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Hzpoii Ha3piBaioT GOpPMANU30BAHHYIO MOAENb KOH(IUKTHOM cuTyauuu. Mrpa
BENCTCA MO OMpeae/eHHbIM NpaBUJIaM, KpOME TOTO, Ur'pa NPOUCXONHT MHOFOKP?THO,
W UTPOKH MEHSIOT CBOE MOBEAECHHUE B mpouecce urpel. Hirpa HaseiBaeTca napuou, ec-
7Y B HEH Y4acCTBYIOT TOAbKO ABE CTOPOHBI. ECiM B MapHOW UIpe BHIMIPbIM OAHOIO U3
WIPOKOB paBeH MPOUTPbIWlY APYTOro, TO Takas Mrpa Ha3blBASTCH UePOU C HYAEGOU
cymmou. Cmpamezueii Ha3bIBAETCS COBOKYMHOCTh NPABWII, OTPENEAOUIKEX BHIOOD
BapHaHTa ACHCTBHUI NPU KAOKXAOM XOHE B 3aBUCHMOCTH OT CJOKHMBIUEHCA CUTYaLIMH.
3ana4a Urpoka COCTOWT B BHIGOpE CTpaTeruu, NPUBOLALLEH K HAMOONBIWIEMY BBIWT-
PeIly, B MPENMNONOKEHUH, YTO BTOPOH MIpOK (MPOTHBHHK) TaKxKe BBIOMpAET Hau-
y4uiui ans cebs cnocoo.

[lyctb urpok 4 umeer m CTpaterui 4, A, .... An, @ Urpok B — n cTpaternii
B,, B, ..., B,. Takas urpa Ha3biBaeTcs Urpol mx n. O0O3Ha4YUM 4EPE3 q;; BEIUTPAILL
(mpourpeiul, ecnu a,<0) urpoka A4, ecnu ou UCTIONB3YET CTPaTeruio 4;, a urpok B
nbnwyerca cTpateruveu B,. Torna matpuia

Bi= Bs - .. T8

Afan ar .. a)

A qu  an ... ay | (9.1)
. : ; |

-"lm \aml am? cen amn/]

Ha3bIBAETCH njamexCHOU mampuyen WM mampuyei uzper. Kaxnas crpoka 3Toi
MaTpULIbl COOTBETCTBYET HEKOTOPOIi CTpaTeruu Urpoka .4, a kaxamlil cronden — He-
KOTOpPOH CTpaTeruu urpoka 3.

Pewenuem uzper HasbiBaeTca Takas napa cTparervit Krpokos .4 ¥ B, HasbiBae-
MBIX OnmuMAanbHoimu cmpameusayit, YTO €Cid ONUH U3 UIPOKOB IPHAEPXKUBAETCS
CBOEH ONTHUMAaNbHOM CTPaTernu, TO APYroMy HEBHIFOAHO OTKIIOHATBCS OT CBOEH On-
TUMAJIbHOW CTPATErUH.

Hueno a = max mina; HasLIBAETCA HuXCHET YeHOU UZpbl, 8 COOTBETCTBY OIS

4 Wi
€My CTpaTerus .4;) Ha3blBAETCA MAKCUMUHHOU. DTA BEJIMYUHA — FapaHTHPOB?{HHbIH
BBIMTPBILI Mrpoka A4, kakyi Obl CTparernio HM BblOpan urpok B. Hwcio
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f = minmaxa, Ha3bipaeTcs GepXHell yyeHolt uepbl, a COOTBETCTBYOLLAA €My cTpare-
/ ]

)
FUA B,y HA3bIBAETCH MUNIUMAKCHOL, OHA FapaHTHPYET UrPOKY B, YTO €ro Mpourphbiw
Oyner He 6onee Benuuuubl f. OTMETHM, 4TO 6 710601 MaAmMpuyHou uzpe cnpageoueo
Hepasercmeo a < f3.

