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TJIABA 1. 3AJIAYA MUHUMMU3AIINIU KBAJJIPATNY-
HOU ®YHKIINUN

§1. IlocranoBka 3ama4m.

I[Iycte X — eBKJIMJIOBO N-MepHOE IPOCTPAHCTBO, 00O3HAYAEMOE
majgee R™, (Q = R". Bektops! nmpoctpancrBa R™ OyieM cauTaTh 3allu-
CaHHBIMU B CTOJIOEI], 0003HaYasi UX CTPOYHBIMU JIATUHCKUMU OYKBaMU;
CKaJIAIPHOE ITPOU3BEJIEHNEe BEKTOPOB X M y OyleM 0003HAYATh B 3aBH-
CHMOCTH OT yJ00CTBa MCIOIL30BaHNs TPOAKO: x1 Yy, mmubo (x,y), mmbo
x-y.

B mpocTpancrtse
R™ paccmoTpuM KBaJIpaTHIHYIO (DYHKITHIO

f(z) = %xTAx + 27, (1.1)

rie A — IOJIOKUTEIBHO olpeesiennas Matpura, A = AT u umeror

MECTO HEPpaBEHCTBa

m|z||* < (z, Az) < M|z||*, m > 0. (1.2)

OrmernM, 9TO JiIsT Takoil (DYHKIUU CYIIECTBYeT €IMHCTBEHHAsI
TOYKa MUHUMyMa T, yaoBiaerBopsitomas CJIAY Ax +b = 0.

§2. MeToabl HaUCKOPEMIEro cuyckKa

[TockoJIbKY crodawanacs MUHUIMASUPYIONIAL MOCIEI0BATEIHLHOCTD
MTO3BOJIAET HAMTH TOUYKY MIHUMYMa PAacCMaTpPUBAEMO (DYHKITUH C TIPO-
U3BOJIBHOI Hallepel] 3aJaHHOM TOYHOCTLIO, TO CJIeAyeT PacCMOTPETHb
BOIIPOC O TIOCTPOEHWU TakKoil mocyepoBareibHocTH. [locTaBum ciemy-
FOIIYIO 3a7ady: mMed Touky ¢ € R"™ mocrpomts Touky zFt! € R”

TaKY1o, 9TOOBI BBIIIOJIHSIJIOCH COOTHOIIICHUE:

fah) < fah). (2.1)
Byzem uckats Touxky xFt! B cremyromenm sue:
"t =2F 4 g, g #0, (2.2)



e ¢ — 3aJlaHHbIH BeKTOop m3 R"™, Ha3bIBaeMbIil HaIIpaBJIEHUEM CITyC-
Ka, & [, — UCKOMBII TTapaMeTp, HA3bIBA€MbIil OOBIYHO IIIArOM MeTO/a B
HaIlpaBJIEHUHU CILYCKA.

[Tapamerp p (mar meroma) B hopmyste (2.2) onmpesesinM 13 yeao-
Bust MunuMmyMma Gyuknun f(-) wHa npsmoii (2.2). Umeem:

F@"h) = f(a" + pg) = o(p) =

2.3
=¢(0)+W(0)+%u2¢(0), ¢=fl—i, (23)

rjie
0 (0) = f(2"), ¢ (0) = ¢" (Az" +b), $(0) = q¢" Aq. (2.4)

[TockosbKy ¢ (1) ABJISIETCS KBAIPATHBIM TPEXIIEHOM OTHOCUTETHHO [
C TIOJIOKUTEIbHBIM CTApPIIIM KO3(MMOUITMEHTOM, TO Y 9TOTO TPEXUIEHA
CyIIEeCTBYeT TOYKA MUHUMYMa [i, KOTOpasd MOXKeT ObITh HaiijeHa u3
HEOOXOIIMOTO yCJIOBHsT IKCTpeMyMa ¢ () = 0, OTKyIa U Oy daeM:

_ p(0) _ ¢"(Az* 1+ b)
U = ————F—~ — — . (25)
#(0) q- Ag

OueBnsHO, 9TO eciu B opmysie (2.2) MOJOKUTD (i = fi, TO MOCTPO-
ennag 1o dopmyne (2.2) Touka xFT1 Gymer yaoBieTBOpATh yCJIOBHIO
(2.1), mpuaéM Tam GyIeT CTporoe HepaBeHCTBO B Ciydae T° # T u
q7 (Az*+b) # 0. IIpomosrKas yKasaHHbIE TIOCTPOCHHS, TIOJTy IHM IIOC/Ie-
nosaTenbHOCTh {2F}, KOTOPYIO ecTecTBeHHO Ha3BaTh HOCIIEI0BATEb-
HOCTBIO yObIBanus it pyukmun f(+).

