- ____________________________________________________________________________________
¢ Unconstrained quadratic optimization: min {fF(x) =x"@Qx+c"x}
x€R"

e Algebraically based algorithm.

Step 1. Calculate an eigenvalue decomposition: Q ~ (A, V);

Step 2. Determine index sets
IT-={i: N <O0},I0={i: N\ =0}T+={i:) >0}

Step 3. Determine integers n= = |Z~|,n® = |Z°|, n* = |T7|;

Step 4. If n® > 0 then calculate values v; = v ¢, i € Z°;
If ¢ # 0 for some & € Z° then stop: there are no stationary points;
Otherwise goto Step 5;

Step 5. Calculate diagonal matrix ©@ = VT V;

Step 6. Check the below cases, perform the corresponding computations and stop:



Case 6.1. (n™ > 0)&(n° = 0)&(n~ = 0): calculate the unique minimum

1
x* = ) VO-IA-1y T,

1
minimal value f* = ~2 PoSY, v;' €)?;
1
Case 6.2. (n* > 0)&(n® > 0)&(n~ = 0): calculate 7 = ————v."¢c,i € T,

200,
determine the set of multiple minima

X*={x:x= Y 7rvi+ Y mv,7i €R,i €1,
ieT+ iez°
calculate a representative minimum x* € X* corresponding to 7; = 0,i € Z°:

= 2 T

€T
. 1 1
calculate minimal value f* = —= (v;" c)?;
4 ieTt )\,’0,’



1
Case 6.3. (n™ > 0)&(n® = 0)&(n~ > 0): calculate 77 = oG —~—v'c,ieItul,
unique stationary (saddle) point x* = Y~ 77y,
i€THUL—
; 1 LTy
stationary value f* = —— (vi )%

vilc,ieZTtUZ,

1
Case 6.4. (n™ > 0)&(n° > 0)&(n~ > 0): calculate 7 = v
determine the set of multiple stationary (saddle) points

X*={x:x= Y 71vi+ > 7vi,; €R,i €I,

ieTruT- iczo
calculate a representative stationary point x* € X* (1; = 0,i € Z°):
x*= 3 Ty,
i€TTUI—
: . 1 1, +
calculate stationary value f* = —= Y —(v;' ¢)%;
4 €YU~ /\ 9



Case 6.5. (n™ = 0)&(n°® > 0)&(n~ > 0): calculate 7 = — vilc,ieZ,

1
200,
determine the set of multiple maxima

*={x:x= Y v+ Y 7v,7 €R,i € I°},

i€T— i€z’

calculate a representative maximum x* € X* corresponding to 7, = 0,/ € Z°:

= Z Ti*Vi?

iGI*

calculate maximal value f* =

(vi' )%
IGI /\ 9
Case 6.6. (n™ = 0)&(n® = 0)&(n~ > 0): calculate the unique maximum
x* = f%vefl/\*l Ve,

calculate maximal value f* = —= "
i€eT-




e Representing f(x) = x' Qx + ¢ x as a weighted sum of squares

Step 1. Calculate an eigenvalue decomposition: Q ~ (A, V);
Step 2. Determine index sets

IT-={i:N<0)L,Z0={i: \;=0},Z" ={i: \; > 0};
Step 3. Calculate parameters v; = v, ¢, i =1,...,n;
Step 4. Calculate parameters ¢; = v;' v;, i=1,... n;
Step 5. Define the representation:

Fx)= /e\j(viTx—i-

i€~

12 1
%’) + 2 v x+
2)\,’ iEIO 9,’

N +oo1 N1 1,
sz () - S et




= (%)

Example 1. f(xi,x) = —57x{ + 12x1x2 — 48x5 +50x1 — 20x, = Q = <_57 6) ’

6 —48
Fx) = (a x) <_57 6) <X1>+(5o — 20) <X1>
S\ 6 -48) )
X7 ———— T

X0
—— c ——

Q X X
Step 1. Calculate an eigenvalue decomposition: Q ~ (A, V),

-60 0\ A= —60, -2 1 -2
N= ' V= , V1= , Vo =
0 —45) X, = —45, 11

1

= N
S—

Step 2. Determine index sets 7~ = {1,2}, I° =0, T+ = )
Step 3. Determine integers n~ = [Z7| =2, n® = |I°| =0, n* = |ZF| = 0;
Step 4.

