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1 Bsenenune

O6Go3HaueHNs U oNpejieeHA.
R, Q,Z — MHOXKECTBa BEIIECTBEHHBIX, PAIMOHAIbHBIX U HEJBIX IHCEIL.
F>( — HOIMHOKECTBO HEOTPUIATEIBHBIX 9JIEMEHTOB MHOXKECTBa, F.
F™m>™ — MHOXKeCTBO (M X 1)-MaTPUIL C JIEMEHTAMK U3 MHOXKecTBa F.
F™ — anprepraruBHOe 0603Ha4YeHne qia FmXL,
E,, — edunuunas (m X m) - Mmarpuna.
ej — j-blit cTonber] eUHUTHON MATPHUIIBL.
Marpuna B HasbiBaeTcs 6a3ucom MaTpuubl A, ecin

e BCA

e CTOJIONBLI B NuHEHHO HE3aBUCUMBI

o KaXKIbI cTos0er A JTHEITHO BbIparXKaeTcs Yepe3 CTooIb B
rank A — pane marpuinsl A — 4ucao crosduos B basuce.
daemenmaprvie NPeobpPa306aHUL CTPOK.

e IlepecraHoBka CTpOK ¢ HOMepamu i u k: (i) <> (k).

e YMHOXKeHHe { — i CTPOKH Ha 9ucio ¢ (1) < t(3).

e JlobGaBienue K @ — Oif CTPOKe 1pou3BeseHus CTpoKU k u ducaa t : (i) < (i) + t(k).

Hns marpuiy A v B, COCTOSIIMX U3 CTOIOIOB OJANHAKOBOM BBICOTHI, Bhipaykennss B C A, A\ B
U T.II. UIMEIOT OOBIYHBII TEOPEeTUKO-MHOXKECTBEHHbIH cMbIcs. Hanpumep, Boipazkenue E,, C A
O3Ha4aeT, 4To F,, aBjisgercs noamarpuieil marpuubl A u rank A = m.

Meton I'aycca
Ax =10

e ai, - ,an,b € R™ rank(ay, - - ,a,) =m.

Eciu u3 cTosb1ioB Marpuisl KO3 @UIIMEHTOB IPU HEU3BECTHBIX MOXKHO COOPATH €IMHIIHY IO
noamarpuiy F,, € R™*™ te. naiinyrcs j1, ja..jm TAKHE, 9TO

(ajlv"' vajm) = B, € R™™, (1'1)
TO Cpa3y nuIilneM YaCTHOE pereHune
Tj, :bl,...,xjm :bm
Z :Oa ]¢ {.]hv.]TH}

Hewmssecrusie xj,, ..., x;,, 1 pemenne (1.2) HA3BIBAIOTCS 0a3UCHBIMU.

(1.2)

Ecan #Her eauHuaHOM mOAMATPHUIIEI, TO mpeobpadyeM cucteMy meroaoMm laycca-zKopmpana.

Meton Taycca-2Kopaaua. Crenyss HEKOTOPOMY IPAaBUILY, BIOpATH ypaBHeHHE u Oa3uc-
HYIO0 HEM3BECTHYIO B 9TOM ypaBHeHuU. VICKIIIOUNTE ee u3 OCTAJLHBIX ypaBHeHwuii. [ToBTOpsis
9Ty TPOIEAYPY MOJIYUUTH CIUCOK W3 1M OA3UCHBIX HEM3BECTHBIX.

B neficTBUTETBHOCTH, BRIYUCTIEHUS BBIMOTHAIOTCA HE C YPABHEHUSAMU, a CO CTPOKAMM MaT-
putisl KoaddurmentoB. CTpoka, COOTBETCTBYIONAsA BEIOPAHHOMY YPABHEHUIO, HA3BIBAETCH



sedyuseti cmporoti, cTonbdern Ko3MPHUIUEHTOB TPU 6A3UCHON HEM3BECTHON HA3BIBACTCS 6edYy-
WUM CMOAOYOM, STIEMEHT MATPHUIIBI, PACIOJIOXKEHHBIM HA [MEPECeYeHUN BEeAyINell CTPOKH |
BEJLyIIEro Crosibna, HA3bIBACTCH 8e0YULUM IAEMEHTMOM.

IIpocreiiniee mpaBmiio BhIOOpa BeAyIero sjieMeHTa. BriOparsh ypaBHEHNE, HE COIEP-
JKAIlee HU ONHON m3 DA3UCHBIX HEM3BECTHBIX, U O0bABUTH OA3UCHON JIIO0YI0 HEM3BECTHYIO C
HEHYJEBBbIM KO3(MPHUIIMEHTOM B 3TOM YPABHEHNH.
[Ipeobpa3yem cTpOKK pacHImpeHHON MATPHUIIBI KOI(PDPUITHEHTOB
(a1, ..,an|b)
JIO TEX TOP, MTOKA He MOsIBUTCH moaMarpuia F,,. [locie storo Haxomum perrnenne mo hopmy-
nam (1.2).
IIpumep 1.1. Haiitu gacTHOE pellieHne CHCTEMBI
-3z, + r3 — 2x4 = -3
T, + 2z + Ty = 3

Pemrenue. B 3ToM mpumepe MOXKHO COCTAaBUTH €IUHUYHYIO moamarpuily Fy w3 cTosdmos
a3z 1 ay Marpunbsl KoddduimenTton. Ciemn0BaTebHO, OA3NCHBIMA HEU3BECTHBIMH SIBJISIOTCS
23,21 (MMEHHO B TakoM mopsike!), a xq, x4 ABisgioTcd HeGaszucHbiMu. [losaraem x3 = by =
—3,x1=by=3unzy=24=0. «

IIpumep 1.2. HaiitTu gacTHOE peIlieHNe CUCTEMBI

xrT - Tro + r3 — x4 = 0

r1 + 2z + ry = 3
Pemenne. Oqun u3 cTosiONOB €IUHUYHON MaTpulbl Fs 31ech ecTb, 310 cromben az. Ilo-
CKOJIbKY 0a3MCHAsT HEM3BECTHASI T3 COMEPIKUTCA B IIEPBOM YPABHEHUH, TO APYTYIO OA3UCHYTO

HEU3BECTHYIO CJIe/[yeT BhIOMpATh BO BTOPOM ypaBHeHuu. Buibepem, HAIpUMEp, T4 U UCKJITIO-
9UM 3Ty HEM3BECTHYIO W3 TIEPBOTO YPABHEHWS, TPUOABUB K HEMY BTOPOE YDPABHEHUE.

2x1 + Tro + xs3 = 3
T, + 2x9 + r, = 3

OObsiBJisieM HEUM3BECTHBIE T3, T4 OA3MCHBIMU, & L1, Lo — HebasucHbiMu. [lonaraem 3 = by =
3,24 =by=3ux; =20=0.4
Temepb paccMOTpHUM JBa MIPUMEPa, HETHIITUIHBIE JIJIsT IUHEHHONR ajreOphl.

IIpumep 1.3. Haiitun manbonbiee 3HadeHne mapaMerpa f, Ipu KOTOPOM HMEeT HEOTPHIA-
TEJIbHOE PEIIEHNEe CUCTEMA

—rr - 22 = f
2r1 + To + X3 = 3 . (13)
r1 + 2z + xy = 3

Pemenne. Cucrema (1.3) umeer nBa 3aMevaTe/IbHBIX CBOMCTBA, O3BOJISIONIUX JIOIaIaThCs,
qro Hambosbiee 3uadenue f pasuo 0.

CsoiicTBo 1. Cucrema

w

200 + x99 + x3

(1.4)
xr1 + 21‘2 + Ty =

w



cocrodias U3 JABYX IOCIeHUX ypaBHenuii cucrembl (1.3), umeer neorpunareabuoe(!) 6asuc-
Hoe pemenue x = (0,0,3,3). [logcrasnss x B nepBoe ypasuenue cucrembr (1.3), nonygaem
f = 0. Caenosaresnbuo, upu f = 0 cucrema (1.3) uMeer HEOTPULIATEIILHOE PELIEHHE.

CaBoiicTtBo 2. IIpu 1100bIX HEOTPUIATEIHLHBIX 3HAYEHUSX HEM3BECTHBIX T, T, X3, X4 CIpPa-
BeaymBo HepasencTBo f < (.

IIpumep 1.4. Haiitu HauMmeHbllee 3HaUeHKE apaMeTpa, npu Koropom cucrema (1.3) umeer
HEOTPUIATEILHOE PEIleHne

[Tnan perennst TOACKA3BIBAETCS OYEBUIHBIM CXOICTBOM 3TOM U mpenbrayinei 3amad. Oxa-
3BIBAETCs, MOXKHO Tpeobpasosarb cucremy (1.3) meromom Taycca-2Kopgama Tak, 4ro0bl B
pesyabTaTe:

e cTOos0er CBOOOIHBIX ITEHOB OCTAJICSI HEOTPHUIIATEIHHDBIM,

e mapamerp [ BBIparkaJjcs TOJIHKO Yepe3 Heba3NCHbIe HEM3BECTHBIE W TOJHKO C HEOTPH-
aTeIbHBIMU KoM DUITMEHTAMHA.

[IpeobpazoBanus ypaBHeHwUit 37eCh U Jajiee Oy/1eM BBITOJHATh B TAOIHUIAX CIeAYI0mero ¢pop-
Mara

ENENN
-1 -1 0 o] (1.5)
3 2 1 1 0
3 1 2 0 1

O6Go3HaueHud B TabJuIax

Hywmepayua cmpox u cmoabyoe navunaemes ¢ 0.

