§ 11.11. UuTepnonsiums cnnanHamu

§ 11.11. WnTtepnonsuus cnnanHamm

1. Onpenenenne cnaaina. [lposeaeHHoe Bbile 006CYyXAEHHE HHTEPNO-
JALUMHK [OKA3bIBAET, YTO MOBLILIEHHE TOYHOCTH NPHONMKEHHA INaaKOH
¢yHkuMH Onaronaps YBEIHYEHHUIO CTEMEHW HHTEPNOAALUHOHHOTO MHOTIO-
yneHa BO3MOXHO (cM. TeopeMy 11.8), HO CBA3aHO C CyLIECTBEHHBIM MOBbI-
IUEHHEM CJIOKHOCTH BbIYHCIAEHUH. K TOMY e HCNOnb30BaHHE MHOTOYJIEHOB
BbICOKOH cTeneHH TpebyeT cneuManbHbiX MEp NPefOCTOPOXHOCTH YXKe MpH
BbIOOpe (DOPMBI MX 3aNMMCH, U BHIYUCIECHHSA CONPOBOXIAIOTCA HAKOMJIEHHEM
NorpewHocTen okpyrieHus. [1o3ToMy Ha MpakTHKe NpeanoYHTaIOT KyCOYHO-
MOJIMHOMHMAJIBHYIO MHTEPNOJAUMIO C MCMONb30BAHHEM MHOIOYJIEHOB HEBbI-
cokoi creneHn. OnHako 3TOT cnoco6® NpuOIHKEHHA HMMEET HEAOCTATOK:
B TOYKAX «CTbIKa» [BYX COCEJHHX MHOrOYJEHOB MPOM3BOAHAA, KaK MMPaBHIIO,
uMeeT paspuiB (cM. npumep 11.12). Yacto 310 06CTOATENBCTBO HE HIpaeT
CyLIECTBEHHOH ponn. BmecTe ¢ TeM Hepeako Tpebyercs, 4yToObl annpoKCHMH-
pyrowias QyHkuus Obina maakod W TOraa MpocTeillas KyCOYHO-MOJTHHOMH-
abHasg UHTEPIOJALMSA CTAHOBHTCS HENMPHEMIIEMOH.

EcTecTBeHHas NMOTPEOHOCTL B HaNMYHUH aNNPOKCUMUPYIOIKMX DYHKUHMH,
KOTOpbI€ COYeTanH Obl B cebe JOKaAbHYIO MPOCTOTY MHOrOYJ€Ha HEBbi-
COKOH CTENEeHH M robanbHyl0 Ha BceM oTpeske [a, b] rmagkocTh, npuBena
K NoABNEHHIO B 1946 1. Tak Ha3bIBaeMbIX CnaalH-@YHKYuUd WIH CnAGUHOE —
crieuHanbHbIM 00pa3oM MOCTPOEHHBIX MMAJKMX KyCOYHO-MHOTOYJIEHHBIX
¢ynkumii. [oayuyus B 60-x ronpax XX B. pacnpoCTpaHEHHE KakK CPEACTBO
MHTEPMOJIALMH CIOXKHBIX KPUBBIX, CMJIAHHBI K HACTOSLIEMY BPEMEHH CTalH
BaXKHOH COCTaBHOHM YaCTbIO CaMbIX Pa3/IMYHBIX BBIYUCIUTEILHBIX METONOB

M HaULIM LUMpoYalllee NPUMEHEHHE B PELUEHHUHM Pa3HOOOpPa3HBIX Hay4HO-
TEXHHYECKHUX U HHKEHEPHBIX 3a]ay.

Hdanum ctporoe omnpeaencHue craiina. [lyctb otpesok [a, b] pa3but
TOYKaMH, a@ = Xy < x; < ... <x, = b Ha n YaCTHYHBIX OTPe3KOB [x; _ |, x;].

Cnnatinom cmenenu m HaspiBaercs QyHkuusa S, (x), obnajnawowas cie-

AYIOLIUMH CBOHCTBaAMH:
1) dyHkuus S, (x) HernpepbiBHa Ha oTpe3ke [a, b] BMecTe cO BCeMH CBOHMH

1 2
MPOH3BOAHBIMH S,E, )(x), S,f, )(x), S,,(f’ }(x) JI0 HEKOTOpPOTO MOpAIKa p;
2) Ha KaX/I0M YaCTH4YHOM oTpe3ke [x; ,, x;] yHkuus §, (x) coBnanaer

C HEKOTOPBIM anrebpanyeckuM MHOrouieHoM P, (x) crenexu m.

