl, rre (I)— 310 oTpesox mpsamoii, coenunstomumii Touku A(1; 2; 3) u
M
B(-4; 8; 4).
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Pelenne
CocTaBiisieM NapaMETPUYECKHE yPABHEHUs B(-4:84)
NpsAMOii B IIPOCTPAHCTBE IO JBYM €&

N3BCCTHBIM TOUYKaM:

X—Xp _ Y=Ya _ Z71Zp

W
X =Xa Y —Ya Zp—1Za Al1:2:3)
X=-5t+1
x-1 _y-2_2-8  x-1_y-2_ z-3_, ) y=6t+2
4-1 8-2 4-3 5 6 1
z=1t+3

Haxoaum npepensl uaMenenus i t Ha otpeske AB: ta=0, tg=1 =t e [0;1].

CBOIMM MCKOMBIN KPUBOJIMHEMHBIN UHTErpaj K ONPEIeICHHOMY UHTerpaity o t € [0;1] , UCIIOJIb3YsI

bopmyay (2), B kotopoit dI = /(X)? + (/)2 +(z)2dt = \/(=5)? + 6% +12dt = /62 dit ;

j(x+2y—z)d| :j (=5t +1+ 2(6t + 2) — (t + 3)) - /62dt = :\/6_2.lf(Gt+2)dt:\/6_2(3t2+2t)‘z =|562].

O]

2. Berunciauthb I (x+ y)dl, rae | — a0 yacth kapauouasl p =a(l+cose), ¢ [0;x].
M

PeweHnne
X(¢) = p(p)cosp =a(l+cosp)cos ¢ ;

47 Y(0) = plg)sing =a(l+cosp)sing:;
s dl = [p? +(p,) dg = a1+ cos p)? + (~sinp)’dg =

:a«/2+2c03¢d¢=a\/@d¢= 2a cos%‘dgoz 2acos%d¢,

)
=

TaK KaK cosgzo npu @ e[0;7]; [ (x+y)dl =2a’ [((1+cosp)cos p+(1+cosg)sin (p)cos%d(p:
0 0

1+cos2¢

= 2a2]r.(cos¢+ cosa -cos 5 = 0,5(cos(a + ) + cos(a —ﬂ))}

+singo+lsin2(pjcosfd(p= ) _ _
2 2 sina -cos B =0,5(sin(a + ) +sin(a — )

:az(—1+1+£+1+2+£j: —a
5 5




46

5.4. HekoTopble NpuUoxeHUs KPpMBONIMHENHOro UHTerpana | poga

KpuBonunelnnelii nHTErpas I poia OTHOCUTCA K «MacCOBBIM» HMHTETpalaM, TaK Kak
UMEET MEXAaHUYECKYI0 TPAKTOBKY «Macca JMHUW», aHAJOTHYHYI0 TPAKTOBKE JBOMHOTO
MHTETpalia KaK «MacChl IUIOCKOM (UTYphl» U TPOWHOTO HWHTETpala KaK «Macchl
TpéxMepHOTO Tena». [103ToMy 3TOT KpHBOJIMHENHBIM MHTErPAT UMEET MEXAHUYECKHE
OPWIOKECHUS, AHAJOTMYHBIE MEXAaHWYECKHM IPWIOKEHUAM JBOWHOIO W TPOMHOIO
MHTErpaja: BBIYMCICHHE MacChl, CTaTUYECKMX MOMEHTOB, MOMEHTOB HWHEPLUU U

KOOpAIHWHAT HCHTPa MaCC JINHHUHA l.

N3 reomeTpuueckux NPWIOKEHUN KPUBOJMHEMHOro uHTerpana | poma HaumbOosee
Ba)KHBIM SBJISICTCS BBIYHMCICHHUE JUIMHBI AyTU (AB). @opmyna onsn evtuucienus onunol
0y2u TUHUU C NOMOWLbIO KPUBOIUHENH020 unmezpana I poda imeeT o4yeHb MPOCTOU

BHUA:

Le= [ di )

Mpumepbi 2 (TPHITOKEHKE KPUBOJIMHEHHOTO nHTerpana | poxaa)

1. BerauciuTh Maccy yyacTka uaun Y = IN X Mesxny Toukamu ¢ abenpccamu X, =1lu X =4, cecin
JMHEHHas IIIOTHOCTh MaTepuala ) B KaXKJOH TOUKe JIMHUU paBHA KBaJpaTy aOCLUCCHI TOUKH.
PeleHne
yA
m= j Y (X, y)dl , TO €CTb HMMEEM JBYMEPHBIN
3 Y= In x (AB)
BapuaHT KPUBOJIMHENHHOT0 uHTErpana | pona.

Tak Kkak 7/(X, y)=x2 [0 YCIOBHUIO 3aJayd, TO
> m= [ xdl .
x

(AB)

JI71st BBIYKMCIICHHSI COCTABJICHHOTO KPUBOJUHEHHOTO HHTErpajia 1o gpopmyie (3)

BBIYHCJINM:

= 2 2
(AB): 1<% o dl =11 (y)) - dx = 1+(1j dx =YX gy
y=Inx,xe€[1,4] X X

Torna
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4 1 3
m= j VXT4L jx\/x FLdx=- [ +1)2-d(C+D) = - 2 +1)?] =
2 1 2 3 )
1.3 3
=577 -2 :_(17J— 2\/2)~ 22,7
Otser: M :§(17\/]7—2\/§) ~ 22,7 (E/I. MACCBI).
. . ht
2. BBIUUCJIUM JUIMHY JIYTY BUHTOBOW JIMHUK X =aCost, y =asint, z :2—, 0<t<2r
T

PelweHne

BUHTOBAS JINHUSA TIOJTYYAETCA, ECJIU TTPSIMOYTOJIbHBIN TPEYTOJIbHUK C KATETAMU JUTMHOM 2ra 14

h «HABUBATDBb» HA TWJIMHAP C PAANYCOM OCHOBAHUS a.

2ra

ITAPAMETPUYECKUE YPABHEHUS 1YTU (AB) BUHTOBOW JIMHUU:

: h
Xx=acost, y=asint, z =2—t, 0<t <27z, raet—oto nonspusiii yron touku M'(X;y;0).
T

Jlmana xyru (AB): |5 = j dl.
(AB)

2
dl = ()2 + (y))? +(z;)2dt:\/(—asint2)+(acost)2+(21j dt =, [a% + |70t =
T

2A2 2 2A2 2 2A2 2
_ /Afyzz;—Jrh J-\/47ra +h 47z2a +h oA R
T VA

OteeT: |,z =V4r a® +h? (eTVHMIT IITHHBI).
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§6.KPUBOJNIMHEUHbIE MHTEIPAIbI || POOA: ONPEOENEHUE, ®U3UYECKASA
TPAKTOBKA, OCHOBHbIE CBOUCTBA, BbIYUCIIEHUE

Conep:kanue
6.1.OnpeneneHne KpnBoNUHenHoro nHterpana ll poaa .......cccccveeevveeeeeeeeee, 48
6.2. Dnsnyeckasa TpakToBKa KPMBOSNIMHENHOTO UHTerpana Il poga..................... 49
6.3. OCHOBHbIe CBOMCTBA KPUBOMMHENHOro nHTerpana Il poga .........cooeeeveeeee. 50

6.4.BbluncneHne kpusonnHenHoro uHterpana ll poga B oBymepHom cny4yae.. 51

6.1. OnpegeneHue KpUBONIMHEMHOro uHTerpana ll poaa

OO6mwmit B KpuBOJMHEHHOTO uHTEerpana |l pona B TpexmepHoOM citydae:

z I P(x,y,z)-dx+Q(x,y,z)-dy +R(X,y,2)-dz (1)
7~ > B (AB)

0 A rne  (AB) — 310 myra mpocTpaHCTBEHHOM KPUBOWM OT
/ y TOYKU A 710 TOUKH B ¢ ykazaHHBIM Ha Hel
X HaIlpaBJICHUEM.

OO6mwmii BUA kpuBoJMHeHHOTro uHTerpana |l pona B iBymepHom ciydae no ayre AB u no

3aMKHYTOMY KOHTYpY

y () IIPU 3TOM IO YMOJIYaHHIO HAIIpaBJICHUC Ha (1
@ (buKCcUpyeTCs TPOTUB YACOBOM CTPEITKU
[ PO y)-dx+Q(x,y) - dy; $P(x, y)dx + Q(x, y)dy @

(AB) M

CyMMy ciaraembiX B MOJBIHTETPAIIBHOM BBIPAKEHUU B KpPUBOJIMHEHHOM uHTerpase |l

poJia MPHUHSATO 3alMCHIBaTh 0€3 CKOOOK.
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1. Iyry «puBoit (AB) pazbuBaem Ha N
AJIEMEHTAPHBIX YaCTEW TOUKAMHU
A =My, My, ..., My =B;

0003HaYUM TPOCKIMU I-TOH 3IIEMCHTAPHOM

4aCcTU HA KOOPJAUHATHOM OCH:

AX; :npx(Mi_lMi), Ay, :pr(Mi—lMi); Puc. 14

paHroM pazOueHHUs Ha30BEM YHCIIO A= r_r]flix{«/(Axi)2 +(Ayi)2} = r_r]%x{Ali} , rae Al =[M_M||

- mrHa Xopasl, (Puc. 14).

2. Ha xaxnoii snemenTapHoii yactu (M;.1M;) BEIOHpaeM NpoM3BONBHYIO TOUKY Mi(X,V,)

Y BBIYMCIIIEM B HEM 3HaUeHus 1BYX GyHKUUM: P(X,,V,) U Q(X,V.).

3. CocTaBiisieM UHTETPAIBHYIO CYMMY
Z(P(Yi’yi)'AXi+Q(Yi’_i)'Ayi) (3)
i=1

Y BBIYHMCIIIEM €€ Ipeaei npu 4 —0.

4. Ecim mpeaci HHTCFpaHBHOfI CYMMEBLI CYIICCTBYCT, ABJIICTCA KOHCYHBIM U HC 3aBUCUT

HU OT crocoba pa3ouenus nyru (AB) Ha 3JIeMEHTapHbBIC YacTH, HA OT BBIOOpa

TOYKA M Ha KaXgou SHGMGHTapHOﬁ qaCTH, TO OH HA3bBIBACTCiA Kpueoﬂuneﬁnbm

unmezpanom Il pooa no dyze (AB) ot Bbipaxkenusi Pdx+Qdy u o003HavaeTcs

[ PO y)dx+Q(x, y)dy = lim i(P(x,Vi) A% +Q(X, V) AY;) (4)

(AB)

OHpeI[CJ'IeHI/Ie B TpéXMepHOM ClIydac COCTaBJIICTCA aHAJIOTUIHO

6.2. Puanyeckan TpakToBKa KpMBOJIMHEMHOrO UHTerpana |l popa

Ecimu P(x,y) u Q(X,y) paccmarpuBath kak npoekiuu Ha ocu OX u OY BekTOpa CHIIbI

F(x,y), o [Pdx+Qdy=W — 310 pabora nepemennoii cuisi F ={P;Q},
(AB)

coBeplliacMasi Ha KpUBOJIMHEHHOM repemernennu (AB).
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> JIeHCTBUTENBHO, KaKIOE ClIAraeMO€ HHTErpalbHON
cyMMbl  (3) MOXKHO TpPaKTOBaTh KakK CKaJspHOE

NpOM3BENCHAE BeKTOpa F (W) = {P(M); Q(W)} Ha
BEKTOP NPSMOJHHEIHOTO nepeMeIICHUs
M, M, :ATi ={Axi;Ayi} .

P(Z,E)AXJQ(Z,E)AM:IE(M)-Aﬂ:‘Ifi‘-‘Aﬁ‘Cos(lfi,Ari):AWi — 9T0 paboTa HOCTOSHHOH

cunsl F (M,) = F, Ha npsimonuneitnom nepemernennu Al, .

Kak u3BectHO u3 ¢pusuku, padboTta ecTh BeIHMUMHA aJAuTUBHAS. [109TOMY HHTErpanbHas CyMMa MOXET
TPAKTOBAaThCSl KaK CyMMa pabOT, COBEPIIAEMBIX MOCTOSHHBIMU CHJIaMHU E, Ha TPSIMOJIMHEUHBIX
MepeMeneHUIX AE. [Ipu BIYMCIIEHUU Tpe/esia UHTETpaIbHON cyMMBbI Ipu A — 0 mpsiMoJuHEiHbIe
Y4aCTKHU AE HEOTPAaHMYEHHO YMEHBIIAIOTCA, TaK YTO MEpeMElleHne MaTepualbHOH TOYKHU

coBepiiaerca o kpuBod (AB) u mon meiicTBueM nepeMeHHOM cuiibl F , 3a7aHHON B KaXKI0M TOUYKE

JIMHUH (AB)Z

n
EingZAWi =W —3T0 paboTa 1Mo NepeMeIIeHII0 MaTepHaIbHON TOYKHU 10 KpuBoid (AB) u3
~Yia

MOJOXKEHUsT A B TOJNOKEHWE B 1oA  NEWCTBUEM  NEPEMEHHOM  CHJIBI

F (%) = {P(x Q0 Y)} ¢

B cBia3u ¢ (Qu3MUeCKUM CMBICIOM KpUBOJMHEHHOro wuHTerpana Il poma ero
MO/IBIHTErPATILHOE BBIPAKEHUE YACTO 3AMKMCHIBAIOT B BEKTOPHOU (hopme:

j Pdx + Qdy + Rdz = j F-di, (5)
(AB) (AB)
e F(x,y,2)={P(x,y,2);Q(x,Y,2);R(x,y,2)}, dI = {dx,dy,dz},
F -dl - 510 ckamsipHoe npomsseerue Bektopos F u di.

6.3. OCHOBHbIE€ CBOUCTBa KpuBonunHenHoro uHterpana ll popa

CBOMCTBO 1 (uHeHHOCTh KpUBOJIMHEHHOTO MHTErpaa Il poja mo moapIHTerpaaIbHOMY
BBIPAKEHUIO)

[Pdx+Qdy= [Pdx+ [Qdy

(AB) (AB) (AB)
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CBOWCTBO 2 (aiuTHBHOCTh KpHBOJIMHEWHOTO MHTerpana Il poaa no iuHun

HHTCTPUPOBAHUS)

[ Pdx+Qdy= [Pdx+Qdy+ [Pdx+Qdy, C B
(AB) (AC) (CB)
20e mouka C — amo nobas moyka na aunuu (AB). A

CBOWMCTBO 3 (3aBUCHMMOCTh KpUBOJUHEHHOTO HHTerpaja Il poja oT HarpaBiieHHs Ha

JMHAW UHTETPUPOBAHWSI)

[Pdx+Qdy =— [Pdx+Qdy
(AB) (BA)

[> JleficTBuTenbHO, NPH M3MEHEHMH HAnpasieHus Ha ayre (4B) npoekunn sexropa Al = {AXi ; Ayi}

HU3MCHSAT CBOU 3HAKH, CJICAOBATCIIBHO, U3BMCHUT 3HAK UHTCI'PAJIbHAA CYMMa U eé npeaci (3) <]

CBOWCTBO 4 (1ocTaToYHOE YCIIOBUE CYIIECTBOBAHUS KPUBOJMHEHHOTO HHTErpaia Il

pona)

Ecou dhyukuun P(X, Y) u Q(X, Y) SIBJIAIOTCS HEMPEPBIBHBIMU B KAXKJIOW TOYKE JIMHUHN

(AB), To I Pdx + Qdy CYIIECTBYET

(AB)

6.4. BbluncneHme KpMBONMHEMHOro UHTerpana |l poga B AByMmepHoOM
crniyyae

X =X(t)

y=y(®)'

npudeMm X(t) u y(t) — HenpepbiBHBIC U TUGEpeHIUpyeMble (YHKITUH,

ta, ts — 970 3HaYCHMS apaMeTpa t s Havana u KoHa uHuM (AB).

PaccmotpuM  kpuBONMHEHHBIH ~ mHTerpanm  (4) OT  OOHOrO  CJIaraeMoro:

[ POy lim S P(%, )% 6)

(AB)

[Tycts nunus (AB) 3amana mapamMeTpUUYECKU: {

B kaxnom cnaraeMoM MHTErpajbHOW CYyMMbI MOXHO CHEJNaTh MpPeoOpa3oBaHUs IO

teopeme Jlarpamka g guddepeHurpyeMoir  QyHKIMM OJHOM TEPEMEHHOM:

Ax; = X(t;)— x(ti_1) =X, (t_u) At;,
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riue t_I — 3TO (PUKCUPOBAHHOE 3HAUYCHHUE aprymMeHTa t U3 MpoMEKyTKa MEXKTy TOUKaMHU
tiimt;

pu 3ToM AX;—0 o3Havaer, uro Ati—0 BcirencTBue HenpepbiBHOCTH QyHKIHU X(1).
Bri6epem x = x(t), ¥, = y(t) , uTO BCcerjia BO3BMOXHO, TaK KaKk X,y, MOXHO BbIOMPATH
IIPOM3BOJILHO Ha KaKJI0M YacTu pa3OoreHUsI.

Ecmu y4ects, ut0 4 —0 B onpenencHuu (6) o3Havaer, 4to max{Ax}— 0, To Gopmyna

i=Ln
(6) mpeoOpaszyercs K ClIeIyIOIeMy BUAY:
(/J-B) P(x, y)dx = ma)l(lAT_)oiZ:l: P(X, V) Ax = ma!(lAT_)OiZ:l: P(x(t), y(t)) - x'(t) - At;.
[Tomyuuscss mpemen WHTETPaIbHOW CYMMBI JUIsl OMPEACIIEHHOTO WHTETrpaia Tio

NMEPeMEHHON t  W3MEHseTcs OT 3Ha4eHWs t, 0  3HA4eHus t,, OT
dbynkmuun P(X(t), y(t)) - X' (t), mosromy KpuBonMHEiHHBIH wuHTerpan (6) CBOAUTCS K

ONpEICICHHOMY UHTETpaly Mo MepeMEHHOI t:

_[ P(x,y)dx = f P(x(t), y(t))-x'(t) - dt

(AB)

tg
AHaJIOTNYHO: J' Q(x, y)dy:JQ(x(t),y(t))-y’(t)-dt.
(AB) t

Eciii CI0XHUTh 00a Pe3ysbTaTa, TO IOIYYHTCH (hopMyna ceéeOeHus KpueoauHeiinozo

unmecpana Il pooa k onpeoenennomy unmezpany:.

_ Jx=x(@E)  dx=xdt)|
(AjB) P(x, y)dx +Q(x, y)dy = {(AB) : {y B — by y{dt}} _

t (7)
= j (P(x(t), y(1)) - x{ +Q(x(1), y(1)) - y,)dt

rae  ta, tg — 3T0 3HaueHMs mapaMerpa t s Havana u koHia guaun (AB).

Ananoruynas opMmyJia COCTABISICTCS U ISl TPEXMEPHOTO KPUBOJIMHEHHOTO HHTErpasia
(1) mo mpocTpancTBeHHOM KprBoi (AB):
[ P(x,y, 2)dx+Q(x, y, 2)dy + R(x, y, 2)dz =

(AB)
X = X(t) dx = x/dt ]
ypaBaenue (AB):¢ y=y(t) = dy=y/dt, ( )
z=1(t) dz = z;dt

t,, t; —3HaueHme mapamerpa and To4ek 4 u B




53

= JB- (P(x(1), y(1), 2(1)) - X/ + Q(x(t), y (1), 2(1)) - y; + R(x(1), y (1), 2(1)) - /) -cit.

Takum o0Opa3oMm, BBIYHCIEHHE KpHUBOJIMHEWHOro wuHrterpana |l poma cBoautcs K
BBIYMCJIEHUIO ONPEAEIICHHOTO HWHTErpaia IO IapaMeTpy, 4epe3 KOTOPBIM 3aIliCaHbl
ypaBHEHUS] JTUHUU HHTErpupoBanus (AB). Ilpu >ToM B KadecTBe mapameTpa MOKHO
B3STh JIIOOYIO HE3aBUCUMYIO TIEPEMEHHYIO Ha JTUHUH (AB), a ganee Hy>XKHO BBIpaXKaTh
BCE TMOJBIHTETPAIBHOE BBIPAXKEHHE B KPUBOJIMHEHHOM MHTErpaje uepe3 3Ty

HE3aBUCHUMYIO TIepeMeHHYI0 (mapametp) u e€ nuddepeHmman.

3ameuanue

Ecnu B aBymepHoMm ciywae nyra (AB) 3agaHa ypaBHeHHMEM y = y(X), TO B KaueCTBE HE3aBHCUMOMN
MEPEMEHHOH (TapaMeTpa) MOXKET OBITh B3sTa MEpeMEHHas X, U ¢opmyna (7) B 3TOM cllydae MPUMET
CHEAYIOIIUNA BUL

Xg

[ POxy)dx+Q(xy)dy ={(AB):y = y(x) = dy = y;-dx} = [ (P(x, Y()) + Q(x, Y(x)) - y; ). (7)

(AB) Xa
Eciu xe nmyra (4B) 3amana ypaBHeHueM X =X(Yy), TO B KadecTBe HE3aBHCHMOMN IepEeMEHHOI
(mapameTpa) MOKeT OBITh B3STa MEPEMEHHAs Y, M TOIJa CBEJCHUE KPUBOJIMHENHOTO MHTErpajia K
OIpEIEIEHHOMY HHTETPaIly [0 Y OIUCHIBAETCA CIEAYIONE (opMyJIoii:

I P(x, y)dx +Q(x,y)dy = {(AB) : x = x(y) = dx =X -dy} =
(AB)

Ve (7
= [ (P(x(y), ) X (¥) + Q(x(y), y))dy

Ya

Mpumepbl 1 (BBIYUCIICHUE KPUBOJIMHEWHBIX nHTETpasioB |l poxa)

1. Brruncnuts [ xydx + xdy» rAe (AB) — 5T0 BepxHsis MOIYOKPYKHOCTh paanyca R, mpoxoanmast
(AB)

IIPOTHUB YaCOBOM CTPEJIKH.

PeweHune y
X2+y2:1

X = Rcost
(AB):{ _ =>ta=0tg=x /\

y =Rsint

dx:(Rcost)'t-dt:—R sintat B A X

I xydx + xdy = , =
AB

dy=(Rsint) ¢“dt=Rcostdt
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s

f(Rcost Rsint-(—Rsintdt) + Rcost- R costdt) J. sinztcost+choszt)dt:

t=0

_—stsin2t~d(sint)+ R2I1+0052t dt =—R3>N 1 t +R—t|”+R—SInZt _|7R .
0 0 o 2 ° 2 2| 2
2. Bbruuciuth [ ydx +cos x2dy, Tae (OA) — or1o nyra y
(©A) A(L,1)
napa6ousl y = X2 ot Touku O(0;0) mo A(1;1). y= Xz\t :
|
PeleHne ‘

0 (0,0) X

Ha muaun (OA) MOXKHO B KayecTBE IapaMeTpa B3sTh HE3aBUCUMYIO IEPEMEHHYIO X U NIEPECUnUTaTh BCE

MOJIBIHTErpaIbHOE BhIpasKeHHE uepe3 X u ee auddepennuan dx :

X — HE3aBUCHUMaAAd IICpeMCHasA
(OA):<y=x’ =dy =y, -dx=(x*)-dx = 2xdx
X, =0,x, =1

Tenepb CBOIHMM KpHBOHHHeﬁHLIfI HUHTErpal K OIpCACIICHHOMY UHTCIPAJly I10 nepeMeHHoﬁ X:

1 3t
j ydx+cosx2dy:_[(x2dx+cosx2-2xdx):x— +SinX2‘l _ |1 sinal,
(AO) 0 3 0 ° 3

3. Bemmcmuts | = j cosl-dx+\/§-dy, rne (AB) — sTo ayra JuHHM X=\/y, AL,
(AB)

B(4;16).
PelwieHue

Ha nuuum (4B) Bo3bMEM Y B KauecTBe HE3aBHCHUMOM IEPEMEHHOW M BBIYMCIMM JIaHHBIN

KPUBOJIMHEWHBIN HHTErpalt 1o popmyae (7"):

W = I cos%-dx+\/§-dy: (AB):x= f:dx— \/ydy Ya=16,y,=1;=

(AB)

—I(cos\/, \/,dy+\/7 y-dy)=-— J.cos\f d(\/7 Iy“dy—

:—sin4+sin1—%- (32-1) =—sin4+sinl—%z—23,2

16 4 %
yl—g'y

OTpHIaTenbHOE 3HAYEHHE PAabOTHI MOKHO OOBACHUTH Tak: MOJ JeHCTBHEM JaHHOM cunbl F
MEepEMEIICHUE MATEPUATBHON TOUYKHU JTOJHKHO COBEPIIATHCS U3 TOUKU B(4;16) B TOUKY A(ZL'l); MOATOMY

—

BBIYHMCJIICHHOC 3HAUYCHUC W - 3TO 3HAYCHHUC pa6OTLI, KOTOPYIO HYKHO 3aTpaTUTh IIPOTUB CHJIbL F .
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Oteet: W =sinl-sin4 — % ~ —23,2 (enunui paboTsI).