C1,C2evry Cpy — IAEMEHMDBL HYNECBOT CPOKU,

b1, .oy by — 2sEMENMBL HYAEBO20 CMOADUQ,

a; ; — KoaPuyuenm npu x; 6 i — m ypasnenuu (i =1,..m;j=1,..,n) .

Buumanne! Hynepast crpoka He MOXKeT ObITH BEIyIeid.

Urak, Ham0 n30aBUTHCA OT OTPUNATENBHBIX KO3(DUIMEHTOB B Hy/€BOH cTpoke. Hawmem
¢ koaddunmenta c;. Boibepem meprbiii crosbern BeaymumM croadnom. B "obbramom " MeTome
laycca-7Kopana B KadecTBe BeJyIIEro dJeMeHTa MOXKHO BbIOpDATh 000 HEHYJIeBOH 3Je-
MEeHT, KaK a1,; = 2 TaK 1 az; = 1. OgHaKko, HaM HaJO0 TOJYIUTH TAOJIWILy, B KOTOPOil by
u by HeOTpHIATETIBHBI, IOITOMY a9 1 He moxxomut(IIpoBepbre 3T0, caenas mpeobpaszoBamHue
TabJIKLbI).

Brimosasem npeobpa3oBamms:
(1)/2 — BeayuULyI0 CTPOKY J€JINM Ha BEIYIIUi SI€MEHT;
(0)+(1) — k HyseBoit crpoke npubaBisieM EPBYIO;

(2)-(1) — u3 Bropoit CTpOKU BbIYUTAEM LIEPBYIO.

H PN
f+3/2] 0 —1/2 1/2 0
3/2 1 12 1/2 0|

3/2 0 —1/2 1

[IpomomkaeM, TOCKOIBLKY B HYJIEBOM CTPOKE €CTh OTPHUIIATEIbHBIE 3J1eMeHThI. Beaymmit site-
MEHT TIOMEIEeH B PaMOYKY.




L Imom  w  w

f+2]1 0 0 1/3 1/3
1 1 0 2/3 —1/3
1 0 1 -1/3 2/3
Cucrema (1.3) 9KBUBAJIEHTHA CUCTEME
f+2= 1303 +1x4
3 3
1= 1 —|—gx3 —1x4
3 3
1= T2 —}xg +gx4
3 3

W3 nepBoro ypaBHeHUs OIy9aeM HUKHIOIO ONEHKY i f:

1 1
f+2=§$3+§33420—>f2—2

Ouenka nocrmxuma ipu & = (1, 1,0, 0). Takum 06pa3oM, HaUMEHbIIEE 3HAYECHUE TTADAMETPA
f, mpu koropom cucrema (1.3) UMeeT HEOTPUIATEIHHOE PEIICHNE, PABHO —2.

2 KaHoHuveckas 3a/Ja4a JIMHENHOIO IIPOrPaMMUPOBaHULA

DopMyaINpPOBKa KAHOHNMYECKON 3aa4M JIMHEHHOT0 IPOrpaMMUPOBAaHMUA.
Haiitu min f = cy+ c1x1 + caTa - + Cpy, (2.1)
bi =a1121 +a12%2 - + a1y
by = az 171 + az T2 - + 20Ty
TIPY YCTIOBUSAX e (2.2)
bm = Qm,1T1 + Am 22 "+ * + Am,nn
T1,T2, " ,Tn Z 0.
B marpuunoit HOTAINN:
HaiiTu min f = ¢y + cz, (2.3)

[IPU YCITOBUSAX b= Az, x> 0. (2.4)

JlBa mpuMepa, pacCMOTPEHHbBIE BO BBEJIEHUN, ABIAIOTCI 3aJadaMU JTUHEHHOTO MPOTrpaMMU-
poBanus. MeToa, KOTOPbIM ObLI PelleH BTOPOH IPUMEP, HA3BIBAETCS CUMNAEKC-MEMOIOM.
Tounoe omucanme CHMILTIEKC-METOIA IPUBOINATCA Iajee.

VceaoBus 3amaun 3amnuChIBAIOTCA B TADJINIE

xl xz PRI xn
f—co| a C2 e Cp
b1 ai,i ai,2 T a1,n (2 5)
, .
by as i a2 s az.n
bm am,1 am,2 to Qm,n

comepxarmeit koaddunmentor cucreMbl b = Ax u koddduimeHts! mneneBoil Gynknun f.
Hywmepamus ctpok u cronbios Haunaaercs ¢ 0.

Tabnuna Ha3LIBAETCI NPAMO JONYCMUMOT, €CIIH

o Marpuid A COIEPKUT CTOJOLBL Gj, , Ajy, - ...y, , COCTABIIAIONINE SMHIYHYIO LOIMATPY-
ny F panra m;



L] Cjy = Cjy = .o =G4, = O,
e b;>0(i=1,.,m).

Tabnuna Ha3BIBACTCS 080TUCMEEHHO JONYCMUMOT, €CITH TOCTeIHee N3 MePEUNCIICHHBIX CBOMCTB
3amenuth Ha ¢; > 0(j =1,...,n).

Tabnuna, ONHOBPEMEHHO M IPSAMO U JBOMCTBEHHO JOIYCTUMAsl, HA3LIBAETCS OINTUMAJbLHOIM,
TaK Kak comepxkur onrumaspaoe pemenue 3JIII. Basucuble HeussecTHbIE j,,Tj,, ..., Lj,,
PaBHbL COOTBETCTBEHHO b1, bs, ..., b,,. Hebasucuble HensBecTHble pasibl 0. 3HaYeHUe Le1eBoi

dbyukuun f pasHo cp.

IIpsamoii cumniekc-mero. JlaHa mpsaMo J0mycTrMas TaO/INIA U Y0P I0YeHHbBIH CITUCOK
Oa3MCHBIX HEM3BECTHBIX T, , Ty s +ory Ty,

1. Eciu rabyinna JBOHCTBEHHO AOIyCTHMAa, TO 3a4a4a pemerna. Croi.
2. Haiitu manmenniree k > 1 Takoe, uto ¢ < 0.

3. Cdopmuposars muokecTBO M = {i: a; 5 > 0}

4

. Ecoim M = 0, To nenepas ¢pyHkma HeorpanmdeHa causy. CToIL.

bi .
5. Haittn a = min{— : i € M}
Qi k

6. Cdhopmuposars muOXKecTBO [ = {i € M : L= a}
Ak

7. Haiitu s = min{j; : ¢ € I}
8. Brmoguuth nrepanuio Merona laycca-2Kopaana ¢ BeLylnM 371eMeHTOM G j

9. Ilepeiitn x 1

3 O KOppeKTHOCTH CUMIJIEKC-METO/Ia

O6ocHoBaHME KOPPEKTHOCTH CHMIITIEKC-METOS, IIET ONTHMAJIBLHOE PereHre cpen Oa3NCHBIX
pemrennii. JlokayknuTe caMOCTOATEIHHO, OMUPASACH HA CIIEAYIONIee YTBEPXKIEHUE.

YrBepxkaenue 3.1. Ecniu ypaBuenume a1x1 + ... + a,x, = b uMeer HeOA3MCHOE PeEIIEHHE

x' = (24, ..,2},0,..0) C HONOKUTENBHBIMY T, .., T}, TO OHO HMEET HEOTPHUIATEILHOE PEIICHIe

' = (af,..,2},0,..0), B koropom z] = 0 xors1 Gl pu oxHom s € {1,..,k}.
Joxa3zaTesnbcTso. He6a3uCHOCTD T’ 03HAYAET, 9TO CTOJOILI A1 , ...0) JIAHEHHO 3ABUCAMEI,
T.€.
aiM + ... +aprp = 0.
Jlokazkure, 4T0 MOXKHO BbIOparb '/ cpeiu BEKTOPOB CJelyIOlero Buia:
/ /
(z] + tA1, .., xy + tAg, 0,..,0)
O

KoneuHOoCTBH IIpaBUJIa BJ'IBH,E[a B IIpAMOM aJiropmuTrmMme

Boi6op Beuyiero suemenra B uynkrax (b)-(g) upsmMoro ajiropurmMa Ha3blBAETCs LPABUIOM
Basuga.

Bepbaspaast hopmMynpoBKa MpaBujia: BEIOPATH BEAYIUA CTOIOET] C HANMEHBITUM HOMEPOM,
BEyIIyIO CTPOKY BBIOPATH TaK, YTOOBI BHIBECTH N3 DA3MCa CTOMOEI] C HAMMEHBIIIIM HOMEPOM
U3 BO3MOXKHBIX.



JlokakeM KOHEYHOCTb CHUMILIEKC-MeToia ¢ nmpaBuioM Bmsuga. [Ipeanonoxum, 910 mocie-
JoBaTeabHOCTh Tabauit 11,15 . .., 6GeCKOHEeYHA, TO eCTh KaXKAasd TaOanuIa COMEPKUT OTPHUITA-
TeJIbHbIA 3JIEMEHT B HYJIEBOW CTPOKE.

KomndecTBo 6a3uCHBIX TIOAMATPHUI] KOHEYHO, CI€OBATEIHHO, CYIIeCcTByeT uncao N Takoe,
9To B moamocaemoBarenbroctd Ty, Tni1,... Kaxkaas Tabanua BCTpedaeTcs OECKOHETHOe
qucyio pa3 — aaropur™ "3amukiuBaercs". ComepKuMoe JeBoil BepXHel KIeTKH OJHHAKOBO
BO BCeX TaO/IMIAX, TAK KAK B IUKJIE 3HAYECHNE NEJTEBON (DYHKIMU OCTAETCS MOCTOSTHHDBIM.