Ecnn HrxHAA uena wrpsl coBnamaert ¢ BEpXHEH, TO €CTb a = f, TO >AeMeHT
@00 NNATEXKHONW MATPHLBI, CTOALLMI HA MepeceyeHn CTPOKH, B KOTOPOH A0OCTHraeT-
CA HHXKHAA LE€HA Urpbl a, M CTONGLA, B KOTOPOM AOCTHUIaeTCS BEPXHAA LIeHA Urpbl
B, HasbIBaeTCs cednosoii mouxoii. B Takom Clly4a€ npo vrpy roBopsT, 4YTO OHa UMe-

CT CEANOBYI0 TOUKY, 4 YHCNIO v = @ = B HA3BIBAIOT yeHoil uepol.

Lins urpbl c cennoBoi TOUKOIN ONTUMANBHBIMH SBASIOTCS MaKCHUMHMHHas CTpa-

TErUA 114 Urpoka .4 ¥ MMHMMaKCHas CTpaTerds ans urpoka B. 3o o3nauaer, yTto ec-

JTH NTPOK 4 NPUAEPKMBAETCS MAKCUMMUHHOIMN CTPaTEruu, TO UTPOKY B HEBBLIFOAHO OT-

KJAOHATBCA OT MHHHMAKCHOM CTpaTeruu, 00paTHO, eCM B MpUAEPKUBAETCS MHHH-

MAKCHOH CTPaTEruu, TO 4 HERBIFOAHO OTKIOHATLCS OT MaKCHMHWHHOM CTpaTeruu.

[peanonoxum, yro urpok 4 NMPUMEHSAET CTpaTeruy .4, ¢ 3alaHHbIMU 4acTOTa-
MU (BEPOATHOCTAMM):

Hzpox A 4, o e I
HYacmoma P Dy D> 3 P

Tax kax cTparernu 4; npencTasnsioT cooii MOJIHYO TPYNMY HECOBMECTHBIX COObI-

m

THH, TO Y p; =]

i=]

AHAJIOTHYHO WIPOK B MNpPUMEHSET CTpaTeruio B; ¢ w4actotoii g;, npuyem

Hzpox B B, | B

Yacmoma QO q; : q:

B,
In

HaGopel uucen (p;, ps... pn) ¥ (G Gs...., gn) Ha3bIBAKOTCA CMeuanHHbIMI
cmpamezuavu. B 4aCTHOM cily4ae, ecu BCE YHCNA p; paBHbI HYIIO, Kpome onuoro:
paBHOrO €AMHHLE, 3TO O3HAYAET, YTO MIPOK .{ MOCTOAHHO MPHUIAEPNMBAETCS OMHOM
cTpareruu. Takas CTPATErHa Ha3blBAETCA YuCmou (aHATOTHYHO AN UrpoKa B).

Takum 00pa3oM, Urpa ¢ CEAIOBOH TOYKOH MMEET peLIeHHUE B YUCTHIX cTpare-
rusx, urpa 6€3 CeanoBOM TOUKH HE HMEET PELUEHUH B YUCTBIX CTPATETHAX, HO UMeeT
pelieHHe B CMEWaHHbIX cTpaterusx. OAHAKO NpU UCMONB30BAHUK CMEILAHHbIX CTpa-
Terui urpa CTaHOBUTCA Criy4aiHOH. Cily4afiHO| CTAHOBMTCA U BENMYMHA BbIArpbILLIA
urpoka A (Uny, YTO TO Xe CaMOe€, MPOUrpbILla HIPOKa B), MO3TOMY MOXHO FOBOPHUTH
NYUIb O CPEIHEM 3HAYEHWH BbIMIpBILLA.