Since n® = 0, goto Step 5;



Step 5. Calculate diagonal matrix




. 1 1
calculate maximal value  f*=—-> %" (vihc)? =
4iez- Aibi

50 1 1 50
_ (—2 1) + — < 1)
O | ~——\-20 _45. 5 2 —-20
91 Vl—r WV v 4 "T N’

c Ao N /) 123 c
0>

1[1 4 109
- ——.120%° — —— .52 = 2~ ~12.111.
{300 0 45-5 > } 9




e Geometrical interpretation

0 f(x) = —57x% + 12x1x0 — 4852 + 50x; — 20x0,

_ _ n 0.422
unique maximum x* = = ,
—% —0.155
maximal value f* = % ~ 12.111.




e Representing f(x) = —57x12 + 12x1%0 — 48x22 + 50x; — 20x

as a weighted sum of squares

1 1\ 109
- _ _ 2 _ - _ -~
f(x) =—=12(—2x1 + x2 + 1) — 36 (2x1—|—x 18) + 9

End of Example 1
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Example 2. f(x1,x) = 6x2 — 12x1x0 — 3x3 — 8x1 +24x0 = Q = ( 6 —6> ,C= <_8> ;

-6 -3 24

6 —6 X1 X1

fF(x) =(xa X2)< )( >+(_8 24)( )
~——\-6 -3 X2 —— X2

xT —_————— — T ——

Step 1.

Step 2.
Step 3.
Step 4.

c

Q X X
Calculate an eigenvalue decomposition: Q ~ (A, V),

-6 0\ M\ =-6, ;-2 : -2
A= ' V= , VI = , Vo = )
0.9/ X= 9, 11 1 1

Determine index sets 7~ = {1}, Z° =0, Z+ = {2};
Determine integers n~ = [Z-| =1, n® = |Z°| =0, n* =|Z7| =1,

Since n® = 0, goto Step 5;

11



Step 5. Calculate diagonal matrix

1 1 5
o viv_|[ 2 1\ (3 -2\ _ (i 0 |
2 1J\1 1 0 5

Step 6. Case 6.3. (n™ > 0)&(n® = 0)&(n~ > 0): unique stationary (saddle) point

12
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e Geometrical interpretation:

f(x) = 6X12 — 12x1%0 — 3X22 —8x1 + 24xp,
unique stationary (saddle) point maximum
14
(s 1.556
x* = ~ ,
¢ 0.889

. 40
stationary value 7* = g ~ 4.444,

40 15
p1(T)=f(x"+7-v) = i 372

(1 is concave

4
OAT) =F(x"+7-wn)= 50 + 4572

(o is convex

14



e Representing f(x) = 6x12 — 12x1x0 — 3x22 — 8x1 + 24x

as a weighted sum of squares

24 /1 5\ 9 20\2 40
f(X):—g §X1+X2—§ +§ —2X1—|-X2+§ +E'

End of Example 2
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Example 3. f(x1,x2) = 4x? + 4xyx0 + x5 + 50x; — 45x = Q = (4 2) €= ( 50> )

2 1 —45 )"
4 2 X1 X1
f(x)=(x1 x) + (50 —45)
xT —— —— cT ——
Q X x

Step 1. Calculate an eigenvalue decomposition: Q ~ (A, V),

0 0 A =0, -1 9 1 2
A= ' V= y VL= s Vo = ;
0 5 Ao =5, 11 1 1

Step 2. Determine index sets Z~ =0, Z7° = {1}, Z+ = {2};

N
NI

Step 3. Determine integers n™ = |Z-| =0, i =|Z% =1, n" = |Z7| = 1;
1
Step4. " =1>0 :>calculate'yl:v1Tc:5-(—8)4—1-24:207&0 =

=> no stationary points: stop.
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e Geometrical interpretation

F(x) = 432 + 4xixo + 55 + 50x; — 45,

-

100007 no stationary points
50007

0]
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e Representing f(x) = 4x% + 4x1x2 + X3 + 50x1 — 45x2

as a weighted sum of squares and an affine function

112 121
f(x) = <2X1 + xo + 2> + 28x7 — 56x + R

End of Example 3
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Example 4. f(x1, %) = 4x2 — 12x150 + 9x3 + 4x1 — 630 = Q = (4 —6> ,C= ( 4) ;