Vaamum u3 tabsmr 3To# MOAMOCIEI0BATEIHLHOCTH CTPOKKA W CTOJIOIBI, KOTOPhIE HU PA3y HE
cTaHOBATCH BemgymuMu. OTMETHM, 9TO B KAXK 0N TAOIHIIE

T Ten — o]

HOBO# TIOCTIEIOBATEIHLHOCTH HYJIEBOI CTOJIORI, 38 NCKIIOYEHHEM CAMOTO BEPXHErO IJIEMEHTA,
3aI0JIHEH HYJISMHU, TO €CTb, 3HAYEHUsI BCEX OA3MCHBIX HEM3BECTHHIX PABHBI HYyJ0. B mpo-
THBHOM CJIy4ae, [PU Iepexojie K Cieiylomeil Tadauie M3MeHnJIOCh Obl 3HAYEHHE IEJIeBO

dbyHKIIIN

Teneps, A1d yIpOINEHUs TOKA3ATEIbCTBA, PACCMATPUBAEM TOJBKO TAOIHIIBI C TPEMS CTPO-
KaM¥ — B OOITIEM CJIy9Yae M3MEHSTCH JIUITh Pa3Mepbl (DOPMYIT U UILTIOCTPAIH.

B moBOi#1 GeCKOHEUHO# MOCTETOBATEIBHOCTH JOJKHBI PETYISPHO MOSIBIATHCA CJIELYIOIHe
JBe TaOJWIIHI: B OIHOM TMOCJAEIHUT CTOJI0eI MATPUIIHT KO PUIINEHTOR BHIBOANUTCS U3 Das3uca,
a B JIPyTOif — BBOAUTCS B Da3wmC.

g . O PO CS<O [P 0 { }
ol --- 0 a1 >0 - 1 Tns Tk
0 e ]_ e a2’5§0 . e 0

gl - 0 ... 0 c;L<0

ol .- - 1 e 0 a’27n§0

[Tokaskem, 9TO 3TO HEBO3MOXKHO. PaccMOTpUM CHCTEMBI ypaBHEHWil, 3aMACAHHBIE B JTHUX
TabIUIAX:

g=cr1i+-+0-x+--+ csxs+--+0 -2,
O=ay o1+ +0- 25+ +a 05+ +1-2, (3.1)
O=agz1+---+1-zp+---+agszs+---+0-2,

g=dixi+- 4024+ +0 2y + -+ ay
O=aj o1+ +0- 2y +---+1 -2y +---+ay o0 - (3.2)
O:al2,1$1+"'+1'$u+"'+0'$v+"'+a/27n33n

STI/I CUCTEMBI JOJIZKHBI 6bITb 9KBUBAJIECHTHBIMH, TO €CTH JOJI?KHBI UMETH OJWHAKOBbIE MHO-
xectBa perrennii. Oanako, Habop

g =Cs, T = —A2,5, Ts5 = 17 Tp = —Al,s, Tj = 0 upu .7 ¢ {87 k7’l’L} (33)



YIOBJETBOPSAET MIEPBOI CHCTEME, HO He YIOBJIeTBOPSAET BTOPOM, IIOCKOIBKY IPH HOJCTAHOBKE
(3.3) B nepBoe ypaBHEHHUE [OJIyYUM PABEHCTBO

/ / /
Cs = —CRa2,s + Cy — €01 s, (3.4)

a OHO HEBEPHO, TaK KaK IIpaBad U Ji€eBad YaCTU UMEIOT Pa3HbIC 3HaKH.

4 O mpobJyiemMe HaXO0XKJIEHUS HAYAJbHOrO 0a3WMCHOrO pe-
IIIeHU

TpeboBanus, NpeabABIsieMble MPIMbIM CUMILIEKC-MeTonoM K 3JITT

HaiiTh minf =c'z,

IIPU YCJIOBUAX b=Ax, >0 (4.1)
AcR™ ™z, ce R";bec R™
OYEHDb KECTKHE:
E,CA (4.2)
b>0. (4.3)

Eciu stu TpeboBaHus BBIIOJTHEHDI, TO CUMILIEKCHAA TaOIAIA COAEPKUT OA3UCHOE JIOMYCTH-
MOE peIreHne, ¢ KOTOPOTro CUMILIEKC-METO/I HAUNHAET MONCK ONMTUMAJILHOrO perrerus. B mpo-
THUBHOM CJIy9ae MOXKHO CHAYAJIa TOATOTOBUATH 33149y [IJIs PEIIeHUs CHMILJIEKC-METOIOM TakK,
KaK 3TO JeaeTcs B CaeaylomeM paszgerne. B pasmenax 4.2, 4.3 w371araioTcs eIme JIBa CIIO-
coba pemnterusi mpobsembr npu b # 0. Oba cnocoba UCHoNb3yIOT BCIOMOraTeIbHbIE 33/1a91
JITHEITHOTO IPOrPAMMHUPOBAHUSI.

4.1 Metoa Basuga

[Ipeobpa3yem CTpOKHU paCHIUPEHHON MATPUIHI KOI(DMUIINEHTOB CHCTEMBI, UCTIOIL3YS JH000€e
MPABUJIO BHIOOPA BEIYIIErO 3JIEMEHTA, YTOOBI Oy IUTh OA3UCHYIO INHUIHYIO TTIOAMATPHUILY
1 yIOPSIOYEHHBIH CIMCOK L HOMepOoB 6a3uCHBIX Hem3BeCTHBIX. Ecin b # 0, To mponomkaem
IpeoOpa30BaHusl C MPABUIOM BJdHIA BRIOOPA BEIYIIEro 3/J1eMEeHTa:

BeiGpars HOMED Bemymmiero cronbua j° momep i’ Bemymeit crpoku B MHONKEcTBE {i @ b; < 0}
TaK, ITOOLI HOCTIe TTPEOOPA3OBAHTS C BEAYIITHM 3T€MEHTOM a4 < 0 m3 6a3mca OLLI BRIBEICH
cTOJIOEI] C HAMMEHBIINM HOMEPOM U3 BCEX BO3MOXKHBIX W BBEJEH B 0A3UC TaK»Ke CTOJIOEI C
HAMMEHBIITHM HOMEDPOM.

DopmasbHOE U3JI0KEHNE TTPABUIA :

1. Homep Bemymiero crosibia paBeH MUHAMAJIBHOMY J, Jjid KOTOPOTO
M:{i:ai,j<0,bi<0}7§@.
2. Haiitu j; = min{j; : j; € L,i € M }. Homep Beayiieii CTpOKK PaBEH §

[Ipomonkaem BbrauciieHus, MOKa JUOO HE MOJTYYINM CHCTEMY C HEOTPHUIATEHbHBIMU CBOOOI-

HbIMHU 4jieHaMu, J1ub0 He 0OHAPYKHUM, YTO CUCTEMA YPABHEHUIl HE MMEEeT HEOTPUIATETbHBIX

perenuiit .

Jloka3aTeabCTBO KOHEYHOCTH METO/Ia, pAaCCMOTPHM JjIid ciaydas m = 2. B mocmemoBaTensHO-
CTH CHCTEM ypaBHEHHiIl BbIOEpEM Ty, B KOTOPO# m3 0a3mca BBIBOIUTCS MOCTEIHHUI CTOIOEI]
MaTpuubl A.

bh=ai1z1+-+0-2p+- - F+ar s+ +1-2,

, (4.4)
by =ag1z1+--+1-2p+---Fayxs+---+0-2,

1B srom caydae Bce KO3 MUIMEHTE BemyImeli CTPOKKM HEOTPUIIATENbHEL.



Ora cucrema umeer pemierue Yy = (yi,...,Yn), B KOTOPOM Y, = b1,y = bz, a ocrajbHbIE
koMmoHeHThI paBHbl 0. OrMmerum, qro, corjacuo npasuiry Bmsuga by < 0,bs > 0. Ipesgmno-
JIO)KUM, 9TO B [OCJIEIOBATEIIBHOCTH €CTh CHCTEMA

b/1:a/171$1+-~-+0-xu+-~-+1-a:v—i----—i—a’l’nxn

4.5
by =apx1+ -+ Ly + 02y - ah Ty, o

B KOTODOH mnocienuuii crosden sosspamaerca B 6asuc. CormacHo npasuny Bismpa, b <
0,a} ,...,a;,_1 > 0mnaj, <0 Ho B srom cryuae BEKTOp y He YJOBIETBOPACT MEPBOMY
YPABHEHUIO 3TOU CHUCTEMBI.

CrenoBaTeibHO, HU OJIMH U3 OA3UCOB HE MOSBISETC ABAXK/IbI, TOITOMY MeTox Banaa mmbo
HaliIeT JOMyCTUMBIH 6a3uc, TuOO0 OOHAPYZKUT, YTO CHCTEMAa YPABHEHUI HE MMeeT HEOTPHUIA-
TEJIbHOTO PEIeHUsI.

4.2 IByxda3Hblii CHMILIEKC METOI.

PaccmorpuM BcioMOTraTeIbHYIO 33/1aMy:

HalT™H min f =1y = 1(b — Ax),
IIPU YCTIOBUSAX b= Az + Ey,
z,y > 0.

AeR™ Mz, ce R y,beRY,.