Mpumepbl 2 (BBIYUCIICHHE PA0OThl IEPEMEHHOM CUITBI HA KPUBOJIMHEHHOM

MEePEMEILICHHH )

1. Beraucnuts paboTy, mpou3BoauMyro cuioii F = {COSX;\/; } IIPU [IEPEMEIEHUN MaTEPUAIBHON
X

TOYKH BJIOJb Ayrv KpuBoit X = /Y u3 nonoxenus A(4;16) B nonoxenne B(L1).

PelwleHne

[To ¢usmueckoii TpakTOBKe KpuBOJMHEHHOro uHTerpana |l poga cocraBmsiem popmyny Ans UCKOMOMA

pa6orer W ;

W = J' F.di= J' cos%dx+\/§dy

(AB) (AB)

2. Cuna mo BeTMYHMHE OOPATHO MPOIOPIHUOHAIBHA PACCTOSHHUIO TOYKH e¢ MpuioxeHus or ocu OZ,

NEpIEeHIUKYJIApHA K ATOM OCHU W HampasiieHa K Heil. HaliTu paGoTy cuiibl pu JABMIKEHUU TOUYKHU O]

X = COost
neicTeueM 1o cuitbl o okpyxknoctu < Y =1 or Touku A(L;1;0) o touxu B(0;L1).
z=sint

PelwweHune

CI[CJ'IaCM HCCKOJBKO I/IHHIOCTpaLII/II‘;I K YCJIOBHUIO 3aJa1U:
z A

VA

naockocms Yy =1

—

F
"\M (X y;2)

yA

<V
o - -

“whFm——————

A 4
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F={P;Q;R};
R =0, Tax xax F 10z
—kx
P—
e I
oM’ 2 2 —ky
| | X“+y Q:X2+Yy2

TaK Kak ‘F‘ =4/ P%+ Q2 , K - xoapdunuent nponopiuonanbHOCTH.

Brrauciisiem uckoMyio paboTy ¢ MOMOIIBI0 KpUBOJIMHEWHOTo nuHTerpaia Il pona:

W = '[ F.di= I de+Qdy+Rdz='[ Z_kX2~dx+ z_ky2~dy+0~dz:'|' 2_kX2dx+ Ky ~dy =
(AB) (AB) G X +Y X“+y G X +Y x> +y°
X = cost dx =—sint-dt
(AB): y:1_ = =0 2( —k - cost ' —k-1
= z=sint dz = cost - dt =I 5 -(=sint-dt) + — -0+0-cost-dt |=
o\ Cos“t+1 cos“t+1
T
t,=0, t;=—
A B 2
=—kI cost-sint kjw:lln(cosztﬂ)\z __Kn1=1n2)=0,5-k-In2.
cos’t+1 2y cos"t+1 2 0 2

OTBeT. W =0,5-k - In 2 (eaunum padoter).
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§7. POPMYNA N'PUHA. BbIYNCNEHUE NNOLWALN NITOCKON ®UTIYPbI C
NMOMOLLbIO KPUBOJIMHEUHOIO UHTEIPANA || POOA

Conepxanue

A% =11 =ToTa e oY) o1V 1Y/ n = N I o1 = PPN 57
7.2.BblducneHuve nnowaan niiockon purypbl ¢ MOMOLLLIO KPUBOSIMHENHOIO NHTerpana |l
pona6l

7.1. BeiBOg dpopmynbl NpuHa

d)OPM_)UIa Fpuua YCTAaHABJIINBACT CBA3b MCKIY ﬂBOﬁHBIM HHTCI'PAJIOM IIO obmactu D u

KpUBOJUHENHBIM HHTerpajioMm |l poma mo rpanuie (I) TOM 00JacTH M HMEET
CIEIYIOIINN BU:
oQ OP
—~———|dxdy= ¢ P(x,y)dx+Q(x,y)d
IDI(&X ayj y (?i (% y)dx+Q(x,y)dy (1)

Hanpasnenue Ha | Gepercs npoTuB 4acoBOM CTpENKH, TaK vy
yT10 00nacTe D ocraercs cieBa npu o0xojie €€ 1Mo KOHTYPY

|; Tak opueHTHPOBAHHBIN 3aMKHYTBIN KOHTYp 0003HaYaeTCsI
1", (Puc. 15). 0

Puc. 15

(La):x=x2(y)

o

[loka3aTenbcTBO
D> Tlycts o6nacts D sBisieTcst PaBUIBHOM B HANPABJIECHUH 00EUX KOOPAMHATHBIX OCEH, a QYHKIMH

P(x,y) 1 Q(X,y) UMEIOT HelIpephIBHBIC YaCTHBIC MPOU3BOIHBIE B 3aMKHYTON oOacTu D.

3anumem obOnacte D HCpPAaBCHCTBAMU U PaACCMOTPUM JIBOMHEIE HUHTCIpaJibl 110 D or Kaxjg0ro

claraeMoro B JieBoii yactu ¢popmyisl ['puna (Puc. 16).
Jlnst TBOMHOTO MHTErpajia OT BTOPOro ciaraeMoro obiacte D 3amuinem HepaBeHCTBaMM TakK, 4TO B

MIOCTOSIHHBIX Tpejiesiax OyaeT nepeMenHas X, 1 CBE€JIEM JBOMHOW UHTETPAN K IOBTOPHOMY:
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{a<x<b

yi(x)<y< yz(X)
b yl(X) Y=y, (X) b b

| j —dxdy fox | —dy j dx-P(x, y)[) 7 = [P0y, (0)dx = [ P(x, ¥, (x))dx[=]
a Y2(X) a a

Bocronb3yemcst hopmysoit (7') mpeaplayimiero naparpada u nepeiaeM oT onpeaesieHHbBIX HHTETPAIOB

o X K KpHBOJ’IHHCfIHI:IM HHTCTpajiaM I10 JIMHUAM |1 n |2, JaJIe€ ydTEM HallpaBJICHUEC HA OTHUX JIMHUAX

E_[ (x,y)dx— IP(x,y)dx= J' P(x, y)dx— J' P(x, y)dx =

(I2) (h) (AB)=(l,) (AB)=(h)
=— _[ P(x, y)dx— I P(x, y)dy:—g5 P(x,y)dx.

(BA) (AB) ()
B stux mnpeoOpa3zoBaHUsIX YYTEHBI CIEAYIOIIME CBOMCTBa KpHuBoOJuHEiHOro wuHTerpana |l poma:
HU3MCHCHHUC €I'0 3HAKa IIPpU U3MCHCHHUHN HAIIPABJICHHUA HA JIMHUU UHTCIPUPOBAHUA U €T0 aJAUTHBHOCTb

I10 JIMHWUKW UHTCTPUPOBAHU.

Takum 006pa3om, JI0Ka3aHO, YTO

95 :—H—dxdy 2

("
Teneps B dopmyinie (1) paccMOTprUM ABOWHON MHTETPAJ OT IIEPBOTO CIAraeMOT0 U JUISI CBEJICHUS €T0 K

IOBTOPHOMY HHTCIpAly 3allUIICM obmnacte D HCPABCHCTBAMU TaK, 4YTO B IIOCTOSAHHBLIX IIpCACIax

u3Mensiercs nepemennas y (Puc. 16):

_{CSySd
() < x<x%,(y)

60 d Xz(Y)aQ d X=X (¥)
g&dxdy:'[dy [ Sx=[d-Qxy) =

c % (Y) c x=x (¥)

= [Q0,(y), y)dy - [Q(x, (), y)y[=]

Bocrosib3yemcs Gopmyioit (7") npeasiayiiero naparpada u nepeisieM oT onpeieleHHbIX HHTErPaloB
10 NMEPEeMEHHON Y K KPUBOJIMHEWHBIM MHTErpajiaM 1o JUHUsM la v |3 u ganee ydarem HampaBieHUs Ha

OTHUX JINHUAX

EfQxydy- [Qyydy= [ Qxy)dy- [ Q(xy)dy=

(14) (15) (CK)=(ly) (CK)=(l5)

ZIQWJWWgIMKWW=¢Qu¢my

(CK) (KC) ()
3/1ech TakKe MPUMEHSUINCh YIIOMSHYThIE BbIIlIE CBOIMCTBAa KpUBOJIMHEHHOro uHTerpana Il pona.

Takum 06pa30M JOKa3aHoO, 4YTO
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¢ Q(x,y)dy= ﬂ dedy 3)
("
Crnosxxenuem paBeHcTB (2) u (3) mosrydaercs cienyromas popmysa:

95 P(x, y)dx + cf) Q(x,y)dy = —IJ.—dxder“' Q dxdy
(") "

Otcrona no cBoicTBaM JINHEHHOCTH OTHOCUTEIBHO MTOJAMHTErPAIbHBIX BBIPAXKEHUH KPUBOJIMHENHBIX U

JBOMHBIX MHTErPAJIOB [10JIy4yaeM paBeHcTBO (1):

<_f> (x,y)dx+Q(x,y)dy = ”(X—?I;dedy

")
Ecnu o6nacte D He sBisercs nmpaBuinbHON B HanpasieHusx oceit OX u OY, To ee MOXHO pa30oHUTh Ha
MIPaBUJIHHBIC YaCTH.
Hanpuwmep, paccmotpum obnacts D, HenpaBuibHyt0 B HanpasiieHu#n ocu OX, U pazaenum e€ Ha Be

npasuibHble yacty gunuei 1*: D = D1uD,,

rpanuna  Di: Ilul*; rpanuna  Da: |2UI*, rpanuna Y

D=D,uDb,:lI=1uUl,, (Puc. 17)

P

3aTeM HUCMOJb3yeM CBOMCTBO  AJAUTUBHOCTH  JIBOWHOTO |

KPUBOJIMHEMHOTO HUHTETPAJIOB U YKe yKazaHHywo ¢opmyny ['puna

JJIA HpaBI/IHBHOﬁ obnactH:

U[aQ apj —ﬂ(a‘? apjdx +”(@Q_5dexdy=

o hopmyite ['puna
- JUTSI TIPABUJTBHOM 00J1acTH

Puc. 17

= qS de+Qdy+SB Pdx + Qdy = Cﬁ Pdx + Qdy
() (1) (1"

TaK Kak KpUBOJIMHEHHBIM MHTerpan mo JuHuM paszgena (L*) Gepercst ABakabl B MPOTHBONOIOKHBIX
HanpaBJIeHUsAX, cleaoBaTenbHo, oH paBeH 0. Takum obOpaszom, dopmyna I'puHa crnpaBemiavBa A
r060# 3amkHyTOM 00macTu D.<]

®opmyna ['pruHa UMeeT TeopeTHyeckoe 3HaUeHHe U Oy/leT UCIOJIb30BaHa, HAallpUMeEp, B CIEIYIOLIEM
naparpade A BbIBOJA HEOOXOAMMBIX M JOCTATOYHBIX YCIOBHI HE3aBUCHMOCTH KPUBOJIMHENWHOTO
unterpana Il poga ot ¢opmsl nuHuuM uHTerpupoBaHus. Ha mnpaktuke ¢opmyny I'puHa MoxkHO
UCMOJb30BaTh JJISI CBEACHHMsS KPUBOJMHEWHBIX MHTerpanoB |l poma mo 3aMKHYTOMY KOHTYpY K
JIBOWHBIM UHTEprajiaM 1Mo 00JIaCTH, OTPAHUYEHHONU ATUM KOHTYPOM.

O6o06menueM ¢opmynsl ['puHa Ha TpexMmepHBIN cinydail siBiserca popmyna Crokca, koTopast Oyaer
paccMopeHa Jjajee B TOU TEME.

Mpumepbl1 (ucnonb3oBaHme opMynbl puHAa)

1. Berunciaute KpuBOIMHEHHBIA HHTErpal Il poga mo 3aMKHYTOMY KOHTYPY
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I (1-x?)ydx+x(1+y®)dy, rme | — sT0 okpyxnocts X’ +Yy® =R?, mpoXoaumas MPOTHB YacOBOiA
M
CTPEIIKH.
PeleHne
y JlaHHBI HWHTErpal MO 3aMKHYTOMY KOHTYPY
| JETKO CBOJHMTCS K JBOWHOMY HMHTErpajly IIo
,D/ \ 00J1aCTH, OTPAaHUYCHHOMN ITUM KOHTYPOM:
QJR P P(x,y) =(@1-x*)y, Q(x,y) =x(1+y*) =
@:1+y2, P 1 R_P_ y Xt =
OX oy oX oy

(JS Pdx +Qdy = H(@—%dedy = ”(xz +y? ) dxdyl=]

()

BBIUMCIISIEM JIBOMHOM HHTCI'PAJI IO KPYTY B MOJAPHBIX KOOpAWHATAX

4 R

7R*
>

Eﬂppdwdp jdcof/fdp o

0

2. C nomombto popmynsl ['prHA BEIYUCIUTS pa3HOCTh HHTErpasioB |1 — Iz, ecu

[ cryydx—(x=yydy, I,= | (x+y)’dx—(x-y)dy,

(AmB) (AnB)
rne AmB - orpesok npsimol, coenunsitonier Touku A(0;0) u B(L1),
AnB - nyra mapa6ons! Y = X*, COEAMHSIOMIEH Te 5Ke TOUKH.

PelwweHne
CI[CJ'IaeM qepTe>K K 3a1a4€ U 3aMCTHUM, 4YTO I/IHTeraJ'ILI |1 n |2 HMCHOT OANHAKOBLIC HO,[[I/IHTeraHLHBIe

BBIPpAXKCHUS, YTO MO3BOJIACT PA3SHOCTD 39TUX MHTCTPAJIIOB CBECTU K MHTETPAJy IO 3aMKHYTOMY KOHTYPY:

y L -1,= I Pdx +Qdy — J' Pdx +Qdy =
(AmB) (AnB)

——————————— B(L:1) - I Pdx + Qdy — _[ Pdx +Qdy = — SB Pdx -+ Qdy

i (AnB) (BmA) (AnBmA)

m |

E Teneps IIPUMEHSEM bopmyny I'puna
y:x2 n i KpPUBOJIMHEHHOMY  HWHTErpajgy IO  3aMKHYTOMY
y=x A(0;0) 1 X KOHTYPY, IPOXOAUBIIEMY B  IIOJIOKUTEIBHOM

HarpaBJICHUHU, WU JAJICC BBIYHUCIIACM HOJ'Iy'—IPIBHIHﬁCSI

JIBOMHOW MHTETPAJI:

oP o P(X, y) = (X + y)2
l,—1,=— <J5 de+Qdy——”[———J _”(———QJ dy = {Q(X,y):_(x—y)Z}z

(AnBmA)
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1
X

”(2(x+ y)+2(x—y))dxdy = H4xdxdy = jdxj Axdy = j4xdx y[ = 4'1[(x2 —x*)dx = 4()(_3 __4]
D D 0 X2 0 g 0 3 4

I R R
3 4) 12 3

1

Otser: |, -1, ==

0

7.2. BbluncneHue nnowanm nnockou purypbl ¢ NOMoLWbIO
KPUBOJIMHENHOro nHterpana ll poga

Ecau B popmyne I'prHa moaoXuTh

P(x,y) = -y, Q(X,y) = X, To moiyunm

w J! 2dxdy = (?E) xdy —ydx <

2S, = <_f> xdy — ydx , Tak kak ﬂdxdy:SD.
D

(L+)

Takum 00pa3om Kak ciaeacTBue U3 Gpopmyisl ['prHa noaydaercs ciaeayrolee

PaBEHCTBO:

1
S. == @® xdy — ydx
- 2(@?) y-y 4)

Ota hopmyna gaeT BO3MOKHOCTb BBIYUCIIUTD IUIONIA b IJIOCKOW (PUTYPHI C TTOMOIIBIO

KpUBOJUHENHOTO uHTerpania |l poga no ee rpanuiie.

Mpumep 2 (BBIYUCIIEHME TIJIOIIA M INIOCKOM ®UT'YPBI C TIOMOILBIO KPUBOJIMHEHHOT'O
MHTETPAJIA |l POJIA)

BBIUMCIIUTE TUIOIIAIb, OTPAHUYEHHYIO JIJIMTICOM C TIOJTYOCSMU A U B.

PeweHune
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() 1o
a<>a > SD_Z(?iXdy o

J1J14 BBIYMCJIEHU A KPUBOJTMHEMHOT'O UHTET'PAJIA 3ATIMCBIBAEM ITAPAMETPUYECKWUE YPABHEHUA

DJUIUIICA C ITIOJIYOCSIMU A U B:
.. |x=acost dx=-asint-dt
("): == :
y=Dbsint dy=Dbcost-dt

Y CBOJUM KPUBOJIMHENHBIN UHTETPAJI K ONPEIAECICHHOMY 110 IEPEMEHHOM t:

t €[0;27]

2 Y Yy
S, =% I (acost-bcost-dt—bsint-(-asint)-dt) =%abj. (cos®t +sin®t)dt =%abj dt = zab.
t=0 0 0

OtBet: S, =7ab (en. miomanu).
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§ 8. YcnoBuA HE3ABUCUMOCTU KPUBOJIMHEMHOIO UHTEIPANA || POOA
OT ®OPMbl JINHUUN MHTETPUPOBAHUA

Conepxanue

8.1.PopmynupoBKa 1 JokaszaTeNnbCTBO TEOPEMbI O HE3ABUCMMOCTU KPUBOSIMHENHOTO
nHterpana Il poga ot opMbl MMHUM MHTErPUPOBAHUS B ABYMEPHOM cryyae . 64

8.2. dopmynupoBKka TeOpEMbl O HE3ABMCUMOCTU KPUBONMHENHOro nHTerpana |l poaa ot
hOpMbI FIMHUN MHTErPUPOBAHUS B TPEXMEPHOM CIIYHAE .....vvveeeeiivireeeeiinveneeanns 67

N3 ¢u3uKu U3BECTHO, YTO CYIIECTBYIOT TaKHMe CUJIOBBIC MOJISI, B KOTOPHIX paboTa
IO MEPEMEIICHUI0 MATEPUAIIBHON TOYKH U3 OJTHOTO TMOJI0KEHUS B IPYTO€ HE 3aBUCUT OT
(GhOpMBI TPACKTOPHUH TIEPEMEIIICHHUS, @ 3aBUCHUT TOJIHKO OT HAaYaJIbHOW U KOHEYHON TOUEK
Ha 3TOoU Tpaekropuu. Hanpumep,
1) paGoTa 1o TIPEOIONEHNIO CHITBI TSHKECTH BhIAncIseTcs o gopmyne A=mgh
rie h — 3To BBICOTa, HA KOTOPYIO HY)KHO TOJTHATH MAaTEPHUAIbHYIO TOYKY Maccord m (g —
YCKOPEHHE CBOOOJIHOTO Ma/ieHus); 3Ta PopMylia OCTaeTCsl HEM3MEHHOM HE3aBUCUMO OT
TOr0, MOJHUMAECM JIM TOYKY Ha BBICOTY N 1O BEepTHKAIW WM IO KaKOH-TO WHOMN
TPAaeKTOPHHU,;
2) paboTa 1o MepeMEeNIEHUI0 TOYEUHOTO 3apsia B 3JIEKTPOCTATUYECKOM CHIIOBOM T10JIE
BBIUHCIISIETCSI KaK Pa3HOCTh 3HAUYEHUW NOTEHIMAJa 3TOr0 IMOJii B KOHEYHOM U B
HAayaJIbHOW TOYKax TEepEeMEIIeHUs, CJIeJI0BaTeNIbHO, HE 3aBUCUT OT (OPMBI

nepeMeInIeHusl.

[TockosbKy KpuBOIMHEWHBIM nHTETpan Il pona
j P(x,y,z)dx+Q(x,y,z)dy + R(x,y,z)dz
(AB)

uMeeT (U3MYECKYI0 TpPaKTOBKY pPabOThl, COBEpIIAEMOW MMEPEMEHHON  CHIION

F Z{P,Q,R} Ha KpuBOJUHEHHOM mnepemeiieHud (AB), To A0MKHBI OBITH Cilydaw,

KOT/Ia 9TOT KPUBOJIMHEWHBIA WHTETPaJl HE 3aBUCHUT OT (HOPMBI JTMHUU UHTETPUPOBAHUS
(AB). Dt ciydyan HMMEIOT BaXHOC 3HAYCHHE B TMPUIOKEHUAX W BBIICIAIOTCS
CIeNyIOlENd TEeopeMoil, KOTOpYI0 Mbl CHadaia pazdepem miig 0Oojiee MPOCTOro —
JIBYMEpPHOI'0 KpHBOJIMHEWHOro uHterpaia Il poga, a 3areM o000IIMM Ha TpPEeXMEPHBIM

KpUBOJIMHENHBIN uHTerpan |l pona.
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8.1. ®opmynuMpoBKa 1 AoKa3aTeNlbCTBO TeOpPeMbl O HE3aBUCUMOCTU
KpuBOnMHenHoro uHterpana ll poga ot coopmbl NMHUK
MHTErpupoBaHuUsa B ABYMEPHOM crny4ae

JUist Toro 4ToGb! KprBouHeitHbI nuTerpan 1l poga [ P(X, y)dx +Q(x, y)dy
(AB)

HE 3aBHCEN OT (QopMbl JUHUU HHTEerpupoBaHus (AB), HeoOXO0aUMO M TOCTATOYHO,

YTOOBI BBITTOJTHSIOCH OJIHO U3 CICAYIOIINX YCHOBHﬁI

1 Py Qi y)dy=0 (1)

v(l)

TO €CTh PaBEH HYJIIO MHTErpall 1Mo JoboMy 3aMKHyTOMY KOHTYpY (L), Ha KOTOpom

jexar Touku A u B.

P _RQ
2. T (2)
oQ
MpU4YCM 4YaCTHBIC ITPOU3BOAHBIC —— U a— SABJIAIOTCA HCIIPCPBIBHBIMU W paBHBIMUA BO
X

BCEX TOYKaX HEKOTOpoit obnactu D, comeprkarieit muuto (AB).

