CAHKT-IIETEPBYPI'CKUI I'OCYJIAPCTBEHHBII YHUBEPCUTET
DAKYIBTET NPUKJJIAIHON MATEMATUKU — ITPOIIECCOB YITPABJIEHUS

B. 9. Bummnesckuii, A. M. Makcuna, 1. B. Onemckoii

[IpakTukym Ha DBM 110 qncjaeHHBIM MeTOIaM

Tema 7. Boraucjenue ornpeJieJIEHHONO HHTErPaJIa

MQTO,ILI/I‘IQCKI/IQ YKa3aHUAg

Cankr-IleTepbypr
2016



ITocTtanoBka 3a1a91

PaCCManI/IBaeTCH 3a/[ava O BBITUCJ/IEHUU OJJHOKPATHOI'O MHTEIr'paJia

b
J(F) = / Fla)dz, (1)

¢ HCIOJIL30BAHUEM KOHEYHOI'O YHCJIa 3HAYCHUI MHTErpUpyeMoi (byHK-
ruu. VIHTepBas wHTerpmpoBaHus [a, b] — 060# OTPE30K YUCIOBOMH
ocu. IlomeiaTerpanbrast Gyukims F () — marobast uHTErpUpyeMasl B
cmbicsie Puvmana dbyHkms.

Taxoil HHTErpaJl ABIAETCA IIPEIEJIOM CyMMBI BHJIA:

b n
J(F) = /a F(z)dx = 7_}11§0;F(§i)Axi = r}blgo Sn, (2)
rmea=x90 <1 <...<xTp=0>0,Aw; =uu; —x;_1, Ty = max, i, Ax;,

B3sB 1OCTATOYHO MaJble YACTUYHBIE OTPE3KH [T;_1,Z;| ¥ BHIUUCIUB
JIOCTATOYHO MHOTO 3HaueHuit F(&;), & € [x;—1,x;], MOXKHO HaliTh 3HaYe-
HUEe WHTerpaJja ¢ JIro0oi 33 aHHOi TOYHOCTBIO. KaxKiasi nHTerpajbHast
CyMMa OIIpeJIeJIsieTCsl CIocO0OM JieJieHus: oTpe3Ka [a, b] Ha wactu Ax; u
BBIOOPOM B KaxKJO# U3 HUX IIPOMEKYTOUHBIX TOUEK &;.

ITpu nocrpoenun npasmia BbraucseHus (1), OAMHAKOBOIO sl BCEX
dbyuxmit F(x), MOXKHO B34Tb Bce AZ; OMUHAKOBBIME: Ax; = b_Ta =h, a
B KauecTBe TOUYeK &; BHIOPATH CEPEJIMHBI YACTUUHBIX OTPE3KOB [T;_1, T;]:
& =a+ (i — %)h [Mosyunm paBUJIO MHTErPUPOBAHUSI, HA3BAEMOE CO-
craBHO (HOPMYIION cpednux npamoyzosvhukos (Wiu cpednel mowku)

n

J(F) = /abF(x)da: ~ Y F(&)Ar = hzn:F(a +(i— 1) h). (3)

OHO 1O3BOJISET BBIMUCIATH HHTErpaJ (1) CKOJIb YrOJHO TOYHO IPHU BCs-
Koit dbyHKIwn F(2), HO OHO SIBJIAETCS MEJJIEHHO CXOJAIMMCS JasKe JIIs
cayvast aHamuTaueckoit dyukimu F(x) u Tpefyer juist JTOCTUKEHUs XO-
pOIlell TOYHOCTH BBIUUCJIEHHsI MHTErpaJia, GOJIBIIOr0 YUC/Ia 3HAUYEHWU
F(z). IlpaBuso (3) cTaHOBUTCH HENPUMEHUMBIM, €CJIM WHTErPaJl siBJist-
€Tcsl HeCOOCTBEHHBIM.

ITpaBuia YNCIEHHOTO UHTEIPUPOBAHUA, PACCUUTAHHBIE HA Gojee y3-
Kre KJacchl (DyHKIWMH, MOIYT UMETh JIyUIlyl0 TOYHOCTH, €CJIH 3apaHee
[PUHSTH BO BHUMAaHWe CBOHCTBA (DYyHKIHMH 9TUX KJIACCOB U UCIIOJIB30-
BaTh UX [PU KOHCTPyHpoBaHMU. KaK/[0e IPABIIIO OCHOBAHO HA 3aMeHe



WHTErpupyeMoil GYHKIUN Ha, KAKYIO-TH00 3JIEeMEHTAPHYIO (PYHKITUIO: aJl-
rebpandecKuii MHOIOUJIEH, PAIMOHAIBHYIO (DYHKIUIO, TPUTOHOMETPHUYIE-
CKMii MHOT'OYJIEH 1 JIp.