Tak kak y > 0,10 f = y1+y2+...Ym > 0, T.e. HUKHSAS FPAHUIIA 3HAUEHUI 11eJ1€BOH QyHKINN
pasHa 0, IpuYeM OHA JOCTUIKHUMa TOTJA U TOIBKO TOI/A, KOLJA YCIOBUA MCXOTHON 3a/1a9n
COBMECTHBI.

Takum 06pa30M, PEITUB BCITIOMOTATEIHHYO 33149y, MBI JTHOO BHIICHUM HECOBMECTHOCTD yCJIO-
Buil ucxomuoi 3amauu(ecau nomyunrcs £>0), 6o nosyuuM TabIMILy, B KOTOPOR HU OTHOM
73 HEM3BECTHBIX Y1, .., Y, HE OYJAET B CIMCKE OA3UCHBIX HEM3BECTHBIX.
IIpumep.
min(3:1 + 1‘2)
2x1 +x9 +x3 =4
3x1 4+ 222+ 23 =06
T1,X2,T3 Z 0

[lepBas ¢asza. 3anucbiBaeM yCI0BUS BCIOMOTATEIbLHON 33a9d W PEIIAEM €€ CHMILIEKC-
merogoM. CrpaBa OT KaxK10# TabJuIbl BBIMUCAHBI DA3UCHBIE HEM3BECTHBIE.

min(xz4 + x5)
201 + 2o +x3+ x4 =4
31+ 2x9+2x3+25 =06

T1,%2,T3, 24,25 > 0

fT0o 0 o0 1 1
412 1 1 1 o0 [ {24,205}
6/ 3 2 1 0 1




Bamyssiem KO3 GUIMEHTHI HyI€BON CTPOKK HAJL OA3UCHON MaTpuIei

L o o oz m o

£10] 5 3 2 0 0
11 1 ol {mewst
6 | 3 2 1 0 1
| lo @ a3 wg w5
f] 0 -1/2 1/2 5/2 0
1 1/2 1/2 1)z 0] {enas)

0 [1/2| -1/2 -3/2 1

ffTo 0 0 1 1
571 o 1 2 ] (lenm)
ojo 1 -1 3 1

JlomoTHUTETbHBIE HEM3BECTHBIE T4, T5 TOKWHYIHM OA3WC. Y Ia/I9eM TPUHAJIEIKAIINE UM CTOJI0-
IIbI ¥ BIIUCHIBAEM B HYJIEBYIO CTPOKY KOI(MDMUIMEHTHI 1, Co, C3.

fl]1 1 0
511 o0 1| tonme)
00 1 -1

Tabauna nouyru npaBuiibias. [lonpasisem HyIeByIO CTPOKY, BBIYUTAS U3 HEE CYyMMY IEPBOii
U BTOPO# CTPOK.

f2[0 0 0O
511 o0 1] teoed
0ol0 1 -1

OO6bIYHO € 9TOro MecTa HAYMHAETCS BTOpas (pa3a, HO HAM IOBE3JI0 — TabJuIa y2Ke OlTH-
MaJIHHA.

4.3 M-meTos,

Paccmorpum noByio 3a1ady (M - 3anaqy)
HafiTn minf=cla+M-1y
[IPH yCJIOBUSX b=Ax+ Ey
z,y >0
AEeR™™ zceR™, y,beRY

CumBon 1 o6o3HaYaeT CTPOKY U3 m enuHudex, M 370 HEKOTOPOE MOJIOKUTETHHOE YUCIIO,
60JIbIIIEE YEeM MOJYJIb JIIOOOrO YUC/IA B MPEACTOAIIUX HAM BbIYMCICHUSX.

(4.6)

Caa3b 97T0i 3a1a4u ¢ 3aga4eil (4.1) onucana B CIEAYIONMX yTBEPIKICHUIX.

Vreepxaenue 4.1. Eciu (4.6) umeer ontumanbhoe pemenne r = 20,y = 0, o (4.1) umeer

OIITUMAJIbHOE pelIeHue l’o.
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HokazaTenbcTso. OUTEMATLHOCTD perrenus x = z¥,y = 0 03HATAeT, UTO HEPABEHCTBO
ez < c'ax+ M- ly

CLIPaBeIMBO 1IPH JIOObIX T U ¥, yI0BIETBOPAOIMX ypaBuenuio Az + Fy = b. B yacraocru,

OHO CIIpaBEJINBO TIpH JHOOLIX & u y = 0, yIoBJeTBOpsIOMNX ypasHenuio Ax + Ey = b. A

MOJKHO CKa3aTh 3TO Tpore: HepaseHcTso ¢ 20 < ¢ crmpaBeamBo mpn mo6oM T, yIOBJe-
TBOpstonieM ypasuenuto Ax = b. Uro u rpebosasoch gokaszars! [

YrBepxaenue 4.2. Eciu 3amaua umeer ontumambhoe pemrenme v = 20,y = y° # 0, 10
zagada (1) — (3) He umeer JOIYCTUMOrO pereHmusi.

JokazaTenbcTBO. IIpeanonoxkum, 9To yTBepKaeHne HeBepHO. Ilycth © = o’ momycrn-
moe pemenue 3anaun (1)—(3), Torga x = a’,y = 0 momycrumoe pemenue 3axadu (4)—(6).
CreoBaTeIbHO, CIIPABEIJINBO HEPABEHCTBO

2+ M1y < e
Onuaxko, npu
cla' —clal

M>—5

TTOJTy 1aeM
Tl M1y > Tal + (cTa' —eTa®) =cTa
IIporuBopeune. [
Marpuua koaddunuenros B (4.6) couepKUT €MHUYHYIO OAMATPUILY, LI0ITOMY IIOCJI€ O/

CTAHOBKHU Y < b— Az B 1eIeBy10 (DYHKIIUIO TOTYIUM 33189y, K KOTOPOH MOYKHO TTPUMEHUTH
IPAMOI CHMIIJIEKC—METO/,.

HaliTn minf=c'z+ M-1(b— Az),
[IPU YCJIOBUSIX b=Ax+y, z,y > 0.
AeR™ ™z ce Ry, beR™.

IIpumep 4.1. Pemurs 3amaay
min(x; + x2)
201 +x9 +x3 =4
3x1 4+ 229+ 23 =26
x1,T2,23 =0

min(xy + xo + Mxzy + Mxs)
201+ 29 +x3+ 24 =4
3$1+21’2+1’3+$5:6

L1,T2,T3,T4,Ts5 Z 0

5 {(E4,.’E5}

W N =
N |
=
SETES
»—AOZc;g
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I | = xy w3 w4 w5 ||

f10M | 1-5M  1-3M 2M 0 0

4 1 1 1 o feews)
0 1

6 3 2 1
= 2 a3 xy w5 ||
f2] 0 (I-M)/2 (M-1)/2 (5M-1)/2 0
2 [ 1 1/2 1/2 12 0| lrnas)
0] 0 1/2 -3/2

| @ wo @z m w5 |

2] 0 0 0 Mfl M-I

2 1 0 1 2 S R CERE L)

ojo 1 -1 3 1

5 Omnucanue ABOMCTBEHHOTO CUMILIEKC-METOIA.

JaHa JBOHCTBEHHO NomycTHMas TabIWIE W YHOPSIOUYEHHBIH CIHCOK HOMEPOB GA3MCHBIX
Hen3BecTHbIX L = {j1, 2, ..., jm }

1. Ecnu rabnuna npsmo jgomycruma, To 3agada pertena. Crorr.
2. Haiitu naumenbiee j; € L Takoe, aro by < 0.
3. Cdopmuposars MuokectBo M = {j : as; < 0}

4. Ecnm M = (), TO ycI0BHSA 337290 HECOBMECTHBI(CHCTEMa YPABHEHNH He IMeeT HeOTPH-
)
naresnbHbix pertenuii). Cro.

i

5. Haittn o = max{ : j e M}

5,9

6. Cdopmuposars muoxkecrso J = {j € M : - a}
As,j

7. Haiitn k = min{j: j € J}
8. Bemomnurs nrepanuio Merona I'aycca-zZKopaana ¢ BeLymuM 371€eMEHTOM G

9. Ilepeiitu k 1

6 3amaua JIII B crapgaprHoil dbopme

Omnpegenenne 6.1. Crangaprabie ¢popmbr JIIT:
max{c'z: Az <b},
min{c'z: Az > b}.

Paccmorpum crieayromyio 3a/1ady JIMHEHHOTO TPOrPpaAMMHUPOBAHUS B CTAHIAPTHON (dhopme
max f = —2x; + 3z2
—3x1+22 <0
T+ 229 <7
4o + 29 < 14

12



O6macts M DOMyCTUMBIX 3HAYEHUH OIPAHIMYEHA ITPIMBIMT
1: =321 +29=0
12: ©14+229=7
[3: 4z + 120 =14

IIpambre (1,12 nmepecekatorcsa B Touke p; = (1,3), npambie 12,13 mepecekaroTcs B TOYKE
p2 = (3,2). KpacubiM nperom HapucoBaHa juHus ypoBasa GyHkuuu f = —2x1 + 33, BEKTOD
f ykasbiBaer Hanpassienus Bo3pacranus Gyuknuu. CiuegoBaresibHo, MakcuMyM f paBeH 7 u
JIOCTUTAETCS B TOYKE P1.

Dyukuus g = 5xy + 3xo (CUHUA JMHUS YPOBHS) JOCTUTAET MakCuMyMma Ha M B TOYKE Po.
Oyuruust h = x1 — 5ro Ha M HEOrpaHWYEHA CBEPXY.