3. CymectByer muddepeniupyemas (yHKIHsS ABYX nepeMeHHbIx U(X,y) Takas, 4To

IMOABIHTCTPAJIBHOC BBIPAXKCHUC ABJISICTCA €C IIOJIHBIM I[Pl(b(bepeHI_II/IaJ'IOMI

P(x, y)dx+Q(x, y)dy =dU(x, y) (3)

[lokasaTenbcTBO
> ChopmynupoBaHHas CIOKHas TeOpeMa BKIIOYAET B ceOs HECKONLKO TeopeM . Jlormka eé

J0Ka3aTCJIbCTBA MOXKCT OBITh OIIMCAaHA TAKOH CXEMOM :

J P(X,Y)dx+Q(X, Y)Y  we 3apucur ot dopmel  uHuH (AB) <= (1) < (2) < (3) *)

(h8)
B cooTBercTBHH € 3TOI CXEMOM MTPOBEEM JA0KA3ATENBCTBO B 3 ATara.
I3Tan

HoxaxeMm nepBoe ycioBue (HE00X0AUMOCTh U JOCTaTOUYHOCTD ), UCIOJIb3YsI CBOMCTBA KPUBOJIMHEWHOTO

HUHTCTpajia 1 pona (aﬂI[I/ITI/IBHOCTL 1 3aBUCHUMOCTDH OT HAlIPpABJICHUA HA JIMHUU UHTCT pI/IpOBaHI/ISI).
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[Tycts (AB)1u (AB)2 — 3TO [BE pa3InYHbIC, IPOU3BOJIBHO B3STHIC, TMHUHU, COCIUHSIONINE TOUKA A U B

Toraa
I Pdx + Qdy e 3aBucut ot Gpopmsl unun (AB) < (AB) B
(AB)
& _[ Pdx + Qdy = J' Pdx + Qdy < ‘AB)1
(AB),

(AB),

& _[ —I :O<:>_[ +J :O<:><ﬁ :0©¢de+Qdy:0.

(AB), (AB), (AB), (BA), (ABA) v(h)

Takum 006pa3om, B TIormueckoi cxeme (*) qokaszaH mepexon
cﬁ Pdx +Qdy =0.

J Pdx + Qdy He 3aBucur ot Gpopmsl (AB) <
v(l)

(AB)

2 sran
DKBUBaIEHTHOCTH ycioBui (1) u (2) B cxeme (*) cnenyer u3 popmynsl ['puHa

()

”(m—ﬂ;)}dxdy: CJS Pdx +Qdy .

Q_op 1S BceX To4ek (X, Y) HekoTopoii obmactu D,

HGI/ICTBI/ITGHBHO cClin 87
X

()

”[GQ alD]dxdy HO dxdy=0 = gSde+Qdy 0,

rae (L) — 3To 3aMKHyTas IMHUS, OTpaHUudMBaroias 0omacts D;
TakuM oOpazoM, B cxeme (*) mokazan nepexof (1) < (2), To ecTb 10cTaTOYHOCTH yciaoBus (2) s (1)

95 Pdx+Qdy=0 mpu V(), To (dopmyna Tpuma gaér, urO

(]

0Q oP . N
(Q —— |dxdy =0 mns mro0oii obnactu D, orpaHMYeHHON POU3BOJIBLHO B3SITHIM KOHTYPOM |

O6parno, ecinu

PaBeHcTBO HYJIHO JBOMHOIO HUHTETpajia 1Mo MMPOHU3BOJBHO B3ATOM 00OmacTd D BO3MOXKHO TONBKO B

CJIydac TOKACCTBCHHOI'O paBEHCTBA HYJIHO HOI[LIHTel"paJ'IBHOI\/’I (bYHKHHH, CJIICAOBATCIILHO

5Q oP =0 oP = @ nis moobx (Xy) e D.

ox oy oy

DTOT MOCIeTHIIA BEIBOJ MOKHO 000CHOBATh PACCYKICHUSIMHU OT TIPOTHBHOTO
IyCTh XOTs ObI B OHOM Touke (Xo,yo) € D Gymer

> Qo [[[ 22 oy -0
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oP 0Q

0 0 o
TOIa II0 HENPEPBIBHOCTH YAaCTHBIX IPOU3BOJHBIX a—Q u — Oymer ———=0 B HeKoOTOpO
X

oy ox oy
’ ! v ! 8Q

obnactu D' < D, npuuem (Xg,Yg) € D’ u Bo Beeit o6nactu D' pasnocts x oy COXpaHseT
, X

CBOM 3HaK (CM. CBOMCTBAa HENPEPHIBHBIX (YHKIHNA); MOITOMY, €CIH B3SATh JABOWHOW WHTErpasl IO
ob6mactu D' ot dynkmuu GukcHpoBaHHOTO 3HAKa, TO OH HUKOT/JA HE TONYYHTCS PAaBHBIM HYIIO, UTO
MIPOTHUBOPEYUT BBIBOLY U3 (opMyJsl I 'puHa.

CrnenoBatenbHO, HEBEPHBIM SBIISETCS MIPEANONIOKEHHE 00 OTINYUU OT HYJS (XOTs Obl B OHOM TOYKE)
HENpPEepbIBHON (YHKIUHU, HHTETPAT OT KOTOPOW paBeH HYIIIO IO JH000i 006J1acTH MHTETPUPOBAHHMSL.
CrnenoBaTenbHO, BEPHBIM SBIISIETCS BHIBOJ O PABEHCTBE HYJIIO HEMPEPHIBHOW (PYHKIIMU, UHTETpal OT
KOTOPOU paBeH HYJIIO MO J1000# 001aCTH UHTETPUPOBAHMUSL.

Takum 06pa3zom, B cxeme (*) mokazan nepexon (1) =(2), To ectb HeOOX0AUMOCTH ycaoBus (2) s (1).
CremoBarelbHO, MOKa3aHa SKBUBaJICHTHOCTH ycioBuit (1) u (2): (1) & (2).

3 sTan

JlokaskeM 3KBHUBaJIEHTHOCTH ycioBwii (2) u (3) B cxeme (*)

Jlerko nokaseiBaercsi ciencrtBue (3) = (2) Ha OCHOBAHHUM CBOWCTBA CMEIIAHHBIX YaCTHBIX
IIPOU3BOJHBIX BTOpOro nopsaka st GHIT:

mycts cymectyet Gynkmus U (X, Y), takas uto P(X, y)dx+Q(x, y)dy = dU (X, y) ;

Tak Kak 1o onpeenenuto noaxoro aupdepenuunana GHIT umeem, uto dU =U dx+U/dy , 0 P =U;

" n
n Q=U;=P=U; u Q =Uy; usectno, uto Uy, =U

" yx » CCIN OHH HCIPEPBIBHBI, II03TOMY

oP 0 .

P, =Q), cnenoBaTenbHO, PaBEHCTBO HYACTHBIX MPOU3BOJHBIX —— = 6_Q BBHITIOJTHSIETCS. BO BCeEil
X

00JIACTH UX CYIIECTBOBAHUS M HEMPEPHIBHOCTH.

[Tepexon (2) = (3) noka3bIBaeTCs CIOXKHEE U , HAIIPUMED, CICTYIOIIIM 00pa30oM.

oP .
JlaHO, 4TO paBEeHCTBO — = X BBITNIOJIHSIETCSL B HEKOTOpo obsiactu D u Tpebyercs nokaszarb, 4ToO
X

cymectByet ¢pyukuus U(X,y), takas uto dU = P(X, y)dx +Q(X, y)dy .
Q

P
Tak kax % = npu V(X;y) e D, To mo goKa3aHHOMY YK€ YCJIOBHIO (2) 3TO rapaHTHPYET, YTO
X

KPUBOJIMHENHBIA HHTETpall I Pdx+Qdy e 3aBucur ot popmsl uauu (AB).
(AB)

Bri6epem nunuto unterpupoBanus (AB) Tak, 4ToObl OHA COEqMHMIIA

HEKOTOPYIO (PMKCHPOBAHHYIO TOUKY (Xo; Yo) U NEPEMEHHYIO TOYKY !

(X,y) mo JIoMaHO#, COCTOSIICH W3 OTPE3KOB, MapaLICIBHBIX OCIM A

KOOpAMHAT (Tak BCerja MOXHO CcJelaTh, OCTaBaschb B 00JacTu |

HenpepbIBHOCTH QyHKIMA P 11 Q ¥ X YacTHBIX MPOU3BOHBIX). ' ——d
A(xo,yo) ~ C(X.Yo)

0 X
Beruncnum kpuBonuHeiHbI nHTErpai mno nomanoi (ACB), ucnonb3ys CBOHCTBO €ro aJINTUBHOCTH, U
MOJTYYHUM PE3YJIbTaT, 3aBUCSIINN OT KOOPJIUHAT KOHEYHOW TOYKH

(x; y):
'[ P(x, y)dx +Q(x, y)dy = j Pdx + Qdy + _[ de+deE

(ACB) (AC) (CB)

s -((2)




67

Y=Y, = const X=X, = const
(AC) : X — mapamerp (CB) : Y — mapamerp

Xl-tall = XO’ XK‘()H =X ynaq = yO’ yl\‘OH = y

dy=0 |dx=0

X

E_[ (P (% ¥)dx+Q(X,¥,)-0)+ j (P(x,y)-0+Q(x,y)dy)=

X=Xy Y=Yo

X=const

- P(x,yo)dX+J¥Q(X.y)dy = U(xY).

0003H.
Yo

S — <

oU

Boruncnum ——, wucnons3dys Tteopemy bappoy, mpaBuno JleiOnuna ans  auddepeHIupoBaHUsS

0Q _oP.

HHTErpaia, 3aBUCAILICTO OT MmapaMeTpa, U paB€HCTBO —— = ay

a;i{ip(x,yo)dX} +(yjon(X,y)dy] =F’(X,yo)+j02(3dy=
=P(X,Y,)+ Jy-?;dy: P(X, Y,)+ P(x,y)‘:0 =P(X,Yo)+P(x,¥)=P(X,¥y)=P(x,Yy).

oU

JIy1st BBIUMCIIEHUSI —— JI0OCTaTOYHO MCIOJB30BaTh TOJIBKO TeopeMmy bappoy:

aalyJ:U P(x, yo)dXJ +UQ(x,y)dy] =0+Q(x,y)=Q(x.y).

Teneps cocraBum nomuelit quddepenman pyakipn U(X,y):

du = @dx + Qdy =P(X, y)dx + Q(x, y)dy
OX oy

X y
Takum o6pa3om, moctpoena uckomas gpyaxims U (X, y) = j P(X,Y,)dx+ IQ (x,y)dy
Xo Yo
¥ TE€M CaMbIM Ji0Ka3aH repexos (2)=>(3). 3-i aTan 1oka3aresibCTBa 3aKOHYCH.
[TostHOE JT0KA3aTENBCTBO TEOPEMBI 3aBEPIIEHO. <]

8.2. dopmMmynupoBKa TeopeMbl O He3aBUCUMOCTU KPUBOJIMHENHOIO
umHTerpana ll poaa ot ¢popMbl FIMHUM UHTErPUPOBAHUA B TPEXMEPHOM
cnyvae

AHaJOrMYHO [JOKa3aHHOM TeopeMe (QOPMYIUPYIOTCS U JOKa3bIBAIOTCS YCIOBUS
HE3aBHUCUMOCTH  KpuBOJHMHeWHoro wuHTerpasa Il poma ot ¢opmbl  nuHUEM
MHTETPUPOBaHUS B TpEXMEpHOM ciydae. [IpuBeneM 31ech TOIbKO GOPMYIUPOBKY 3TUX
YCIIOBUH.



Jst Toro, uToGb! KpuBoMHE b nuTerpan [ P(X,y,z)dx+Q(X,y,z)dy + R(X, y,z)dz
(AB)

He 3aBHUceN OT GopMbl JIMHUH (4AB), HE0OX0IUMO U IOCTATOYHO, YTOOBI BHITIOJIHSIIOCH

OJTHO M3 CJICAYIONINX, SKBUBAIICHTHBIX MKy COOOM, YCIIOBHIA:
1. cﬁ P(x,y,2)dx+Q(x,Yy,z)dy + R(X,y,z)dz=0 (1)
V(1)
TO €CTh PaBEH HYJIIO MHTETPAJ MO JIF0OOMY 3aMKHYTOMY KOHTYpPY (L), Ha KOTOPOM

jexar Touku A u B;

oP _0Q oP _oR 0Q oR

2.6y ' & x e oy (2)
9TH TPU PABEHCTBA HEMPEPBIBHBIX YACTHBIX MPOU3BOIHBIX JOJDKHBI BBITTOJHITHCS BO
BCEX TOYKaxX HEKOTOpoi obmactu D, comeprkarieii muauio (AB);

3. CymecTByeT muddeperimpyemas dyrkims Tpex mepemennsix U (X, Y, Z) Taxas, gro
MOIBIHTETPATTEHOE BRIPAKEHHUE SBIISCTCS €€ MOJHBIM AuddepeHITnaTIoM:

P(X,Y,z)dx+Q(X,y,2)dy+R(x,y,z)dz=dU(x, Y, z) (3)

Mpvmepbl (BBIYUCIICHNE KPUBOJIMHEHHBIX HHTETpaioB |l poga, He 3aBUCAIIMX OT POPMBI
JIMHUY UHTETPUPOBAHUS)

1. IIpoBepuTh HE3ABUCUMOCTH KPUBOJIMHEHHOTO UHTETpajIa J‘ yxdx + 1 dey
(AB)

ot popmsl iuauK (AB) 1 Beruucuts ero, eciu A(1;2) u B(3;4).

PeleHne

oP ;
P:yx — =X y B(314)
3nech L= oy _0P_0Q mns v(xy) =
Q=-x" " |Q a o
S v
A(L;2)  C(32)

X

JTAaHHBIN KPUBOJUHEWHBIA HHTErPaNl HEe 3aBUCHUT OT Gopmbl (AB). 0

Berauciium ero mo gomanoii (ACB), 3anucas mapamerpuuecku ee yuactku (AC) u (CB):

y=2, X=3,
(AC): X —1epeM. (CB): Yy —1epeM.
Xnaq =1’ chon = 2 ynaq = 2’ yKOH = 4

dy=0 dx=0
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4
=17.
2

J. yxdx+;x2dy:'|‘ +j :XXI;iZXdX+iJ;:;'32dY=X2‘f+2y

(ACB) AC CB

Kpusonuneiineiii unterpan Il poma, He 3aBucAmmii OoT (HOpPMBI JHMHUM HHTETPUPOBAHHS, YaCTO

3aIMUMCBIBAIOT TaK, YTO YKAa3bIBACTCsA TOJIBKO HadaJlbHas U KOHCYHAasA TOUYKU Ha JUHUHW UHTCTPUPOBAHUA.

(34 1,
OTBeT: [ yxdx+ -x°dy=17-
(©2) 2
(3:4)
2. IIpoBepuTh HE3aBUCHUMOCTh KPUBOJMHEHHOIO MHTErpasia J. yZXdX +—x2dy oT (HOpPMBI JTMHUHU
12) 2
unrerpupoBanus (AB).

PelweHne

oP
P =y®x — =2Xy
3nech 1

, = 5 :>6y Py
Q_EX —Q:x

CJIICA0BATCIBHO, JAHHBIM KpHBOJ’IPIHGfIHBIfI HHTCIrpal 3aBUCHUT OT (bOpMLI JIMHUW HUHTCTPUPOBAHUA,
MMO3TOMY JIA €TI0 BBIYHUCICHUA HYXHO JOIOJIHUTCIIBHO K MMCIOMIEMYCA YCIIOBUIO 3ada4YM 3adaBaTb

ypaBHenue jqunun (AB).

(2;4;5)

3. Beruucinuts IXdX + ydy + zdz
12:3)
PewweHue
P(x,y,2)=x
Q(x,y,2) =y = pasencrsa P _ @, P_ @, R_R ymommoren npH VX, ¥, 7 =
oy OX oz ox oL oy
R(x,y,2)=12

JAaHHBIA KPUBOJMHEHHBIN HHTETpall HE 3aBUCUT OT ()OPMbI TUHUN UHTETPUPOBAHHUSL.
[Ipome Bcero Takoil mHTErpan BHUUCIATH 1Mo JoManoi nuauu (ACDB), cocrosimei u3 OTpe3KoB,

napaJiyiICJIbHBIX OCAM KOOPAWHAT.
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y=2=dy=0
(AC):9z2=3=dz=0
X —TIepeM eHHas, X, =1, X, =2

Xx=2=dx=0

(CD):9z=3=dz=0 y
y —nepeMeHHas, Y. =2, Y, =4
x=2=dx=0

(CB):ky=4=dy=0
Z—T1epeMeHHas, Zp =3, Z; =5

(2:3:4) x=2 y=4 2=5 212 2 |4 25

J. xdx + ydy + zdz = J.(xdx+0+0)+ I(O+ydy+0)+j(0+0+zdz)=% +y? +% =15,5.
1 2 3

1;2;3) x=1 y=2 z=3
(2;3;4)
OrtBerT: _[ xdx + ydy + zdz =15,5.

(L,2;3)



71

§9. BOCCTAHOBIJIEHUE ®YHKLWUW HECKOJIbKMX NEPEMEHHbBIX MO EE
NOJIHOMY ANPDPEPEHLUNANTY

Conepxanue
9.1.MMocTaHoBKa 3a4a4n B OABYMEPHOM CITYHAE ....ueveerrineeeeeriieeeeerinneeeeensnneeaeens 71
9.2. OMNMUCAHME PELUEHMS ... eeeeeeeeiiiiee s e e e e e e e eeettaie e e e e e e e eeeesaanaaeeeeeeeeeesennnnnns 71

DTO OJTHO U3 NIPWIOKEHUN KpUBOIHHEHOro nuterpaia |l poxna.

9.1. MocTaHOBKa 3ap4ayM B ABYMEPHOM criyyae

JlaHo BbIpakeHue NoJaHOro AuddepeHnuana QyHKIUU ABYX NEPEMEHHBIX:

P(x, y)dx+Q(x, y)dy =dU(x,y).
Haiitu ¢pyukuuro U (X, Y).

9.2. OnucaHue peLwieHus

1. Tak xak He Bcskoe BeIpaxkenwe Buma P(X,Yy)dX+ Q(X,y)dy sBaseTcs NOTHBIM

muddepennmarom Hekoropor pyakumum  U(Xy), TO HEoOXOAMMO TPOBEPUTH
KOPPEKTHOCTbh IIOCTAHOBKH 33/1a4H, TO €CTb IIPOBEPUTH HEOOXO0UMOE U 0OCHAMOYHOe

ycinoeue nonnoz2o oughgpepenyuana, xotopoe s QyHKIUU 2-X MEPEMEHHBIX HUMEET
P 0Q y

BHI — =" DTO yCJIOBHUE CIEIyEeT W3 IKBUBAJIGHTHOCTH YTBepxkaeHui (2) u (3) B
y  oX

TeopeMe mpenpayuiero mnaparpada. Ecim 0003HaueHHOE YCIOBHE BBINOJHEHO, TO

3ajjaua UMeEeT pelieHue, To ecth GyHKuo U(X,Y) BOCCTAaHOBUTH MOYKHO; €CIIH YCIIOBUE

HE BBITMOJHEHO, TO 33/1a4a HE UMEET PeIlIeHUs], TO ecTh PyHKuuo U (X, y) BOCCTAaHOBUTH

HEJb3S1.

2. Hatitn pynkmmio U (X, y) o ee noaHomy auddepenipany dU moxHO, Hanpumep, ¢

HOMOIIBI0 KprBOJIMHENHOro uHTerpana |l poma, Beramcus ero or dU mo naubum,

COCAMHSIONICH (PUKCHUPOBAHHYIO TOUKY (Xo,Yo) U TIepeMeHHYI0 TOUKY (X;Y) (Puc. 18):

(x,y) (x,y)
I B(X,
[au= ] [audx+audyJ@ P
(%0:Y0) (%0:Y0) X ay
3aMuChIBACM TapaMETPUUECKUE ypaBHEHUS 000N JTUHUHU l: A(Xo,yo) C(X.Yo)
0 X

Puc. 18
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dx
{X:X(t) :>dX=Edt

Y=yt g Y 4
dt

U CBOJUM KpPUBOJUHEHHBIM HHTErpall K ONpeaeIEHHOMY

HHTCI'paly
oU dx oU dy (du t
© J(axdt > dtj tjd = tJ;dU(x(t),y(t))=U(X(t),y(t))|tO=

TI0JIHAs MPOU3BOAHASA
Gynxmn U (X(1),y (1))

(xy)

=U (x(t),¥(t))=U (x(t), ¥ (t)) =U (x,¥)=U (X5, Yo ) = I du

(X:¥o)
Takum oOpa3oM MOJIy4YE€HO, YTO KpUBONMHEHHBIA uHTerpan Il poma ot mosHoOro
muddepennmana dU(X,y) paBeH pasHoctH 3HaueHuil ¢pyHknun U(X,y) B KOHECYHOH |
HaYaJIbHOU TOYKAX JIMHUU UHTETPUPOBAHUS.
3Has Temeph 3TOT pPe3yibTaT, HYXHO MOACTaBUTh BMecTo OU B KpHUBOJMHEHHBIN
uHTerpan BelpakeHue PdX+Qdy u mpoBecTH BbIUMCIIEHHE WHTErpajia Mo JIOMaHOM

(ACB), yuuTbIBas €ro He3aBUCUMOCTh OT (POPMBI IMHUH HHTCTPUPOBAHUS:
(xy) (x;y)

U(X,y)-U(X,Y,)= J' du = j P(x,y)dx+Q(x,y)dy@

(X0:¥0) (Xo03Yo)

y=Y,=const=dy=0 X=Xx=const=dy=0
Ha (AC): < X —mepeMeHHas Ha (CB) .4y — nepeMeHHast
Xy =Xy Xo =X Ye =Yor Y5 =Y
@ X y
JP(x, yo)dx + [Q(x, y)dy =U(x, y)~U(xo, Yo ) (1)
X0 Yo

Takum oOpa3om, monydeHa ¢opmyia, C TMOMOIIbIO KOTOPOW BOCCTAHABIMBACTCS

byHKIUA  2-X  MEPEMEHHBIX U(X,y) nmo ee nosHoMy JauddepeHunany

dU =P(x,y)dx+Q(x,y)dy.

3. BocctaHoBUTh (PYHKIMIO MO €€ MOoJHOMY Ju(depeHIrally MOXKHO TOJIBKO C
TOYHOCTBIO JI0 MOCTOSIHHOTO ciaraemoro, tak kak d(U + const) = dU. Ilostomy B
pe3ynbTaTe PEIICHHsI 3a/1a4u MMOTy4aeM MHOXKECTBO (DYHKITUN, OTIMYAIOIIUXCS APYT OT

ApyTa Ha TOCTOSIHHOE cllaraeMoe.
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Mpvmepbl (BOCCTAaHOBIICHUE (PYHKIIMH JIBYX TIEPEMEHHBIX 0 €€ TOJTHOMY
nuddepeHnnuany)

1. Haitti U(X,y), ecm dU = (x% — y?)dx — 2xydly.

PeweHune

[TpoBepsiem ycnoBue mosHOTO Auddepenimana GyHKIUN ABYX MTEPEMEHHBIX -

aj = _2y
P=x*-y? oy 0P aQ
= = —=— — ycjoBue mnonHoro auddepeHnrana BBITOIHEHO,
Q=-2xy NQ_,, ¥ X
OX

3HayuT, GyHKIuo U(X,Y) BOCCTAaHOBHTH MOXHO.

(x,y) (xy)
y Bx) U(xy)=U(X.Y,)= j du = j (xz—yz)dx—nydy:
(%:¥0) (X0:¥0)
X y X X=X
Abey) Clye) = (X -ye)dx+ | —nydy=(s‘yéxj -y, =
0 X %o Yo X=Xy 0
X? XS X? X
=3—y§><—3°—yé><o—><y2+><y§=(3—><y2j—[?j—><oy§]=>
u(xy) U(%o,Yo)
X
X, = :
U(xy)=73-%
2

Tposepka: dU =U; -dx+U; -dy = (x* - y*)dx— 2xydy — sepHo.

