e Unconstrained minimization
min f(x),

x € R".
e First order necessary optimality condition:

Of (x)

Ox1

Of (x)
Vix)=| 7 | =o.

Of (x)
OXn

e Point x*: Vf(x*) =0 is called a stationary point.



UNCONSTRAINED QUADRATIC OPTIMIZATION



e Unconstrained quadratic optimization: objective function is quadratic,
no constraints

min {f(x) = x" Qx + ¢ "x},

x€R"
gii qi2 ... (Qin a
Q- Q_21 CI_22 CI_2n c RPN, o= C_2 R,
dni 49n2 *°° dQnn Cn

Q assumed to be symmetric: g;; = gj;, otherwise you may set
Q+ HQ+ Q)
(The latter means the following: x' Qx = %XT(Q + Q@")x and

Q + QT is always symmetric).



e Unconstrained quadratic optimization: objective function is quadratic,
no constraints

min {f(x) = x" Qx + c"x},
x€eR"

e Extracting Q and c:

Example 1. f(xl,x2):x12—x22—4x1+6x2 = Q= <é _(1)>, c= (

0 X X
) = 0a ) [ a0
~——\0 -1 X2 —— \ X2

XT e — T =

c

Q X X



e Unconstrained quadratic optimization: objective function is quadratic,
no constraints

: _ T T
Xr’g@{f(x)—x Qx + ¢’ x},

e Extracting Q and c:

Example 2. f(X]_’X2) = 5X]? 4+ 4X1X2 + X22 _ 16X1 _ 12X2 — Q _ <5 2> c= (—16> ;

21 —12
f(x)=(a x) <5 2) (X1> +(-16 —12) <X1>
~——\2 1 X2 ————— \ X2
xT e T ~———

c

Q X X



e Unconstrained quadratic optimization: objective function is quadratic,
no constraints

: _ T T
Q}@,{f(x)_x Qx + ¢ ' x},

e Extracting Q and c:

Example 3. f(x1, x2, x3) = X12 + x22 + 2x32 + x1x0 + 2x1x3 + 3x0x3 — X1

1 % 1 X1 X1
f(x)=(x1 x x3) % 1 % X2 +(—1 0 0) X2
—_—— —_———
xT 1 % 2 X3 cT X3
——
Q X X



e Unconstrained quadratic optimization: objective function is quadratic,
no constraints

f — ! T
min {f(x) = x" Qx+c x},

e Eigenstructure: Q ~ (A, V), Qv;=\jv;, i=1,...,n.

1 Q is symmetric matrix = elgenvalues A1 < < Ap are real numbers
M 0 -+ 0
0 X --- O
A=ty . . . | V= :
0 0 - A, Von
T
V1 V2 Vn

N\ - diagonal matrix with eigenvalues on the main diagonal,
V' - matrix with eigenvectors vi, vo, ..., v, as columns.



e Matrix classification

e Q is said to be Positive Definite (PD, Q = 0) if x' Qx > 0Vx € R", x # 0.
(If Q is symmetric, Q = QT, then PD ~ ); > 0,i=1,...,n)

e Q is said to be Positive SemiDefinite (PSD, Q = 0) if x' @x > 0 Vx € R”.
(If Q is symmetric, @ = QT, then PSD ~ \; > 0,i=1,...,n.)

e Q is said to be Negative SemiDefinite (NSD, Q < 0) if xTQx < 0Vx e R".
(If Q is symmetric, Q = QT, then NSD ~ )\; <0,i=1,..., n.)

e Q is said to be Negative Definite (ND, @ < 0) if x" @x < 0 Vx € R”, x # 0.
(If Q is symmetric, Q = QT,then ND ~ X\; < 0,i=1,..., n.)

e Otherwise, Q is said to be indefinite.