PI/ICyHOK JEMOHCTPUPYET TEOMETPUIECKNE aCTIEKTHI 3aJa91 JIMHEIHOTO TporpaMMpOBaHUA C
ABYyMAd HEN3BECTHBIMU:

1. MHO2kKEeCTBO [OMyCTUMBIX PEIIeHUH MPEACTABISET COOO BBIMYKJIYI0O MHOTOTPDAHHYIO 00-
JIaCTh.

2. OuruMasbHbIe PElIeHns] HAXOAATCs Ha IpaHuiie obyacru, 6ojee Toro, ONTUMAIbHBIM Pe-
MIIEHUEM SIBJISETCS OTHA U3 BEPINUH ODJIACTH.

3. Bepmmua p; onrumanbHa st GYHKIUK f HOTOMY, YTO HOPMAJbHBIN BeKTOp f MpHHAJ-
aexkur Konycy cone(ly, ls)(kpacnas obiacrtb)

Bepiuna p,; onrumasnbaa 11 GYHKIIUN ¢ IIOTOMY, 9TO HOPMAJIbHBIN BEKTOD ¢ IPUHAIIEIKAT
Kouycy cone(la, l3)(cunsist obmacTh)

®yuknusa h #eorpanmyena #Ha M TOTOMY, 9TO HOPMAJBHBIA BEKTOP h HE NMPHHAIJIEKAT
konycy cone(ly,la, l3)(cymma cuneii u Kpacuoit obsiacreii)

MpbI MOKeM, ONEPasiChb HA CBOE MPOCTPAHCTBEHHOE BOOOPaXKeHHe, HAOIIOIATh 3T (PAKTHI 1
B JIII ¢ Tpems HemsBecrHbiMU. B mpocrpancrBax 00jiee BICOKOH Pa3sMEPHOCTH HEOOXOMUMO
CTPOTOE AJIredpPanIecKoe OMICAHUE.

13



Onpenenenne 6.2. OTPe3KOM, COSIUHAIONMM TOYKH P U P2, HA3BIBAETCA MHOMKECTBO
[p1,p2] = {p1t1 + pata s t1 +ta =1, > 0,t > 0}.

Onpenenenne 6.3. MuoxecTBO ToueKk M Ha3BIBAETCS BBIMYKIBIM, €Cau [p1,p2] € M agist
BCAKUX p1,p2 € M.

Onpenenenne 6.4. MuoxkecTBO perreHnii CHCTEMbI TINHEHHBIX HEPABEHCTB HA3BIBAETCS 0~
suaapoM. OrpaHuYeHHbBI TOMUIAP HABBIBAETCS TOJIUTOIIOM.

B wacTHOCTH, MHOXKECTBO JOTTYCTUMBIX PEMTIEHUH KAHOHWYECKON m crangapTaoit 3amaqa JITI
SABJIETCS TIOJINIPOM.

YrBepxkaenue 6.1. Beaxwuii mosmsap SBISETCA BBIMTYKJIBIM MHOXKECTBOM
Hoxka3zarenbcrBo. /Jloka3arb caMoCTOATENbHO. []

Onpenenenune 6.5. Touka, npuHAIIEKAIIAS TOJIWIPY, HA3BIBAETCS BEPITUHON WJIH Kpaii-
Hell TOYKOM, ecjii OHa He paBHA MOJIyCYMMe JIBYX JAPYTUX TOYEK 3TOTO IMOJIN3IPA.

YrBepxkgenne 6.2. Ilycts A € Q™" rank A = n, b € Q". Touka p ABJAETCS BEPIIUHON
B IOJII3IPE, 33JaHHOM HEPABEHCTBOM

Ax <b (6.1)
TOrIa W TOJBKO TOT/A, Korja B Marpuie (A b) Hafigercs mogmarpurna (A’ b') panra n rakas,
aro A'p = b'.

Hoxkazarenbcrso. Bygem cuurars, yro marpuna (A’ b') conepxut ko3 duimenTs Beex
HepaseHncTs cucreMbl (6.1), koropbie obpataorcs B paBeHcTBO npu « = p. Takum obpasoM,
ecim ob6o3uaunThb (A" b)) nonomnenune (A’ V') no (A b), cupaBenmBO HEPABEHCTBO

A'p <. (6.2)

IIycts h — BekTOp Takoii, uro npu jobom t € R touka x; = p + ht ymoBieTBOpseT ypas-
mennto A’z = V. Takoii BEKTOp 3aBeJOMO CyIIECTBYET, HAIIPUMEpP, MOKHO BuIOpaTh h = 0.
VrBepxkenne OyaeT JTOKA3aHO, €CIU Mbl CMOXKEM yOeauTbCs B TOM, 9TO h HEe MOXKeT ObITb
HEHYJIEBBIM.

Paccmorpum HepaBeHCcTBa

Al/xt S b//
A'ht < b’ — A//p
Tak kak b — A”p > 0, ToO MHOXKECTBO PEIEHMI BTOPOH CHCTEMBI HEPABEHCTB SIBJISIETCS

OTKPBITHIM UHTEPBAJIOM € BHyTpeHHe# Toukoii t = 0. CienoBaresnbHo, HafeTCs JOCTATOYHO
MaJioe 4ucio € > 0 rakoe, 4ro T, T_e yaosaersopsor (6.1).

[TockombKy p KpaiiHss TOYKA, TO U3 PABEHCTBA
p= %(xe + l'fe)
CJIETYET, ITO
p=x.=x_~h=0.
JokazaTenbcTBO 3aKOHIEHO. [

YrBepxkaenue 6.3. Ecin B pazpemumoii crangapTroit 3agade JIIT marpuia koadgduimen-
TOB MMEET TOJIHBIH CTOMOIOBBIN PAHT, TO 33/1a9a UMEET ONTUMAJIBHOE PEIEHNE, TBJISTIOIIeeCs
KpaiiHell TOYKOM.

Hoxka3zarenbcrBo. /Jloka3arb caMocToaTebHO. []
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BepHo 7, 94To BepimmHAME MOU3APa KaHnouudeckoii JIIT aBisrorcss 6a3ucHbe JTOMyCTUMBIE
peleHust?

[psamoit cumiiekc-mero pernaer Kanonundeckyio JIII, nepememnasics or oguoit "npasusibHOR
tabsunbl"'K apyroit "npasunbuoil Tabaume". Temepb MbI MOYXKEM CKa3aTh, YTO TO ABUKEHIE
MIPOMCXOIUT IO pedpaM MoJIU3apa OT OJHON BEPIMUHBI K APYTOil BEPIIWHE.

CroJi010BbIE BAPHAHTBI CUMILIEKC-METO1a HAaYMHAIOT paboTars ¢ Tabauneit

1 Ljmi1 Lo e Ljn—m
_f 0 c1 Co . Cn
Ty || br | =01y T T015,
xj2 b2 _a2,jm+1 _a2gjm+2 _a’z’jnfm
xj b —pm,j —Qm,j —m,j (6:3)
Jm m myIm+1 mMyJIm+2 mMyJn—m
w0 |1 0 0
w00 1 0
T _m 0 0 0 s 1

Han Tabmaureit mepeunciensl Bce Heba3ucHbie HenspecTHbie. CTpOKU comepxkar Kod(h uIm-
€HTHI PA3JIOXKEHNUS BCEX HEM3BECTHBIX 3a/Ia9M M0 HEOA3UCHBIM Hem3BecTHbIM. Hampumep, pas-
JIOJKEeHNe

Tj, = bl — a —a

;j?rL+1‘rj7n+1 7.j'rrz+2mjnL+2 T alﬂl'n,f?n xjnfnﬂ

[OJIY YAETCs U3 IIEPBOI'O YPABHEHUsI CUCTeMbl b = Ax.

TaGuIpl HABBIBAIOTCA NPAMO QONYCTNUMbLMU, €CIIU HEOTPUIIATEIHHBI JIEMEHThI HYJIEBOIO
cTosiona(KpoMe CaMoro BEpXHEro) U 0d60UcmeerHo Jonycmumbimu, €CJIU HEOTPUIATETbHBI
9JIEMEHTBI HYJIEBOH CTPOKU(KPOME CaMOro JIEBOIO).

Tabnuna, OJHOBPEMEHHO U [IPAMO U JABOMCTBEHHO JOILyCTUMAasd, HA3bIBAETCH ONTUMAJIbHOII.

OnTuMasnbHoe pemenue 3amadm: ;1 = by,%j2 = ba,...,Tjm = by, 3HaUEHHA HEOAZUCHBIX
HEU3BECTHBIX paBHbI (.

Onrtumanbhoe 3naverre PYHKIUE f PABHO YUCJY B JIEBOM BepxHEH KJIeTKe CTOJIOI0BOM Tab-
JIMIE W 9UCTY B JIEBOH BepXHEH KJEeTKe CTPOKOBOI TabJIUIe B3ATOMY C MPOTHBOIOJIOKHBIM
3HAKOM.

Cro/fI0Bble BADHAHTHI BBIMOJIHSIIOT 3Ty MPOIEAYPY €O cTosbnamu tabmunst (1.4).