Samevarue 2.1. Popmyna
1
lz* — 22 < EHA@"": + bll2, (2.6)

IIO3BOJISIET OIEHUTh €BKJIMIOBO PACCTOSHUE OT IIPOU3BOJILHON TOYKHU
z¥ € R™ no rouxku munmMyma T bynrkmmn f(-).

Samevwarue 2.2. Dopmysa (2.6) mist MATPHIL € AUATOHAIBHBIM TTPE00-
JaJlaHeM BeJIMIUHBI 0 MOXKET ObITh IIPEJICTaBJ/IEHA B BHJIE:

1
¥ — |2 < g\lAwk +0l[2. (2.7)



§3. Meroa Hauckopeiimero rpagueatHoro ciaycka (MHI'C)

Samevwarnue 3.1. T'pagunertom muddepeHnpyeMoii cKaJsipHOit (T.e.
f(z) € RY) bynknun f(-) BexkTopmOro aprymenta r € R" Ha3biBa-
eTCsI BEKTOP, COCTABJICHHBIA N3 YACTHBIX IIPOU3BOIHBIX (DYHKIUH, T.€.

grad f(z) = (agf) o o f”) |

3ameuanue 3.2. Jlns kBagparuanoii dyukimu (1.1) rpajguent nmeer
Bun g = grad f(x) = Az + b.

Ecmu B dopmynax (2.2) canTars, uto ¢ = Az* + b (To ecThb Bex-
TOp ¢ ABJIAETCA BEKTOPOM rpajmenta dyukmm f(-) B Touxe z¥), To
COOTBETCTBYIONMEI METOJ, TIOCTPOCHNS HocTIenoBaTeabHocT {F} ma-
3BIBAIOT 2paduenmmvim memodom. Ecin K ToMy 2Ke Iar MeToja [t B
dopmyme (2.2) Beioupaercs mo dopmyste (2.5), To TaKO# MeTO HA3BI-
BafOT (OIHOIIATOBBIM) MEMOJOM HAUCKOPETUWE20 2PAdUEHMHO20 CNYCKA
(MHI'C). B srom ciyuaae dhopmyna (2.5) mpuHAMAET BHI

_ | Az" + b||?
- — ) 1
Pk = " Azk + 0)T A(Az* + D) (3:-1)

Samevanue 3.3. MeToa HauCKOpeHIero rpaIMeHTHOIO CIIyCKa CXOIUT-

Cd OJ1d JIIOOOTO HAIAJIBLHOI'O BEKTOpPa CCO .

§4. Meron nokoopaunarHoro ciuycka (MIIC)

B ciygae BpIOOpa HampaBieHmii ciiycka ¢ B dopmyse (2.2) Ha
KazKIoM mare B suge ¢ = e’ = (0,0,...,0,1,0...,0)7, roe €’ — i-prif
i
opT npocTpancTBa R™, MeTom HOCUT Ha3BaHUE MEMOIG NOKOOPIUHAM-
noeo cnycka. Ilpu BbIGOpPE Mmara meroma mo dopmyse (2.5) ero Ha3bI-
BAIOT METOJIOM Hauckopetuwezo noxkoopdunamuozo cnycka (MHIIC). B
sToM ciydae dopmysa (2.5) TpUHIMAET BUJ

_ et - (Az* +b)
= — ‘ ‘ . 4.1
[ik A (4.1)




Samevanue 4.1. MeTom HanCKOpeRInero mOKOOPANHATHOIO CIIYCKa CXO-

TUTCS IS JII000T0 HAaYaJIbHOTO BeKTopa ¥

§5. l'eomerpuveckasi MHTepOpPETAIINA METOJIOB

Sameuanue 5.1. lloBepxuocts (nmuust) f(x) = ¢, ¢ = const Ha3bBa-
eTcst NosePTHOCMBI0 (Aunuet) yposna dyukuun f(-) .