6 9 —6
F) = 0 X2)< 4 —6) <x1> i@ ) <x1>
~—— \ -6 9 X2 N—— \ X2
xT —_—————— T ———

Cc

Q X X
Step 1. Calculate an eigenvalue decomposition: Q ~ (A, V),

0 0\ M= 0, 3 2
/\: , V: 7V1:
0 13/ )\ =13, 11 1

Step 2. Determine index sets T~ = (), Z° = {1}, Z* = {2};

NIlWw
~_
>
I
|
Wi
N

Step 3. Determine integers n= = |Z7| =0, n° = |Z° =1, nt = |ZF| =1,

Step4. °=1>0 :>ca|cu|ate*yl:vch:§~4+1-(f6):O = goto Step 5;
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Step 5. Calculate diagonal matrix

o vy (3N (F R (% ).
-2 1) \1 1 0o £

Step 6. Case 6.2. (n™ > 0)&(n® > 0)&(n~ = 0): multiple minima

1
calculate 7 ) vic,i€el", 7 213.(5) ( 5 1)
determine the set of multiple minima v v

X*={x:x= Y 7vi+ > mvi,T; eR,i € I°} =
€Tt i€Z0

2 3 2 .3
-3 3 X1 X1 —i3+357M

x:x:%- 3 + 7 - 2 71 ER S = : = 1302
1 1 X2 X2 %+T1

2
. .. 13
calculate a representative minimum x* = 75w, = ( 3 )

3
. 1 1
calculate minimal value f* = —— (V.TC)2 = _1.
4 A6
i€+ \ivYi

fay

fuy

>77—1€R}7
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e Geometrical interpretation

f(x) = 4x? — 12x1x2 + 9x2 + 4x; — 6x2,

set of multiple minima

X* = . _ _2 4,3
{(xt, %) 1 x1 = =55 + 571,

3
X2 = 13 + 71,

71 € (—00,+00)}

_2

. .. " 13
representative minimum x° = 3 >

13

minimal value f* = —1.
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e Representing f(x) = 4x12 — 12x1x0 + 9x22 + 4x1 — 6x2

as a weighted sum of squares

2 1\?
f(x)=9 (—3X1—|—X2 — 3) + 1

End of Example 4
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KA <0< A1 <0

e Geometrical interpretation: 0 < \; < ...
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i <...< )\
e Geometrical interpretation: 0 < A\ < ... < A\ <0 < A\gyg < < A\,

AN\
/ “ \ \ \ \‘\\\\\\

T 1 . \ ‘/‘
0 2 4 6 \ \

N\ 1 /
X

T T T

-8 -6 -4
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e Geometrical interpretation: 0 < A\ < ... < A <0< A\p1 < ... <\
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CHECK YOURSELF
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Task 1. Find stationary point of quadratic function
f(x1,x2) = 6x2 + 14x3 + 6x1x2 — 60x; — 130x2. Determine the type of
the stationary point.

Answer. Stationary point x* = is a unique minimum with

f*=f(x*) = —350.

Task 2. Find stationary point of quadratic function
f(x1,x) = —11X12 + 37x22 4 20x1xp — 58x; — 316x>. Determine the type
of the stationary point.

3
4

. . 1\ . . . .
Answer. Stationary point x* = <4) is a unique saddle point with

f* = f(x*) = —661.

30



Task 3. Find stationary point of quadratic function
f(x1, %) = —22x2 — 17x3 — 12x1x2 — 76x1 + 10x2. Determine the type of
the stationary point.

Answer. Stationary point x* = is a unique maximum with

f*=f(x")=8L
Task 4. Find stationary point of quadratic function

f(x1,x) = —4x12 — 9x22 — 12xyx0 + 4x1 + 6x2. Determine the type of the
stationary point.

1

Answer. The set of stationary points
X* ={(x1,x2) : 2x1 + 3x2 = 1}.

All point in the line X* are points of maximum with
*=1f(x*)=1vx* € X*.
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