Otser: U(X,y) = x3/3 — xy? + C.

dx—3dy+3y—x+z3

dz
z z°

2. Haittu pynxumio U (X, Y, Z) , Takyio uto dU =

PeleHne
[IpoBepsieM HEOOXOAMMBIE U IOCTATOUHbIE YCIOBUS MOJIHOTO Auddepeninana GyHKIUU Tpex

P Q P R Q R

NEpEMECHHBIX: —— = —, —— e = ——, €CJIM JaHO BBIPAKCHHUEC

ox' oz ox' oz oy’
B pemaemoii 3agaue

P(X,y,Z)=%, Q(x,y,2)=—3 R(x,Y, z)—u
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P o Q_, . P_RNQ
oy OX oy OX
oP 1 O©R 1 oP OR
e e Tt Tl
0z z OX A 0z OX
oQ 3 oR 3 0Q OR
— =, —_——_ =S — = —
oz 7° oy 1° oz oy

BCe yCJIOBHS MOHOTO U depeHiuana BeIIoaHe b, cienoarensho, gynkmuio U (X, Y, 2)
BOCCTaHOBHTBH MOXKHO (3a/1a4a IOCTaBJIeHa KOPPEKTHO).

Bynem Boccranasiusars ynkuuto U (X, Y, Z) ¢ nomomsto kpusonuneiinoro unrerpana Il poxa,
BBIYMCIIMB €T0 110 HEKOTOPOMH JIMHUH, COEIMHAIOIIEH (PMKCUPOBAHHYIO TOUKY (XO, Yo ZO) u

IIEPECMCHHYIO TOUKY (X, Y, Z) , TaK KaK

(x.y,2)
dU(x,y,z) =U(X,Y,2) =U (X, Yo, Zo)

(%0, Yo0:20)
(3TO PaBEHCTBO BHIBOAUTCS TaK K€, KK M B JBYMEPHOM CJIydae).

C npyroii CTOpOHBI, KpUBOIHHEHHbIH nuTerpan |l pona ot nonuoro muddepenmuana AU ne 3aBucur

OT ()OpMBI JINHUM UHTETPUPOBAHUS, I03TOMY €TI0 IIPOIIE BCEr0 CYUTATH 110 IOMAHOM, COCTOSALIECH U3
OTPE3KOB, NapaJuIEIbHBIX 0CAM KoopAuHat. [Ipu 3ToM B kauecTBe PUKCHPOBAHHON TOUKU (XO, Yo Zo)

MOJKHO B3ATb IJIA IPOCTO ThI B3ATh TOYKY C KOHKPCTHBIMH YU CJIOBBIMH KOOPAHUHATAMU, OTCJICKHUBAA

JIMIIb TOJIBKO, YTOOBI B 9TOM TOYKE U HA BCEH JTHMHUU HHTCIPpUPOBAHUA BbIIIOJIHHIIOCH YCIIOBUC

CYIIECTBOBAHUS KPUBOJIMHEHHOIO HHTErpaa (To ecTh 4ToO0b!l (yHKIUU P(X, Y, Z) ) Q(X, Y, Z) 51
R(X, Y, ) 6bumu HenpepbiBHbIME). C y4ETOM TOTO 3aMEYaHHsl B IAHHOM 3a/1a9€ MOXKHO B3STh
dukcupoBanHoit Toukoi, nanpumep, Touky Mo (0;0;1) . Torna Ha xax0ii U3 3BeHbEB JTOMaHOM

M,M,M,M 6Gynem nmers

y=0=dy=0 Z A
z=1=>dz=0
na (M M,): :
X — nepemMeHHast
Koo =0 X =X M, (0:0,1) ¢ M(xy:z)
X=X=const =>dx=0
7=1=dz=0 o M, (X;y:1)
na (M;M,): : 1(0:0) >
Y — nepemenHas X 0 y
yHatt. = O’ yKOH. = y
X=X=const = dx=0
=y=const=dy=0
wa (MM):]7 =Y y

Z — nepeMeHHas

z,.=l17, =12

Ha H.
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M (x;y;2) M (x;yz) 3
1 3y—-X+12
U(xy.2)-U@©0D= [ du= | Tox-Say+ 3V =XH2 g,
M, (0;0:1) M, (0;0:;1) Z z z
€BOTICMB0 A0OUMUBHOCTIU CBOOUM KPUBOTUHEIHI UHMEeSPal
unmeepana (MOM]_) (MlMZ) (MZM) KonpedeﬂeHHblMuHmezpaﬂaM
t(1 3 3.0-x+71 t(1 . 3 3y —x+1°
= [T dx -0+ T 0 |+ [ 0Ty + X2 0 |+
I\l 1 1 Jl 1

z

| BRI R jdx+; 3dy+j(

22

X, Y —IIOCTOsIHHBIC

+zjdz_

z=1

x 3y-x 22\ 3y—-x 7° 3y-x 1
=X -3y +| - +— | =x-3y- +——| - +2| =
|0 y|0 [ 7 2 \]Zl y 2 1 2 | ynpowaen
_ 2 _ 2
:x—3y+x y+—+3y— —E:X 3y+z__ 1
2 z 2 2
| —
U(x,y,z) u(0,01)
_ 2
:>U(x,y,z):x 3y+z_
IIpoBepka:
— 2 '
U, = X 3y+z_ zl:P(X,y,Z)—BepHo,
z 2) z
— 2 '
U, = X 3y+z_ =—§=Q(X,y,2)—BepHO,
z z
y
_ 2\ _ _ 3
U = X 3y+z_ _ X 23y+Z=3y#=R(X,y,Z)—BepHO,
z 2 ), z V4
dU =U! i+ -dy+U! -dz = a2y + 22 6 oo
z z z°

2
+—+C, e C - 5710 npousBonbHas MOCTOSHHAS.

Oteet: U(X,Y,2) = X3y
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Conepikanue

10.1. OnpegeneHne n 0OCHOBHbIE CBONCTBA NOBEPXHOCTHOrO MHTEerpana | poga77
10.2. BbluMcneHme noBepPXHOCTHOIO MHTErpana | POAA ......cccovvvveevvveeiiiiiiineeeenn, 78
10.3. HekoTopble NpUnoXxeHUs NOBEPXHOCTHOIO UHTerpana | poaa ................. 80



77

10.1. OnpegeneHne u OCHOBHbIe CBOMCTBA NOBEPXHOCTHOroO UHTerpana |
poaa

Paccmotpum  pyHKIHIO f(X,y,Z) , 3QJaHHYH0O B KaXKJIOH TOUYKE HEKOTOPOU

noBepxHocTu (o) B cucteme koopaunat XOYZ. Iloeepxnocmuvim unmezpanom I pooa
om yukuuu f(x,y,7) no noseepxnocmu (0) Ha3BIBACTCS KOHEYHBIA Mpeaes
WHTETPAIBHON CyMMBI TIPH CTPEMIJICHUHU K HYJIIO paHTa pa3OueHMs, TTOPOKIAFOIIETO 3Ty
CYMMY:

Hf(x,y,z)da=5ign0if(xi,yi,zi)-Mi (1)

(o)
rae N —3TO KOJUYECTBO HJIEMEHTAPHBIX YaCTEH, P(X;Y::Z)

(o)

Ha KOTOpPbIE pa30nTa MOBEPXHOCTH (O),

Aoy — momaip i-oi yacTH pa3oueHuUS,

i=1n, 0

(%:Y,:2,) — TPOM3BOJIbHAS TOYKA HA I-TOM Puc. 19

aneMeHTapHou yactu (Puc.19),

A =max{d,} — paHr pazouenus,

i=1,n
d, — nuamerp I-oii 4YacTu pa3OUCHUS.

[Ipu sTOoM mpeamonaraercsi, 4To MPEAENl HHTErPalbHOM CYMMBI CYIIECTBYET U HE

3aBHCHT HHM OT cIiocoba paSGI/IeHI/IH IIOBCPXHOCTHU (G) Ha 3JICMCHTApPHBLIC 9aCTHU, HU OT

BBI60pa TOUYCK P' Ha I(El)KI[Oﬁ N3 3JICMCHTAPHBIX YyacTeu.

OcHOBHBIE CBOWCTBA MOBEPXHOCTHOI0 MHTerpaJja | pona

CBONCTBO 1 (JinHEHHOCTh MOBEPXHOCTHOrO MHTErpaja | poja 1mo moBepXHOCTH
UHTETPUPOBAHUS)

[[ler- fu(x,y,2)+ ¢y - fo(x, y,2))do=c, - [[fi(x,y,z2)do+c, - [[ fo(x,y,z)do

(o) (o) (o)

rie  C;,C, — MOCTOSIHHBIE 110 X, Y, Z.
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CBOWCTBO 2 (ajIuTHBHOCTh TIOBEPXHOCTHOTO MHTErpaia | poja mo noBepxHOCTH

WHTErPUPOBAHUS)

Ecm (0) =(oy) U (0,), 10 [[f(x,y,2)do= [[f(x,y,z)do+ [[f(xy,z)do
(o) (o1) (02)

CBOWCTBO 3 (0 3HaYCHUH MMOBEPXHOCTHOTO MHTEerpaia | poaa ot GpyHKIuH,

TOXJICCTBEHHO PABHOU €IMHUIIEL)

Ecim monmpiaTerpansHas ¢ynkmus f(x,y,z) = 1 Bo Bcex Toukax moBepxHocTH (o), TO
MOBEPXHOCTHBIA MHTerpan ot Gynkiuu f(X,y,z) mo moBepxHocTH (0) paBeH ILIOIIAIHU
(Mepe) MOBEpXHOCTH UHTETPUPOBAHHUS

Hda =S,
(o)

CBOWCTBO 4 (1ocTaTOYHbBIC YCIOBUS CYIIECTBOBAHMS MOBEPXHOCTHOTO MHTErpaa |

pona)

Ecmu dynkums f(X,y,Z) SBJISIETCA HEMPEPHIBHOM B KaXJ0M TOYKE OTPAaHUYECHHOU

MOBEPXHOCTH (0), TO MOBEPXHOCTHBIN HHTETpal ” f (X’ Yz ) do CYILIECTBYET.
(o)

MexaHn4YeCKHUil CMBbICJI IOBEPXHOCTHOIO HHTerpaJa | poaa

[] f(x,y,2)do =m — 570 Macca HeonHOpOAHOH MOBEpXHOCTH (0),

(o)

eciu f(X,y,2)>0 — 53TO TNOBEPXHOCTHAs ILIOTHOCTh PACIPEICIICHUS MAacChl I10
noBepxHoctH (o).

10.2. BbluncneHue noBepxXHOCTHOro UHTerpana | popga

Brruucnenue moBepXHOCTHOTO MHTerpana | poma CBOAMTCS K BBIYMCIICHHIO JIBOWHOTO
WHTETpajia 1o MPOCKIINY MTOBEPXHOCTH (0) Ha OJTHY U3 KOOPJAMHATHBIX TUIOCKOCTEH.
Hanpumep, eciu moBepXHOCTh (0) mMeeT ypaBHeHHE Z = Z(X,Y) M NPOEKTUPYETCS
oaHOo3Ha4yHO B 00sacth D < XQY, 10 hopmyna ceedenusn nosepxnocmnozo unmezpana
K 0BOUIIHOMY UHMe2Pay IMEET TAKOU BUJ:
(0):z=12(xy)

do =1+ (z,)? +(z,)*-dS

H f(x,y,2)do =

(o)

=[[ Ty 2 ) 1+ (@) + (@) 08| (2)
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rae dS =dx-dy B mekapTOBBIX KOOPAMHATAX.

[Tosicuenus k Gpopmyre
Ecnu ypaBHeHHe noBepXHOCTH (0) MUMEET z

BUI: Z=12(X,Y), TO

—

N = {Z;; Z;;—l} — 9TO BEKTOP HOPMAJU K

MMOBEPXHOCTH B JIt000M ee Touke (X,Y,2);

B OKPECTHOCTH 3TOM TOYKH OECKOHEUHO My 4acTh MOBEPXHOCTH (0) MOKHO 3aMEHUTh OECKOHEUHO
MaJIoOl YacThI0 €€ KacaTelIbHOM IUIOCKOCTH, IMO3TOMY paccMOTpuM (o Kak IUIomaab OECKOHEYHO
MaJIol YacTH KacaTeJIbHOM MIIOCKOCTH, MPOBEACHHOM K MOBEPXHOCTH (0) B ee Touke (X,Y,2);

dS - 510 npoextmsa do ma mmockocts XOY; Toraa 1o cBOHCTBY MPOEKIMIA BEPHO, UTO

dS=d0'-‘COS;/‘<:>da= as ;
lcos |

—

3,[[60]: Y - 3TO Yrojl ME)KAYy BCKTOPOM N Hn OCBIO OZ, €T0 KOCHUHYC BBIYUCIILACTCA KaK OJUH U3

HaIpaBJIAOIINX KOCHHYCOB BEKTOPA N .
N, -1 1
COSQ/:‘?: = [cosy|=

N @) +(z) +(-2y V(2 +{2)

ds N2 2
dazm:\/l+(zx) +(Zy) ds.

=

Mpumep 1 (BBIYUCIICHHE TOBEPXHOCTHOTO MHTErpana | poxa)

Beruucnurs ” xdo » Te (G) - 4acTh MOBEPXHOCTH IIMIIMHAPA
(o)

0<x<1

0<y<l

Z PeleHnune

z=1-x% s KOTOpOU {

1 7= 1% Ctpoum moBepxHOCTh () u ee nmpoekmuio D Ha miockocts XOY,
f/ CBOJIUM JAaHHBIA MOBEPXHOCTHBIM MHTErpaji K JBOMHOMY HHTETPAIY IO
(o] y npoekiuu D u BeIUMCIIsEM MONYUUBIIUNCS TBOMHOM MHTETPAI:

X (a):z=1—x2:>z;(=—2x, z’y:O

y 2 2
1 ”Xdaz 1+(z) +(z)) —J1+4x* —

(o)

D do=+v1+4x°dS
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1
XV1+4x2dy = _[ X1+ 4x2dx- y|2 =

= ” Xv1+4x%dS :jdxj
D 0 0 0
1% : 1(1ax)?[ 1 1
= 8,([(1+ 4X2) d (1+ 4X2) - 8(3/2)0 - 5(53/2 —13/2) == 5(5\/5—1) 8

10.3. HekoTopble npunoXxeHUs NOBePXHOCTHOIoO MHTerpana | pona

1. Beraucienue miomaan MoBepXHOCTH ( 0):

S, :I do 3)
(o)

2. BopluucneHnre macchl MOBEPXHOCTH (0), €CJIM U3BECTHA MOBEPXHOCTHAS IJIOTHOCTH

7(X,Y,Z) pacupenenenus macc:

m= ”;/(x, y,2)do (4)
(o)

Jlpyrue MexaHuuecKue MpUIoKEeHUs (BBIYMCICHUE CTATUYECKUX MOMEHTOB, MOMEHTOB
MHEPUUH W KOOPJHUHAT IIEHTpPa MacC MOBEPXHOCTHU) OCYIIECTBISIOTCS aHAIOTMYHO
MIPUJIOAKEHUSAM JIBOMHBIX U TPOUHBIX UHTETPAJIOB.

CryaeHTam peKOMEHIYETCSI COCTaBUTh (DOPMYJITBI ATUX TPUIIOKECHHI.

Mpumepbl 2 (IPUIIOKEHUS TOBEPXHOCTHOTO MHTErpania | poaa)

1. HaiitTu ruionia s TOBEPXHOCTH YaCcTH Mapadononsa Z = X2 + y2 mpu Z < 4.

PelwweHne

CTpouM MOBEPXHOCTH (C) — yKa3aHHYIO 4acTh Hapaboyionga ¥ MpoeHupyeM ee Ha 00acThb D
mwitockoctu XOV:
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D B ITOJIAPHBIX KOOpAWHATAX!:

x 0<p<2r
0<p<?2

PelweHne

(0):z2=x%+y?
S(0) Z(ﬂ)dGZ z, = 2X ZIDN1+(Z'X)2 +(zy Pds =

z, =2y

2
(L @0 + 295 = T do] oo ap? =22 60T
D 0 0

3/2
0

= 2217802 192 )= (17,17 -1) = 36,2.

OTBerT: St = %(17@ —1) ~ 36,2 (en. miomam)

2. Boumcnuth Maccy nobepxHocT ky6a, Ha kotopom Q< X<1, 0<y<1, 0<z<1, ecm

IIOBEPXHOCTHAS IJIOTHOCT B Touke M (X; Y, Z) paBHa XYZ.

Pemenue
z Macca kaxaoil W3 Tpex rpaHeil Kyba, JeXallux B
KOOPJIMHATHBIX IIOCKOCTSX, paBHA HYINIO, TaK Kak Ha
() KOKJIOM W3 O3TUX TpaHEHd paBHA HYJIIO OJHA W3
[ KoopauHat X, Y wim Z, TOITOMY paBHa HYIIO
Q L Y D IUIOTHOCTb pacIpeielIeHUs] MaCChl:
Fl @  rM)=xyz = =0,
(@) C ectt X=0wmwm Yy=0 umm z=0.
AL~ 0 1 y
1 B

OcTaercs BBIUUCIUTD MacChl Tpex FpaHefI Ky6a, HC JICKalllNnX B KOOPAWHATHBIX INIOCKOCTIIX!
A r_ r_
(0))iz=1= 7,=0, z,=0

Moray = [[ Wzdo ={do = [1+(z,)° +(z,)°dS,, =dS, =dx-dy =
(o1)

npoekuys (o, )Ha XOY —sroksagpar (AOCB)

ot ot

y

1 1
1
- H xy.1-dSXy=‘([de‘£ydy=X? 2

(AOCB)

0 0
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(0,):y=1=y,=0,y,=0
Mgrpc) = ” Xyzdo = da:\/1+(y;)2 +(y))?dS,, =dS,, =dxdz ; =

(02)

npoekuwsi (o, ) Ha XOZ —asro kBagpar (AQLO)

1 1 o1 ot
= ” X-1.-z-dS,, :jxdszdz:%
0 0

(AQLO)

1
4

0 0

(03) x=1=x,=0,x,=0

M pore) = ﬂ xyzdo = dG:\/1+(X'y)2+(X§)2dSyZ =dy-dz —
(03)

npoekuys (o, )na YOZ —sro ksagpar (OLDC)
1,

1 1 2 1
= J'J‘ 1-yz-dSy2:£ydy£zdz:y? Z;

(OLDC)

0 0

1,1

mkﬁa:0+0+0+l+—+ :§:O,75.
3 4 4 4 4

OtBeT: 0,75 (equHHII MacchI).

3. BBIYHCIITD MOMEHT HHEPLIMH YaCTH OOKOBOM TOBEPXHOCTH KOHYCA Z = 4/ x> + y2 , 0<z<h

OTHOCHUTCIIBHO OCH OZ, C€CJIM MOBCPXHOCTHAA IIJIOTHOCTHL MaTCpUajia }/ SIBJISICTCS TIOCTOSHHOM.

PelweHne

O/h X, p

Ecnu Ha 00KOBOI MOBEPXHOCTH KOHYCA (G) B3Th OECKOHEYHO MaJIbIi JIEMEHT

noBepxHoctd 0o u Touky M (X,Y,Z) Ha HeM, TO ero paccTosaue 10 ocu OZ Oyaer

paBHBIM p =|OM'|=/X* +y*.

Torjma MOMEHT MHEPITUHU TOTO AJIEMEHTa OTHOCUTENbHO ocu OZ OyaeT paBeH

dl, = p°-dm=p? -7/-d0'=(\/x2 - yz)ydaz(xz+ yz)]/dO'.
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MowmenT nHepimu oTHocuTeTbHO OZ Beel TOBEPXHOCTH (G) MOIYIUTCS Kak
MMOBEPXHOCTHBIN uHTErpai | pona:
= ”dloz = ”(XZ + yz)yda.
(o) (o)
Bbluucinum coctaBieHHbIN NOBEPXHOCTHBIA HHTETPaJl CBEJIEHUEM €TI0 K JIBOMHOMY
uHTerpany no oodnactu D < XOY , sBastoielics npoeKiyen moBepXHOCTH (G) Ha
KOOpJMHATHYIO TuiockocTh XOY :

(0):z=\X+y* =17

\/x +y° \/x +y°

”(X2+y2)7/d0'— 2 _
@ do = \/1+ dS \/ X —+— =+/2ds,, oot

XX +y> X +y

BIIOJIAPHBIX KOOpJAWHATAX on h
:}/IJ.(X2+y2)\/§dSXy: DOS¢S27Z’,OSpSh, :\/E}/J.d(pj.pzpdp:
D 0
X' +y?=p?, dS, = pdpde

4
:ﬁ}/Zﬂ'%:%ﬂ'}/h[l.

o'l
4

:»\/E}/-¢|Z” .

V2

OrtseT: |, = 7Wh“ (eAMHUI] MOMEHTA UHEPIIHH).
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§11. MOBEPXHOCTHbIE MUHTEIPANbI || POOA: ONPEQENEHMUE,
®U3UNYECKASA TPAKTOBKA, OCHOBHbIE CBOUCTBA, BbIYUCINEHMUE.
doPMYNbl CTOKCA U OCTPOrPAOCKOIo-F'AyccA

Conep:xkanue

11.1.OnpegeneHve n uanyeckasi TpakToBKka NOBEPXHOCTHOro nHterpana Il poga 84
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11.1. OnpepeneHune n pnsnyeckasa TpakToBKa MNOBEPXHOCTHOroO UHTerpana

Il popa
B kaxnoil Touke MOBEPXHOCTU (G ) BBOAUTCS €AMHUYHBIN z

BekTOp-hyHKIus F , 3amaHHas CBOMMU MPOCKIUAME HA OCH

BEKTOp HOpMaiu fi={c0oSc;C0s 3;C0Sy} M paccMaTpUBACTCS é

koopmuHar: F(X,y,2)={P(xY,2);Q(x.y,2);R(x,y,2)}.
X

Puc. 20

Pa30uB moBepxHOCTH (0) Ha dJAEMEHTApHBIE YaCTH C IUIOMALIMU Ac;, 1 =1,2,..K u

3aMEHUB JTU YaCTH IIOBEPXHOCTH KAaCATEIbHBIMHU IUIOCKOCTAMH K HHUM, BBIYUCIUM
CJICTYIOIIVE MapHbIC NPOU3BEACHU:
- F-ii
up, F 'AGIH-AGZ(P(X, y,Z2)-cosa+Q(X,Y,2)-cos f+R(X,Y, Z)-COS}/)'AO'.
n

Kaxq[oe N3 OTHUX IIaPHBIX HpOI/IBBeI[eHI/If/'I HMCCT CMBICII IIOTOKa BCKTOpa F

Yyepe3 4acTh MOBEPXHOCTH Ac B HaNpaBJICHWH yKazaHHoU HopMmaiu (Puc. 20).

Bbluucissi cyMMy COCTaBIIEHHBIX MapHbIX MPOM3BEICHUN M ee mpenen npu A —0

(izm@i({di}, d, - nmmamerp I-TOH wYacTu pa3OueHHs), MOIYYHM OIpEACIICHHUE
i=1,

MoBEepXHOCTHOTO uHTerpania Il poxa:

H(P(x, y,z2)cosa +Q(x,Y,z)cos B+R(x,y,z)cosy)do =
(©)

1)

k

=IliLr(1)Z(P(xi Y2 )cosa+Q(X, ¥, 2 )cos B+R(xX .Y, 2, )cos;/)Aai

i=1
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Kak u IIpru ONpCaACIICHUMU BCCX MNPCAbIAYIIHUX MHTCIPaloB, 34CCh MPCAIIOIaracTcsa, 4T1o

npeaci CymeCTBYCT, SABJIICTCA KOHCYHBIM M HC 3aBHCUT HHU OT crocoba pa36I/IeHI/I$I

MOBEPXHOCTH (0) Ha AJIEMEHTApHBIC YacTH, HU OT BbIOOpa Touku M (X,Y,Z) Ha Kaxmoi

areMeHTapHoM yactu. Kpome 3Toro mnpeamnoiarae€rcs, 4To MOBEPXHOCTH (O) SIBISETCS
JBYXCTOPOHHEH M B KaXKJIOM €€ TOUKE CYIIECTBYET BEKTOP HOpMaJH M.
OnpeneneHHblil paBeHCTBOM (1) HHTErpan mo NOBEpXHOCTH (0) MOKHO 3amucaTh 0ojee

KpaTKO B BEKTOPHOH (hopme:

”(P(x, y,z)cosa +Q(X, Y, 2)cos B +R(x,y,z)cos y)-do = ” (F-A)do (1)
(©) (©)

rne F -N —»sr0 ckanaproe npoussenenue Bektopos F u 1.