Takast 3aMeHa J[aeT XOPOIIYI TOYHOCTb, €CJIM 3aMeHsieMasi (DyHK-
st F'(x) obJiaer BBICOKUM MOPsiIKOM g gkocTd. [Ipu Hammann y F(x)
KaKuX-HAOYIb OCOOEHHOCTEH, MBI 3AMHTEPECOBAHDI B BLIJIEICHNN UX. BbI-
JleJIeHHe JieiaerTcs OOBIYHO IIPH IIOMOINM pasiioxenust F'(x) na msa co-
muOKuTENsA F(2) = p(x) - f(x), npuuem p(x) mmeer ocobeHHOCTH TO-
ro xe tuna, yro u F(z), u HaseBaercs 6ecosoli GyHKIMEH WM IIPOCTO
eecom (oboznavenue p(r) BBOAUTCH 110 1I€PBOii OyKBe (hPAHILy3CKOro CJI0-
Ba poids — Bec). Baxkuo, 9robpl dynknusg p(x) uMmesa aHAJIATUYECKH
BBIYUC/ISIEMBIE j-€ MOMEHMDL:

b
pi= [ @i =01, ()

Bropoii comuoxkuTEND, f(2) — miankas dyHkuums. Takoe pasiorkeHue
npusout (1) K BUILY:

b
ﬂm=/pmﬂmm (5)

Cuuras Bec p(x) durcuposaHHbIM, a f(Z) — IPOM3BOJBHON TVIaJIKOMN
dyHKIMEH, CTPOUM MTPABUJIA WHTETPUPOBAHNS BHJIA,

b n
J(F):/p(x)f(x)dmZAjf(xj)zsm v elab, (6

pacYuTaHHbIC HA (DYHKIUH, UMEIOIINE OJMHAKOBBIC, 3apaHee U3BECTHBIE
ocobernoctu. 3neck f(x) € P(a, b) — HeKOTOPDIH Kirace GyHKIWMIA, Ompe-
JIeJIeHHBIX Ha [a, b]; p(x) — BecoBast byHKIMs: HEKOTOpast (BDUKCHPOBAH-
Hasl Heompuyamesvras Ha [a, b] dyHKIMs, 1715t KOTOPOIt

b
/ p(z)dx > 0,

u Vf(x) € R cymecrByer

b
/pmmmm



Onpenenenne 1. @opmyny (6) HASBBAIOT GOPMYAOLT METAHUNECKUT
k6adpamyp Wi pocto keadpamyproti gopmyaot; (KD).

Sp = Z?Zl A; f(z;) HasbIBatoOT Keadpamyprol cymmol, A; — KBaJ-
PaTypHLIME Koddduyuenmanu, a T; — yY34aMu KBAIpaTypHOI (opMy-
JIBL.

VYesoBuMest canTaTh, 9TO Y376l KBagpaTypHoit dbopmysst (6) pacro-
JIOXKEHBI IT0 BO3PACTAHUIO: @ < Tg < T1 < ... < T, < b U He MOBTOPSIIOTCH.

Omnpenenenue 2. Bequunmna
b n
Ralf) = [ po)f@do = 3" Af @) = IO =S (D)

HA3BIBAETCA MEMOOUUECKOT NOZPEWHOCTNDI0 WA OCTATOYHbM 4ACHOM
kBagparypuoit dhopmysst (6).

Onpenesienne 3. Topopsar, uro KeajparypHas ¢dopmyia (6) nmeer
anzebpauneckyro cmenens mownocmu (ACT) m, ecim ona BepHa Ijist
JIIOOBIX MHOI'OYJIEHOB CTEIIEHU 1 U He BepHa JIjI MHOIOYJIEHOB CTEIIeHU
m+ 1.

DTO PaBHOCHJIBHO TOMY, 9TO PABEHCTBO
b n
/ p(z)x'dx = ZAja?}, (8)
a J=1

BBLINOJIHACTCA AJig 4 = 0,7 U He BBIIOAHAeTcs 1uig ¢ = m + 1. Vm,
aro To e camoe, R,(z') =0, i =0,m u R,(z™!) # 0. Ilapamerpst
KBaJpaTypHOi bopMyssl n, j, A;, j = 1,n dame Bcero BHIGHPAIOT
TaK, 4TOOBI KBaJpaTypHas (popMy/ia MMeia MaKCHMAaJbHO BO3MOXKHYIO
aJIredpPanIecKyro CTeleHb TOYHOCTH.

Heobxomumo orMeTuTh, 9TO B HEKOTOPBIX 3aJ[@daX HE BCE IMapaMeT-
DBl SABJISIOTCH IPOU3BOJIbHbIMU. Hanpumep, eciin F'(x) 3aiana Tabiandso,
TO MBI OTPaHIYEHBI B BBIOOpE y3i10B ;. Horaa mjis ympomenns caeTa
MOXKHO IToTpeboBaTh pasencTBa A1 = Ay = ... = A, = A = const. B
TAKOM CJIydae B HallleM PaCIOPsI’KEHUH TOJIBKO 1 + 1 mapamerp: A u x5,
j = 1,n. Besimuuna norpemuoctu Ry, (f) 3aBucur ot cpoiicTs dyHKIME
f m or BeIOOpA KBaZpPATYPHOl (DOPMYJIBI, T. €. OT y3J0B U KO3 bduImen-
ToB. [Ipu ucciieoBaHUN TOTPENTHOCTH OCHOBHBIMHY SIBJISIIOTCS JIBE 3312~
YH: OIEHKA [IOIPEITHOCTH Jist DYHKIMI C U3BECTHBIMU (PacCIPOCTPaHEH-
HBIMH) CBOMCTBAMU U BBISCHEHHUE YCJIOBUH CXOAUMOCTH — YCJIOBUIA, IIpU
KOTOpBIX Ry, (f) — 0 mpu n — oo.