’ ‘ 1 ‘ X1 i) T3 T4 ‘
f]10]-2 -4 -1 -1
zy |0 1 0 0 0
z2 | 0| O 1 0 0
50| 0 0 1 0 (6.4)
zqg | 0| O 0 0 1
75 | 4] -1 3% 0 -1
ze | 3| -2 -1 0 0
z7 | 3] 0 -1 -4 -1
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’ ‘ 1 ‘ T ZIs I3 T4 ‘
£ ]-16/3]-2/3 4/3 -1 1/3
1 0 1 0 0 0
zo | 4/3 | -1/3 -1/3 0 -1/3
x3 0 0 0 1 0
Tq 0 0 0 0 1
Ts 0 0 1 0 0
z6 | 5/3 | -5/3 1/3 0 1/3
z7; | 5/3 | 1/3 1/3 -4¥ -2/3
| 1 [ = T5 x7 x4 |
£ 1-23/4] -3/4 5/4 1/4 1/2
1 0 1 0 0 0
Ty | 4/3 | -1/3 -1/3 0 -1/3
zs | 5/12 | 1/12 1/12 -1/4 -1/6
T4 0 0 0 0 1
T5 0 0 1 0 0
z6 | 5/3 | 5/3* 1/3 0 1/3
T7 0 0 0 1 0
‘ 1 ‘ Te Iy T T4
£ ]-13/2]9/20 11/10 1/4 7/20
| 1 3/5  1/5 0 1/
T2 | 1 15 2/5 0 -2/5
zs | 1/2 | -1/20 1/10 -1/4 -3/20
T4 0 0 0 0 1
T5 0 0 1 0 0
T 0 1 0 0 0
7 0 0 0 1 0
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7 JIBOiiCTBEHHOCTDH

Crenyromue nse 3anaqan JIII HA3BIBAIOTCS ABOHCTBEHHBIME IPYT JIPYTY:
min{f =c'z: Az =b,z >0} (7.1)
max{g=b"y: ATy <c} (7.2)

Vreepxkaenne 7.1. Ecm 29,90 nomycrumbre pemenus 3amaa (7.1)(7.2) cooTBercTBeHHO,
TO

by’ <claf (7.3)
HokaszareancTso. Tak xax 2 > 0, To
ATyO <crs (J)O)TATyO < (C(:O)TCN (AmO)TyO < CTJJO ~ bTyO < CTZ'O.
Yto u TpeboBasock. [

VYreepxkaenne 7.2. Ecim 29,90 nomycrumbre perenms 3amad (7.1)(7.2) cooTeTcTReHHO,
u

by =cTaf, (7.4)
10 2°, 9" onTUMaTLHEBIE pelTeRns COOTBETCTBYIONINX 3a,1a.

Hokazarenbcrso. Yrsepx/ienue ciegyer u3 nepasencrsa (7.3) O

Vreepxkaenne 7.3. Ecin 3anaua (7.1) umeer onrumanbHOe pereHue, To 3axada (7.2)
TaK>Ke IMeEeT OIITUMaJIbHOE pEeHIeHue.

Jokasarenbcrpo. Ilyers 20 6asucnoe ontumambhoe permenne 3agaan (7.1). Torma cy-
MeCcTByeT pas3dueHunst

e Marpuibl A Ha monMmarpunsl B u N
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® BEKTOPA T HA BEKTODPHI Tp U TN
® BEKTOPA ¢ HA BEKTOPBI CB U CN

TaKWe, 9TO CUMIIJIEKC-METO/I, TPEBPAIAs UCXOAHYIO TAOJUILY B ONTUMAIHHYIO

L [es[on] | [ 25 | TN

fleg len || f=cgB™ | 0 | cfy—cLBIN | (7.5)

b | B| N B~Tb E BN

IIoJIy4aeT CjaeAylolnue pe3ybTaTbl:

2% =B (7.6)
2% =0 (7.7)
f=cgB™ ' (7.8)
¢y —cgBTIN >0 (7.9)

Cdopmynupyem 3amady (7.2), NCTIONB3ysT BBEIEHHBIE BhINTE 0003HATEHUS:
maxg=>b'y
BTy <cp (7.10)
NTy<cy

Bamerum, uro "cienok” ¢ 310ii 3aua4u MOKHO 0bHapyKuTh B popmyJie (7.5), ecuu upocmar-

pUBaTH MEPBYIO TAOJIUIY HE CJEBA HAMPABO, a CHU3Y BBEPX.

Bosee Toro, ecaiu oueHb BHUMATEIBHO UCCJIE0BATH BTOPYIO TAOJIHUILY, TO MOKHO OOHADY KU TH
sexTop y° = (c5B™1) T, koTopwrit sBAseTca gomycTuMbiv perennen 3agaqu (7.10).

Tak kak
DTy =T (chB )T = (BT = (chad)T = (¢Ta")T = cTa?

to 3° — onTumasbHOE pemenue 3anaun (7.2). O

)

Cy1iecTBy0T IpUMEpPHI IIap B3UMHO ABOMCTBEHHBIX 3aa4, HE NMEMOIINX JOILyCTUMbIX Pelle-
HUIA.

CumMMeTpust HApYIIaeTcs, ecan IesaeBast GyHKINSA ONHONW W3 3a/JaY HeorpaHudvena. B srom
Caydae BTOpasi 337a49a IBONCTBEHHON Mapbl HE MMEET IOMYCTUMBIX DeIeHuil. ITorT (hakT
obbsicHseTCsT HepaBeHCTBOM (7.3) .

8 DKoHOMUYECKasd MHTEIIPeTanus JBOMCTBEHHOCTU

[Tapa ABOCTBEHHBIX 33129 MOXKET UMETh U JIPYTOil OOJIHK:

max{f =c'z: Az <b,x >0} (8.1)
min{g=>b"y: ATy >cy>0} (8.2)
ITepBas MomeIb OMUCBIBACT IPOU3BOACTBO C pecypcaMu by, . . . , by, KommdaecTsoM a; ; pecypca

1 — TO BUJA JJI TIPOU3BOCTBA, YCJIOBHON €IMHWILI MPOAYKTA j — MO BUAA W CTOMMOCTBIO C;
YCJIOBHOM eIWHUIIBI TPOJIYKTA j — I'O BH/IA.

Ha pbiake mpogaercs mpoayKT, a TaKyKe H3JUIIKA PECYPCOB MO PHIHOYHOM 1ieHe ;. CyMmmap-
HBIH J10XO/1, IPOU3BO/ICTBA PaBEH

Lz,y)=c'a+(b—Ax) y=bly+a (c—ATy).

[esib MpOM3BOACTBA - YBEIUUEHUE TOXOIA, & IEJIh PHIHKA — HE JaTh CJIWIIKOM Pa300raTeTh.
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laparTupoBaHHBIN JOXO TPON3BOACTBA

— inL .
f max min (z,y)

laparTupoBaHHBIN yCIIEX PHIHKA — YMEHbBIIIEHUE JOXOIa 10

g = minmax L(z,y).

y>0 >0
Tak kak
. —oo upu Az £ b
min L(z,y) = ¢ -+
y>0 c' v upu Ax < b
TO

f= max{c—rx : Az < b,z >0}
Amnanorunyso, us
oo mpu AT c
max L(r,y) =4 P _yrz
x>0 b'yupu A'y > ¢
creayer
g=min{sTy: ATy> e,y >0}
Taxum o6pazom napa z, y° onTumanbabx pemennii 3a1a4 (8.1), (8.2) onuckBaeT cocTogHNEE
PABHOBECHS B CHCTEME ~TPOU3BOICTBO—PHIHOK.”

9 MomudnnupoBaHHBIA CUMILIEKC-METOI,.

[ [esfov] | EZN T
fleg len |7 f=cgB | 0 | ¢y —cLBIN | (9.1)
b | B | N B~ E B7IN

Tabmuupt B dopmyie (9.1) IeMOHCTPUPYIOT CBsA3b HaYaIbHONW Tabsuipl Ty ¢ 11000l Tab-
muneii B nocaeposarensuocru T = {1y, Ty, ..., Tk, ... } Tabnun, HOPpMUPYEMBIX CHMILIEKC-
mMeTo1oM. OKa3bIBAETCs, MPOU3BOILHYIO TAOIUILY MOXKHO BOCCTAHOBUTD, €CJIU BMECTO MOCTIE-
JIOBaTeIbHOCTH 1 BBIMHCIATH Hocaenosarenbiocts P = {By t By Lo, B, Lo .} obpar-
HbIX 0A3UCHBIX MATPHUIL.

ITpeoGpasyem Tabsuipt (9.1). Crapyxku ybepeM HeHyKHYIO ceifiuac CTPOKY ¢ HEU3BECTHBIMU
7 mepeodOPMHUM COIEPIKUMOE.

Flep | ek |—u| f=csB™' | 0 | ey —cpB™'N
b|B|N B~'b E B~'N

B nagaspHO# Tabanie BMecto pasbnerns A = (B N) marpurpl Ko3ObUIMEHTOB, NHATNH-
POBAHHOrO Ga3UCHOI MaTpuieil BTopoil Tabmunet u3 (9.1) , ucnonbdyem ’poanoe” pasbuenue
A= (E N). Bamerum, 9T0 COIIACHO NPUHATHIM O003HaueHusM cp = 0. DTOT napamerp Hu-
I7le He UCMOJIb3YeTCs U SBJIEH 3/IeCh JIUIIb JJisi TOr0, YTO0Bl YCTPAHUTH BO3MOXKHOE BIIEYaT-
JIEHHE O HECXOJCTBE yCTpoiicTBa Tab/ull: Bropas Tabiauna B cieaytomeil hpopMmysie aBiasercs
MabIoHOM dasa écexr mabauy B T, BKIIOUAST HAYAIBHYIO.

