
Çàäà÷à Øòóðìà-Ëèóâèëëÿ 3.

Ðàçëîæèòü ôóíêöèþ f(x) = x2 − a2 + x ïî ñîáñòâåííûì ôóíêöèÿì çàäà÷è Øòóðìà-Ëèóâèëëÿ

y′′(x) + λy(x) = 0 (1)

y(−a) = y(a), y′(−a) = y′(a), x ∈ (−a, a), a > 0. (2)

Êàê è â ïðåäûäóùèõ ñëó÷àÿõ ðàññìîòðèâàåì 3 âàðèàíòà:

1) λ < 0, y(x) = C1e
−
√
−λx + C2e

√
−λx, ïîäñòàâëÿÿ â êðàâûå óñëîâèÿ(2), ïîëó÷èì C1 = C2 = 0

2) λ = 0, y(x) = C1x + C2, ïîäñòàâëÿÿ â êðàâûå óñëîâèÿ(2), ïîëó÷èì C1 = 0, C2 - ëþáîå ÷èñëî,

íàïðèìåð, 1.

3) λ > 0, y(x) = C1 sin(
√
λx) + C2 cos(

√
λx)

Ïîäñòàâèì ïîëó÷åííîå â 3) âàðèàíòå ðåøåíèå â êðàåâûå óñëîâèÿ(2), ïîëó÷èì îäíîðîäíóþ ñèñòåìó

àëãåáðàè÷åñêèõ óðàâíåíèé îòíîñèòåëüíî ïðîèçâîëüíûõ ïîñòîÿííûõ C1, C2

y(a)− y(−a) = −2C1 sin(
√
λa) = 0,

y′(a)− y′(−a) = −2C2

√
λ sin(

√
λa) = 0

(3)

Ò.å. ìàòðèöà ñèñòåìû ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé îòíîñèòåëüíî C1, C2 èìååò âèä −2 sin(√λa) 0

0 −2
√
λ sin(

√
λa)

 (4)

Äëÿ ñóùåñòâîâàíèÿ íåíóëåâîãî ðåøåíèÿ ñèñòåìû (3) íåîáõîäèìî è äîñòàòî÷íî, ÷òîáû îïðåäåëèòåëü

åå ðàâíÿëñÿ ÍÓËÞ. Ïðèðàâíÿåì åãî íóëþ è íàéäåì çíà÷åíèÿ λ, êîòîðûå îáåñïå÷èâàþò ñóùåñòâîâàíèå

íåíóëåâîãî ðåøåíèÿ.

4
√
λ sin2(

√
λa) = 0

Ðåøåíèå ïîñëåäíåãî óðàâíåíèÿ èìååò âèä

√
λka = kπ, k = 1, 2, ...∞ (5)
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Ïîäñòàíîâêà λk â (4) ïðèâîäèò ê íóëåâîé ìàòðèöå. Ïîëó÷àåòñÿ, ÷òî ðåøåíèåì óðàâíåíèÿ (3) ÿâëÿþòñÿ

ëþáûå çíà÷åíèÿ C1, C2. Êàêèå âîçìîæíû âàðèàíòû âûáîðà âåêòîðîâ (C1, C2)
T ? Ìîæíî âûáèðàòü ëþáûå

ëèíåéíî-íåçàâèñèìûå âàðèàíòû. Ò.ê. âåêòîð ñîñòîèò èç 2-õ êîìïîíåíò, òî ñóùåñòâóåò âñåãî 2 ëèíåéíî-

íåçàâèñèìûõ âåêòîðà. Íàïðèìåð, ìîæíî âçÿòü ïðîñòåéøèé âàðèàíò - åäèíè÷íûå âåêòîðà

(1, 0)T , (0, 1)T (5)

Òîãäà íàáîð ñîáñòâåííûõ ôóíêöèé(ëèíåéíî-íåçàâèñèìûõ) áóäåò èìåòü âèä{
1, cos(

kπx

a
), sin(

kπx

a
), k = 1, 2, 3...∞

}
. (6)

Â ðåçóëüòàòå ìû ïîëó÷èëè âñåì çíàêîìûé èç êóðñà ìàò.àíàëèçà íàáîð ôóíêöèé äëÿ êëàññè÷åñêîãî

ðàçëîæåíèÿ ëþáîé êóñî÷íî-íåïðåðûâíîé ôóíêöèè â ðÿä Ôóðüå.

Ðàçëîæåíèå ôóíêöèè f(x) ïðåäñòàâëÿåòñÿ â âèäå

f(x) = A0 +

∞∑
k=1

(Ak cos(
√
λkx) +Bk sin(

√
λkx) (7)

ãäå

Ak =

a∫
−a

f(x) cos(
kπx

a
)dx

a∫
−a

cos2(
kπx

a
)dx

, k = 0, 1, 2, 3, ...,∞ Bk =

a∫
−a

f(x) sin(
kπx

a
)dx

a∫
−a

sin2(
kπx

a
)dx

, k = 1, 2, 3, ...,∞

Â ðåçóëüòàòå èíòåãðèðîâàíèÿ ïîëó÷èì

A0 =
2a

3
, Ak =

4(−1)k+1a2

π2k2
, Bk =

2(−1)k+1a

πk
, k = 1, 2, 3, ...,∞

The weight is 1 !!

Ñàìîñòîÿòåëüíàÿ ðàáîòà

Ðàçëîæèòü ôóíêöèþ f(x) = 1 + x ïî ñîáñòâåííûì ôóíêöèÿì çàäà÷è Øòóðìà-Ëèóâèëëÿ

d2y(x)

dx2
+ λy(x) = 0, y(0) = y(l), y′(0) = y′(l), x ∈ (0, l), l > 0

Äîìàøíåå çàäàíèå

Ðàçëîæèòü ôóíêöèþ f(x) = (x− a)(b− x) ïî ñîáñòâåííûì ôóíêöèÿì çàäà÷è Øòóðìà-Ëèóâèëëÿ

y′′(x) + λy(x) = 0, y(a) = y(b), y′(a) = y′(b)
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