Boiuzpeiwest uzpoxa 4 HasbplBaeTcs MaTeMaTvM‘-lECKOCV OXHJaHHe BbIMIPbILIA
MpY 3aaHHbIX BEPOATHOCTAX CMEIUAHHBIX CTpaTeruit. Llenoi uZpbl Ha3biBaeTCH Bbl-
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UrPbILW, MOJMYyYaeMbli NPU ONTUMANbHbIX CMELUAHHBIX CTPATEruaAX p*=(p,* p.*
Pu*) u q*=(q,*, g% s %) v* = Zal/ pi*q,*.
i

OcHosHaa meopema meopuu uzp: GCAKAS KOHEYHAS MAMPUYHAA USPA C HyAe-
BOU CYMMOU UMeem peuteHue 8 CMeulanHslx cmpameusx. Jns peweHus Wrpbl B
CMELLAHHBIX CTpaTerusx WCIOMbL3YETCA ClEAYIOLas TEopeMa: 044 mozo 4mobel
cmpamezuu p*=(p,* p-*.... p,*) u q*=(q,* q-*,.... q,*) ObLIU ONMUMANLHLIMNU 6 Ue-
pe ¢ mampuyeti (9.1) u yenou uzput v¥ | Heobx00UMO U QOCMAIMOYHO, YMOObL BoIN0O-

HAAUCL HepaBseHCmBa
m

Za,-,p, 2w =L, (9.2)

1=\

n

daiqi*<vt i=L...m. (9.3)

=
OTa TeopeMa MO3BONAET CBECTH HAXOXKAEHUE ONTHUMANbHbBIX CTpAaTerHi 418 MaTpuy-
HOM WUIPbI K PELUEHMIO HEKOTOPO# 3a1auu JIMHEHHOTO NPOrpaMMHUPOBAHMS .

[lpumep 9.1. [pennpuaTue MOXKET BbITyCKaTh TPH BUIA MPOAYKUMK A, A2,

Az, nony4as npubsLTbL, 3aBUCALLYO OT cnpoca Ha 3Ty nponyxkuuro. Cnpoc, B CBOK
OY€epenb, MOXKET NPUHUMATL OOHO U3 YETbIpeX cocTosHun B,, B.. B:, Bi. B mar-
pHUE INIEMEHTBI @j; XapaKTEPH3YIOT NPUObIIb, KOTOPYIO MOJTy4aeT NPeanpUsaTHeE NpH
BBIMYCKE NPOAYKUMH .4; H COCTOSIHUM cripoca B; .

8 B, Bz B
4
A>

5-2.)
5 3 J
. .Asl\ 0 7 4 }.

OnpenenuTe ONTUMaNbHbIE NPONOPUKH B BBITYCKAEMOH NMPOLYKUMH, CHUTAS
COCTOSHUE CPOCA MOJIHOCTHIO HEONPEIECNEHHBIM, FAPAHTHPYS MPH ITOM CPEAHIO
BENMUYMHY NPMOBUTH NPH MI06OM COCTOSHUM CTIpoca.

Pewenue. Mccneayem Mrpy v WUCKAKOYMM B MAATEXKHOW MATPULE 3aBEAOMO
HEBBITOAHbIE U AYONIUpYtOWMe CTpaTerMi. BTopas cTpoka MOMUHMPYET Hal MEPBO,
TaK KaK BCE €€ 3JIEMEHTbl HE MEHbILE INEMEHTOB NEPBOH CTPOKH COOTBETCTBEHHO,
Mo3TOMY cTpaTrerus 4, 3aBeIOMO MEHEe BbiroAHa, ueM .1>. B pesynsTare nonyuaem
MaTpuuy

N W =
(@ S V5]

B B By By
45 [5 6 5 3
4 12 0 7 4

B >Toif mMarpuue Tpetui crondeu NOMHMHUpYET Hal MEPBbIM, H MOCKOJBLKY
CTONOLBI XapaKTEPU3YIOT CTparerdd Wrpoka B, cTpeMallerocs yMEHbUIWTL BbIMI-
pbill Urpoka .4, TO 3Ta CTpaTerus 3aBefOMO HeBbiroaHa. [locnme €ro HCKIHOUCHUA
nonyyaem