0| 0] ey || —cB7'b | —cgB™ | ¢} —cfB'N (9.2)
b| E| N B~ B! B~IN

KiroueBbiMu mapaMerpaMu, BIHSIONIMMEA HA BBIYUCIEHUS BO BTOPOH Tadmure (HopMyJibl
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(9.2), aBnsorcs
e marpuna P = B!,
e BexTOp-cTOMGeI p = B~1h,
® BEKTOp-CTpOKa T = —cgB 1.

CuMnierc-MeToz IpeqnuchBaeT BLIOPATh HOMep j Takoil, 9To ¢;j+ma; < 0 1 mpeobpa3oBarhb
TaOJIAILY, UCIOIB3Ys BeLyIuil cTOI0err
m = |9 +mﬂ] . (9.3)
q P(lj
Naest MoguUINpOBAHHOTO CHMILIEKC METOIA COCTOUT B TOM, 9TO OOBEM BBIYHCIEHUH Cy-
[IECTBEHHO YMEHBIIUTCs, eC/in BMecTo Tabul (9.2) npeobpa3oBbiBaTh Tab/IUILy

mo | m | p (9.4)
p Pl g
[Toce xazkmoro srama mpeobpa3oBaHmuil HAMO 3aAMEHUTDH COAEPKHAMOE IOCJIEIHErO CTOI0mA
no ¢dpopmyne (9.3) .

10 TpancoopTHad 3aaada.

ITo 3amannoit maTpuiie

C1,1 C1,2 e Cin
C2.1 C2.2 . Con
C =
Cm,1 Cm,2 e cm,n
T BeKTOpaM @ = (ay,as, - ..,0m)  u b= (by,by,...,b,) TpebyeTcsa HAHTH HEOTPUITATETHHYIO
MaTPUILY
Z1,1 x1,2 . T1,n
X211 1'272 N T2.n
X = ,
Tm,1 Tm,2 . Tm,n

JIJISE KOTOPOII MUHHUMAJIbHA CYyMMa Zl ; Cijij. Cymma cronbunos Marpuipl X J0KHA PaB-
HATHCS @, a CYyMMa, CTPOK — b.

ITocKOIBbKY CyMMa BCEX HEM3BECTHBIX, C OHOI CTOPOHBI, PABHA y . d;, & C APYTOil CTOPO-
HbI, paBHA, Y y b;, TO HEOOXOIUMBIM YCJIOBHEM COBMECTHOCTH OTPAHWYECHUH 3aa9i ABJIAETCA

PaBEHCTBO
E a; = E bj .
( J

OKEL3]>IBEL€TCH, Y9TO YCJIOBHE ABJIAETCA U JOCTATOYHBIM, IIOCKOJIBKY YHCJIa
aibj
Zi g

YIOBJIETBOPAIOT YCJIOBUAM 38/1a4U.

Tij = , 1€ {172, ...,m}7 j e {172, ,n}
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Beenem obosnagenus: B = [ay,...,Qm,b1,...,bn] ",

1, 0 0
0 1, 0
A= :
0 0 1,
E, E., ... E,

Bripaxkenne 1,, o6o3naqaeT cTpoKy u3 n eqwauil. Ecan npeacrasuts maccubl X u C' B Buze
CTPOK

X =211, 21,2, Ty L2015, 82,25 - - - L2 05 -+ 3 Ty 15 T2y - - - > Lrnm)
C= [Cl,la C1,2,---,C1nyC21,C22,-..,C2ny---,Cm1,Cm2, .. )C’I’n,n]7

TO TPAHCIIOPTHAS 3312494 MPEJICTAHET 3a/1a49eil THHEHHOTO TPOrPAMMUPOBAHKS B KAHOHUYE-
ckoit popme

minf =CX "
AXT =B, X >0.

[Yopakaenne lokaxkure, uro rank A =m +n — 1]

HeynusurenbHo, osTOMYy, 9T0 MEMOJ NOMEHUUAA0E PELIEHUS TPAHCIIOPTHON 3aa9K SBJIs-
ercs momudukanuei MoauMUIMPOBAHHOTO CUMILIEKC-METOIA.

Pazbepem 3ToT MeTO Ha IpEMeEpe.

IIpumep. Pemmurh TpaHCIOPTHYIO 33734y, €CIH

3[4747]1
C=[4[314]2] a=(4,12,6)", b=(2,5,4,11)
2241

Pemenne. Tlpunumem xk marpune X copaBa BeKTOp a, CHuU3y - BeKTop b. 3amomnsiem X
METOJIOM CE8EPO-3aNadH020 Y2.Aa:

1. 11 = min{al,bl} = 2,a1 =a; — xn,bl = b1 — T11-
2. BaKpaLHI/IBaeM CTPOKY WJIn CTO.H6€LL C HYJIEBBIM DECypCOM

3. IloBropstem myHkTH 1 U 2, MOKA HE W3PACXOIOBAHBI BCE PECYPCHI.

4 2 2 2|2
12 12 12
6 6 6
2 5 4 11 5 4 11 3 4 11
2|2 22 2|2
3 90 3|45 3045 .
6 6 6
1 11 6
212
X = 3745
6

VYupakaeane Jlokaknure, 9T0 METOIOM CEBEPO-3AIAIHOTO YIJIa B TabJIHIe
U3 M CTPOK W M CTOJIOOB OyayT 3aMOIHEHBI M + 1 — 1 KJIeTOK M ITO CTOJ0IB MaTpunsl A, cooT-
BETCTBYIONINE 3AIT0THEHHBIM KJI€TKaM, JTMHEITHO HE3aBUCUMBIL.
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ITo memycThIM KIeTKaM MATPHUIBL X MOMKHO COCTABHTD CIIHCOK OA3UCHBIX HEM3BECTHBIX {T1,1, £1,2, T2,2, £2,3, T2,4, L34}
— OHHM COOTBETCTBYIOT 3aKPAIIEHHBIM CTOJIOIAM HUKEIPUBEIEHHON CHMILIEKCHON TabInIIbI.

[ f [enn [ o | cis | ca [can | con | cos | cos [ ca1 | 32 [ cas | caa |
aq 1 1 1 1 0 0 0 0 0 0 0 0
a2 0 0] 0O ]| 1|11 ][1[0]0]o0]oO
as 0 0 0 0 0 0 0 0 1 1 1 1
bb| L | 0| 0| 0|1 ]0]0|O0]|1]0]O0]oO
b 0 1 0 0 0 1 0 0 0 1 0 0
b3 | 0 | 0 | 1L | 00| 0] 1]0] 0|0/ 1]o0
by 0 0 0 1 0 0 0 1 0 0 0 1

YT006BI MPOBEPUTH, ONTUMAJIHHO JIH HAKACHHOE PeIleHne, HAA0 W3 MEePBOM CTPOKH BHIYECTH
TaKyIo JUHEHHYI0 KOMOWHAIWIO OCTAJIbHBIX CTPOK, YTOOBI MOIKpAIeHHBIE C;; OOPATHIINChH
B 0. Eciz B pe3ynbrare MOMyduTCsS HEOTPHUIIATEIbHAS CTPOKA, TO PEIIeHre ONTUMAaIbHO. B
LIPOTUBHOM CJly4ae, HailleTcd OTPULATe/IbHOE C;;. Torjga nao u3menurs 3Hadenue ;5. Ko-
3¢ UIHEHTHI TMHERHOW KOMOWHAIINN TTPUHSITO 0003HAYATH OYKBAMU U1, U2, ... JJIsT TIEPBBHIX
ypaBHEHUi1(COOTBETCTBYIONMX BEKTOPY @) U OYKBAMU V1, V2, ... JJIf OCTAJILHBIX YDPABHEHWIA.
g vaxoxaennss KO3(MOUIUEHTOB HAIO PEITUTh CUCTEMY, KOTOPAs JJIsi KaXKI0r0 YKEeJITOTO
Cij COIEPXKUT ypaBHEHUE
Ui + V5 = Ci

B nambaeiinem, 01HAKO, MBI He OyIeM 00paIaThcs K cuMILIekcHo Tabume. Ceirgac 310 mo-
HaJ00UIOCH JIUITh JJIs TOTO, YTOOBI MOTY€PKHYTH CBSA3b METO/IA MOTEHITHAJIOB U CHMILIEKC-
merona. Hy»kHbie mapbl HHIAEKCOB &, j IJIs COCTABIEHUS YPABHEHUI HAM TIOCKA3BIBAIOT HEITY-
crble KiaeTku Marpuibl X. [IpaBble yacTu ypaBHEHHH H3BJIEKAEM U3 JKEJITHIX KJIETOK MAT-
putet C.

212 31441
X = 3145 |C=|4]| 3| 4| 2
6 212|411

DopmMupyem cucreMy ypaBHEHUH. U, TIOCTE TIOACTAHOBKY u1 = (), HAXOIUM 3HAYEHUST OCTATb-
HBIX HEM3BECTHBIX, 3aT€M M3 BCEBO3MOXKHBIX CYMM U; + v; cocTapadeM Marpumy W

uy +vy =3 v =3

u +vo =4 vy =4 3 4 5 3

up =3 Ju=—1 0 [374[5 Ml ,,
Ug + vy =4 vy =>H 1213 )4]2

Ug + V4 = 2 vy =3 2 1]2)3]1
us+vg =1 uz = —2

Pewenue X onumasnbuo upu yciosuu C > W (Marpuipl CPAaBHUBAIOTCH [103/IEMEHTHO). DTO
YCTIOBWE He BBITIOTHSAETCS, TaK KakK ¢14 = 1 < w4 = 3. CrenoBarensro, HAIO TepeiiTH K
Ipyromy 6asmcHoMy pemenmo. Cravanga JOOABUM X1 4 B CHUCOK Oa3WCHBIX HEM3BECTHBIX,
nmomeTns cumBosioM ' + ¢ cooTBeTcTByOMYI0 KileTKy marpunpl X. B pesymbrare uwmcso
HEIIYCTBIX KJIETOK B TAaOJIUIE YBEIUIUTCA Ha 1 W cTaHeT paBHBIM 8.