O‘ICBI/II[HO, 4TO IIPH IMOJOKHUTCIIbHBIX HAIIPABJIIAIOMINX KOCHHYCax 6y,[[yT BBIITIOJIHATBCA
paBE€HCTBA:

docosy =dS, =dxdy, docosa=dS, =dydz, docosp=dS,, =dxdz

(cm. mosicHeHue k popmyiie (2) nmpeasiayinero naparpada).

[TosToMy cyiecTByeT elie oHa (popma 3anucu nmoBepxHoctHoro uHtTerpana Il pona:

(ﬁ;(lE - ﬁ)do-:('”;P(x, y,z)dydz +Q(x,y,z)dxdz + R(x,y,z)dxdy )

[Tpu 3 TOM MOAMHTETpaTFHOE BBIPAYKEHHUE B TIPABOM YaCcTH MPUHSITO 3aIHCHIBATH O€3 CKOOOK

IToHsiTHE OPUEHTHPOBAHHON NOBEPXHOCTH

[loBepxHOCTh (O) Ha3BIBAECTCS OBYCHOPOHHEN NOGEPXHOCMbIO, €CIU W3MEHUTH
HaIlpaBJ€HUE HOpPMalIM Ha MPOTUBOIOJIOKHOE B JIIOOOH €€ TOYKE MOXKHO TOJIBKO

MPOXOXKACHUEM Yepe3 Kpail moBepxHocTH (Puc. 21).

501041

ol

Puc. 21

[ToBepxHOCTh (O) HaA3BIBACTCSA OOHOCHOPOHHEN NOGEPXHOCHMBbBIO, €CIIA B JIIOOOW ee
TOYKE MOKHO M3MEHUTh HANPABICHUE HOPMAJIU HA MPOTHUBOMOJIOKHOE ABUKEHHEM II0
MMOBEPXHOCTU Oe3 mepexoja yepes ee kpai. [Ipumep omHOCTOpOHHEN TOBEPXHOCTH —

3TO IUCT MeOuyca, KOTOpBIN MoiydaeTcs, eciu npsmoyroiasHuk A A,B,B, ckients 1o

HIMPUHE TaK, 4TOObI coBnamu Touku A v By, By u Ay (Puc. 22)
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A1 A2

BZ Bz

Puc. 22

Opuenmupo6anHoil NO8ePXHOCHbI0 HA3BIBACTCS JIBYCTOPOHHSSI MOBEPXHOCTH (O0), Ha

KOTOpOfI YKa3aHa CTOPOHA ITOBECPXHOCTU HAIIPABJIICHUCM HOPpMaJIH.

du3nyeckas TPAKTOBKA MOBEPXHOCTHOro uHTerpaja Il poaa

H (F-f)do — »T10 moTOK BekTOpa F Yepe3 OPHUEHTHPOBAHHYIO MOBEPXHOCTH (O) B
(o)
HampapJICHUU €€ HOpPMAJIX 1.

11.2. OcHOBHbIe CBOMCTBa NOBEPXHOCTHOro nHTerpana ll poaa:

CBOVMCTBO 1 (uHEHHOCTH MOBEPXHOCTHOTO MHTErpaa |l poga mo momguHTErpambHOMY

BBIPAKEHHUIO)

” P(x,Yy,z)dydz +Q(X, Y, z)dxdz + R(X, y,z)dxdy = H P(x,y,z)dydz + ”Q(x, y,z)dxdz + ” R(X, Y, z)dxdy
(o) (o) () (o)

CBOWCTBO 2 (aaauTHBHOCTh MMOBEPXHOCTHOTO MHTEerpasia |l poaa mo moBepxHoCTH

WUHTETPUPOBAHMSI)
Ecmn (0) = (0,)U(0,). 10 [[(F-M)do = [[ (F-i)do+ [[ (F-m)do.
(o) (o1) (02)

[Tpu TOM BCe TpU MOBEPXHOCTH JIOJKHBI OBITH OJIMHAKOBO OPHUEHTHUPOBAHHBI.

CBOWMCTBO 3 (3aBUCHUMOCTH MOBEPXHOCTHOTO HHTErpana |l poga ot opueHTanmn

TIOBEPXHOCTH)
J'J'(ﬁ.ﬁ)dgz_” (F-f)do, N, ={cosa;cos B;cos y}
() ()
TO €CThb INPH M3MEHEHUM HalpaBJIcHuUs (o)
HOpMaJIH K MOBEPXHOCTH (0)
MMOBEPXHOCTHBIN uHTErpai |l pona nusMenser N_={-cosa;-cos fB;—cosy}
3HAK Ha MPOTHUBOMNOJIOKHBIN.
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CBOWNCTBO 4 (nocTaTouHbIe YCIOBHS CYIIIECTBOBAHMS ITOBEPXHOCTOr0O MHTErpaa |l

pona)
4.

Dt TOro, 4TOOBI MOBEPXHOCTHBIA HHTErpal “‘ F-fido CymecTBoBall, JOCTATOYHO
(o)

BBITIOJIHEHHE JBYX YCIOBHIA:

1) BexTOpHas GyHKUMS F MMeeT HempepbIBHbIC Ipoekuun P(x,y,z), Q(X,y,z), R(x,Y,z)

B K&XJIOW TOYKE MTOBEPXHOCTH (o) ;

2) NOBEPXHOCTh (o) ABJIAETCS OIPAaHUYECHHOH, ABYCTOPOHHEN M MMEET B KaXJ10i CBOEH

TOYKE (X,Y,Z) HEHyJIEBOM BEKTOP HOPMAHM fi, MM, YTO TO K€, UMEET B KaKIOW CBOEH

TOYKC KaCaTCJIbHYIO IINIOCKOCTD.

11.3. BbluncneHue noBepxXHOCTHOro UHTerpana |l poga

Boeruucnenne noBepxHoctHoro murerpana Il poga B ¢popme (2) MOXKHO TPOBOIUTH OT
KQ)XJIOTO CJIaraéMoro B OTAEIbHOCTU CBEJIECHUEM K JBOMHOMY MHTErpajy Mo MPOEKUUU
MOBEPXHOCTH ( 0) HA COOTBETCTBYIOUIYIO KOOPIMHATHYIO IJIOCKOCTD:

1. H P(x,y,z)cosado = J_rﬂ P(x,y,z)dydz = J_rﬂ P(x(y.z),y,z)dydz
(o) (o) Dy,
Oepetcs 3HaK “+”, ecnu COSa > 0, wm Oepercs 3Hak “—, ecimm COSa <0,

¢GyHkuuio X = X(Y,Z) Hy’)KHO B3SITh M3 YPaBHEHUsI, OMKCHIBAIOIIECTO MOBEPXHOCTH (O ).

2. [[Q(x,y,z)cos fdo == [[Q(x,y,z)dxdz =+ [[Q(x, y(x,z),z)dxdz,

(o) (o) Dxz
Oepercs 3HaK 7+, ecnu COS 3 > 0, nim Gepercs 3Hak “—, ecnu COSP<0;
byHKIH0 Y = Y(X,Z) HY’)KHO B35Th U3 YPaBHEHHS TTOBEPXHOCTH (O ).

3. ” R(x,y,z)cosydo = i” R(x,y,z)dxdy = J_r” R(x, y,z(X, y))dxdy
(o) (o) Dyy
Oepercs 3HaK “+”, ecnum COSy = 0, nnm Gepercs 3Hak “—, ecnu oSy < 0;
byHKIMO Z = Z(X,Y) HYXHO B3Th M3 YPaBHEHHs TOBEPXHOCTH (T) .

Ecnu xe Ha moBEepXHOCTH (O ) XOpOILIO 3aMKCHIBACTCS €IUHUYHBIA BEKTOpP HOpMAaU

n={COSa;COS [, cos 7/}, TO KpuBOJMHEWHbIA uHTerpan |l poma mpomie BbUKMCIUTH B
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dopme (1), Tak Kak B OITOM cIyyae MPUMEHSETCS MPABUJIO BbIUYHUCICHUS

oBEepXHOCTHOTO uHTerpana | poaa (cMm. popmyny (2) mpeasiayiiero naparpada).

Mpumepbl 1 (BBIYKCIECHUS TOBEPXHOCTHHIX HHTErpasioB |l pona)

1. Beranemuts [ xdydz + dxdz + xz*dxdy = | »
(o)

riie () — 5To BHemHAs yacTh cdepsl X2 + Y2 + 22 = 1, 3akmouennas B | okTanTe.

PeweHune
7A1 ﬁ Ha BHemne#t crtopone cdhepsl B | okrante yriel o,f3,y NpuUHAIIEKAT
npomexytky  [0;m/2], mosTtoMy  cOSa, COSf3, COSy  SABIAIOTCA
y HCOTPULATCIIbHBIMU.
/
1 Ha xaxnyro W3 KOOpAMHATHBIX TUIOCKOCTEH YKa3aHHas 4acTh CQepsl
MPOCKTUPYCTCA B YCTBEPTH Kpyra paamyca 1. Breruncagem HUHTCIrpall OT
X KaXa0ro cjaaracmMoro B OTACJIIbHOCTHU:
7l2 1 pe
l, = ” xdydz = +J.J'«/1— y’ —z°dydz = I dgoj‘«ll—pzpdp ==
: 6
o) Dy, 0 0
1 /4
1, = [[dxdz =+[[dxdz =S, = 71" =";
4 4
(o) Dy,

l

l, = ” xz2dxdy =+”x(1— X* - y*)dxdy = J2d¢ijOS¢(1—p2)pdp =125.
(o) Dy 0 0

T T 2 5z 2
I=—+—4+— = |—+—|.

6 4 15 |12 15

2. Boruncnuts | = ” 2¢0sydc , TIe G — BHEMHsAs cTopoHa chephl X2 + Y2 + 72 = 1.
(o)

Pemenne
2, = +/1—x? — y?, cosy > 0 — Ha BepxHelii nomycdepe,
7, =—/1—x? — y?, cosy <0 — Ha HIKHel momycdepe.

I = Ino BepxHel noiychepe + Ino HIDKHEH noycdepe —

= [[zcosdo+ [[zcosdo =+ [[zdxdy— [[zdxdy =

() seps. (0 nuoren Ogepx. Chuorcn

=+ [[ V= Yoy - [ - - yaay -
Dy Dy

2z 1 1

=2ﬂ.\/1—x27—y2dxdy:2jd¢[\/1—7pdp:2.¢|§”,%(l_pz)i %:
Dy 0 0

0

Wb

11.4. ®opmyna CTokca
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®opmyna CTokca CBSI3bIBAET MHTETPAII 10 TOBEPXHOCTH (G) C KPUBOJIMHEHHBIM
MHTErPaJIoM 10 3aMKHYTOMY KOHTYpY (l), orpaHn4mBaroiemMy 3Ty MOBEPXHOCTh, U
MMEET CIEIYIOIIMNN BU:

” [(8_R_@jcosa+(5_P_@jcosﬁ+[@—%chosyjdazcﬁde+Qdy+ Rdz (3)

(o) o0z  OX OX 3

B nBymepHom ciyuae ¢popmyna Ctokca coBmanaet ¢ popmynoi ['puna:

3a MoJIOKUTEITFHOE HAMpaBJICHUE HOPMAJIK fi K TIOBEPXHOCTH (0) OepeTcs Takoe
HarpaBJIeHUE, YTOOBI C KOHIA fi 00XO0J 10 KOHTYPY |, ocTaBIstONIHiA TOBEPXHOCTD
ciieBa, OB BUJICH IPOTUB 4acoBou crpenku (Puc. 23).

J‘J‘(@ _ @)ds — §de + Qdy, Tak kak n ={COSO!,COS,B, COS}/}Z{O;Oil},
D OX 0oy (L)

(o) =D c XOY |, (Puc. 24)

- z
n.
n=1{001} vy

0 @)
Puc. 23 Puc. 24

®opmyna Octporpaackoro-I'aycca

®dopmyna Octporpaiackoro-I'aycca ycTaHaBIMBaeT CBSA3b MEXAYy HHTErPajIoM II0
3aMKHYTOH TMOBEPXHOCTH (0) M TPOWHBIM HHTETPAJIOM 1O 00BEMY, OIpaHUUYCHHOMY
3TOU TOBEpXHOCTHIO (Puc. 25):

L P 80 6R
F-n)do= Pcosa+Qcosf+Rcosy)do = —+—+—|dV
B(F nde = fh(PooserQoospReosy)do m-5%) @
n Hopwmainb i k moBepXHOCTH (O) MPOBOAUTCS IO BHEIIIHEH

(o) g CTOPOHE MOBEPXHOCTH.
o

Puc. 25

Mpumep 2 (BbIuKCIEHUE MOBEpXHOCTHOTO MHTErpaia |l poga mo popmyne

Octporpanckoro-I'aycca)

BLI‘-II/ICJII/ITB 3HAUYCHHUC | — @(XCOSCX + ycosﬂ + 7 CO0S }/)d o)
(o)
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rie (o) — BHewHss cropona chepsl X2 + Y2 + 72 =1,
Pemenue

B nannom unrerpane P(X,Y,2) =X, Q(X,¥,2) =Y, R(X,y,2) =7 =
P QR
OX oy 0z

ITo dopmyne Octporpanckoro-I'aycca mosydaem, 4To

| :Uj(1+1+1)dv =3jV”dv —3V,,. :3-;1”R3 =[4zR?-
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TEMA lll. 3JIEMEHTbI TEOPUU BEKTOPHbIX NONEN

§ 12. ONPEAENEHNE BEKTOPHOIO Nnons. BEKTOPHBIE NMUHUW. MTOTOK
BEKTOPHOIO NONA YEPE3 MOBEPXHOCTbL: ONPEOENEHUA, OCHOBHbIE

CBOMCTBA, ®OPMYIJbl ANA BbIYUCIEHUA

Conep:xkanue

12.1. OnpeneneHne BEKTOPHOTO MOJTS ...cevverrrrrrnneeeeeeeereesrnnnseeeeeeeeensnnnnneaeeaes
12.2. BEKTOPHDBIE JIMHUM ...ccuuiieiiiiiieeeeeeiiis e e e et e e e et s e e e et e e e e eab e e e e eaaa e e e e eaaan s
12.3.T10TOK BEKTOPHOIO MOJISA Y €70 CBONCTBA. ... e eeeeeeeeeiiinineeeeeeeeeeennnnnnneaaeeens
12.4.YnpaxHeHnst ANSA CAMOCTOATENTbHON PABOTBI .......uvuvvurerriinrrinnnnnninnnnnnnnnnns

12.1. OnpeaneneHne BEKTOPHOro nons

OnNPEOENEHVE BEKTOPHOIO Mo

Ecrm B mobOoii Touke M(X,y,z) oOmacTu z

D c XOYZ 3amaH BEKTOp A, TO rOBOPST, YTO B

obractu D 3amaHo éexkmopnoe none A= A(M)

IIpumeppl BEKTOPHBIX IIOJIEW: CHJIOBOE IoJie F, mose ckopocren V

KHUIAKOCTHU, DJICKTPOCTATHICCKOC I10JIC HaHpﬁ)I(eHHOCTeﬁ E .

TEKYILEH

BekTopHOE II0JI€ SBISAETCS 3aJaHHBIM, €CIOM 3alaHa BEKTOpHas (yHKUuMS A OT

KOOPAWHAT TOYKU M (X,Y,Z) C HOMOIIBIO CBOMX MPOEKIINN HA KOOPAUHATHBIE OCH:

AM) =AM +AM)]+AMK={A;A;A},

(1)

roe A, Ay, A, ABISAIOTCA (byHKuH;IMH OT X,Y,Z, O KOTOPBIX HOpeAroiaracM, 4To OHHU

HETPEPHIBHBI U UMEIOT HEMPEPHIBHBIE YACTHBIE MPOU3BOJHBIE MO X, Y,z B oOiactu D

(o6macTh D MOXET, B YaCTHOCTH, COBIIJIaTh CO BCEM MPOCTPAHCTBOM).

Ecnum ects 3aBuCcUMOCTE QyHKIMH A, A , A, €€ U OT BPEMEHHM t, TO BEKTOPHE II0JIE A

Ha3bIBAIOT HCCTAIIMOHAPHBIM.
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12.2. BeKTOpHble NTIUHUN

OnNPELENEHVE BEKTOPHOW NIMHNW BEKTOPHOIO MondA

Bexmopnasa nunus eekmopnozo noas AM) — 5TO IUHMS, AM)

B Ka&XJIOHW TOUYKE KOTOpPOM HampaBlieHHE KacaTeJbHOU
COBIAJAET C HaIpaBJIeHUEM BEKTOpa oJIs,
COOTBETCTBYIOIIETO ITON TOUKE.

JU1s I0J1s CKOPOCTEH V' BEKTOPHBIE IMHUM — 3TO JIMHUM TOKA )KUIKOCTH;

AJIL QJICKTPOCTATHYCCKOTO II0JIA — 9TO CHIJIOBBLIC JIMHHUU I10JIA.

X'z} YpaBHEHUSI BEKTOPHBIX JIMHUM MOJKHO 3alUcaTh B

napameTpuueckon popme:

7 X =X(t)
y=y(t) = 7={X;y;;z/} - 9TO BeKTOp KacaTeIbHOU B
z=12(t)
100011 Touke M.
Tak kak 7 || A, T0 % = % = % (110 YCJIOBHUIO KOJUTHHEAPHOCTH BEKTOPOB); YMHOXKHM

BCE YaCTH MOCJIETHETO PaBEHCTBA HA dt u y4drem, uto xdt=dx, y,-dt=dy, z/-dt=dz, B

pe3ynbTaTe MOJYYUTCS cucmema OuhepenuantvbHovIX ypasHeHull 6eKMOopHbLX TUHUTL

66KMOpPHO20 noaa A

dx dy dz
ATATA (2)
AA A

Ecim BEKTOPHOE rnoJie A SBJISETCS JIBYMEPHBIM, TO eCTh

AM)=A (X Y)i +A(X,Y)], TO MOIy4HTCS TOIBKO 00HO Oudppepenyuanshoe
ypasHenue 6eKmOPHbIX JTUHUIL NJI0CKO20 6€KHOPHO20 NOJIA, KOTOPOE UMEET BUJI:

dx dy (")

Mpumep 1 (Hax0KIEHUE BEKTOPHBIX JTUHUHN MJIOCKOTO BEKTOPHOTO TTOJIS)

Jlano Bektoproe mosie A=—Yyi + X] ={-Y;X}. CocTaBUTh ypaBHEHHS €r0 BEKTOPHBIX JIHHHIA.

PelwweHne
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Tak kak BEKTOpHOE TMoJie SIBISIETCA IUIOCKUM, TO AuddepeHuralbHoe YpaBHEHHE CeMelcTBa
2 2

BEKTOPHBIX JIMHUWA UMEET BH/ %:d—xy = Xxdx=-ydy = IXdX:—Iydy+C = X?:—y?+C =

2 2
X“+y =2C BEKTOPHBIMU JIMHUSIMH JAHHOI'O BEKTOPHOI'O IIOJS SIBJISAIOTCS KOHLICHTPUYECKHE

T T N

OKPYXXHOCTH C HCHTpAaMHU B Ha4aJIC KOOpJAMWHAT.

12.3. MOoTOK BEKTOPHOro NOfifi U ero CBOMCTBa

[Tycts B oOmactu D mMeeM IBYCTOPOHHIOIO MOBEPXHOCTh (o) C yKa3aHHBIM Ha HEH

BEKTOPOM eMHUYHON HOpManu N ={COS«;COS [3;C0S '}

OnNPELENEHME NMOTOKA BEKTOPHOIO MonA

Ilomoxk eekmopnozo nons A uepes opueHmupoBanHHyI0 HO6EPXHOCHLb @) — 510

MHTETPaJl M0 IOBEPXHOCTH (o) OT CKAJIAPHOTO IIPOU3BEICHUS BEKTOpa A Ha

€AMHUYHBIA BEKTOP HOPMAJIHU N K MOBEPXHOCTH (7).

P:IIA-ﬁdazjj(AXCOSa+AyCOSﬁ+AZC087)dO' (3)

(o) (o)

Tak kak A-fi=np A= A,, TO HOTOK — 3TO IOBEPXHOCTHBII UHTErPA OT HOPMAILHON

cocrapysomeil Bekropa A, (Puc. 25).

(o)

Puc. 26
Puc. 25
CBoiicTBa MOTOKA
1. [IoTok P — 3TO MHTErpaibHas XapaKTEepPUCTUKA BEKTOPHOTO IT0JIS, SIBIISETCS
CKQJISIPHOM BEJIMYMHOM.
2. P 3aBUCUT OT HampaBJICHHs HOpMaidu N K MOBEPXHOCTU (o): €CIM U3MEHUTh

HarpaBjeHue 1 Ha MPOTUBOIOJIOKHOE, TO P M3MEHUT 3HAK.

3. Ecnm moTox BBIYHCISETCS TO 3aMKHYTOH MOBEPXHOCTH (o) B HAIPABICHHUH €€
BHEIIHEW HOpMau: P:@(Rﬁ)da, (Puc. 26), To ero BeIWMYWHA HMEET

(©)

CIIETYFOIIIE UCTOJIKOBAHUSI:
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" ecau P =0, TO TOBOPAT, YTO BHYTPU MOBEPXHOCTH (o) UCTOYHUKH U CTOKH ITOJIS

A YpaBHOBELINBAIOT APYT APYTa;

= ecau P >0, TO TOBOPAT, YTO BHYTPU MOBEPXHOCTH (o) MPe00JIalatoT UCTOYHUKH

mojada A,

" eciu P <0, TO TOBOPST, YTO BHYTPU MOBEPXHOCTH (o) MPeo0IalatoT CTOKH MO

—_

A.

4. MOHO BBIBECTH yJ100HBIE (POPMYJIBI 1JIs1 BBIYMCICHHS P :

€CJIM IIOBEPXHOCTL (o) 3alaHa ypaBHEHHEM F(X,y,z)=0, TO BEKTOp €€ HOpMajld B

mo0oii Touke paBeH N = {FX' Fy FZ’}: gradF = €IMHUYHBIN BEKTOP HOPMAJIM PAaBEH

o gradF —p- J-J-A S ”A gradF sop

grad F‘ o) ) ‘ gradF ‘ 4)

«+» OpaTh B city4ae, Korjia BeKTop gradF u BEeKTOp i, yKa3aHHBIN B 3a/1a4e,
COBIIAJIAlOT IO HANIPABJICHUIO; «-», €CJIU AT BEKTOPHI TPOTUBOIOJIOKHHI.
JIJIs BBIYUCIICHUS TIOBEPXHOCTHOTO MHTerpajia (4) moBepXHOCTh (o) MPOCKTHPYIOT Ha

OJIHY U3 KOOPJIMHATHBIX IJIOCKOCTEH, HanpuMep B obsacte D = XOY . Toraa

/ _ A-gradF
do-zd—sy,rzxe cos;/=—2:-g:a|;|:‘ = P= (J:;[( n)da— !J |g|l‘6|l ds, ,

noocmasisams

z=2(X,Yy)
uz yp.nos—mu

(4)

y

MpuMepbl 2 (BBIYUCIICHHE MTOTOKA BEKTOPHOTO TI0JIS)

1. Tano BexTopHoe none A= Xi + Y] + zK . Beruucauts motok Bektopa A depes3 4acTh MOBEPXHOCTH
chepa x* +y® +z° =1, pacronoxeHHyIo B | OKTaHTe, B HApaBJIEHUN HOPMAIH, 0OPa3yIoNIel OCTPhIi

yroi ¢ ockto OZ .