e Quadratic form: f(x) = x " Qx

e Stationary point: Vf(x) =2Q@Qx =0 = x* =0 - triviall

Example 4. f(x1,x2) = x2 + x2

or f(x1,%) = 0.5x2 + 2x3
or f(x1,%x) = 5x2 + 0.1x3

4

f(Xl,Xz) = )\1X12 + )\2X22

A1 >0, A\ >0 = x* =0 - unique minimum



I EEEEEEE————m———————————S
e Quadratic form: f(x) = x " Qx
e Stationary point: Vf(x) =2Q@Qx =0 = x* =0 - trivial!
Example 5. f(x1,x2) = x2
or f(x1,x) = 0.5x2

or f(x1,x) = 0.1x2

4

f(Xl,XQ) = )\1X12 —+ )\2X22

A1 >0, =0
= x* = 0 - nonunique minimum
A = 0,)\2 >0
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e Quadratic form: f(x) = x " Qx

e Stationary point: Vf(x) =2Qx =0 = x* =0 - trivial!

Example 6. f(x1,x2) = x2 — x2

or f(x1,x2) = —x12 + O.5x12

or f(x1,%) = 0.1x% — 8x3
Y
f(Xl,Xz) = )\1X12 —+ )\2X22
A1 >0, <0

= x* = 0 - saddle point
A1 <0,2 >0
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e Quadratic form: f(x) = x " Qx

e Stationary point: Vf(x) =2Q@Qx =0 = x* =0 - triviall

Example 7. f(x1,x2) = —x2
or f(x1,x2) = —0.5x22
or f(x1,x2) = —100x12
\
f(Xl,XQ) = )\1X12 + )\2X22
A1 <0,A2=0
= x* = 0 - nonunique maximun

A1 = 0, A <0
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e Quadratic form: f(x) = x" Qx

e Stationary point: Vf(x) =2@x =0 = x* =0 - trivial!

Example 8. f(xi,x2) = —x? — x2
or f(x1,%) = —5x2 — 0.5x2
or f(x1,x) = —0.1x% — 10x3
¢
f(Xl,XQ) = )\1X12 + )\2X22

A1 <0,A2 <0 = x* =0 - unique maximum

13



e Quadratic form: f(x) = x| Qx

e Stationary point: Vf(x) =2Qx =0 = x* =0 - trivial!

e Separable form = @ is diagonal A O - 0
. 0 XN --- 0
"0 =B R R
0 0 - M\,
010 <A < <. <Ay x* =0 - unique minimum;
e20=X <A <...< A, x* =0 - nonunique minimum (A, > 0);
0.3 )\ S A <0< A1 << Ay xF =0 - saddle point;

<A <
04 A1 <X <...\;, =0 x* =0 - nonunique maximum (A; < 0);
<A <. A <0 x*=0 - unique maximum.
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e Quadratic form: f(x) = x ' Qx

e Stationary point: Vf(x) =2Qx =0 = x* =0 - triviall

e General case gir q12 - Qin
q21 Q22 -+ Q2p

R=1 . . .
Example 9. f(x1,x) = X12 — X1Xo + x22 Qi G2 - Gnn

Nevertheless! f(x1,%) = 1(x1 +x2)? + 2(—x1 +x)? > 0
I

. o . 2x1 — X2
* J— —
x* =0 is a minimum point, Vf(x) = < i 2x2> =0.
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e Quadratic form: f(x) = x' Qx

e Stationary point: Vf(x) =2Qx =0 = x* =0 - triviall

e General case g1 q12 - Qin
a1 922 - Q2p

Q=1 . . .
Example 10. f(x1,x) = —x1x2 + x22 Gl Gr2 '+ Gon

Nevertheless! f(x1,x) = —0.207(0.924x; — 0.383x,)2 + 1.207(0.383x; + 0.924x,)?

x* =0 is a saddle point, Vf(x) = ( X_—);22X ) -0
—X1 2
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e Quadratic form: f(x) = x ' Qx

e Stationary point: Vf(x) =2Qx =0 = x* =0 - triviall

e General case gi1 q12 - Qin
a1 g2 -+ Q2p

Q=1 . . .
Example 11. f(xy,x2) = _X12 — X1 Xp — x22 Gl Gr2 ** Gon

Nevertheless! f(x1,x) = —0.25(x1 + x2)? — 0.75(—x1 + x2)?
4

x* =0 is a maximum point, Vf(x) = (_2X1 B X2> =0.