Takum 06pazom, 15 TOCTPOEHNsT KBAIPATYPHOMH (POPMYIIBI TPU (PUK-
CHPOBAHHOM, HO MMPOU3BOJILHOM 7 HEOOXOINMO YKa3aTh CIIOCOO BHIOOpA
y3710B 2, j = 1,n, n koapdunmenros A;, j = 1,n xBagparyproit dbop-
MyJIbl M YKA3aTh CII0CO0 OIEHUBAHUS METOUYecKoii norpemmuoctu Ry, (f)
Jis nansoit dyaknuu f(+) win Hekoroporo Muoxkectsa dyukiuii @ (a, b).

Onpenenenue 4. [locienoBaTeTbHOCTD KBAIPATYPHBIX (DOPMYJT HA3BI-
BaeTCH K8AOPAMYPHHLIM NPOUECCOM.

DTa M0CJIeI0BATEILHOCTD OIPEIE/ISIETCS JIBYMSI TPEYIrOJIbHBIMU MAT-
pUIlAME: MATPUIIEH y3JI0B U MATpUIle KO3DDUIMEHTOB

a:gl Agl)
ROpNC AP 4@
() () 2 A 4 4

Ksanparyprass ¢dpopmyna coOTBETCTBYIONIAs Nn-#i CTPOKE ITUX MATPHII,
nMeeT BUJ:

b n
/ p(@)f(@)dz = 3 AP F@™) + Ra(f) = Sulf) + Balf).

Jj=1

Omnpeaenenne 5. Bynem roBopuTh, 4T0 KBaIpaTypPHBIl IIPOIECC, OIIpe-
nenennbiit marpunamu X u A, crodumcesa miist by f, ecin

n b
Jim $u(F) = lim YA @) = [ plo)fa)da.
j=1 a



NuTeprionsganmonnbie KBaJpaTypHbie (POpPMYJIbI

Paccmorpum kBaipaTypHyo GOpMyILy ¢ 1 y3aaMu

b n
[ pa)s@rds = 3" 451w, (9)
a j=1

Ecnu y35e1 3aga8b1, TO HAMTy dIieii TOYHOCTU MOYKHO JTOOUTHCS, 3aMEHsIsT
dyukuuio f(x) Ha €€ HHTEPIOJAIIMOHHDI TTOJIMHOM Y BBIYUCIISIs IOJLY Ya-
eMblil uHTEerpas anaaurudecku. Kosddurmenrer A; naxogarca B sToM
cydae OJJHO3HATHO.

Omnpenesienne 6. Kpagparypuas dopmyia (9) HaseiBaercs uhmepno-
asyuonnot (UK®), ecin eé KoahpunuenTsl yI0BaeTBOPSIOT PABCHCTBY

b
A= [ vt =25 (10)

x —xj) (25)

e w(z) = (x —z1)(x — x2) - ... - (T — Tp) — Y340800 MHOLAOUAEH.

Meroaugeckas MOrpeIHocTb HHTepHoJsnuonnoro npasmia (9), (10),
ecau f(x) uMeeT HENPEPBIBHYIO IPOM3BOHYIO IOpsiIKa 1 Ha (a, b), umeer
BUJT

!
Tl

b
Ru(f) / p(@)w(@) fO (E)dz, € € [a,b].

Hnsa dysxumu f(x), uMeroniell HENPEPBIBHYIO U OrPAHUYEHHYIO 110
MotyTio rpomsBoamyio mopsika n (f(x) € C(a,b), |f™(z)| < M,)
BEpHA OleHKA

b
Ralf) <58 [ Ipl(olda. (1)

Sameuanme 2. Begkoe kBajaparypaoe npaBmio (9), anrebpamdeckas
CTEMeHb TOYHOCTH KOTOPOTO HE MEHBIIE TeM N — 1, SIBJISIeTCsT HWHTEPITOJIsI-
IUOHHBIM. BepHO U MPOTUBOIOIOXKHOE: aredpanieckasi CTEIeHb TOTHO-
cru IK® npun BcAKOM pacIoyIoXKEHUH y3JI0B T; OyleT He MeHbIne n — 1.



D10 sABJIIETCS CJEACTBIEM TOIO0, YTO ecaiu () sBIIseTcs I0JIMHOMOM
CTEIIeHN MEHBINEeH 1, TO OHA COBIAJAET CO CBOUM HHTEPIIOIATINOHHBIM
[IOJIMHOM, [TOCTPOEHHBIM II0 7 y3JIaM.

Kosdbdunmmentsr UK® A; mpore HaliT 13 TpebOBaHUA TOTHOTO pa-
BEHCTBA KBaJIPATYPHON CyMMbI S, W HMHTErpaJja JJisi BCEX OHOUIEHOB
cremereit ot 0 70 n — 1. Tomygaem ciremyrormmit

AsropurMm nocrpoenusi UK®
1. Bazmats y3ner kBagparypuoit dopmynet (9) x;, 7 =1,2,...,n

2. Borancaurb momenmu, Becopoit dyHKimn p(x) Ha [a, b]
b .
Wy = / p(x)e’dx, j=0,1,..,n—1. (12)
a
3. PemuTh cucreMmy JIMHEHHBIX aJre0pandecKux ypaBHEHHI

> Ajzi=p., 5=0,1,.,n-1 (13)

IIpumep nocrpoennsa NK®

IMocTpouTs ABYXTOUEUHYIO (N = 2) WHTEPHOJIANMOHHYIO KBAJIPATYPHYIO
dopMyIty ISl BEIYHCICHIST HHTErPAJIA,

/ ﬁdeZAwa b>a.

