e Example 1. For given function f(x1,x) = € 72(5 — 2x; + x,) find all stationary points,

points of local minimum, points of local maximum, minimal and maximal values.

® Solution. First order necessary optimality condition Vf(x) = 0:

Of(x1,%2) X2 —x; X2 —x
o 2x1X172(5 — 2x7 + xp) — 217 2x1(5 —2x1 + x0) — 2 0
Vi) = | 0 —( ( : )—afxz( ( : )—()

) —e 2 (5 — 2 + x0) + e % —5-2a+x)+1 0

. 2
Since €172 > 0 Vxy, Vxo

vf(x) 0 o <2X1(5 - 2X1 + X2) - 2)

0 —4x2 + (2% +10)x; —2=0 (1)
54
—(5 —2x1 -I—Xg) +1

0 21 —xp —4=0 (2)

From (2) = xo = 2x; — 4 substituting in (1) = 2x —2=0=x =1 = xp = —2.

1
Unique stationary point x* = ( 2)



e Example 1. For given function f(x1,x) = € 72(5 — 2x; + x,) find all stationary points,

points of local minimum, points of local maximum, minimal and maximal values.
e Solution. Second order optimality condition at x* = (1,-2).

2 2 2 2 2 2
V0 (2&1 X2 (5 — 2x1 4 x0) + 4xi 2 T2 (5 — 2x1 4 xp) — 8x1 L° T2 _2x; X2 (5 — 2x1 4 x0) 4+ 2x1 1° X2 4 26X X2>
X

2 2 2 2 2
—2x73 €1 TX2 (5 —2x5 +x2) +2x7 &1 TX2 4251 TX2 eX1” X2 (5 — 2x5 +xp) —2e*1 TX2

V(") —2e3 2¢° —40.17107384  40.17107384
X* = =
2e3 —éb 40.17107384 —20.08553692

Eigenvalues \; = —71.5357005142016< 0, A, = 11.2790897542016> 0 =

1
= V2f(x*) is indefinite = x* = ( ) is a saddle point,

no points of local minimum or maximum.
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e Example 1. For given function f(xq,x2) = eX12*X2(5 — 2x1 + x2) find all stationary points,

points of local minimum, points of local maximum, minimal and maximal values.

e Solution. Analysing inf and sup behaviour.
Line 1: Ly ={(x1,%) :5—2x1 +x =0} = f(x1,x) = e .0 = 0, (x1,%) € Ly.
Line 2: [, = {(Xl,Xz) 5 —2x1 +x = 1} = f(Xl,XQ) = eXlz_X2 1= eXlz_XZ, (X17X2) €L,
f(xl,x2 =2x1 — 4) = eX12—2X1+4 = e(X1_1)2+3 — 400 as x; = +00 (unbounded from above)

Line 3: L3 = {(x1,%) : 5 — 2x1 + 30 = —1} = f(x1, %) = 572 - (=1) = —e5 2 (x1,%) € L3

f(x1,% =2x3 — 6) = 7eX1272X1+6 = —e(X171)2+5 — —00 as x; — +00 (unbounded from below)
e Answer. f has unique saddle point x* = (1,—-2)T, is unbounded from above sup f(x) = +o0,
x€R?
and is unbounded from below inf f(x) = —oc.
x€ER?



e Example 1. For given function f(xy,x2) = eX12*X2(5 — 2x1 + x2) find all stationary points,

points of local minimum, points of local maximum, minimal and maximal values.

e Geometrical interpretation.
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e Example 2. For given function f(x1,x) = e2x1t3x (8 x12 — 6x73 X2 + 3X22) find all stationary

points, points of local minimum, points of local maximum, minimal and maximal values.

e Solution. First order necessary optimality condition Vf(x) = 0:

Vi(x) = =

f(Xl ,Xz)
Oxo

Of (x1,x2) <2e2x1+3xZ (8X12 _ 6X1 X + 3X22) + €2X1+3X2 (16X1 _ 6X2)>

8X1
3e2413%2 (8x;2 — 6.x7 X2 + 3x22) + €232 (—6x; + 6x2)

pis 16 x72 —12x5 x2 + 6 x22 + 16 x; — 6 x2 0
=e X1 X2 = .
24 x72 —18x7 x2 +9x2%2 — 6x; +6x2 0

Since €213 > 0 Vxq, Vxo

].6X12 —12x1 % +6X22 4+16x; —6x2 =0,

24X12 — 18 x1 x> +9X22 —6x;+6x2=0.
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e Example 2. For given function f(x1,x) = e2x1t3x (8 x12 — 6x73 X2 + 3xz2) find all stationary

points, points of local minimum, points of local maximum, minimal and maximal values.

e Solution. First order necessary optimality condition Vf(x) = 0:

ql(Xl,XQ) = 16X12 - 12X1 X2 —|—6X22 + 16X1 — 6X2 = O,

q2(X17X2) =24x;2 —18x; X2 +9x22 —6x; +6x2 = 0.

Geometrical interpretation.
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e Example 2. For given function f(x1,x) = e2x1t3x (8 x12 — 6x73 X2 + 3xz2) find all stationary

points, points of local minimum, points of local maximum, minimal and maximal values.

e Solution. First order necessary optimality condition Vf(x) = 0:

ql(Xl,XQ): 16X12—12X1X2+6X22—|—16X1—6X2:0,

2
q2(X17X2) = 24—X12 — 18 x1 x2 +9X22 —6x;+6x2=0. - <—3>

(—16x12 4+ 12x1 x2 — 6 x2° + 4 x5 — 4x2)

20x; — 10xp =0,
2x1 — x=0. (3)
From (3) x; = %x2 = qa(x) = %xz,xz) =6x3 +3x% =3002x+1)=0=
=x'=0,x5"=-1=x"=0 x7=-1

1
4 1
. . *)1 _ O *)2 _ _i
Two stationary points x** = o) X°= N
i



e Example 2. For given function f(x1, xp) = X132 (8 x;2 — 6 x; X2 + 3 x2?) find all stationary

points, points of local minimum, points of local maximum, minimal and maximal values.

e Solution. Second order optimality condition

2

Oot2) = 42X (5x1% — 6x1x2 +3x22) 4+ 424 (16:x1 — 6x2) + 166271432

%f(xy % f(xy 2 x143 x2 2 2 2 x1+43 x2 2 x143 x2 2 x1+3x2
8X<1(,1)X22) = 8;261”12) = 6217352 (812 — 6x1x2 + 3x2%) + 26232 (6 x1 + 6x2) + 3232 (16x1 — 6x2) — 62X+
62f(x1,x2)

Bt = 92X 432 (8x12 — 6xIx2+ 3x22) +6e2X143X2 (L6 x1 + 6x2) + 62X 132

16 -6

V2f(x**1) —
-6 6

> = A1 = 18.81024968 > 0, Ap = 3.189750324 > 0 : isolated loc.min.

V2f(x*2?) = ( = —1.634405427 < 0, A, = 5.750675714 > 0 :

saddle point

—0.7385392599 —2.411113466
A1
—2.411113466 4.854809547