—X1 — 2X2
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e Quadratic form: f(x) = x" Qx
e Stationary point: Vf(x) =2Q@Qx =0 = x* =0 - trivial!
e Eigenstructure analysis: if X and ¥ are such that
QU= A0
then \ is called an eigenvalue of matrix Q and

vV is called an eigenvector of matrix Q.

18



- ____________________________________________________________________________________
e In order to find an eigenpair (5\, ) one has to solve
Rx=Xx = (Q—A)x=0.
e Nontrivial solutions iff (if and only if)
det(Q — A/) =0.
e det(Q — A/) is a polynomial of the degree n.

e If Q is symmetric then det(Q — A/) has n real roots (eigenvalues):

A< <. KA,

19



e Unconstrained quadratic optimization: objective function is quadratic,
no constraints

f — ! T
min {f(x) = x" @x+c x},

e Eigenstructure: Q ~ (A, V), Qv;=\jv;, i=1,...,n.

1 Q is symmetric matrix = elgenvalues A1 < < Ap are real numbers
M 0 -+ 0
0 X --- O
A=ty . . . | V= :
0 0 - A, Von
T
V1 V2 Vn

N\ - diagonal matrix with eigenvalues on the main diagonal,
V' - matrix with eigenvectors vi, vo, ..., v, as columns.
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e Unconstrained quadratic optimization: objective function is quadratic,
no constraints

H f — I T
min {f(x) =x" Qx+c x},

e Eigenstructure: Q ~ (A, V), Qv =\jv;, i=1,...,n,

Qv =VA (1)]
Eigenvectors vi, vo, ..., v, are orthogonal: 0, 0 - 0
0;, =], 6, --- 0
viy=a 0 Tl =y >0, o= S
07 ’75./ .
0 0 0n
Viv=0 (2)
From (1), ()]= [ vTQV=VTVA=0A (3)]
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e Unconstrained quadratic optimization: objective function is quadratic,
no constraints

H f — I T
min {£(x) = x" Qx + cTx},

e Inveres matrices:

Viv=e (|= viv=eie: =lpivive:=1 (4)

N T N (1) 0 10 0

0 9 --- 0 0 — -+ 0 0 1 0

I R I°F ) IR I |
0 0 Von 0 o0 \/107 00 1

From (4) and
-1 _ p=-1a-1 -1
(AB) " =B""A (Ve—%) = 0:v-! :e—%vT:s’ vt =e VT, (6)‘

22



e Unconstrained quadratic optimization: objective function is quadratic,
no constraints

. f — oy T T
min {f(x) =x" @x+c x},

e Decomposition of Q:
T _ _ -1 ~1y,T _ —1yT
From VT QV = OA (see (3)), (5), (6)| = Q= v? ONO~ VT = vAO-lV
(vi)-t vt

Q=VAO1lyT

e Then f(x) =x"VAO VT Tx 4+ cTx (7)
e Variable substitutions: y = V'x < x = VO~ly (see (5))

o New objective function: f(y) =y A@ 1y +dTy, d=0"1VTc.

23



e Unconstrained quadratic optimization: reduction to the separable problem

mln{f( )=x"Qx+c'x}

xERN

(x=Vvely| [y=VTx]

rr€1|n {f( )= yThAO 1y + dTy}
y n

e Advantage: f is a separable function

fly) = é:( +dy,>, dizefv,-Tc (8)




e Separable objective:

) = 3 (57 + v

i=1

elndexsets: Z-={i: N\ <0}, Z°={i: \; =0}, Zt ={i: \; > 0}

e Then
- )\,- 5
fly)= > 7. +diyi )+ > diyi+ > y, + diyi
i€T— i jez® €Tt 0
x|}
. Ai dif;\? 1 d20;
A= o ( ¥ ) Tyt oy &g
j€eT-UI+ Oi 2) ieZ0 4i€Z—UI+ Aj
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