Bynem mastee cumrarh, uro = € R?. Torma JUHEAMH ypOBHEIl
dbyurmmm (1.1) aBasitoTCsS COOCHBIE 3/HTICHl. Kpome Toro, Kak n3BecT-
HO, T'paaueHT (PYHKIUU, BBIYUCJIEHHBII B TOYKE I, OPTOrOHAJIEH IIO-
BepxHOCTH ypoBHS f(x) = f(Z) n HampaB/ieH CTOPOHY HAUCKOPEHIero
BO3pacTaHusi (PYHKIUU, & aHTUIPAIUEHT, COOTBETCTBEHHO, B CTOPOHY
HaMCKOPEeHIero yoObIBaHUS paccMaTPUBaeMoil (DYHKITAMN.

JlaHHBIIT PUCYHOK JAEMOHCTPUPYET IIOCTPOEHUE YJIEHOB MUHUMU3UPY-
foIell rociemopareabHocTu ¢ ucrnoab3oBanueM MHI'C. JIpumkenne ot
OpeabLIyIel TOYKUA K IIOCJIEJIYIOIIEN OCYIIECTBIIeTCd 110 aHTUIr'pa-
IUeHTy (GYHKIUHN, BBIYUCJIEHHOMY B HIpelbLayineil Touke. IIpu sTom
rPaJIMeHT OPTOrOHAJIEH MOBEPXHOCTU YPOBHsI (DYHKIIMU, HA KOTOPOi
PAaCIIOIOXKeHO Ipeabiayinee npudmkerne. Ciemayiomas TOYKa IIOCIe-
JIOBATEJIbHOCTU PACIIOJI0XKEHa, Ha TMOBEPXHOCTU YPOBHsSI (DYHKIIAH, JIJIsI
KOTOPOU IIPsiMasi, BBIXOAAIIAs U3 IPEJIBbIIYIEl TOYKA B HAIIPABJICHUN
AHTUTI'PAIUEHTA, SIBJIFETCS KacaTeJIbHOIL.

Cirenyromnuii pucyHOK JIEMOHCTPUPYET IIOCTPOEHNE MUHUMUSUPY-



IOITEeN MOCIeI0BATEIbHOCTU ITPU UCIIOJBb30BaAHNU METO/Ia HauCKOopeIe-
0 MOKOOPJMHATHOTO CITycKa. JIBm»KeHrne OT TOYKH K TOYKE OCYIIEeCTB-
JISIeTCsl TI0 IPSAMBIM, apaJljIeIbHbIM KOOPAMHATHBIM OCSIM.

IIpu sToM cremyromniee TPUOIUKEHNE JIEKUT HA TTOBEPXHOCTU
YPOBHSI MUHUMU3UPYEMO (DYHKITUU, JIJIs1 KOTOPOI IpsAMasi, TapaJlieb-
Hasi KOOP/IMHATHOM OCU U BBIXOJIATIAA U3 ITPEJIbILYIIE TOUKHU, sIBISAETCS
KacaTeJIbHOI.



I'VIABA 2. TUIIOBBIE 3A/IAYU 110 TEME.

Saganne s CAaMOCTOATEIbHOIO BBIINOJHEHUS: PEINTh 3ada9n
npuMepoB 1-3 i PyHKIIN

2 2 2
f(x1, 20, x3) = 27 + 123 + 75 + x5 — 221 + T2 — X3.

§1. IIpumepsl

Hwxe mpuBoigTCsa mpuMepbl BBITTIOJTHEHUS 33,1a4.

IIpumep 1.1. 3anucarh KBaJApaTudHy (DYHKIUIO B MATPUIHOM BHU-
ne (1.1) u mpoBepuTh BbINOIHEHNE ycaoBus (1.2).

a) f(x1,22) = 22 + 2129 + 23 — 221 + 29.

6) f(x1,22) = 2?2 + 120 — 1 + 279.