VYupakaenue. B tabuie u3 m cTpox u n CTOIOIOB OTMEYEHBI M + N KiIeToK. JlokaxwuTe, 9T0 Cy-
IIeCTByeT SaMKHyTbeI MapHIpyT, COCTOﬂIl(I/IfI U3 YE€PEeayIOMMNXCA TOPU3OHTAJIBHBIX U BEPTUKAJIBHBIX
OTPE3KOB C KOHITaMW B OTMEYEHHBIX KJIETKaX.

Hauwnas ¢ momedeHHO# KJI€TKH, TOCTPOMM 3aMKHYTBIH MAPIIPYT, PACCTABISA B KJIETKH
yepeaymommecs cuMBOIbl —t u +t( TakuM 00pa3’OM KaxK/blil OTPE30K MAPIIPYTa JOJIKEH
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COETUHATDL KJIETKHU C Pa3HbIMHA 3HaKaMI/I.) Kierku MapHmpyTa BbLAEJTEHDbI 2KEJIThIM IIBETOM.

2| 2—-t +t
X — 3+t | 4] 5—1
6
Teneps HaAO BHIOPATH MAKCHMAJIBHOE 3HAYEHHUE ¢, TPU KOTOPOM IJIEMEHTHI TaOJIUIbI OCTa-

HyTCd HeoTpuuaresibubiMu, T.e. t = 2. Knerka (1,2) cranoBurcs nycroii. Hauunaem noBbiii
9TaN BBIUYUCIEHUN C HOBBIM JOMYCTUMBIM OA3MCHBIM pereHueM X

2 2 31441
X = 51413 |C=|4]| 3| 4| 2
6 212|411
DopMupyeM CUCTEMY YpaBHEHWil, HAXOAUM perienne npu u; = 0, coctaBiassem W
UL +v1 =3 v =3
u +vg =1 vg =1 3 2 3 1
uptvp=3 | Ju=1  0[3[2[3[1] .,
Us +v3 =4 uz =0 1 4 31412
Ug +v4 =2 vy = 2 th 3]1
us +vg =1 v3 =3

Haxoapm 1MuK 1, HAYMHAA ¢ KIeTKH T3 1, JOOABIAeM B KIeTKH CUMBOMBI +t 1 —t

2—1t 24+t
X — 51| 4 3
+t 6—t
Ilonaraem t = 2 n HaAYWHaEM HOBBII dTal
4 314|141
X = 51413 |C=| 4 3| 4| 2
2 4 212141
Uy +vg =1 vy =1
Ug +v9 =3 up =1 2 2 3 1
Uy +v3 =4 ug =0 0122|131
— — =W
Uo +v4 =2 vy =2 113131412
uz + v =2 v3 =3 0p2]2]3]1
us +v4 = 1 V1 = 2
Hepagerncreo W < C' cnpaseminBo. OnruMaabHOE PEIIeHne HAlIEHO.
11 3amada o0 prok3ake
Haitrn
on(b) = max{c1z1 + cawa + -+ + CnZp| @171 + @22 + - + anx, < b} (11.1)

Ipu yCJj0BUH, 4TO BCE IIapaME€TPbl ABJIAIOTCA HEOTPUIIATC/IbHbIMU IEJIbIMU YUCJIAMMU.

IToxvepkHeM, 9To BhIpaykeHue @, (b) we onpenenero npu b < 0 u
©n(0) = 0.
Meron permienuss OCHOBAH Ha POPMYIe
©n(b) = max{pn_1(b), on(b —an) +cn} (11.2)
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IIpumep 11.1. Pemuth 3a71a4y 0 proK3ake
max(zy + 3x2 + 523 + 9z4)
2x1 4+ 329 + 4dag + Txg < 10
Perenue.
1. Boruucasem 3unauenun ¢1(b) = max{x1|2z17 < b}, upu b € {1,..10}. OueBnano, uro
b
v1(b) = {ZJ . BanosHsIeM nepBy0 CTPOKy Tabaunbl 1.

2. Borancnsiem p2(b) = max{y1(b), p2(b — 3) 4+ 3}, yuursiBas, 410 BbIpazkeHue @z (b — 3) He
omnpejiesieno pu b < 2. 3anoyHsgeM BTOPYIO CTPOKY TaOJIUIBI.

©2(0) = ¢1(0) = 0,92(1) = 1(1) = 1,92(3) = max{p1(3),p2(3 —3) + 3} =3...
TpeTnio U 9eTBepTYIO CTPOK TAbJUILI 3AMONHsAeM 3HadeHusIME @3(b) = max{pa(b), ps(b —
4) 4+ 5}, 1 pa(b) = max{ps(b), a(b —T7) + 9}

Tabnuma 1:

12 Merona BeTBeii 1 rpaHuUI]

TpebyeTcsa pemuTh 3849y eJOYUCICHHOTO TTPOTPAMMUPOBAHNS

max{f(z) : S(x),x € Z"} (12.1)
rae f(x) - nuueiinas yHakuus, S(r) — MHOXKECTBO JIMHEHHBIX HEPABEHCTB W yDABHEHWIA.
MeToa cocTOUT B CJIETYTOIIEM:

0. Cosmaercsa coucok P 3a1a49 MMHEHHOrO NPOrpaMMHPOBaHKMA. BHadYaIe CIUCOK CONEPIKUT
3a/1aMy

P: max{f(x):Sp(x),z € R"},
rae Sp(xz) = S(z). Tekyuiee nesouncaeHHOe JOILYCTUMOE peliieHre Gy1eT XPaHUThCS B [epe-
MeHHO#H y. Ecin nenounciennoro momycTuMoro perenus moka Her, TO f(y) o OnpeiesieHuto
pPaBHO —0o0.
1. Ecrm P # (), o mepexomnm k 2. Wuade, crom. Ecom f(y) = —oo, TO 3ama9a HE MMeeT
permernst. B mpOTHBHOM CJIy9ae y — ONTHMAJILHOE DeIIeHue.
2. Ilycre P - nepsas 3anaua cnucka. Haxoauu ee ontumasnbhoe permenne ° = (29,29, .., 29).
IMonaraem P:=P\ P
3. Ecm f(2°) < f(y), o Bo3pamaemca x 1.
4. Ecim 2° € Z" n f(y) < f(2°), To momaraem y := x° u mepexomum x 1.
5. BoiGepem nnzekce k takoit, ato 2 xpo6uoe umncio. Iomaraem
Spr:=SpU{xy < I_XﬁJ} , Spr = SpU{x, > {Xﬂ} u nobasageM K P 3ana4n

P max{f(z): S (z),r € R"}

P": max{f(z):S"(z),z € R"}

0

6. Ilepeiitu k 1.
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[Ipumep. Permmurs 31IT

Pemaem 3amaay

OnTuManbHOE pelleHne X
dopmupyem 3amakan

PQI

YcnoBua Ps HeCOBMECTHBI,

PQI

max(z, + x2)

Py —x1 + 222

<4

2561 — T2 S 3
T1,%9 € Zy

max(z + x2)
—x1 4+ 229 <4
2%1 — X2 S 3

Pli

1,72 20

= (10/3,11/3) — menemnoe. BerBumcst 0 TEpBOi KOOpJMHATE,

max(z1 + z2)
—x1+ 225 <4

2$1—$2§3 P4Z

a P, nmeer pernenne (3,
max(x1 + z2)

—x1 4+ 229 < 4

2x1 —x9 < 3

1 <3

To <3

P5:

1,22 >0

max(x1 + x2)
—x1+ 215 < 4
2561 — I S 3

7/2). BerBuMcst IO BTODOiT KOOpIMHATE.
max(x1 + x2)

—x1 + 219 < 4

201 —x9 < 3

r1 <3

Ty >4

1,72 >0

YenoBus Ps necoBmectbl, a Py umeer pemenue (3,3). OGHOBIIsIEM 3HAYEHUE TEKYIIEIO J0-
nycrumoro pemenust y = (3,3). Hepemennpix 3a1ad He 0CTANOCh, C1eg0BaTenbHo, (3.3) —

OIITUMaJIbHOE PEIICHuE 3a/

aun Fy.

13 Metoxa I'omopmn.

INENEN
[ e ¢
N 0 E
B b B

Bo+ i1+ + Bmxm =0 mod 1
{Bo} —14+{B1}r1+  +{Bm}rm =0 mod 1
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[ fJo]-1]-1] [ f]-7/3[1/3]-1/3]
zp [O] 10 x| 7/3 [-1/3]-2/3
2 [0 0 1] |z | O 0 1
xs |7T]2]-3 xs | 7/3 [ 2/3]-5/3
xy | T]-3]-2 x4 | 0 1 0

[ f[-14 1515 [f]-2[]1]0

x| 7/5 [-3/5]2/5 z [-1]-3]1

wy | 7/5 [ 2/5 [3/5] Jax|3[2]-1

z3 | 0 0 1 z3 [0 [0 [1

s | 0 1 0 z [0 [ 1[0
s [ -4/5 [ 1/5]1/5 s [4]5]1
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