Pa3HOCTb m — p MEXIy CTENEHbIO CIUIaHHA W HAUBBICLLIMM NOPAIKOM HEMpe-
PBIBHOI Ha OTpe3ke [a, b] NpOH3BONHON HaA3bIBAETCA deghexmom cniauHa.
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Mmasa 11. Mpubauxexne GyHKUMIA U CMEXHBIE BONPOCHI

[MpocTeduii npuMep criaiHa NaeT HempepbiBHas KyCOYHO-JIMHEHHas
dyHkuus (puc. 11.8), asnsiowascs cniaiHOM nepBoi cTeneHH (IuUHEeUHbIM
cnaaunom) ¢ nedektoMm, paBHeiM 1. JlelcTBUTENbHO, Ha oTpe3ke [a, b] cama
Qynkuus §,(x) (Hynesas npou3BoAHas) HempepeiBHA. B To ke Bpems Ha

KaXXIOM 4YaCTHYHOM OTpe3ke §,(x) COBMAaJaeT C HEKOTOPbIM MHOrOYJIEHOM
NepBOH CTEMEHH.

YA

Puc. 11.8

Haubonee mmupokoe pacnpocTpaHeHHe Ha MPaKTHKE MONYYHIH CIUIaiHbI
§;(x) TpeTbei crenenH (kybuueckue cnaatinbl) ¢ nepekTom, paBHeIM | HaH 2.

Takue cniaiHbl Ha KaXIOM H3 YaCTHYHBIX OTPE3KOB [x; _,, X;] coBnanarr
C KyOU4eCKMM MHOTOYJIEHOM:
- - 2

S3(x)=P3 ()=a;+bfx—x;_ ) +cix—x;_ )P +dx-x;_ ) (11.63)
M UMEIOT Ha oTpe3ke [a, b] mo kpaiHe# Mepe ONHY HENMPEPLIBHYIO MPOH3-
BOAHYIO S3(x).

TepMHH «Cr1alH» MPOUCXOAMUT OT aHMIMACKOro ciosa «spline» (rubkas
JMHEHKa, CTepXXeHb) — Ha3BAHHUA MPHCMOCOONEHHUA, HCMONb30BaBLIETOCH
YEPTEXKHUKAMH JUIS NMPOBENEHHA MIANKHMX KPHUBBIX Yepe3 3aaHHbIE TOYKH.

Ecny rubkyro ctanbHyl NTHHENKY NOCTaBHTh Ha pebpo H, H30TrHYB, 3aQHKCH-
poBaTh €€ MONOXKEHHE B y310BbIX Toykax (puc. 11.9), To nonyyuTcs MexaHu-
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§ 11.11. NHTepnonaums cnaanHamm

Puc. 11.9

yeckui aHamor kybuueckoro cnnaiHa. M3 kypca conpoTHBIEHHs MaTte-
pHasoB M3BECTHO, YTO ypaBHeHHE CBOOOAHOro paBHoBecHs npoduias S(x)
nuHeiiku Takoo: S (x) = 0. CnenoBaTenbHO, B MPOMEXYTKE MEXIY
ABYMs COCEAHWMH y3namu S(x) npeactaBaseT coboil MHOroujleH TpeTheH
creneHyu. B 1o xe BpeMs OTCYTCTBHE y JIHHEHKH H3JIOMOB CBHAETENbCTBYET
0 HeMpepbIBHOCTH KacaTelbHOI K rpaduky OyHKUUH S(X) H KDMBH3HBI, T.C.
HEMpepbIBHOCTH NPOU3BOAHBIX S'(x) U §”(x).



1. IlocTpoenne HHTePNOIALMOHHOIO CILIAKHA Sq o (TUHeliHbII cIIANIH)
[Tycts 3aana Tabnuia 3HaueHUH QYHKIIUU B y37aX WHTEPIIOIUPOBAHHUS:

Tabn. 1
T 01 2
fle) | 1]3 ]2

w

[TocTpouM MHTEPHOJIALMOHHBIN CIJIAMH BUAA!