B kadecrBe BecoBoil (byHKIMH TPH YCIOBUHU JAOCTATOYHO TJIAJIKOM

byuxmun f(z) Bozemem p(z) = 1/4/x — a. Crenaem 3aMeHy TEepeMeH-
HONl t = = — a ¥ cBeJEM MCXOAHYIO 3ajady K mnocrpoennio UKD s

BbIYUCJICHUsI UHTETr'paJia

a

<
3

T4~y a37w)

o ~—T

j=1




Hamee BbIYMC/ITEM MOMEHTDHI BECOBOH (DyHKIIHI

ITpu 3amanHbIX y3uax (t1, ta € [0,b — a]) aByxroueunas KD nmeer
ACT ne menbmie 1. A 3To 3HAYUT, YTO JOJIKHBI BEIIOJHATHLCS PABEHCTBA

b—a
1
Ry(1) = /%dt—(AlnLAQ):O = A + Az = po,
0
b—a
t
R2(t) = / %dt — (Altl =+ Agtg) =0 — A1t1 + Aztg = U1.
0

Pemtast oy simHeiinyt0 cucreMmy oTHOCUTENIbHO A u As, mosryunM 3Hade-
Hue kKoapurnmenton KO

to — — pot
A1:M02 Hl) A2:M1 ,U01.
to — 11 to — 1ty
[IpoBepumM, siBJIsieTCsI JIX eIMHUIIA aJredbpandecKoil CTeIeHbI0 TOIHO-
CTH JIJIs TIOCTPOEHHON KBaIPATyPHOI (hOPMYJIBI
i
t ot2 — f1 1 — Hot1
[ = P g B ) 4 Ra(). (1
t ta —t1 ta —t1
0
JIJ1s1 9TOrO BBIYUCIAM
b—a

t2 ot — 1 — ot
Ry(t?) = / %dt‘ut L3 BB — i (t1 )+ ot
2 — Ul 2 — U1

0

Eciu Ry(t?) # 0, njist BBIOpaHHBIX t1 U ty, TO 3TO W JOKA3BIBAET TOT
dakT, uTo ajrebpandeckasi CTEIIeHbh TOYHOCTU KBAJIPATYPHOM (HDOPMYJIBI
(14) me Gombrme 1.

Sameuanne 3. Ocoboe MeCTO B TEOPUU MHTEPIOJISIIIUOHHBIX KBAPATYP-
HBIX (DOPMYJI 3aHUMAIOT HHTEPIIOJISIIIMOHHBIE KBAIPATYPHBIE (DOPMYJIBI C
PABHOOTCTOSIIIIAMH Y3JIaMU — Keadpamyprovie hopmyav, muna Horomo-rna —
Kom(e)ca.

Y Hcadx Huviomon (amea. Sir Isaac Newton) (1643-1727), anrmmiickuii busuk u




KBaaparypabie dbopmyabl HanBbiciieit ACT

[TocraBuM CBOeil TIEJIBIO TOCTPOUTDH TAKUE KBaPaTypPHBIE (DOPMYJIBL C 1
y3JaM#, YTOOBI JIOCTUYb HAMBBICIIEH BO3MOXKHOMN ajrebpanveckoii cre-
[IEHU TOYHOCTH.

[Mockosbky ACT n — 1 Tpebyer, uTobbl (popMyJia ObLIA UHTEPIIOJIS-
LUOHHOH, TO KO3 bUIMEHTHI JOJKHBL ObITh HalieHbl 110 (hopmydie (10).
Takum obpazom, oBbicuTb ACT cBepx 1 — 1 MBI MOXKEM TOJIBKO 0COOBIM
00pa30M BLIOUpAst y3JIbI ;.

Ounpenesnenne 7. Nnrepnonsiuonnas Ksaaparyphaas dpopmyia (9) na-
3pIBaeTCA K6adpamypHrol Popmyrol nausvcwel ar2edbpauseckoti cmene-
nu mounocmu (KOHACT) wm KO muna Taycca?, ecin eé y3abl BbI-
6panbl TakuM obpaszoM, uro e€é ACT pasua 2n — 1. T.e.

b n
Ihs :/ p(m)msdm:Zijj, s=0,1,...,2n — 1. (15)
a j=1

Teopema. [lia Toro, 4robnl KBagparypHas dhopmysta (9) OblLaa TOYHOM
I aJiredpanvdecKnX MHOTOWIEHOB cTermeHn 2n — 1, HeoOXOauMoO U J10-
CTATOYHO BBITOJIHEHUST yCIOBHIA:

e dbopmyia (9) mosKHA GBITH MHTEPIOJIAMOHHO;

o y3ibl 2 hopMysl (9) JOIKHBI OBITH TAKIMHE, ITOOBL y37I0BOI MHO-
rowren w(r) = (x—x1)(x—x2) .. .-(x—2) = "+ 12" -+
+a12+ ag GbLT OPTOrOHAJIEH € BECOM P(Z) KO BCIKOMY MHOTOUJIEHY
Q(z) crenenu MeHbIle N, T. €.