PeleHne
A={xy;z}; (0): X*+y*+2>-1=0. z
Flxy.2) gradF
gradF ={2x;2y;2z}.
ITpu z >0 B I okTanre MF 0o0pa3yeT OCTpHIii yroi ¢ )

OZ , nostomy B popmyine (4) Hamo Opath 3HAK «+»
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x'2x+y'2y+z~22

=~ egerde =+l

(o)

P=[[(An)do

) grad F‘

=J1-X*-y* =z, =

)\ (2X)7 +(2y) +(22)°

:” X*+y*+7°do=1{2
@)

:QJ%+W%$CF?FY-

T
1 O<p<—
D, V1= X" -y 0<p<1

«/1 X2 —y?

do =1+ (z)* +(z))*dS,,

1 1
———dS = || ——=dS
Ji-x2-y2 7 Q«/l—x y?

BBIYUCIICHUEC ﬂBOﬁHOFO HHTCrpajia B NOJIAPHBIX KOOP-X:

L s

=p-dp-deg

J1-X° = y* =\1-(pcosp)’ — (psing)’ =1- p’

MHTErpasa 1o MpOoeKIHH OB-TH (G) Ha KOOPIUHATHYIO IiockocTh XOY :

«/1 xZ —y?

I

DX

2 21-p | :-%(0—1) :.

Yy

2(x*+y* +12°)
_J-'[ X2 +y°+7° do

BBIYUCIICHHE HHTETpaJla 10 OBEPXHOCTH (G) CBOJMM K BHIUHCIICHHIO ABOHHOTO

1-p

2

p-dp-de

2. BruauciuTh MOTOK pamuyc-BekTopa I Toukm M depe3 MOBEpXHOCTh IWIMHIApPA paamyca R wu

BBICOTEI H ,

Hanpasnenue HopManu i — BHELIHEE.

Pemenue

P= ” F-fi)do=P+P,+P,

rne  P,— nortok yepe3 GOKOBYIO OBEPXHOCTS;
P, — motoxk uepe3 BepxHee OCHOBaHHE;
P; — norok 4epes HuKHee OCHOBaHMeE.
r(M)={x,y,z}.

R=[[ (r-i)do= [[ Rdo=R-S,, =2-27RH =27R°H ;

—
(O—ﬁox. len7=R (O_ﬁok'

crosamero Ha miaockoctd XOY T1ak, yto ocb OZ sBisieTCs €ro OCbI0 CUMMETPHHU.
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J— r 21 —_ o e 2 .
=[] (r-i)do= [[ Hdo=H'S,,,, =HZR*;
(O_aepx. OCH . ) npnF:H (O—Kepx, OCH.

P, = ” (f-ﬁ3)dc7= J 0do =0.

P=P,+P, +P; =22R?*H + HaR? =[37R*H |

Taxk xak IMOJIYYHJIOCh P>0 , TO BHYTPHU HWJIMH/PA HAXOAATCA UCTOYHHUKU JaHHOT'O BCKTOPHOI'O I10JIA.

Takum 00pa3oM, BBIYHMCICHHE TOTOKA BEKTOPHOTO TMOJS Yepe3 3aJaHHYI0 IOBEPXHOCTh MOXKHO

MPOBOJIUTH Kak 10 Gopmyiie (4), Tak ¥ HENOCPEACTBEHHO 10 €T0 ONPEIEICHUIO.

12.4. YnpaxHeHus Ansi caMoCcTosATesNIbHOWN paboTbl

1. HaiiguTte BeKTOpHBIE IMHUM 3a/1aHHBIX BEKTOPHBIX MOJICH:

a) A=3i+2]-

=~

. 6) A=xi+Yy]; B) A=vyi+X.

2. BBIUMCINTB NMOTOK pajuyca-BekTopa I = Xi + Y] +ZK uepe3 GOKOBYIO IOBEPXHOCTh KPYIJIOTO

KOHYyCa, OCHOBaHHE KOTOporo Haxonutcs Ha ruiockoctu XOY, a och coBmanaer ¢ ocbio OZ.

Bricora koHyca paBHa 1, paguyc ocHoBaHus paBeH 2. HanpaBienue HopMaiu BHEIIHEE

3. Boumciaure notox Bektopa A=Xyi +Yzj +Xzk uepes uacte cdepsr X+ Yy +7z2=1,

3aKJIFOYCHHOM B IICPBOM OKTAHTC. HaHpaBJICHI/Ie HOpMaJIM BO3bMHUTC «OT HadaJla KOOPpAHUHAT».

OTBeThbI K ynpaxHeHnam and CaMOCTOATENBHOWN pa6OTbI
X=X _ Y=Y -2
3

= %5 (Xo, Yo Zo) - DUKCHpOBaHHAS TOUKA,

1. a) OpsIMbIe
) p > )

0) npsimbie Yy = CX, C — mpou3BOJIbHAS MOCTOSTHHAS,

B) X° —y° =2C, C — IponN3BOIbHAS IOCTOSHHASI.

2. 4. 3. 3—7[

16
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§13. AMBEPIEHLUUA N POTOP BEKTOPHOI'O NONSA: ONPEQENEHUA,
OCHOBHbIE CBOUCTBA, ®OPMYJ1bl ANA BbIYUCIIEHUA. ®OPMYIA
OCTPOIPALCKOIO-rAYCCA B BEKTOPHON ®OPME

Conep:xkanue
13.1. [InBepreHUNA N €€ OCHOBHBIE CBOMCTBA .....ccuuuieeerrinieereriineeeeensnneeseesnnnns 97
13.2. POTOP M1 €r0 OCHOBHBIE CBOMCTBA ....ceevvvineeeiiiineeeeernieeseennnneessessnnseesennnns 100
13.3. YnpaxHeHnst ANSA CAMOCTOATENTbHON PABOTBI .......uvvvvvrrieriiinnnrirnnnnennnnnnns 102

13.1. AnBepreHUUA N eé OCHOBHbIe CBOMUCTBA

OnNPELENEHVE OVMBEPIEHLIMM BEKTOPHOIO MONS

Jlusupzenyus (uiu pacxooumocms) 6eKmOpPHO20 NOJIA AM )e mouke M — 310
Ipe/IeT OTHOILICHHS MTOTOKA BEKTOpa A depe3 3aMKHYTYIO MOBEPXHOCTH (0),

OKPYZKAroI(yro TOUYKY M , B HAIIPpABJICHHUHA CC BHEIIHEH HOPpMAJIA K 06T>€My,

OI'PaHUYCHHOMY ITOH IMOBCPXHOCTLIO, ITPHU YCIIOBHUH, YTO BCA ITIOBCPXHOCTDH (G)
CTATrnBacTCA B TOUKY M :
+
o -
(o) ffA-ndo
divAM) = lim 2 = jim @ (1)

v AVS0AV  AVS0 AV

= divA= R/ — nuBepreHuus ABISAETCS NPOU3BOIHOM IIOTOKA YE€PE3 3aMKHYTYIO

OpPUEHTHUPOBAHHYIO TOBEPXHOCTH MO 00BbEMY, OTPAHUYEHHOMY TOM MOBEPXHOCTHIO.
OcHOBHBIC CBOMCTBA AUBEPIreHIUH

1. divA — 510 muddepeHIMaNbEHAS XapPaKTEPUCTUKA IIOJIS, SABISETCS CKAISAPHOM
BEJINYHMHOM.

2. B kax10ii Touke M 1mojist A TOKa3bIBaeT HAJIMYHE HCTOYHUKOB MJIM CTOKOB TIOJIS:
» ecmm divA(M) >0, TO B TO4ke M €CTh HCTOYHHK IIOJIS A, IPU STOM 3HaYECHHE

divA(M) 4uCIIEHHO paBHO MOIITHOCTU UCTOYHHUKA,
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= eciu divA(M) <0, TO B TOUke M €CTb CTOK IoJIs A, IIpU 3TOM 3HA4YCHUE ‘divA(M )‘

YHUCJICHHO PaBHO MOIIHOCTHU CTOKA,

—

= eciu divA(M) =0, To B TOUke M HET HU UCTOUHHKA, HU CTOKA IOJIs A.

3. divA(M) BbI9uCIsETCS 110 GOPMYIIE;

div,&‘ = a'A“JraAy+8'A‘Z
M ox oy oz

(2)

M

DBocnonwyeMc;I tdopmynoit Octporpanckoro—Iaycca, CBS3BIBAaIOIICH HHTETpall MO 3aMKHYTON

MOBEPXHOCTU ¢ HHTETPAJIOM 110 00BEMY, OrPAHUUCHHOMY 3TO# TOBEPXHOCTHIO:
#(A-ﬁ)da = §p (Accosa+ A, cos 5+ A, cosy)do =[] oA OA | OA gy

) (o) X oy o
[IprMeHsieM TEOpEMY O CPEIHEM K TPOMHOMY HHTETpaly:.

oA, OA,
Wa oy

-AV

OA
+8AZ)-dV:(aAX+ y+aAZ)
0z OX 0z My

%y

rne  Mi— 510 HekoTopas (UKCHpOBaHHAas TOYKA B OOBEME, OTPAHUYEHHOM 3aMKHYTOM
MMOBEPXHOCTHIO (G),
AV —senuunna 310ro 066EMa.

Teneps ucnosb3yem onpeaencuue (1) nuBepreHiyu:

Ip(A-n)do [%+%+%j AV

I . - . %) %)
d'VA(M):AI\'/mo(J) v — fim + & y a

AV —0 AV AV —0

ox oy oz

:Iim[%+%+%]
ox oy oz

:(%+%+%J

M
tak kak mput AV —> 0 touxa Micrpemurest k Touxe M. <
4. Ecnu ucnofb30BaTh MOHITUE TUBEPreHiunu, To Teopema Octporpaackoro-I'aycca B

BEKTOPHOU (opme:

p(A-fi)do = [[[divAdv, 3)

(™) V)

TO €CTh IIOTOK BEKTOPa A M3HYTPH 3aMKHYTOMH IOBEPXHOCTH (o) PaBEH TPOMHOMY

MHTErpaly OT AUBEPreHIUH BEKTOpa A 110 00bEMY, OTPaHHYEHHOMY 3TOM
IMOBEPXHOCTHIO.

Tax kax divA MOKHO PaccCMaTPUBATh KAK IJIOTHOCTh PACHIPEIEIEHHS HCTOYHUKOB U

—

CTOKOB BEKTOPHOI'O MOJISI A, TO TPOWHOM UHTErpall m divAdV paBeH cymMMapHOIi
)

MOIIIHOCTHU HCTOYHHUKOB U CTOKOB I10 O6I>€My V.
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YuutsiBas 310, cmbict meopemovt Ocmpozpaockozo-1aycca B hopme (3) MOKHO
chOpMyIIMPOBATH CIECIYIONIAM 00pa3oM:
II0TOK BEKTOPHOTO MOJI A U3HYTPH 3aMKHYTOM IOBEPXHOCTH (o) PaBEH CyMMapHOM

MOIITHOCTH UCTOYHHUKOB M CTOKOB DTOTO IT0JIS, 3aKJIIOUEHHBIX B 00BeEME V

OTPAHUYEHHOM 3TOM MOBEPXHOCTHIO (0).
CiienoBatesibHO, €CJIM TOTOK paBeH (), TO BHYTPU MOBEPXHOCTU (o) HET UCTOYHUKOB U

CTOKOB MOJISI A WM OHM YPaBHOBELIMBAIOT APYT APYTa.

5. JIuHeMHOCTh AUBEPIEHIINN:

divie - A M)+, - A, (M))=a, - divA (M) +a, - divA, (M).

DT0 cneayeT U3 JIMHEHHOCTH OTepaluil CloKeHUs BEKTOPOB U AU(depeHInpOBaHNUS .

6. JluBepreHumus NpPO3BEAEHHS CKaXApHOro mois U(M) Ha BekTopHOe moje A(M)

BBIYUCIISACTCS IO popMyJIe:

div(UA) =UdivA+ A-gradU .

> UA:{UA(;UA/;UAZ} — diV(UA):a(UA<)+a(UAY)+8(UAz):

OX oy oz
0
:a_UA&_}_UaA_Fa_U +Ui+a_UAZ+U%:
OX ox oy oy oz 0z
0
_u| %A, A OB ,%— AZ— =UdivA+ A-gradU . <

x oy ez

divA A~gradU - CKaJI. IPOU3BEICHNE

Mpumepsbl 1 (BBIYUCIEHNUE TUBEPTEHIIMN BEKTOPHOTO MOJIs)

1. Tano r(M) ={x,y,z} — none paanyc-Bekropa Touku M . Beraucnure divr .

PelwweHne

divr —%+@+Q_1+1+1:,
ox oy oz

TO €CTh KaK7ast Touka M 3TOro moss siBJseTCss MCTOUHUKOM MTOCTOSTHHOM MOIIHOCTH, paBHOM 3.
2. Berunciutsb divA(M,) 1 06BACHATE cMbic ee 3Hauenns, ecmn AM) =X —y?j+Inz-k,
M,(2;1,4)

Permenue

!

div,&:(x:")lx +(=y?)y +(In Z)'z =3x° —2y+%;



100

divA(M,,) =(3x2 —2y+1j _12-2+1 _[10,25]
(2,1,4) 4

3nauyenue divA(M,) yka3bIBaeT Ha TO, YTO B 3aJaHHOU TOUKe M, €CTh HCTOYHUK BEKTOPHOTO MOJIS

A ¥ MOIIIHOCTB 3TOT0 UCTOYHHUKA paBHa 10,25.

—

[Io paccmoTpeHHOMY HpUMEpPY MOXKHO 3aMETUTh, 4YTO JH00O€ BEKTOpHOe 1oyie A

COIPOBOXKIACTCSI CKAISIPHBIM 1osieM JIVA ero IuBepreHIuid.

13.2. PoTop u ero ocHOBHble CBOMCTBA

OnNPEOENEHVE POTOPA BEKTOPHOIO NOnA

Pomopom unu euxpem 6ekmopnozo nonsa A= {/&i A AZ} Ha3bIBAETCS BEKTOP C

MPOEKIUAMU

{GAZ o oA oA, -aAv_aA*}:rotA

&y 61 oz ox ox oy “)

OcHOBHBIE CBOJICTBA POTOpPA
1. rotA— 3TO BEKTOpHAs BEIM4MHA, KOTopas sBisercs auddepeHnuansHoi (T.e.

TOYEYHOMN ) XapaKTEPUCTUKOM BEKTOPHOTO IIOJIS A.

2. rot(ozlA1 +a,A ) = o rotA; + a,rotA, — CBONCTBO JTMHEHHOCTH.
3. Portop npousBeneHus CKaJIsIpHON U BEKTOPHOM (DYHKITUU BBIYHMCIISCTCS 110

dopmye: rot(UA): U -rotA+ (g radU x A).

e N T R TR )
> mt(uA):ai % %:Tﬁy a|-jlax  a|+k|x  oyl-
X
U U ) U U U
o on a| A val o ual e un

I
=
|

ay<um—§<um]—f(gw—gw} { Z(on)- 2 |-

aAz A TY R N { Iy L YRy W'
AZ azA/ 5ZUJ J[axAeraxU E)zAy azu}r

(U p By W, A LU (Y Y
+k(am+axu A5G- TaEa-2A)

Il
=
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({3 (225

oy oz oX o0t oX oy
i ] K i j K
_|jvuou) 419 @ ﬁzgradeAjLUrotA <
ox oy oz X oy oz
A A A AL A A

4, ®Ou3NYeCKUil CMBICI poTOpa

. rotV = 26 HekoTopoe ¢pu3nueckoe UCTOJIKOBAHNE MOHATUS pOTOpa
- - M (X, y.2) MOYHO IOJY4YUTh, €CIIU PACCMATPUBATH BEKTOPHOE T0JIE
~ v JIMHEHHBIX CKOPOCTEH V TBEPAOro Teia (MaTepuaibHO
" Touku M), Bpalaromnerocsi BOKpyr ocu 0z ¢ MOCTOSTHHOM
0 y

YTJIOBOW CKOPOCTBIO W .
X

U3 usnku u3BecTHO, 9TO V =Wx T, TAe W= {0;0;w} - 9TO yrJIoBasi CKOPOCTb BPAILCHHS,

r={X;y;z} - 3TO pasuyC BEKTOp TOUYKHU M.

g

Iostomy V =0 = —wyi +wxj + 0k =V = {~ wy;wx; 0]},
X

< O
N =S X

TO €CTh II0JIE JIMHEUHBIX CKOPOCTEH Tejla, BPAILAIOLIErOCs BOKPYT HEMOABUKHOU OCH
€CTh IUIOCKOE BEKTOPHOE MOJIE.
Brrunciaum ero potop paseH:

i ] k

/=9 =| £ L 2o S o Sy (20 2D g
ox oy oz oz 0z OX oy
-wy wx O

TO €CTh rotV = 2w,

CremoBarennbHO, pOTOP ATOTO MOJsA V HAIPaBIECH IMApajuIeIbHO OCU BPAILECHHS, €ro
MOJyJb PaBEH YIBOCHHOM YIIIOBOW CKOPOCTH BpallleHWs. Takum o6pasom, rotV
XapaKTepU3yeT BPAIUATENBHYIO CIIOCOOHOCTh MONSA V, HAIM4YME Yy OTOrO IMOJS
“3aKpyUYECHHBIX BEKTOPHBIX JTUHUN WU “BUXpPEN’ .

B TexHuueckoil 1uTepatype poTOp BEKTOPHOTO MOJI YAaCTO HA3bIBAIOT BUXPEM 3TOTO

I10JI4.

Mpumepbl 2 (BBIYUCIEHUE POTOPA BEKTOPHOTO TTOJIS)

1. BoiaucnTh potop pamuyc-Bektopa F = Xi + Yj +zk toukn M (X;y;2).
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PelwieHne

Cocrasisiem opmyity (4) ast rotr u nenaem Beruucnenus: f, =X, =y, r,=2 =

or, or, _

rotp =4 e My, O O, Oy Of ={0;0,0} =0=
oy 0z 07 OX OoOX oy

BEKTOPHOE MOJIE r= {X; A Z} He o0JajaeT BpamaTeIbHON CIIOCOOHOCTHIO.

2. Borancruts FOtA(M,) , ecmin A= y2zi + xzj + y2xK, M,(3; 2; 1).

PelwleHune

3anuchIBaeM TIPOEKIMK JAHHOTO BEKTOpHOro mons: A = y°z, A =xz, A= y2X
u 1o hopmyie (4) momydyaem, 4To
rotA(M) = {ny —X; Y -y% 71— 2yz} ={2xy—x; 0; z-2yz};
rotA(M,) = 9i —3k.
3 pacCMOTPEHHOTO MPHMEpa CIIEAYET, YTO JI000e BEKTOPHOE oM A COMPOBOXKIACTCS APYTHM

BEKTOPHBIM ToJieM FOtA ero poropa.

13.3. YnpaxHeHus Ans caMocTosiTesNIbHON paboTbl

1. BeuucauTe JUBEPTrEHINIO (PACXOAUMOCTD) U POTOP (BUXPh) CIEAYIONIUX BEKTOPHBIX MOJICH:

a) A=(y2+22)i +(22+x)) ]+ (X2 +y>)k;
6) A= {xzyz; xy’z; xyzz};
B) A=grad(x?+y?+2?).

2. BekropHoe moiie 00pa30BaHO CUIION, MMEIOIIECH TOCTOSIHHYIO BeTMUUHY F 1 HampaBiieHue
MOJIOKUTEIBHOM ocH abcuuce. BeraucnuTe TUBEPreHIIHIO B POTOP ATOTO MOJIS.

3. Ilnockoe BEKTOPHOE Moe 06Pa30BaHO CUIIOH, 0GPATHO IIPONOPIMOHATBHOMN KBAAPATY
PaCCTOAHUA OT TOUKHU €€ IIPUIIOKCHUA 10 Havalla KOOPpAUHAT U HaHpaBHeHHOﬁ K Havdalty

KOOpAuHAaT (HaanMep, IIJIOCKOC DJICKTPHUICCKOC II0JIC, O6pa30BaHHOC TOYCYHBIM 3ap5[)10M).

Haitagure quBepreHuuio u poTop 3TOro MoJIs.

4. Haiinure AMBEPreHIINIO U POTOP MIPOCTPAHCTBEHHOT'O MOJISl, €CJIU CHIIBI TOJISI TOAYNHEHBI TEM K€

YCJIOBUAM, YTO U B 3a/1a4C 3.

5. BCKTOpHOC I10JIC O6p3.30BaHO CI/IHOI>'I, 06paTHO MMPOIMOPIHUOHAIIBHO PACCTOAHUIO OT TOYKHU €€

npunoxenns 10 ocu OZ, nepneHInKyISpHOI K 9TOW OCH M HalpaBJICHHOM K Hell. Berancnure

JTUBEPreHIUIO U POTOP 3TOTO MOJS.

OTBETbI K YNIPaXXHEHWAM At CAMOCTOSTENbHON paBoThl
1. a) divA=0, rotA=2((y—2)i +(z=x)j +(x=y)k);
6) divA=6xyz, rotA=x(z> - y*)i +y(x?—=z%)] +z(y> = x>k ;
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B) divA=6, rotA=0.
2. divF =0, rotF =0.

L
3. divA= x K - KO3 PHUIHEHT MPOMOPIIHOHAILHOCTH, ' - PACCTOSHHE OT TOYKHU MPUIIOKEHHS CHITBI

0 Ha4yaJia KOOp[[I/IHaT;
rotA=0.
4. divA=0, rotA=0.

5. divA = 0, rotA=0 , B Toukax ocu OZ moJie He onpeeeHHO.

§14. BEKTOPHbIU OU®DEPEHLUMAINBbHbLIA ONEPATOP FAMUITIbTOHA.
ANPDPEPEHLUUAJIbHBIE BEKTOPHBIE ONEPALIUMX NMEPBOIO U BTOPOI'O
NnoPAOAKOB

Conepxanue
14.1. OnpegeneHune onepatopa MaMUITBTOHA........ccovvverririiiieeeeeeeeeeiiiine e 103
14.2.TpaBuna genUCTBUN C ONepaTopPoOM MaMUNBTOHA .......ovveeeeeveeeiiiiiieeeeene, 104
14.3. BekTopHble anddepeHumansHble onepawmm nepsoro n BToporo nopsagkosl05
14.4.YnpaxHeHus ons CaMOCTOATENBHOM PABOTBI ........vvvieieeeeeieeeiiiiiieeeeenae, 108

14.1. OnpeneneHune oneparopa NaMunbTOHA

VYcaoBumcsi, 4to 00O3HAYEHHWE MPOUZBOJHBIX IO TEPEMEHHBIM X, Y, Z MOXKHO

dbopManbHO paccMaTpuBaTh KakK MPOU3BEICHUE CHUMBOJIOB G EpeHIIMpOBaHUS

%, % % u nuddepentpyemoit GyHKIUU:
V_o,N_o0,l_0
oX  OX oy oy oz 01
[Ipu 3TOM cumTaercs, yTo cumMBOJI JudepeHurpoBanusi cpabaTbIBaeT TOrJa U TOJIBKO

Torna, korna nupdepennupyemas GyHKIHS CTOUT CIIpaBa OT HETO, TO €CTh:

u.9.,9,_9Y
OX OX OX

0 0 0
[Ipu TakoM mpeICTBABICHUH CUMBOJIBI = v 5 Ha3bIBAIOTCS onepamopamu
X oy oz

oughghepenyuposanusn. Y MHOKEHUE KOKIOTO U3 HUX HA QYHKIIUIO COOTBETCTBYET

oTiepaliy BHIYUCIICHHS YaCTHOM MPOU3BOIHOM I3TON (DYHKITHH.
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OnNPELENEHVE BEKTOPHOIO AN®OEPEHLMATIBHOIO ONEPATOPA

BexTop, KoopinHAaTaMU KOTOPOTO SBJSIOTCS OonepaTopsl AU(depeHIUPOBAHUS

aJ 0

—, —, Ha3bIBACTCA EKMOPHBIM OUPPepeHyuanbHblM onepamopom

Gxay

TI'amunemona unu onepamopom «Haobaa» v 0003HaAYaCTCS

= 0+ 0~ 0O |0, 6,0 0
V=—i+—J+=—k=<—;1—;—
ox oy oz {ax oy az}

3aech i, ], k — aT0 OpPTHI KOOPJAMHATHBIX Ocer XOYZ .