_ Li(x), x € [xq, %]
00 ={ x el

L(x) = ay1x + ago,
lz(X) = a1 X + azo-
JIy1st 5TOr0 HEOOXOIMMO HAUTH KOIPPUITUCHTHI A4 1, A1, 21, A0

13 0CHOBHOIO yCI0BHS HHTEPIOIALUA: S o (xj) =Y, j =1,3 — momy4aem cieayroriyro
CUCTEMY YPaBHECHMIA:

L(x) =y ai1Xy +ayp =Y
L(xz) =y, <= ] Q11%2 +ay =Y
L(x) =y, az1Xz + Az0 =2
L, (x3) = y3 Az1%3 + Q30 = Y3

3anuiieM ee B MaTpU4HOM Buae: Xa = y:

xx 1 0 0\ /211 Y1
X 1 0 0 Ao\ _ [ )2
0 0 x, 1])\%a1]| |\X2
0 0 x5 1 azo V3

Kaxk BUUM, JaHHYIO CUCTCMY MOXKHO paSGI/ITB Ha ABC HC3aBUCUMBLIC PYT OT Apyra IMOJACHUCTCMBI:

{a11x1 + a0 =1 {a21x2 +az =Y
a11X; + a9 = Y2 Az1X3 + a9 = Y3’



PEIINB KOTOPBIC IO OTACIBHOCTH, ITOJIy4aeM HCKOMBIC KO:)(l)(bI/IHI/IeHTBI aq1,A19,a21,Azg-

a11 * O + a10 = 1 > 1 1

= a = a = 1.

a11*2+a10 =3 10 11

Ay *2+ayy =3

{ 21 20 => a21 = _1, aZO = 5.
a21 * 3 + azo == 2

HNToroBulil THHEHHEIN CIUIANH:

_(x+1, x €[0,2]
S1,0(6) = {5 —x, x €[2,3]

3ameuanue 1.
B obmiem ciyuae, npu yBETHUCHUH KOJTMYIESCTBA Y37I0B, OYCBUIHO, CHCTEMA [Tl HAXOMKICHUS
K03 HUIHEeHTOB crutaiiHa S; o (X) COXpaHHUT CBOIO CTPYKTYDY:

x; 1 0 0 0 0 aiq Y1
x, 1 0 0 0 0 10 Y2
0 0 x 1 0 0 21 Y2
0 0 X3 1 0 0 20 | =] V3
0 O 0 O Xn—1 1 An-1,1 Yn-1
0 O 0 0 Xn 1 An,0 Yn

2. IlocTpoenue HHTEPNOIALMOHHOIO CILIalHa S 1 (Keadpamuunblil cNNAiiN) :
[MycTh 3anana Tabmua 3HaYeHUH PYHKIMK B y3J1aX HHTepHoiaupoBanus (cM. Taom. 1) .

[TocTporM MHTEPIIOJISILIMOHHBIN CIUIAH BUAA!

_(q1(x),  x € [xy,x;]
209 ={000 ¥ cpont

q1(x) = a;px* + a1 x + ag,

q2(X) = azx® + az x + az.

Jyist 5TOr0 HEOOX0IMMO HAUTH KOIPDUITUEHTHI A4 5, 11, A10, A2, A1, A2p-

13 ycnoBus HENPEphIBHOCTH CIUIAHA, @ TaK e BHIIOJIHEHUS] OCHOBHOT'O YCIIOBHS
UHTEPHOJSILNN: Sz’l(xj) =y, J =1,3 — nonyyaem cieayomue ypaBHEHHS:



(CI1(x1) =M (allez ta11X1 +ap = Y1

q1(x2) =y, <=> 4 a12x% T a1 X +ap = Y2
q2(x2) = ¥, azzx% T az1 X, + A0 = Y2
q2(x3) = y3 Lazzxg% taz1X3+0a0 =Y3

Kpowme toro, mns obecnieuenust aAudepeHInPyEeMOCTH B TPOMEKYTOYHBIX y3J1aX JOIKHO
BBIIIOJIHATHCS yCIIOBUE:

q1(x2) = q(x3).

JIOTIOTHUTEIBHO 3a/IAI0TCS TpaHnYHbIe yenoBus: qp(x;) = const d wmu q5(x3) = const d.
(Tlpu d = 0 craiiH Ha3bIBACTCS €CMECmEEeHHbIM ).