b
[ ple)e@)Qids =0, ¥Q() s deg Q) <n—1. (16)

MaTeMaTUK, CO3JABIINIl TEOPETUYECKNE OCHOBBI MEXAHUKH U aCTPOHOMUU, OTKPBIB-
Wi 3aKOH BCEMHPHOTO TATOTEeHUs, padpaborasmuii (Hapsaay ¢ . JleiiGaunem) mud-
depeHIaIbHOE U NHTErPAJIBHOE UCYNUCIEHNs], H300peTaTes b 3€PKAJbHOIO TEIECKOIIA
¥ aBTOP BasKHEWIINX SKCIEPUMEHTAJIbHBIX PabOT 110 OITHKE.

Péoocep Kome (maxorce Komece) (anen. Roger Cotes) (1682-1716), anrnmitckunit
maTeMaruk, corpyauudasinnii ¢ V. Heioronom. Ilomummo kBajparTypHbIX doOpMyst
Herorona — Kotca, oH Tak»ke H3BECTEH TEM, UTO IEPBBLIM BBIBEJI (POPMYJIy MOKa3a-
TeJIbHOI 3allMCH KOMILJIEKCHOT'O YMCIa, Ha3blBaeMylo ceifdac dbopmysioit Ditiepa.

2 Hoedmn Kapa Opudpuz Tdyce (nem. Johann Carl Friedrich Gaufl) (1777-1855),
HEMEIKHI MaTeMaTHK, MEXaHUK, (DU3MK, BHECIINI dDyHaMEHTAIbHbIA BKJIAJ TaKKe
B aCTPOHOMHIO U T'€ONE3HUIO.




Citesryer 0OpaTUTh BHUMAHUE HA CJIELYIONINE OCOOEHHOCTH:

BCe KODHU MHOro4IeHa w(x) JiexkaT BHYTpPH OTpe3Ka [a,b] u pas-
JIMIHBI MEXKJTy COOOIA;

Bce Ko durmenTe! KBajparypHoit popmynst A; >0, j = 1,n;

KBaJpaTypHas ¢popmyaa tuna [aycca He MOKeT OBbITH BEpHOM st
BCEX MHOI'OYJIEHOB CTEIIEHU 27

ecmu f(z) € C?™(a,b), To cymectsyer Touxa ¢ € [a, b] Takas, aTO
JUTsl METOJIMYECKOl MOrPENTHOCTH KBaJIpaTypHOI (OpMyJIbl Hau-
BBICIIEH anreGpamvIecKoil CTENeHn TOIHOCTH BEPHO PABEHCTBO

1
2n!

b
Ro(f) = / p()w? () F2) (€) e

g bdyuxmuu f(x), y KOTOpOil 2n-g NPOM3BOJHAS HEIPEPLIBHA
(f(z) € €™ (a,b)) u orpanuuena 1o momymo (|fP) (z)| < May,),
BEPHA OIECHKA

Ru(f Mz” / In( z)|dz. (17)



AnroputMm nocrpoenuss K® tuma I'aycca

1. Beraucaurs momernmu, Becosoit dbyukuuu p(x) Ha [a, bl
b .
Wi = / p(x)x’dx, j=0,1,..,2n—1. (18)
a

2. PemuThb cucreMy JMHEHHBIX aareOpamvdecKux ypaBHEHUI
n—1
E jfhj+s = —fnys, $=0,1,...,n—1 (19)
Jj=0

3. Haittu y3mmI x5, j = 1,71, KaK KOPHH y370BOTO MHOTOMJICHA,

w(z) =z" + an—lxnil + - 4+ aix+ag=0. (20)

4. Pemwuthb cucremy JIMHEWHBIX aareOpandecKux ypaBHEHUI

ZA]-J;‘; =pus, s=0n—1. (21)
j=1

IIpumep moctpoenus K® tuna l'aycca

IMoctpouts jaByxroueunyo (n = 2) KOHACT st BBIYUCIEHUs] HHTE-
rpaJia

Vr—a

Amnajiornuno npumepy ¢ UK® nenaem 3ameny nepeMeHHoi t = x — a:

b—a .
@) N4
O/ﬁdtN;Ajf(t]).

Borunciisiem Hy»KHBIE HAM MOMEHTBHI BecoBOil dyukimu p(t) =
5 z
2

1 3
po=2(b—a)?, m=350b-a), pp=30b-a)?, uzg=3(b—a)z.
dopMupyeM cuCcTeMy JHHeHHLIX aiarebpandecKux ypaBHEeHUil

b n
/ f(iE) dr ~ ZAjf(Ij), b> a.
a i=1

Sl

applo + aipy = —p2,
apf1 + aipy = —p3

10




IJist oupezesenus: Ko3bdUIMEHTOB a1, ag y3JOBOro MHOrodieHa w(t).
Haxomum eé perenne

_ Hops —pape o p3 — s

ai 3 s 0= 5 .
H1 — HoH2 Hi — HoH2

Hadtee, paspemias ypasHerune w(t) = 0, HAX0AUM KOPHU to U t1 y3J10-
BOI'0 MHOT'OYJIEHA, SIBJISIFOIIUECS] Y3JIaMU KBaJpaTypHoil ¢popmysibl. Ko-
3¢ duUImeHTHl XKe KBaIpaTypHOl (DOPMYJIBI SIBJISIOTCS PEIIIEHUEM CHCTe-
MBI AJITeOPANIECKNX yPABHEHUA

Ay + Ay = pg,
Altl + Ath = M.