[(OW)
‘n



By B, B,

A (5 6 3).
A \2 0 4
[poeepum ynpouweHHyto MaTpULly Ha HalW4YMe B HeH CEANOBON TOYKH, Onpe-
ACNHB  HWXKHIOK W BEPXHIOW uenﬁ(!A urpsl.  [lomyyum [ =min{5,6,4}=4,
@ =max{3,0}=3. Tak kak a = A, To MIpa HE UMEET CEANIOBOM TOUKU M ee pelleHU-
€M OyzdeT cMewaHHas CTpaTerus, a UeHa Urpbl v 3aK/0YueHa B npeaenax 3 <y <4 .
Bynem uckars ontumanshyto CTpaTeruto 1 urpoka 4. Jina ero crpareruu

(P» P3), rEE p; ~ YacToTa MpUMeHEHHs CTPaTeruu A, a p; — CTpaTeruu .45, AOMKHbI
BBINOJIHATLCA iEaseucma (9.2)

[\]

Spr+2p3 >,
6p2 2 v,

3pr+4ps 2,

(8]

Kpome Toro, p2 + p3 =1. Pasnenum o6e wactu MOJIYYEHHBIX COOTHOLUEHMH Ha

P2 D3

v>0 u 0603HauuM X| = » X2 ==, Torna nony4um cremyiom1e COOTHOLLE-
Vv

HHUA:

(5x,+2x, > 1,

6x, 21,

3x, +4x, 21,
1

x,+x2=—-.
L 1%

N

Tak Kak MrpoK A CTPEMMTCA CAENaTh CBOH BBIMTPHIL v KaK MOXKHO DONbUINM,

TO €CTh BEJIMYUHY L KaK MOXHO MEHbLUei, TO MPUXOAUM K CENYIOLIEi 3ana4e Jiu-
‘.‘

HEHHOro NporpaMMHUpOBaHUs:
f(x1,x2)=x1 +x2 = min,

6x 21,
3x1 +4x; 21,

X1 20,.1‘2 > 0.



OBaHMA pPELLMM rpaguyeckH.

[MonyueHHylo 3amady JIMHEHHOro mporpamMmup
HanpaBfeHue pocTa UENeBOM

JlonycTHMOE MHOXKECTBO HM300paXeHO Ha pMC. 9.1,

GyHKUHMH yKa3aHO CTPENIKOH
A

01N 176 \ L Xi

Puc. 9.1
Touka .4 ABAfAETCA TOYKOMN, B KOTOPOi ueneBas GyHKUHA nepeblii pa3 nepece-
KaeT JIONYCTHMOE MHOXECTBO, €€ KOOPAMHATbl MOXKHO HaiTH, peuIMB CHCTEMY ypaB-

HEHUI1
6x1 = l,
3X| + 4XZ =1.

, 11
B pe3ynbTaTe MNCAYYuM UCKOMOE ONMTHMANIBHOE pEUIEHHUE x* = (—,—') CO 3HA4YCHHUEM
e

ueneBoit  QYyHKUMU  fmin ¥ = f( =—. Orcioga UeHa  uIpbl

fmin* _7= P2 ::XI-V ==, P3 ZXZ-\s*:;, plzo (TaK KaK CTparerus ‘4|

3aBeaoMO HeBbiroaHa). CnenoBaTeslbHO, ONTUMANIBHOW CMEWAHHOM CTpaTer'l/leﬁ Hr-

v* =

777
Takum 0Opa3zoM, MpoOAYKLHEG NEpBOro BMIa NPOM3BOAMTL HEBBLIFOAHO, a MpPO-
AyKUHKIO BTOPOrO Y TPETHEro BUAA CliefyeT NPOM3BOAMUTL B OTHOLIEHWH 4:3.
Haiinem onTMManbHYl0 CMELIAHHYIO CTpaTerdio s wrpoka B. Jlns storo pe-
WKMM CNeayIOLY ABOHCTBEHHYIO K MpeablAylUel 3aaaqy THHEHHOTO NporpaMmMupo-
BAHHA:

poka .4 agnserca Habop (pi, p2,ps) = (0,i 2)

g(¥i.ya,y3)=y1+ y2+ )5 > max,
I5y. +6y2 +3y; <1,

| 2w +4y <],

31 20,y220,y; 20.