[Tomy4yaeM UTOrOBYIO CUCTEMY:

( q1(x1) = y1 ( A12%7 + ayy X + a9 = Y3
q1(x2) =y A12X5 + a1 Xy + G109 = Yy
) q1(x2) = q2(x3) c=> | 2ay13%; + a1 — 20a3%; —ay; =0
q2(x2) =¥, AppX3 + Ap1 Xy + Az0 = Y,
q2(x3) = y3 AppX5 + Az X3 + Az0 = Y3
\ q2(x3) =0 \ 20,3+ Ay =0
3anumieM ee B MaTpUYHOM BUJE: Xa = ¥
Xt x1 10 0 0 as; Y1
X5 x, 10 0 0 a, V2
2x 1 0 —2x, -1 0 ao | | O
00 0 % x 1 ||lay| | »
0 0 0 x5 x; 1 Az Y3
0 0 0 2x; 1 0/ \ay 0

Takyro cucteMy yke Hellb3s pa30UTh Ha He3aBUCHMBIC MOJICKCTeMbl. Haxomum ee perieHne
metosoM ["aycca, onpenenuB TeM caMbIM KO3(DPHUIMEHTHI: 45, A11, A19, A22, 21, Azg-

0 01 0 0 0] Tl -3
421 0 00 3 2
4 10 -4 -10 0 4

X000 4 2 1] WT 3] T a=t
000 9 31 2 L
000 6 10 0 6
L . L 11




NToroseiil KBagpaTUYHBIN CIUJIANH:

3
——x%>+4x+1, x €0,2
Sp1(x) = 2 [0,2]

x? —6x + 11, x €

—

!\)
w

—_

3ameuanue 2.

OTOT NOAXOJ JIETKO PACIPOCTPAHSIETCS Ha IPOU3BOJIBHOE YKCIIO y3110B. [lycTh 3a1aH0 N y3110B.
Torna cucrema 11 HaX0XKIECHUA KOI(QOHUIMEHTOB CInaifHa Sy 1 (X) HMEeT CIeLyIOMIyo

CTPYKTYpY:

i r [ ]
x} ox, 1 a,, -‘ > 4
x2 x, 1 @y, Va
"
x§ xz 1 zlo B |
x? x, 1 12 ’
} ? ad;,
.. ; Vi1
x,’, 1 ST | t :° = J’::
xf, Xn 1 0
0
2x, 1 0-2x, -1
5 b o an_1,2
2, 1 0 -2x4_1-10 ap_1,1 0
V. d
I le 1 Jpén 1,0_ [ “ ]

3. [locTpoeHne HHTEPNOISIIMOHHOTO CIIaliHA S35 (KyOuuecKuii cNIIAliH)

[TocTpouM UHTEPNOJIALIMOHHBIN CIUJIaliH BUAA:

€1 (x), x € [xq,%,],
S5,(x) = G, (x), x € [x, %3],

Cn—l(x): x € [xn—l'xn]

_ 3 2 P
Ci(x) = ajzx® +apx®+ayx+ay x €[x,x4), i=1,..,n—1



O003HaYNM:

hi=xi+1—xl-, i=1,...,n—1

yi = Ci(x) = Ciq(xp) = f(x)
yi = Ci(x) = C/_1(x;)
yi' = Ci'(x;) = /Ly (x;)

PemmB cucremy Hy = y, rue

2(hy + hy) h, 0 0
h, 2(hy + h3) hs 0
H — 0 h3 2(h3 + hq,) 0 ,
hn—z
0 0 hn—z Z(hn—z + hn—l)

H — TpexauaroHaibHas Marpuia, pasmMepaocta (n — 2) X (n — 2).

Yy = (YZI "'Iyn—l)T'

Yivr = Yi Vi Vi
h; hi-q
Y =070y =7

Yi=6 ], i=2,...n—1

HalIeM 3HAYCHUS V5, ..., Vy—1-

Jlanee, MCTIONB3Ysl 3HAYCHUSI Y; U Y] (¥ IOTIOJHUTEIbHbIE TPaHUYHbIE yCIIoBUsS V1 = Yy, = 0)
BBIYUCIISICM:

p oY =Yoo M b
yl hi yl+1 6 )/l 3 4 ’ 4
B urore i-ii moMMHOM cIIIaiiHa CTPOUTCS 10 hopMyJIe:
! 11 (X B x')z 11 11 (X B X')3 .
C) =y +yi(x —x;) +y; — —+ (Vis1 — Vi —6h-l , i=1...,n-1
L

Ipumeuanue: puMep TOCTPOSHHSI KyOHUECKOTO CIiiaiiHa cM. B (aiine «Kyouueckuii crutaiin. [Ipumep»
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