CocTtaBHbIe KBaJpaTypHbie (DOPMYJIbI

OcHOBHasI UJiest METOJIA 3aKJIF0UAETCS B TOM, ITO JIJIsl IIOBBIIIEHIS TOYHO-
CTU MHTErPUPOBAHUS OTPE30K [a, b] JIeJsiT Ha HECKOJIBKO YacTel, IprMe-
HAIOT n30PAHHYIO KBAAPATYPHYIO (DOPMYILY K KaXKJI0# OTIEIbHON IacTh
U pe3yJIbTATHI CKAAABIBAIOT. JIj1s1 OOMBIMUHCTBA KBAIPATYPHBIX (POPMYIT
MeToJ[uecKas HOrpemHocTb R, (f) 3aBUCAT OT BeJIMYMHBI OTPE3KA WH-
TErpUpOBAHUS U MOXKET OBbITH IIPEJICTABIEHA B BUJIE:

Rn(f) = (b—a)"K(a,b), (22)

riue K(a,b) ectb Memienno Mensiomasics GyHKIus 0T a, b u s. dra 3a-
BHCHMOCTD IOKA3BIBAET, UYTO €CJIM YMEHBIINTL OTPE30K MHTErPUPOBAHMS
B k pa3, To R, (f) ymenbumrcsa B k™ pas.

Jlist BBIYMCIIEHWsT MHTETpaja 10 OTPe3Ky [a,b] pasmenum ero Ha k
PABHBIX YacTell W BLIYMCJIMM IIPU IOMOIIM BLIOPAHHON KBaJIpaTypHOI
GOpMyIIBI MHTETPAJBI IO BCEM YaCTUIHBIM OTpe3kaM. Ha KaxkjaoMm da-
CTHYHOM OTPE3Ke METOIMYIECKas IIOTPEIIHOCTE OyZeT B k™ pa3 MeHbIIe,
9eM IIPU IPUMEHEHNN KBAIPATyPHOH (DOPMYJIbI HEIIOCPEACTBEHHO KO BCE-
My UHTEepPBAIY [a,b]. IIpu cI0KeHnn BCexX TAKMX MHTErPAJIOB TOJLY IUTCS
Pe3yJIbTAT, TIOrPEIIHOCTh KOTOPOro 6yaer B k™! pa3 MeHbIIe, ueM Ho-
rpemHocTh (22), Korma KBaaparypHas (hOpMysia NPUMEHSIETCS JJisl Bbl-
YHUC/IeHUs UHTErPaJia 110 BCeMy OTPE3KY [a, b].

PazobbeM nCXomHbIl MHTEpBAJ MHTEIPUPOBAHUA HA YACTUIHBIC OT-
pe3KH

[a,b]: a=20<2z1 <29 <:--<zp=b
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B camom obrmmem ciygae h; = 2,41 — 2; IPEANIONATAIOTCS PA3JIMIHBIMIA.

Tenepb MPUMEHUM Ha KayKJOM YaCTHIHOM OTPe3Ke [2;, z;11] Kakoe-
HUOY/ b KBaIPATYPHOE IIPABIJIO (B OBIIEM CJIydae CBOE) JJisl BEIYUCIICHNUST
HHTErpaJia

10 = [ po)f@de Y Apfleg) = SO0, @3)

RO(f)=JO(f) = SD(f), i=0,k— 1.

Mg ng

ITpocymMupyeMm 110 ¢ JieBble U Ipasble 9acT (23):

b k—1 k-1 Zitt
J(f) = [ p(@)f(z)dz ="y T p(x)f(z)dz ~
a/ i=0 i=0 Z/
k—1 n; k—1 , k—1
A Aif(ri) =Y SO =Sn(f), N=> ni, (24
=0 1 1=0 =0
” k—1
Ry(f) = J(f) = Sn(f) =D Bu,(f).
=0

Onpenenienne 8. Ilosydennoe npasuio (24) BeIYMUCAEHUS UHTEIPATA
HA3BbIBAETCS cocmasholl keadpamyproli gopmyaoti (CKD).

B kauecrBe kBagparypHbix (Gopmyd (23) MOryT ObITH UCIIOIB30BAHBL
KBaJIpaTypHbe (DOPMYJIBI BCEX PACCMOTPEHHBIX THUIIOB (MHTEPIIOJISIINOH-
uble, Tuna Heorona— Korca, tuna Taycca n ap.) To xke camoe MOXKHO
CKa3aTb M O YUCJE Y3JIOB KBaJpaTypPHOHl (DOPMYJIbl, UCIOIB3YEMOM Ha,
KaXKJIOM M3 YaCTUYIHBIX O0Tpe3koB. OHO MOXKeT 3aBHCETh OT HOMEpa OT-
pe3ka.

B cMmermanmoit coctaBHO# KBaIpaTypHOIT (DOPMYJIE UCITIOTB3YETCs HEC-
KOJIBKO THUIIOB MAaJIbIX (DOPMYJI (C OJIMHAKOBBIM WJIA PA3HBIM YHCIIOM y3-
JIOB), B OJIHOPOJHOM — TOJIbKO OJMHAKOBBIE KBaJIpATypHbIE (DOPMYJIBL.