Pemrenmne. /s ciydas a):

2 1 —2
=) 0= (7)
Haiiném cobcTBeHHbBIE UmcIa MaTpullbl A, permus ypaBHEHUTE:
det(A—AE)=(2-X?-1=0

rne F — eaquanvHas marpuiia, A — ckaJsap. CoOcTBeHHBbIE YHUC/Ia ITOM
MaTpuipbl A1 = 1, Ay = 3, T.e. ycyoBue (1.2) BBIIOJHEHO U DYHKIHS

1
f(x1,x0) = §ITA$ + 2Tb
VJIOBJIETBOPSIET YCJIOBUIO COOTBETCTBYIOIIEH TeOpeMbl U JIaHHas (yHK-

I IMeeT eIMHCTBEHHYIO TOUKY MUHIUMYyMa. B 1amnHoM ciydae ycaoBue
(1.2) nmst f(-) 3ammimercst Tak:

l1* < (2, Az) < 3|2

st cryaast 6):



Perus ypasnenne det(A — AE) = 0, moayunm A o = ++/5, crenosa-
TeJIbHO, (DYHKITUSI:

1
f(wy,22) = ixTAx +27b

He YJ0BJIeTBOpsieT ycoBuio (1.2).

Mpumep 1.2. g cayvas a): f(z1,x2) = o3 + 1172 + 73 — 271 +
xo . Haittn Touky muammyma T dysrnun f(x1,T2) ¢ HCHOIB30BAHAEM
HEOOXOIMMOTO ycioBust u 3HadeHue dyuxiuu f(T).

Pertenue. B coorBeTcTBUM ¢ TEOPEMOIi O CYIIIECTBOBAHUY U €INHCTBEH-
HOCTU TOYKM MUHUMYMa JJisi KBajpaTudHoil ¢yHkimu (1.1) permaem
CHUCTEMY JIMHEHHBIX aJareOpandecKux ypaBHEHUI:

(2 1 T -2\
Ax—i—b—(l 2><x2>+< 1 )—O
2$1—|—ZC2 = 2
r1+2x2 = -1

nJjm 2Ke
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Ipumep 1.3. [na bynkmun f(z) = 27 + 2122 + 23 — 211 + T2 Hail-
TH HepBble TPHU [jIeHa HocjaenoBaTeabHocTd {x*} ¢ mcmomb3oBanmem
MeTOJIa HAMCKOPEHIIIEro rpaJIueHTHOTO CITyCKA.

Perntenne. Ilycrs

(1) ()

IIepBbrii 9ieH mocae10BATEIBHOCTI 3313/ IUM B BHJIE

xlzelz(é), f(z) = —1.

Bropoit u Tperuit wieHbl 1OC/IETOBATETHHOCTH MOJIyYaeM MO METOJLY
HANCKOPEHNIIero rpaIue€HTHOrO CIIyCKa,

q1:A61+b:<? é><(1)>+(—12>:(f)+<_12>=<g

)



s (2 —1\ [ =2 ¢ 1
Aq _<1 0 — -1 ) H2 = q2'Aq2_ 27

_ 3
decemi= (2 )5 (G )=(5) fe=-T

IMpumep 1.4. [na byaxknun f(z) = 27 + 2129 + 23 — 221 + 29 Haii-
TH TIepBble TPH [jeHa mociemoBaTeabnoct {xF} ¢ mcmombsobammem
METO/1a, HAMCKOPEHIIIEro MOKOOPAMHATHOIO CIIYCKA.

Pemmenue. 3ech, Kak u paHee

(1) - (7)

IIepBbIii WwiIeH mocae10BATEILHOCTI BO3SBMEM B BHUJIE

330:(8).

Bropoit TpeTuii 1 9eTBEPTHIA YJIE€HBI ITOCJIEI0BATETHHOCTH ITOIyIaeM
IO METOJIy HAUCKOPEWUIIIEeTro IMOKOOPJIUHATHOTO CIIYCKa

el - (Az° +b)

1
_ 1 _
el - Ael =1L m—(()).
2 1
2 1 2 __‘9’(1435 +b)__ 2 _ 1
T =2 + pget, o = 2 Ao2 =—-1, 2= R

el-(Ax2+b):1/2’ 5 (3/2 )

el . Ael

OTMeTHM, YTO BBHIOOpD HAIIPABJIEHHS CIyCKa €' Ha KasKIOM IHare Ha-
XOJIUTCS B PyKaX BbIUuCIUTENs. VIMeeT cMbICT mocje Iepebopa Bcex
KOOPJUHATHBIX OPTOB OT 1 0 M B KadeCcTBe OYEpPEIHOrO HallpaBJie-
HUSI CIIyCKa Ha3HAYUTH TOT OPT, B HAIIPABJIEHUH KOTOPOI'O ITPOUCXOIUT
HanboJIbIlee yObIBaHUE (DYHKITUH.

1 0 1
T =T e, p1 = —

3 2 1
0 ="+ uge, pz = —
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