
Çàäà÷à Øòóðìà-Ëèóâèëëÿ 3.

Ðàçëîæèòü ôóíêöèþ ln(x) ïî ñîáñòâåííûì ôóíêöèÿì çàäà÷è Øòóðìà-Ëèóâèëëÿ

d

dx

(
x
dy(x)

dx

)
+
λ

x
y(x) = 0. (1)

y(a) = 0, y′(b) = 0, x ∈ (a, b), b > a > 0. (2)

Ðàñêðîåì ñêîáêè â (1)

x
d2y(x)

dx2
+
dy(x)

dx
+
λ

x
y(x) = 0 (3)

Áóäåì èñêàòü ðåøåíèå óðàâíåíèÿ (3) â âèäå ñòåïåííîé ôóíêöèè

y(x) = xn. (4)

Ïîäñòàâèì(4) â (3), ïîëó÷èì

xn−1
(
n(n− 1) + n+ λ

)
= 0 èëè n2 + λ = 0, n = ±

√
−λ = ±i

√
λ

Êàê è â ïðåäûäóùèõ ñëó÷àÿõ ðàññìîòðèâàåì 3 âàðèàíòà:

1) λ < 0, y(x) = C1x
−
√
−λ + C2x

√
−λ, ïîäñòàâëÿÿ â êðàâûå óñëîâèÿ(2), ïîëó÷èì C1 = C2 = 0

2) λ = 0, y(x) = C1 lnx+ C2, ïîäñòàâëÿÿ â êðàâûå óñëîâèÿ(2), ïîëó÷èì C1 = C2 = 0

3) λ > 0, y(x) = Ax−i
√
λ +Bxi

√
λ = C1 sin(

√
λ lnx) + C2 cos(

√
λ lnx)

Ïîäñòàâèì ïîëó÷åííîå â 3 âàðèàíòå ðåøåíèå â êðàåâûå óñëîâèÿ(2), ïîëó÷èì îäíîðîäíóþ ñèñòåìó

àëãåáðàè÷åñêèõ óðàâíåíèé îòíîñèòåëüíî ïðîèçâîëüíûõ ïîñòîÿííûõ C1, C2

y(a) = C1 sin(
√
λ ln a) + C2 cos(

√
λ ln a) = 0,

y′(b) =
√
λ
b (C1 cos(

√
λ ln b)− C2 sin(

√
λ ln b)) = 0

(5)

Äëÿ ñóùåñòâîâàíèÿ íåíóëåâîãî ðåøåíèÿ ñèñòåìû (5) íåîáõîäèìî è äîñòàòî÷íî, ÷òîáû îïðåäåëèòåëü

åå ðàâíÿëñÿ ÍÓËÞ. Ïðèðàâíÿåì åãî íóëþ è íàéäåì çíà÷åíèÿ λ, êîòîðûå îáåñïå÷èâàþò ñóùåñòâîâàíèå

íåíóëåâîãî ðåøåíèÿ.

√
λ

b

(
sin(
√
λ ln a) sin(

√
λ ln b) + cos(

√
λ ln a) cos(

√
λ ln b)

)
=

√
λ

b
cos((

√
λ ln

b

a
)) = 0

Ðåøåíèå ïîñëåäíåãî óðàâíåíèÿ èìååò âèä

√
λk ln

b

a
=
π

2
+ kπ, k = 0, 1, 2, ... (6)
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Íàéäåì ñîáñòâåííûå ôóíêöèè. Äëÿ ýòîãî âîñïîëüçóåìñÿ ñîîòíîøåíèÿìè(5). Ïîäñòàâèì â íèõ íàéäåí-

íûå çíà÷åíèÿ ñîáñòâåííûõ ÷èñåë è âûáåðåì çíà÷åíèÿ êîýôôèöèåíòîâ C1, C2 òàê, ÷òîáû îäíî èç óðàâíåíèé

(5) îáðàùàëîñü â òîæäåñòâî, íàïðèìåð, âòîðîå óðàâíåíèå, ò.å. ïîëîæèì

C1 = sin
√
λk ln b, C2 = cos

√
λk ln b

Òîãäà ñîáñòâåííàÿ ôóíêöèÿ áóäåò èìåòü âèä

yk(x) = cos(
√
λk ln(x/b)) (7)

Òàêèì îáðàçîì, ðàçëîæåíèå ôóíêöèè ln(x) ïðåäñòàâëÿåòñÿ â âèäå

ln(x) =

∞∑
k=0

Ak cos(
√
λk ln(x/b)) (8)

Ãäå

Ak =

b∫
a

ln(x)yk(x)
1

x
dx

b∫
a

y2k(x)
1

x
dx

(9)

Don't remember - the weight is 1
x !!

Ñàìîñòîÿòåëüíàÿ ðàáîòà

Ðàçëîæèòü ôóíêöèþ ln(x) ïî ñîáñòâåííûì ôóíêöèÿì çàäà÷è Øòóðìà-Ëèóâèëëÿ

d

dx

(
x
dy(x)

dx

)
+
λ

x
y(x) = 0

y′(a)− hy(a) = 0, y(b) = 0, x ∈ (a, b), b > a > 0, h > 0

Äîìàøíåå çàäàíèå

Ðàçëîæèòü ôóíêöèþ ln(x/b) ïî ñîáñòâåííûì ôóíêöèÿì çàäà÷è Øòóðìà-Ëèóâèëëÿ

d

dx

(
x
dy(x)

dx

)
+
λ

x
y(x) = 0

No. 1. y(a) = 0, y(b) = 0, x ∈ (a, b), b > a > 0

No. 2. y′(a) = 0, y′(b) = 0, x ∈ (a, b), b > a > 0

No. 3. y′(a)− hy(a) = 0, y(b) = 0, x ∈ (a, b), b > a > 0, h > 0

No. 4. y′(a)− h1y(a) = 0, y′(b) + h2y(b) = 0, x ∈ (a, b), b > a > 0, h1 > 0, h2 > 0
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