ITpumep nocrpoenunsi CK® Hpiorona — Korca
PazofbeM MHTEpBAT HHTETPUPOBAHNUS [a, b] HA k DABHBIX YACTUIHBIX OT-

— 4, [2i—1,2), i = 1k, tme z; = a +ih, i = 0,k.

PE3KOB JIIHHON h =

Bynem mpuMeHATH OHO W TO K€ KBaJpaTypPHOE MPABUJIO Ha KaXKJIOM
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qacTUIHOM OoTpe3ke. IlocTponM MaIyio HHTEPIOIATMOHHYIO TPEXTOUEY-
HYIO KBaJIPATYPHYIO (DOPMYIY ¢ PABHOOTCTOSIIMME Y3JIaMU

Zq

JO(f) = / (xf_(xa))adﬂf ~ Ai f(zio1) + Ai2f(

Zi—1+ 2

5 ) + Aisf(2).

Zi—1

zZi—1+2i
2
TeHepb Ha KazK/IOM JaCTUIHOM OTpEe3Ke CUNTaeM MOMEHTBI BECOBOM

dbyHKINN

O603HaYMM HEHTPAIBHYIO TOUKY OTPE3Ka 21, ;] 4epe3 Zi1=

23

uiszf(zidx, a<l, s=0,1,2

x—a)®
Zi—1
# 1 1
1 R o (o —a
fio = / o = G20 sz ,
(x — a)> 11—«
Zi—1
(2 — a)>~ — ( >
T Zi —a)* Y — (zi_1—a)* ¢
- dr — ,
Hi1 (m — a)a T 2_ o + apo,
Zi—1

Zq

3 2 —a)3™ — (2. 1 —q)3 @
iz = / de _ (@) 3 _(aZ ) + 2api1 — a” i

Zi—1
u orpeesisieM KO3MPUIMEeHThI KBaIPATYPHON (DOPMYIIBI

piz — pit(Zi_ 1 + 2) + pioz;_ 1z
(zimy — zim1) (2 — zi1)
A, — M2 = pi1(zio1 + 2i) + piozi—12i
2= -
(zim1 —2i-1)(2i — 2-1)
Hi2 — ,Uil(zi_% +2io1) + Hi0Zi— 1 Zi-1

(zi = 2i—1)(2 — 2i-1)

Ay =

)

)

Az =

ITpocyMMUPOBaB [0 BCEM YaCTHIHBIM OTPE3KaM [z, 21], [21, 22] 1 T. 1.,

13



BBIIUIIEM COCTABHYIO KBRIPATyPHYIO (DOPMYILY

b
/(xf_(ag)adﬁc ~ Anflzo) + A f(21) + Aiaf(21)+
J (25)

+ Ao f(21) + A22f(2g) + Aoz f(z2) + -+

k k-1
= A1 f(20) + Arsf(zk) + ZAizf(Zz;%) + > (Aig+Air11)f(2).

i=1 i=1

IIpakTuieckme criocoObI OIEHKY MTOTPENTHOCTH
COCTaBHBIX KBaIPaTyPHBIX (POPMY.JT

st pesicTaBIeHust OMPENTHOCTH COCTABHON KBaIpaTypHOii (hOpMyIIbI
(24) (B wacrHoctu (25)) miast mmpokoro Kiacca Gyukiwit f(-) npu do-
cmamowno manot eeasusune waza h (B Cydae HEPABHOMEPHOTO pa3tu-
€HUsI — MAKCHMAJILHON BEJMYIHMHE IIAra) MOKHO HAINCATH:

Ry (f) = Cpuh™ + O(h™ T, (26)

rjae m — HaTypasbHoe uncio, a Cp, = Cp,(f) — HekoTOpas KoHCTaHTa,
3aBuCsIas auiib or f(+) 1 Tuna dbopmyssl, HO He 3aBucsias ot h. [Tox
O(h™*1) noruMaroTcs 4IeHbl CXOMAIIHec K Hy/TIo ObIcTpee, dem h™.
Dopmyra (26) naer acCHMIITOTHYECKOE MTPe/ICTaBIeHne (pasiosKeHue)
norpersoctu dbopmybl (24) 1o napamerpy h — Imary paBHOMEPHOIO
pa3buenns nHTepBasa uHTerpupoBanus. OHa cIpaBeqInBa, B YaCTHO-
ctu, mist omaopouoit CK®, B KOTOpoit MaJible KBaapaTypHble (DOPMYJIbI
(23) umetor ACT m — 1, a dyukuua f(-) — HenpepbiBayto (MHTErpUpYy-
emyio) na [a, b] mpomssommyo f(™) ().
Sameuanmne 3. /Lis cmemanabix CK®, ocobenHo ¢ MajbiMu popmysia-
mu pasuoii ACT, unciio m 3aBUCHT OT COOTHOITIEHUSI W PACIOJIOXKEHUST

MaJIbIX (GOPMYJI [0 YACTUIHBIM OTpPe3KaM. B gacTHOCTH, 1M MOXKET OBITh
HE IIeJIBIM.
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IIpasuno Pynre?