14.2. NpaBuna gencrTeum ¢ oneparopom NamMmnbTOHA

1. YMHOXEHME Ha CKaJmpHy}o byHKIHIO:
oU. oU- oU-
VU = —I +— +—k U="—"i+—=j+—k VU = graduU .
G ayJ U =— SR g (1)

2. CxaJisipHOE TIPOM3BEICHUE C BeKTopHOﬁ (hyHKITHEH:

0,0 oA LA oA
= A& Ay az 8X ay pe =divA = V-A=divA. (2)

3. BexropHoe mpousBeeHue ¢ BEKTOPHOU (DyKIUei:
O I LR B R )
Ol-iloy az|-jlax ar+K|x oy
yA

AAL IAAL IAA

oAy a&j {Az O, . oA, a&.a&_a&}:rotz\j
"oz Ox Ox oy

<!
X
p>gi
I

P

ox oy o
A A A
(R 23

(3)

,
o
>y

VxA=

Ecnu gokasanHoe B mpeauaynieM naparpade cBOWCTBO poTopa
rot (UA) =UrotA + (gradU x A)

3aIllnuCaTh C IIOMOIIBIO OIICPaTOopPa «HabJay
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ﬁx(UA)zﬁu ><A+U(§><A),

TO MOXHO YBUICTh MpOsiBIeHHE ero auddepeHnaibHoil NpUpoasl, a HWMEHHO:

onmeparop V  JEUCTBYET HAINPOU3BEACHUE AaHAJOTMYHO W3BECTHOMY IPABUITY

muddepeHpoBaHus TPOU3BEICHUS.

14.3. BekTopHble audpcpepeHumanbHble onepauum nepsoro u BToporo
nopsiaKkoB

Bexkmopuvimu oughpepenyuanvnvimu onepayuamu nepeo2o nNopaodKa HAZBIBAIOTCS

TPHU pacCMOTPEHHBIE IEUCTBUSI C ONIEPATOPOM «HAOIAN:

gradU =VU, divA=V-A, rotA=VxA.
Bexkmopuvimu ouggepenyuanvuvimu onepayuamu 6mopo2o nopaoKa Ha3bIBAIOTCS
CJIEYIOUINE TATh OTIEPALIHIA:

ooU o0oU ooU oU oU U

1. V-VU =divgradl =——+——+—-——=—+—+—=VU =AU,
OX OX oy oy 0z oz oOx° oy 0z
0 0%  o? —
rae A= P + o + pu — 910 onepamop Jlannaca = |V-VU =divgradU =AU |. (4)
X Z

2. VxVU =rot grad U =0,

i J Kk
2 2 2 2 _ 2 2 _
TaI<1<aI<§><?U=i 9 2=iﬁau—au —TaU—GU +k oy U =0.
oXx oy oz oyoz ozoy OX0Z  OLOX OXoy  0yox
u Uy
oXx oy oz

3. V-(VxA)=div rot A=0,

TaK KaK V-(Vx A)=| —i 07+ 0% | [[2A %A T+[8A*—6AZ)]+ A AL
ox oy~ oz oy oz oz oX ox oy

o[ A) 2[R ) 2[R ) Ch VA A O TA CA_,
xloy o) oy\ae ox) az\ ox oy ) oxdy oxar oyor oyox  deox dzdy
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ITo paccMOTpeHHBIM OmepanusM MOKHO 3aMETUTh, UTO MPU JACHCTBUSAX C BEKTOPHBIM
nuddepeHnranbHEIM - ONIEpaTopoM VvV HYKHO I0JIb30BaThCsl MPAaBUIAMU  BEKTOPHOM

anreOphl ¥ paBuaMu 1uddepeHIupoBaHus.

—

AHanorus B IEUCTBUSX C orepaTopoM V NEUCTBUSM BEKTOPHOM anreOpbl Mmoka3aHa B

cieayromnien Tadnuie:

JleiicTBUs ¢ BEKTOpamMu JIecTBUSI ¢ BEKTOPHBIM OIlEpaTopoM V

CkansipHbIf KBaJipaT BEKTOpa

—

(aU)=(a-a)u =a% = ﬁ-(vu):WU:AU:(

[EEN
Q|

0? N 0° N 0°
ox> oy* oz’
=(a} +al +a’)u

BekTopHbIi1 KBagpaT BEKTOpa

dx(au)=(axa)u =0

CMGIHaHHOG HpOPI?;BGI[GHHG Tpex
3. BGKTOpOB 6 i (6 % A) _ 0
a.(ax6)=aaﬁ=o

JIBOMHOE BEKTOPHOE
4 IpOHSBEACHIe Vx(VxA)=V(V-A)-(V-V)A
dx(bxc)=b(a-c)-(a-b)c

HUcnonb3ys 5Ty AaHAJIOTMIO W TNPABWIO BBIYUCICHUS JIBOMHOTO BEKTOPHOTO
MPOU3BEACHUS 3alMINEeM pe3yJbTaT CleAyIIel BeKTopHOU nuddepeHnnaIbHOMN

oriepariuu BTOPOTO MOpsiAKa.

4. Vx(VxA)=rotrot A=V(V-A) —(V-V)A=V(div A)—V?A=grad divA-AA, (7)
3necs AA= (AA)T + (AAy)] + (AAZ)IZ — 9TO BEKTOpHAs BEIIMYNHA, MIOJTYICHHAS B PE3y/IbTaTe

pUMeHeHHus oneparopa Jlamaca K kax10il mpoekuu Bekropa A.

Takum 06pa3om mosrydeHa ere ogHa popmyna:

5. V-(ﬁ- A) = graddivA, npudem (8)
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grad div A = V(divA) = ﬁ(divﬂ)f +§(divﬂ)i +§(divA)|Z _
— ox oy oz

{dlvﬂ_aA* LA 6/%} (M LOA aAZJ [a%azévﬁ%]p
ox oy o ox* ooy ooz oyox oy’ oyer
+(82A&+82AV+82A2]I2

oz0x 010y 017

Drta oneparys ucnojb3yercs B hopmyie (7).

Mpumepbl (BerauciaeHus auddepeHnaabHbIX BEKTOPHBIX OTepariiii)

1. Ilano ckansproe none U = x* +2y* +32°X .

Boruuciuts 1) gradU ;  2) div(gradU);

3) rot(gradu);
PeleHnune

1) graduzﬁu ﬁ|+ﬁj 0 ¢ K U_a_U| ou j+8_u|2=2xf+4yj7+6szZ;
ax ay 82 aX ay az \\\\\\\\\\\\\\\\\\\\\\\\\\\\

2 2 2 2 2] 2

2) div(gradu) =V -(VU) = (V- V)U =VU =aU =| 2+ &, @ |y 9Y oYU 0V _
ox°~ oy- oz ox- oy* oz

=2+4+6x=06+6X;

3) rot(gradu) =V x(VxU)=(VxV)U =0-U =0.

OteeT: 1) gradU =2x-i +4yj+62xk ;  2) div(gradU)=6+6x;

3) rot(gradu) =0.
2. JlaHO BEKTOpPHOE T0JIe A=x3 + 2y ] + 322k .

Boruncints 1) divA, rotA;  2) grad (divA);

3) div(rotA):  4) rot(rotA).
PeweHnne

1) divA=V-A= [%H%Hﬁkj (&'+AyJ+AZk) 6& 5Ay 8Az_2x+4y+6zx

5)/ Bz e
I X -
o ﬁx,&:E 5 2:?(%_%}1(%_%)“{%_%}: A =2y t=
oX oy oz oy oz x oz x oy 2
AK Ay A A =3z°x

//////////////////////

2) grad(divA) = V(V-A) = V(2X + 4y + 62X) = 2ia+£]+£|2 (2X +4y +62x) =
ox oy oz

—21 +4] +6xK -

)
PP A SV S A A A
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. g — — - 5? 8 - 5 ” =+ 5 5 8
3)div(rotA) = V- (Vx A) =| —i +— j+—k |-(-32%])=—0+—(-32)+—0=0:
) div(rotA) (VxA) (ax 8yJ e j( 1) P ay( ) pe

]
o
oy
372

4) rot(rotA) =V x (Vx A) =[§T+%T+§EJX(—3ZZD =

o Y| -

=7 -(-62)—j-0+k.0=—62 ,

OtseT: 1) divA=2x+4y+62x; rotA=-3z2°]; 2) grad(divA)=(2+62)i +4] +6xk ;

3) div(rotA)=0;  4) rot(rotA) = —6zi .

14.4. YnpaXHeHUs Ansa caMoOCTOATESNIbHON paboThbl

1. Jins cxansproro nosist U = Xyz —2X%Z +5yz* BLIYUCITHTS
1) gradU ; 2) div(gradU); 3) rot(gradU).
2. Jlnst BektopHoro moms A= Xyzi —2Xx°zj + 5yz212 BBIYHMCIIUTH

1) divA, rotA;  2) grad(divA);  3) div(rotA);  4) rot(rotA).

OTBeTbl K yNpaXXHeHUsIM 4151 CaMOCTOATENbHON paboThbl
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§ 15. PABOTA 1 LIMPKYNALMA BEKTOPHOI'O NMONA: ONPEQENEHUA,
OCHOBHBbIE CBOUCTBA LUUPKYNALUN.

Conepxanue
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15.3. BbIYMCIIEHME LINPKYITALMM ..t e ettt e e e e e e e e eeannnn e e e e 112
15.4. YnpaxHeHus ons CaMOCTOATENBHOM PABOTBI ......cvvvviiieeeeeieeeiiiiie e, 112

15.1. OnpepgeneHue paboTbl U LUPKYNALUU

ONPELENEHVE PABOTbI U LIMPKYNALM BEKTOPHOIO Mons

Pabomoii eekmopnozo nona A na yuacmre M:M, kpusoit | ¢ ykazauusiM Ha Heit

HaIIpaBJICHHUCM HA3bIBACTCA KpHBOJIHHGI;’IHLII}JI HHTCTpAl 1 poada OT CKaJLAPHOIO

MIPOU3BEICHUS BEKTOPA TOJIS A ma BEKTOp Majioro nepemerenus dl = {dX, dy, dz} :

W = _[ Adl = _[ Adx+ Ady+ A,dz (1)

Hupkynayueit ekmopa A no 3amMKHymomy KoOHmypy | HaspiBaercs paboTa 3Toro
BEKTOPHOI'O MOJISI BJIOJb 3aMKHYTOM KpUBOU (I), HA KOTOPOU yKa3aHO HaIPaBJIEHUE

obxona:

C=fA-dl = fAdx+A,dy+A,dz )
0 0

15.2. OCHOBHble CBOMCTBA LUPKYNALUN

1. Hupkynsuusi BEKTOPHOrO MOJs — 3TO CKaJsipHash BEJIIMYMHA, KOTOpas SBISIETCS

MHTErpajJbHOM  XapaKTEepUCTUKOM TOJIs; OHa YKa3blBAET Ha CHOCOOHOCTb
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BEKTOPHOTO TOJS COBEpIIaTh paboTy MpH MNEPEeMENIEHUH [0 3aMKHYTHIM
TPACKTOPHSM.

2. Hupkymnsuust 3aBUCUT OT HampaBlieHHs Ha KoHType (l), Tak Kak <J5 =—95
() ()
CrnenoBaTenbHO, PU W3MEHEHUU HampaBiieHUsi 00xona KOHTypa (1) LHUPKYISIHS
MEHSET 3HaK Ha POTHUBOIIOIOKHBIH.
3. Ecmu C =0 mo mo6omMy 3aMKHYTOMY KOHTYPY |, TO cJS Adx+Ady+Adz=0.

v(l)
[Io TeopeMe, B KOTOpOW YKa3bIBalOTCS HEOOXOAWMMBIE U JOCTATOYHbBIC YCIOBUS
HE3aBUCUMOCTH KpUBOJMHEHHOro wuHterpana |l poma ot ¢dopmbl  JMHUA
WHTETPUPOBAHUS, UMEEM, UYTO PABEHCTBO HYJIO TAaKOTO HMHTErpaja Mo JodoMy

3aMKHYTOMY KOHTYPY 3KBHUBAJICHTHO CYIIECTBOBaHUIO PYHKIMH U (X,Y,Z), TAKOW YTO
HNOJBIHTETPAJIbHOE  BBIpAXEHUE  SABIAETCA €€ MOJHBIM  JauddepeHuanom:

dU = Adx+Ady+Adz = {A&;AY;AZ}:{%—:;%;%—LZJ}:@U.

Takum o6pazom, ecinu C =0 1o Jr000MY 3aMKHYTOMY KOHTYpY |, To 3TO O3Ha4aer, 4to

CYyIIEeCTBYET CKaJispHas ¢GyHKIusA U (X,y,z), TaKas 4To A= gradU .

OyHkuusa U(X,Y,z) Ha3bIBACTCS HOMEHYUAIOM 6EKMOPHO20 nojiA A, a Iojie A B 3TOM

Cllydae Ha3bIBACTCSl HOMEHUUAIbHBIM 6EKIMOPHBIM NOJIEM.
Tax xax cymectBoBanue GyHkuuu U(xy,z), Takod 49ro dU =Adx+Ady+Adz,

SBJISIETC M JIOCTaTOYHBIM YCJIOBUEM [IJII TOTO, YTOOBI cj‘>&dx+ Ady+Adz=0, TO
V(1)

IIOJIY4aCTCs 4YTO HUPKYJLIOUA B IIOTCHOHXAJIBHOM II0JIC BCCI'Id paBHA HYJIIO.

4. Ilupkynsuus cBsi3aHa ¢ POTOPOM ¢ ToMoIibio popmysl CTokca:

oA O oA, o oA, 0
;EAde+Aydy+Azdz:(ﬂ)[[%—a—?]cosa+[a—?—a—§zjcosﬂ+(a—§y—%]c057}m

dbopmyna CTokca B BEKTOPHOU (hopMe UMEET BUJT
PA-di = [ (roth-fi)do @)
U] (o")

Cmuicn popmynsvt Cmokca Tenepp JErKO NPOYUTHIBACTCS:

IupKyAnus BEKTOPHOTO MMOJA A IO 3aMKHYTOMY KOHTYpy (I)

paBHa IIOTOKY pOTOpa OTOI0 BCKTOPHOI'O IIOJIA  YCPC3

MIPOU3BOJILHYIO TOBEPXHOCTH (o), OMUPAOIIYIOCS Ha KOHTYD | .

M
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[Ipu sToM HampaBneHue fi Ha (o) W HampaBlieHHuEe Ha KOHType (1) 00pasyroT “npaByro

CUCTEMY”’, TO €CTh C KOHIIa BEKTOpa N HampamieHHe Ha KOHType (I) BUIAHO MPOTHUB

4aCOBOM CTPEJIKU.
U3 popmyssl Ctokca (3) creayer, uto rotA = 0 03Ha4aeT CriocOOHOCTH BEKTOPHOTO MOJIS

A coBepmiath pabOTy MNpH MEPEMEUICHUH MAaTepUaIbHOM TOYKU IO 3aMKHYTOMY

KOHTYpPY (I).

5. Ucnomezys ¢opmyny Crokca B BEKTOpHOH ¢opMme, MOXHO JaTh Jpyroe
(bu3mdeckoe) ompeneneHHe pPOTOpa BEKTOPHOTO IIOJSl, IKBUBAJICHTHOE IEPBOMY
OIPENENEHUIO: FOtA=V x A M He 3aBHCALIEE OT BHIOOPAa KOOPIMHATHON CHCTEMBL. Jljs
sToro 3amumeMm (opmyny CTokca Juisi JOCTaTOYHO MAaJOM IUIOCKOW IUIOMIAAKU S ¢
KoHTypoM (I), conepxkaieit Touky M:

qSA-dT:J'I(rot A-ﬁ) do.

0 (s%)

rotA(M) IloBepxXHOCTHBI MHTErpad B MpaBod dYacTd (GOPMYJIbI

np; rot A
CTokca MOXHO 3amucarb IO TCOpEMC O CpCAHCM B

CIEIYIOLIEM BUJIE!
” (rotA-ﬁ)daznpﬁrotII |M0 S,

0 (s*) —
(I) npgrotA

rie M, — HeKoTopas TO4YKa IUIOWAAKUA S, IUIOAIb

IJIOIIA/IKU TOKE 0003HaueHa OYKBOI S.

G-l @

- 1
Torma u3 popmynst CTokca cienyert, uro np, rot A (M,) = 5
0

rae | — 3To KOHTYp, OrpaHHYMBAOIIHIA TUTOMIATKY S.
[Tycth Tenepb koHTYp | cTsarmBaercs B Touky M, Torma M, > M u S — 0. [lepexons k
Mpeziely Npy 3TUX YCIOBUSX, B paBeHCTBE () mosryyaem, 4To
- o1l - -
np, rot A (M)=lim=pA4-di (4)
$—0 § i

Tenepsr dhopmyaupyeM oIpeaesiecHHe poTopa BEKTOPHOTO IMOJIs, KOTOPOE OCHOBAaHO Ha
dhopmyiie (4):
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OnNPELENEHVE POTOPA BEKTOPHOIO MONSA YEPE3 ErO LIMPKYNALWIO

Pomop eexmopa A ¢ mouxe M — 310 BEKTOp, IPOEKIHs KOTOPOTO HA KAXKI0€
HaIpaBJICHUE fi paBHA MPECITy OTHOMICHUS UPKYISIIHK BekTopa A 1o koHTypy (I)

IJIOCKOM TIJIOMIAJIKU S, MEPICHAUKYISIPHON 3TOMY HalpaBJICHUIO, K TUIOIIAIN dTOMN

IIJIOIMAaAKH, CTSIFHBaIOHIGﬁCH B TOYKY.

15.3. BbluncneHune umpKynauum

[MpKyIsAnus BEKTOPHOTO IO A IO 3aMKHYTOMY KOHTYpY (I), Ha KOTOpPOM YKa3aHO
HaIIPpaBJICHUC, BBIYHCIIACTCA HCIIOCPCACTBCHHO 110 IIpaBUIIy BBIYUCJIICHUA
KpHBOHHHGﬁHOFO HHTCI'pajia 1 poada, HO MOXKCT OBITH BBIYHCJICHA TAK)KE U IO q)OpMYJIC
Croxkca.

Mpumepbl (BBIYUCICHUE UPKYJIISIINN)

- - - X = Rcost
l. BLI‘II/ICJII/ITI; III/IpKyJUIHI/IIO BGKTOpHOFO I10JIs1 AZ Xyl +X2j 10 Opr)KHOCTI/I { R ; t y
y =Rsin

MPOXOJIMMOM IO YACOBOM CTpETIKE.

Pelwenne
y Ob6mas dhopmymna (1): C=q5A-a=qSAAdX+ Ady .
0} 0}
() /— x Aot nasHoro momst A, =Xy, A = x*, mostomy C = (j) xydx + x*dy .
O}
0 R Boruncnsiem kpuBonuHeitHbld uHTErpan |l poga cBeneHuem ero k
OIPEACIIEHHOMY UHTETpally:

C =<j>xydx+ x2dy =

o) y =Rsint dy = y/dt = Rcostdt t =0

KOHCYH.

{ X = Rcost} dx = x/dt =—Rsintdt t.. :27r,}
Ha l: = =

0 0
= J. (Rcost-Rsint-(~Rsintdt) + (Rcost)* - Rcostdt ) = st(—cost-sin2t+cosst)dt:
t=2x

2z

27 2z 2z

0 0 0 -3 0
= R3J (—cost-sin®t+cost-(1—sin’t))dt = RS(J costdt—ZIsinzt-costdtlz R® [sintr;” —2-5"; t ]0
27

Otser: C =0.

15.4. YnpaxHeHus Ansi caMoCcToATeNIbHOWN paboThbl

OTBeThHI K ynpaXHeHnAam an4d CaMOCTOSATESTbHON pa6OTbI



113

§ 16. MOTEHUMANBbHbIE, CONEHOUAANBHbLIE U TAPMOHUYECKUE
BEKTOPHbIE NMONA: ONPEAENEHUA U OCHOBHbIE CBOACTBA.
HAXOXOEHUE NOTEHUMAINA NOTEHUUAIIBHOIO BEKTOPHOIO Nnond

Conep:xkanue
16.1.ToTeHUMaNbHBIE MOMA U UX CBOMCTB .. ....ccuuierneirieeenieereeieeeneeeneesneeanns 113
16.2. ConeHonaanbHbIE MOMA U UX CBOMCTBA ...ucvuveneerneienieeneeeiesensesneeesseenns 116
16.3. FapMOHMYECKMNE MOMA U X CBONCTBA.....uueieeriieeeeeiiieeeeeriineeeeennnnaeeeennnns 117
16.4.YnpaxHeHns1 ANSA CAMOCTOATENTbHON PABOTBI ........vvvvrrrreriiinenrinnnannnnnnnnns 118

16.1. NoTeHUuManbHbIE NONIA N UX CBOUCTBA

ONPELENEHME MOTEHUMANBLHOIO NONSA

ITome A(M ) Ha3bIBACTCA ROMERUUAIBHBIM 6CKMOPHBIM ROJ1EM, CCIIU OHO SBJIACTCA
I'paduCHTOM HCKOTOPOI'O CKAJLAPHOIO IT0JIA U:

A=gradU =VU. (1)

[Tpu 5Tom pyukus U (M) Ha3pIBaeTCS nomeHuuaiom 6eKmopHozo nois A(M).

OcHOBHBIE CBOVCTBA MOTEHIHMAJbHBIX MOJIeH

1. C= <'[> A-dl =0 — IMPKYISALKS MOTEHIUAIBHOTO IIOJIS PABHA HYIIIO TI0 JH000MY
v()

3aMKHYTOMY KOHTYpPY (I).

[> JleiictBurensho, C =<I)A-d|q(lml;w H (rotA-ﬁ)d0'= H ((§x,&)-ﬁ)dagﬂ (VxVU)-fido =0.<]

10) Cmoxca (U+ ) (0_+ ) (o) 5

2. Ecnu BeKTOpHOE mosie A 3a1aHo B OHOCBA3HOM obnactu D, To ms ero

HOTEHIIMATBHOCTH HEOOXOIMMO U JOCTATOYHO, YTOOHI ero |rotA =0/, To ecTb Mo0oe

MTOTEHIIHAJIBHOE TTOJIE SBIIICTCS “OC3BUXPEBBIM .

Oonoceasznasn oonacme — 3TO Takas 00JaCTh, TPAHUIIA KOTOPOH MOXKET OBITh CTSIHYTA B

TOYKY HENPEPBIBHBIM 00pa30M, HE BBIXO/IS 3a MPeEEibl 00JacTH.

OIIHOCBSI3HAs He sBnsiercs
OTHOCBSI3HON
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[loka3aTenbcTBO

_—

[>HeobxommMocTh:  ecnm BEKTOpHOE Nole A NOTeHIManbHO, TO ecTh A= gradU, TO €ro

rotA = rot(gradU):?xWU) =0.
oA, _OA

Hoctarounocts: ecnu FOtA =0, To Bce KOMIOHEHTHI BekTopa FOtA paBHbl 0, TO ecTb —= =

0z
OA _0A, OA _OA
oz ox ' ox oy

HOKa)KeM, qTo moje A SBIIsETCA INOTCHIHAJIbHBIM.