Ot™eTnm, uTo 3y = Ly = L2y =1

v v v
37
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5

.

Jlns OThICKAHWS peleHHs BOCMONb3yeMCA TeopHe#l ABOHCTBEHHOCTH. Ha oc-
HOBaHHM NepBoit Teopembl ABOHCTBEHHOCTH

fmm = oma\* =_-
24

<

Ha OCHOBaHMK BTOPOIi TeopeMbl ABOHCTBEHHOCTH MASIS BEKTOpa ) *, ABJAIOLUErOCH
pelucHyen 1BOMCTBEHHOM 3adauM, AO/KHbI BLIMONHATLCA paBEHCTBA

) *(1-5x)=2x32)=0
Y2 *(1-6x)=0,
*(1-3x) —4x2)=0

\
<
)

11
IloacTasaas koopaunatel BekTopa x* = (—,-), noJry4aem

2 s}
> L ) ]
v.¥*(l---5)=0, 1 ¥4===)=0. omcrwoa y,* =0,
6 8 12
I 6 %
J72 {1~ g.! =0, 2 *0=0, omcrooa y2 * voowcent boime omauven om Ky,
" 3 4  m .
Y * (1= = g) =0, ¥5 *-0 =0, omcroda y; * smoncem Goins omauuen om nyns.

Tak kak 00e Heu3BECTHbIE HCXOMHOM 323aYK OKA3ATHCh MOMOXKHTENLHBIMY, TO
B COCTBETCTBYIOWIMX OTPAHHUEHUSX NBOMCTBEHHON 33AauM JOMKHBI CTOATH 3HAKH
paBexcTs. TakuM 00pa3oM. MOACTaBAAA y1 =0, NPUXONUM K CHCTEME ypaBHEHH

. . = : " .
OTKVAa y2*=-—, 3% = —. Takum 00pa3oM, ONTUMAIbHAS TOYKA NBOMCTBEHHON 3a-
T 24 4 ‘

N § , . 7
| 0,-—-,— I co 3HaueHHeM uenecsoii QYHKIMH Gpa ¥ = — .
{24 4) 24

(nenoBaTe;1bHO, on‘muaﬂwoﬁ CMELI2HHOMA cTpaTerueil urpoka B aensercs
6 )
7

j S 2

(
Habop (§:.42.q3,G4) = [\0 ; ok
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3aganue 8. [IpeanpuATHE MOXET BbIMyCKaTh TPH puaa npomykuuu Ay, Aa,
A,, mojiyyas TpHObINb, 3aBUCSILYIO OT cnpoca Ha 3Ty MpOLYKUHIO. Cnpoc, B CBOKO
ouepenb, MOXET MPUHMMATL ONHO M3 YeThIPeEX COCTOSHHH B:, B2, Bz, By. B mar-
pHLle 3NEMEHTbI @ XapakTepu3yet rpubbLIb, KOTOPYIO MONYyYaET MPEANpUATHE TIpH
BbINYCKE MPOXYKUMU A; M COCTOAHMM cnpoca Bj.

B B, B; By
Afan a2 as au
Ayl any a» as  axn

As\as ax asz  asa

OnpefenuTth ONTHMaNbHbIC OPONOPUMH B BbIMYCKAeMOH MpPOdyKUHH, CUNTAA
COCTOSHHE CMPOCA MONHOCTHIO HEONpPENENeHHbIM, rapaHTHPY s MpH ITOM CPEAHIO0
BEJIMUMHY NMPUOBLTH NMPU NI060M COCTOSHMMK Cnpoca.
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(2 0 5 4 6. 31 4 2
- 3552] {5031}
4 5 6 3 2 6 6 7
foszo) 8 5 33 2
3 4 2 1 {2015}
\5134J 4 4 5 1
1 3 2 10. 0 3 3 1
4 2 0 2 {3025}
31 01 2 4 4 1
4 5 3 4 12 31 4 5
2643} 4 6 2
0 6 1 35 1
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