R P R P
Ecnu nepeo6o3naunts A =P, Ay =Q, A =R, To nomyuum: 8_2@’ a—:a—, @=6—

oy 0z 0z OX OX oy
B »TX paBeHCTBax JIETKO Y3HaTh HEOOXOJUMBIC M JIOCTATOYHBIC YCJIOBUS JII TOTO, YTOOBI

seipakenne Pdx +Qdy +Rdz = Adx+ Ady+ Adz Obulo nonneiM auddepeHnnanom HeEKOTOpOi

oU oU ou — ~

¢ynkmm U(X,Y,2), To ectb A, za—, Ay ZE’ A :8_ :>{AK,Ay,AZ}: gradU, To ects mome A
X A
ABJIACTCA NOTEHLUUAIbHBIM, Y.T.]I.
Ecii BCIIOMHHTB JI0KA3aTENILCTBO JIOCTATOYHBIX YCIOBHMU MOJHOTO auddepeHnuana (B JByMEPHOM
0Q oP
cllydae — ¢ TOMOMIbI0 (GopMyisl ['prHA), TO CTAHOBHUTCS MOHATHO, YTO 3TH YCIIOBHUS (8_ =—,..)
X

oy

JOJDKHBI  BBIIIOJIHATBCS BO BCEX TOYKAaX HEKOTOpOM oO0jacTu, KOTOpas paccMaTpuUBallach Kak
OJTHOCBSI3HAasA 00J1aCTh.
MoHO noka3arb, 4TO B Cily4ae 0o0JIaCTH, KOTOpasi He SIBJISIETCS OJHOCBS3HOM, 3TUX YCIOBUM MOXET

0Ka3aThCsl HEJOCTATOYHO Ul BOCCTAHOBJIEHHUS oxHo3HauHou ¢ynkiuu U(X,Y,Z) Bo Bceit obmactu
(cm. @uxuenrosbl, T.110, §§ 558-562, 601, 641). <

3. Eciu BEKTOpHOE TOJIE A HOTEHIMAILHO, TO €ro paboTa 3TOro MOJsA MEXKIY AByMS
TOYKaMU HpOCTpaHCTBa HC 3aBHUCUT OT (bOpMBI JIMHUH, KOTOpOﬁ COCOUHAKOTCA OTHU

TOYKH, U paBHA PAa3HOCTH 3HAYCHUH IMOTCHOMAJIA I10JIs1 B OTHX TOYKAX.

J[loka3aTenbcTBO

X = x(t)

i [ Ui M,M,): 1y = y(),

W = J- A-dl = J- vU -dl = .[ (&dx—kﬁdy'i‘de]: ( 1 2) y=y(t)
My L OX oy 0z z=1(t)

t,,t, —3nauenus t s rouek M, u M,

+—Yy, +—12
X ayyt oz "

_Z[QX; Yy Y ’jdt: | dU(X(t)’di’(t)’z(t»dtz AU (). y(0), 200) =

4

£ =U (x(t), ¥(t),2(6))~U (x(0), Y(0). 2(6)) =U (M) U (M),

=U(x(t), y(), z(1))
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TO ecTb paboTa paBHa PAa3HOCTU 3HAYCHHM MOTEHIMAla M HE 3aBUCUT OT (OPMBI NEpeMelIeHHUs
(M;M,) <

4. TloTeHmman IIOTEHIIMAIBLHOTO TIOJSA A(M) ompenensaeTcs ¢ TOYHOCTBIO 1O
IMOCTOSHHOT'O CJIAraeéMoro.

JlelictButensHO, A= gradU = grad(U + Const).

HaiitTu moreHmMan BEKTOPHOrO 1oL A MOXHO, Hampumep, C IOMOLIBIO
KpUBOJMHEHHOro wuHTerpasia Il popa, BBIYMCIEHHOIO OT (DPUKCUPOBAHHOM TOYKHU
(Xy» Vo1 Z,) 10 IIEPEMEHHON TOUKH (X, Y,Z) !

(y2) (%y,2)

A-dl = I dU =U(X,y,2)=U (X, Yo, Zo) (2)

(X01¥0:20) (X0+Y0,20)

[Tpu 3TOM y10OHO BBIUMCIIATH KPUBOJIMHEHHBIN HHTETPall KaK HE3aBUCAIIUN OT (POPMBI
JINHUWA UHTETPUPOBAHHUS, TO €CTh IO JIOMAHOW, COCTOSIIEH U3 OTPE3KOB, MapalI€IbHbBIX
ocsM koopauHatr. Touku (X, Y, Z,), (X,y,zZ) W JIMHUA HHTETPUPOBAHUS JIOJKHBI
OCTaBaThCS B 00JIACTH CYIIECTBOBAHUSI 3TOT0 KPUBOJMHEHHOTO HHTErpaa.

[Ipu 5TOM KOOpAMHATHI (PUKCUPOBAHHON TOYKHU (X,,Y,,Z,) MOKHO MOJOXKUTH PABHBIMU
KOHKPETHBIM YHCJIaM — 3TO YIIPOCTUT BEIYUCIICHUE.

[lo meromy cBOero pelieHds 3ajadya HaAXOXKICHUS IMOTEHIMAAa TOTEHIHAJIBbHOTO
BEKTOPHOTO TIOJISI COBMAJacT C 3ajiladyeld 0 BOCCTAHOBICHMHM (YHKIHMH JBYX WU TPeX

MIEpPEMEHHBIX 110 €€ ToJIHOMY auddepenimany (cM. §9 1aHHOrO KOHCITEKTa).

Mpumep 1 (HaxoXeHNE MTOTHEHIANIA TOTEHIIUATBLHOTO BEKTOPHOTO TOJIs)
Y6CHI/ITI)C$I B TOM, YTO BEKTOPHOC I10JIC A IIOTECHIIUAJIBHO, U HaWTH €ro HOTGHHI/IaH:

A=yzi +Xzj + yxk.

PelweHune

rotA =0 — 3T0 HEOOXOMMOE U IOCTATOYHOE YCIOBHE MOTCHIIMATBLHOCTH O A .

Brruncisem
i k|7 ] k

othoUxAo|l @ 2| |2 @ g:i—(a(yx)_a(xz)j_j(a(ym_a(yz)jﬂz(a(xz)_a(yz>j:
ox oy oz| |[ox oy oz oy oz OX oz OX oy
A A Al vz Xz yX

=i (x-x)-j(y-y)+k(z-z)=i0-jO+ ko=0=> none A sBisgeTcs NOTEHIUAILHBIM.
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oy (xy,2) (x00)

7 Uxy,z)= j A-dl = j yzdx + xzdy + yxdz = I 0-0-dx+

(X, Y, Z) (0,0,0) (0,0,0) (0,0,0)
(x.y,0) (xy,2) 1=2
+ x-0-dy+ y-X-dz=yxz| =yxz
(0,0,0) S (x{m Jm .
(x,0,0) X, y,0) Y Orger: U (X,y,2) =xyz+C.

16.2. ConeHoupanbHbIe NONA U UX CBOUCTBA

OnNPELENEHVE CONEHOUOANBHOIO BEKTOPHOIO MONS

[Tone A(M) Ha3BIBAETCS COJICHOUOANBHBIM 6EKMOPHBIM NOJEM B OTHOCBA3HOMN

o6mactu D, eciu B 1060¥ TOUKE 3TOM 061aCTH €ro TUBEPreHIMs paBHa HyIH0: divA=0.

OCHOBHBIE CBONCTBA COJICHONIAJIBLHBIX MOJIeH
1. Ecam BekTOpHOE MOJE€ A COJEHOMJAIBHO, TO IOTOK 3TOTO IOJS 4Yepe3 0o

3aMKHYTYIO IOBEPXHOCTH paBeH ().

[> IeiicTBUTenBHO, IO OMpEIEIeH IO TOTOKA ¢ HCIoIb30BaHHeM popmyiisl Octporpaackoro-Taycca
noay4um, uto P = (ﬁ)(/& ﬁ)dO' = J.”diVAdV =0<
(o) Y, =0

2. Ecnu BexTopHOE nose A(M) MOKHO IIPEACTABUThL B BUJE POTOPA IPYroro

BEKTOPHOI'O MOJIA B(M), KOTOPO€ HA3BIBAIOT 6eKMOPHBIM ROMEHUUATIOM

6exkmopnozo noaa A, to mone A(M) SBISETCS COTEHOMIATBHBIM.

> NTeiictBurensho, ecnn A= rotB, To divA=V-(VxB)=0<

3. B CONEHOUIANBHOM I10JI€ HCTOYHMKU U CTOKH OTCYTCTBYIOT (Tak Kak divA(M)=0 BO
BceX To4ykax M) , cieoBaTebHO, BEKTOPHBIC JIMHUK TAKOTO MOJISI HE UMCIOT Havaja

KOHIIa ¥ JIMOO SIBJISIIOTCS 3aMKHYTBIMH, JIMOO YXOJAT B OECKOHEUHOCTb.

Mpumep 2 (onpep,eneHme conieHonaarnibHOCTU BEKTOPHOIo I'IOJ'IFI)
OHpC,Z[e.HI/ITL, ABJIIFOTCA JIM COJICHOUJAJIBHBIMU CIICAYIOIIUEC TTOJIA:

A=yzi +xzj +xyk; B=x4 —2xyj+5k ; C=y4 +xyj—zk.
Pemienne
- 0.
divA:aA‘+ Ay+aAZ:£
ox oy 07 OX

moiie A sBIseTCS COJICHOUJAJIbHBIM,

0 0 3 B
(yz)+5(xz)+§(xy)_0+0+0—0 =
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divB = 9o (x*)+ 9 (—2xy) + 82 (5) = 2x—2x+0=0=>none B sBisIETCS COTCHOMIATBHBIM;
Z

divC = ai (y*)+ 9 (xy)+ 9 (-2) =0+ x-1=x-1#0 =mone C He SBISCTCS CONCHOMIATBHBIM.
X

oy 0z
16.3. FTapMOHMYecKme nons n nX CBoMcTBa

OnNPEQENEHVE TAPMOHUYECKOIO BEKTOPHOIO Mond

[Tone A(M), SBIISIOIIEECS OJHOBPEMEHHO M TIOTEHIUATILHBIM U COJEHOMIAIBHBIM,

HA3BIBACTCH 2APMOHUUECKUM 6eKMOPHbIM noiem. A=gradU u divA=0.

OcHOBHBIE CBOIICTBA TAPMOHHMYECKHX MOJIei

l. Ilorenuman U(X,y,z) TapMOHHUYECKOTO TOJSI A YIOBOJETBOPSAET YPABHEHUIO

2 2 2
Jlammaca: , rne A= 88 > T 88 5+ 88 5 - OTepaTop Jlannaca
X Y z

[> Neiicreurensuo, A= gradU, tak kak A — norenmmanshoe = divA=V-VU = AU. Tak kak

TI0JIe COJICHOUAAIBHOE, TO divA=0= AU =0 <

2. MoXHO HOKa3aTh, YTO HNPOM3BOIBHOE BEKTOPHOE moje A(M) Bcerga MOXKET ObITh

NpPEACTABIEHO B BHIE CYMMBI JBYX BEKTOPHBIX IIOJEH, OJHO U3 KOTOPBIX —
HOTEHIHAILHO, a APYroe — COJIEHOUIAIBHO.

Mpumep 3 (ompeeneHne rapMOHUYHOCTH BEKTOPHOT'O ITOJIs )

[TpoBepUTH, SBJISIOTCS JIM TAPMOHHYECKMMHE CIIEAYIOLINE TOJIS:

A=vyzi +xzj +xyk; B=x4 —2xyj+5k ; C=y24 +xyj—2zk.

PeweHune

[Ipu3HaKOM MOTEHIIMATILHOCTH BEKTOPHOTO TIOJIS SBJISIETCSI PABEHCTBO HYJIIO €0 pOTOpa.

Bekropnoe moine A sBisercs rapMOHHMYECKUM, TaK Kak rotA=0 u divA=0 (BBIYUCISITUCH B
MpeIbIAYIINUX TpUMepax 3Toro naparpada).

i i K
— I - 8 8 8 - = » »
Hns monss B wmmeem, uro divB=0, rotB=|— — —|=1-0-]-0+k-(-2y)=-2yk #0,
ox oy oz
x> =2xy 5

modToMYy ToJie B He sBIsIeTCS TapMOHHYECKHIM.
Jlns monst C mmeem divC = X—1# 0, mo3TOMy 3TO 10JI€ HE SBISIETCSI TAPMOHHYECKHM.
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16.4. YnpaxHeHus Ansi caMoCcToATesNIbHOWN paboThbl
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Tnoccapum

BEKTOPHAs TUHUS BEKTOPHOTO MOJIs ATO... (cTp. 90)

BEKTOPHOE M0JIe 3TO... (cTp. 90)

BCKTOPHBIM III/Id)d)eDeHHI/IaJII)HBIM oneparopom I aMUJILTOHA WM OIIEPATOPOM «HabJay

Ha3zbIBaeTcs... (ctp. 102)

BEKTOPHBIM MOTEHIIMATIOM BEKTOPHOIO MOJisl Ha3bIBaeTcsl... (cTp. 114)

BEKTOPHBIMU MU EpEeHIMATEHBIMU OTIepaIUsIMUA BTOPOTO TOPSAKA HA3bIBACTCA... (CTP.
103)

BCKTOPHBIMHA I[I/Id)d)CDCHI_II/IaJIBHBIMI/I OorIcpalluiAMM IICPBOI'O MOPAAKA HA3BIBACTCA... (CTp.
103)

rapMOHUYECKUM BEKTOPHBIM I0JIeM Ha3bIBaeTcs... (cTp. 115)

JBOWHBIM MHTerpajioM oT GyHkimu f(X,y) mo obmactu D Ha3wiBaercs... (CTp. 5)

JBYMEPHOW MHTEerpaibHON cyMMoi dyHkiwm#u f(X,Y) B obmactu D HaspIiBaercs... (CTp. 5)

JIBYCTOPOHHEHN MOBEPXHOCTHIO HA3bIBACTCH... (CTP. 84)

auametp d I0CKON reoMeTpUIecKoi GUrypsl 3TO... (CTp. 6)

JUBUPTEHINS (WJIM PACXOAMMOCThL) BEKTOPHOTO MMOJs [ /B TOYKe [ | 3TO... (cTp. 96)

KPUBOJIMHENHBIM HHTErpaioM | poxa ot dyHKIIMHK

f (X, V, 2) no nunuwm | HazpBaeTcs... (cTp. 42)

KpuBOJIMHEHHBIM uHTerpagoM |l pona mo ayre (AB) nHasbiBaetcs... (cTp. 49)

HEO00XOJIMMOE U JIOCTATOYHOE YCIOBHUE MOTHOTO auddepenimana 3to... (ctp. 71)

OJHO I[I/Id)(beDCHL[I/IaJ]BHOG YPaBHCHUEC BCKTOPHBIX JIMHUN TIJIOCKOT'O BCKTOPHOI'O ITOJIA

370... (cTp. 91)

OJIHOCBSA3HAs 00J1aCTh ATO... (cTp. 111)

OJIHOCTOPOHHEMN MOBEPXHOCTHIO Ha3bIBACTCA... (CTp. 84)

oneparop Jlannaca 3to... (ctp. 104)

oneparopamu 1uddepeniripoBanus Ha3piBaeTcs... (ctp. 102)
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OpueHTUPOBAHHOM MOBEPXHOCTHIO HA3BIBACTCA... (CTP. 85)

MOBEPXHOCTHBIM HHTErpasioM | poma or dyakumu f(X,y,z) nmo mnosepxnoctu (()

Ha3bIBaeTcs... (cTp. 76)

NOTEHIIMAIOM BEKTOPHOTO MOJIsi Ha3biBaeTcs... (cTp. 108)

MOTEHIIMAJIOM BEKTOPHOTO 10Jisl Ha3bIBaeTcsl... (ctp. 111)

[MOTEHIUAIbHBIM BEKTOPHBIM MOJEM Ha3bIBaeTCA... (cTp. 108)

MOTEHIMAIbHBIM BEKTOPHBIM T0JIeM Ha3biBaeTcsl... (cTp. 111)

IIOTOK BEKTOPHOTO MOJISI [ | Yepe3 OPUEeHTHUPOBAHHYIO MTOBEPXHOCTH [] 3TO... (cTp. 92)

[IPaBUIBLHOM 00JIACTHIO B MOJIAPHON CUCTEME KOOPJAMHAT Ha3bIBaeTCA... (CTp. 15)

npocThie POpPMyJIbI JUIsl KOOPAUHAT IIEHTPA MacC OJJHOPOAHOW NIACTHHKHU 3TO... (CTP.
34)

pPaboTOM BEKTOPHOTO 10 [ | Ha yyacTKe || KpuBoM || Ha3biBaercs... (cTp. 107)

paHrom paszoueHus AByMepHou obaactu D HazpiBaeTcs... (CTp. 5)

poTop BekTopa [ | B Touke M 3T0... (cTp. 109)

POTOPOM WJIM BUXPEM BEKTOPHOTO MOJIS ATO... (CTp. 99)

CHUCTCMA I[I/Id)d)CDCHHaHBHLIX VDaBHeHI/Iﬁ BCKTOPHBIX JIMHUHA BCKTOPHOI'O TIIOJA 3TO...

(ctp. 91)

cMbica TeopeMbl Octporpajickoro-I'aycca 3to... (cTp. 97)

cMmbica dhopmyibl Ctokca 3To... (cTp. 108)

COJICHOUJAIbHBIM BEKTOPHBIM T0JIEM Ha3bIBaeTcs... (cTp. 114)

CpECIHUM 3HAYCHUEM

dbynkimu f(X,V,2) no obmactu V HaseiBaetcs... (cTp. 22)

cpearuM 3HaueHueM Gyukimu f (X,y) B obmactu D HasbiBaeTcs... (cTp. 8)

chepuyecKuM paJiInycoM TOYKH; Ha3bIBACTCA... (CTp. 26)

TPOWHBIM MHTerpajgoM ot dyHkimu f(X, Vv, Z) no odaactu V HaszpiBaetcs... (cTp. 20)
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d)ODMVJIa JJI BBIYUCIICHUA MOMCHTA MHCPIMHK MJIACTHMHKHW OTHOCHUTCIBHO TOYKHM Haydaja

KOOPJAMHAT ATO... (CTp. 32)

(bODMVJ'Ia JJId BBIYHMCIICHH S I[BOﬁHOl"O HHTCIpaJia B ITOJIAPHBIX KOOPAMHATAX 3TO... (CTp
16)

(bODMVJIa A4  BBIYMUCJIACHUSA AJIMHBI AYIM JWUHHHKW C TIOMOIIBIO KDHBOHHHeﬁHOFO

uHTerpana | poaa 3to... (ctp. 46)

dbopmyna /i BEIYMCIICHHS] KPUBOJIMHEWHOTO nHTerpaia | poaa sto... (ctp. 44)

dbopmya i BBIYUCIICHHS] MAacChl HEOHOPOIHOM IIIACTUHKY 3TO... (cTp. 31)

dbopMyna JUIg BBIYKCIEHUS MACChl TPEXMEPHOTO O00BEKTa, 3aHUMAKOMEro oovem V

3T0... (cTp. 35)

dbopmya i BBIYUCICHHS 00beMa JIF0OO0ro MPOCTPAHCTBEHHOTO TeJia ATO... (cTp. 35)

d)ODMVJ'Ia JJId BBIYMCJIICHU A O6'[>€Ma TCJIa C IOMOIIIBHO ,Z[BOﬁHOFO HHTCI'pajJia 3TO... (CTp
29)

dbopmyna i BEIYUCIICHHS 00beMa IMIMHIPOUIA 3TO... (CTp. 28)

d)ODMVJIa JJII BBIYMCJICHHSA CTATHYCCKHX MOMCHTOB TOHKHUX IJIACTHHOK OTHOCHTCJIBHO

KOOPJIMHATHBIX Ocel 3TO... (cTp. 31)

dbopmysa nepeBojia TPOWHOTO MHTErpajia K chepuyecKuM KOOPAUHATAM 3TO... (CTp. 27)

d)ODMVJIa CBCACHUA KDHBOHHHeﬁHOFO HHTCT'pajia I poaa K OInpCACICHHOMY HMHTCTpAJIyY

3TO... (CcTp. 44)

dbopmyiia ceexeHuss KpuBoJMHEWHHOro uaTerpaiaa |l poga k onpeneseHHOMY WHTErpally

3TO0... (CcTp. 52)

dbopmysa cBeIeHUS] TOBEPXHOCTHOTO MHTETpaia K JIBOMHOMY UHTETrpaiy 3To... (cTp. 78)

dbopmysa cBeJIeHUs] TPOMHOTO MHTErpajja K TPEXKPAaTHOMY UHTErpany 3To... (cTp. 23)

dbopmyna 3t0... (cTp. 57)

(bODMVJ'IBI JJIA BBIYUCJICHHUA MOMCHTOB HHCEPIHMH TOHKUX ITJIACTHMHOK OTHOCUTCIIBHO

KOOPJIMHATHBIX OCeH 3TO... (cTp. 32)

d)ODMVJIBI A4 BBIYUCJIICHHA CTATHYCCKHUX MOMCHTOB M M MOMEHTOB HWHCPIINHN I

TPEXMEPHBIX TeJ 3TO... (cTp. 37)

hopMyJIbL JUISL KOOPAMHAT IIEHTPA MACC TOHKOW IJIACTUHKU 3TO... (CTp. 33)

hopMyJIbL Ul KOOPAMHAT IIEHTPA MACC TPEXMEPHOTO Tena ATO... (cTp. 38)
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GYHKIMOHATBHBIA onipeenuTensb koou (skobuaH 3To... (cTp. 18)

AJTUHIPUICCKUE KOOPIUHATHI TOYKHU B mpocTpancTBe XOYZ 370... (cTp. 24)

LUIUMHIPOU/T WU IJIMHJIPUYECKOE TEJI0 3TO... (CTp. §)

LUPKYJSIKUEN BEeKTOpa || 110 3aMKHYTOMY KOHTYPY || Ha3biBaercs... (ctp. 107)
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Bonpocbl ona camonpoBepku

1. Uro Ha3pIBaeTCA paHTOM pa3dueHus IBYMEPHOU oosactu D?

2. YUto Ha3bpIBaETCS IBYMEPHOUN HHTErpaIbHOU cymMmon dyukimu f(X,V) B oomactu D?

3. Yto Ha3bIBaeTCs TBOUMHBIM MHTEerpajgom ot dyuakimu f(X,y) o obmactu D?

4. Yto Takoe ANaMCTp d mIockoii reOMETPUYCCKOU d)I/IFVDBI ?

5. CdopmynupyiiTe CBOWCTBO O JIMHEWHOCTHM JBOWHOrO WHTErpaja 1o

MOABIHTErPAIILHON MYHKIIMA?

6. ChopMmyaupyiTe CBOUCTBO 00 AJAWTHBHOCTHA ABOWHOIO WHTErpaja mo OO0JIACTH

PIHTCFDHDOB&HHH?

7. Cd)ODMVJ'IHDVﬁTG CBOMCTBO [0) 3HAa4YCHUH JIBOMHOTO HHTCTpaJia oT

(O YHKIIMUTOXKIECTBEHHO PAaBHOU eAUHUILIE?

8. ChopMyaupyiTe CBOMCTBO OLIEHKH 3HAUYEHUS IBOWHOTO HHTErpasia?

9. Chopmyaupyite CBOMCTBO 00 HHTETPUPOBAHNN HEPABEHCTB ABOWHBIM MHTETDATIOM?