B sTom mozpazsiene u jajiee OyjieMm 0003HAUATH KBAJIPATYPHYIO CYMMY
¥ TIOIPEITHOCTb OJHOPOJHON COCTaBHOM KBaJ paTypHON (OPMYJIBI C IO-
CTOSTHHBIM TIaroM h Kak Sy u R} COOTBETCTBEHHO, T.€. HUXKHUI HHIEKC
Oyzer 0603HAYATD JJIMHY 1IAra, a He KOJIMIeCcTBO BelunciaeHuii f(x;), Kak
5710 66110 panbiie. Takzke s yuporineHus 3anucu (opmydr omycrum (f)
B 9TUX 0DO3HAYEHUSIX.

[TpakTudeckast oreHKa KOHCTAHTBI ', TIPOBOJUTCS CJIEYIOIIIM 00-
pasom. @ukcupyem Ba 3HavdeHus mara pasduenus hy = h u hg = h/L,
L > 1, u npoBOIMM paCYeThI IO MCCJIEyeMOil KBaJIpaTypHOil hopMmyJie
Ha JBYX PaBHOMEPHBIX ceTKax ¢ marom hy u hs. Ilpemmosaraem, 9To
JUISL €€ MEeTOJIMIECKOI TOrPEITHOCTH BEPHO ACHMIITOTUYIECKOE PA3JIOXKe-
uue (26), T.e.

Ry, = J(f) = Sny = Cuh{* + O(R{"H!) = Ch™ + O™ ) (27)

Rh2 = J(f) - Shz = th;n + O(hgﬁH»l) =

R\™ R\ Cor 1 (28)
C’”(L) + 0 <L> =Tl + O (Rt .

Uckmouas n3 (27), (28) HensBecTHOE 3HaYeHMe HHTErpasa J(f), Haii-
JieM

1
Shz - Shl = thm (1 - Lm) O(h7n+1)a (29>
OTKY/Ia
o Shz — Sh1 m+1
Cn ==z T (30

IMoncrasasist 310 BeIpaxkenue st Cy, B paBeHcTBa (27), (28) n o16pa-
chIBas WIeHbI 60Jiee BLICOKOIO HMOPSsIKa MaJIoCTH, dyeM h™, Hajijem npu-
GJIM>KEeHHBIE TIPEJICTABJICHns TTorpermHocTeil Ry, m Ry, cocTaBHOM KBaI-
paTypHO#l (DOPMY/BI Ha PACCMATPIBAEMBIX PABHOMEDHDIX CETKAX:

S}LQ - Sh]
1—L—m’

3 Kapa Jlastid Toavmé Pynze (nem. Carl David Tolme Runge) (1856-1927), nemen-
Kuil MaTeMaTuK, GU3UK U CIEKTPOCKONHCT. BHEC CyIeCTBEeHHbIH B/ B IUCIEHHBIA
aHAJIU3, B YACTHOCTH, IBUJICSI OJHUM U3 Pa3pabOTIMKOB METOJIOB PEIIEHUs OOBIKHO-
BEHHBIX JUddepeHINaNbHbIX yPABHEHNH, HOCSAILIMX Teleph 001ee Ha3BaAaHUE METOI0B
tuna Pynre — KyTrsr.

Ry, = J(f) = Spy = (31)
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Shs — Sh,

(32)
Onpenenenue 9. [lpeacraBieHnblil MpaKTUIECKU CIIOCOO OIEHUBAHUS
METOJIMIECKON TTOTPENTHOCTH HA3bIBACTCA npasusom Pynee.

Tak mpu L = 2 — ecyim mar pacuéra yMEHDLIAeTCS B JBa pa3a —
MIOT'PENTHOCTH COCTABHON KBaIpaTypHO Gopmysibl R 1 MEHBIIIC IIOrPeIr-
Hoctu Rj moutm B 2™ pa3s.

Ucnonp3ys npasusio Pymre, MOXXKHO DEIIUTH BOIPOC O HAXOXKJICHUH
ONITUMAJILHOTO Tara pasOneHus Moy MHTEPBaIa HHTErPHPOBaHHHA, obec-
[EeYNBAIONIEro (B II€PBOM NPUOJINKEHNN) BBIYUCJICHNE WHTErpaja ¢ Tpe-
OyeMoil TOYHOCTBIO €:

Shy — 5 hopt \ ™
= Ru |t o =Pty =, (M24) . (a9)

Orcroia mostydaeM TpUOJIN3UTE/IbHBIN ONTUMAJIBHBIN I1ar pa3sOueHust

5(1—L‘m)>;z € €
hopt = h | ———+—- =hy ) —— = ho )/ ——. 34
ot (|Sh25h1| VT T mn ©Y
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Meron Puuapacona?

Mo2KHO HOBBICUTH TOYHOCTH OIIEHKU IIOT'PpENIHOCTHU, €CJIN pacCMaTpUBaThb
€€ aCUMIITOTUYECKOe IpeacTaB/JIeHue B BUJIE

Ry = J(f) = S = Coch™ + Copsr ™ - 4

35
4 Cm+r_1hm+r—1 4 O(hm+r) ( )

Qukcrupya r 1 orbpachlBasd WICHLI Hopaaka h™T", mosydmMm BhIpazke-
HUEe, B KOTOPOM IpH JIIOOOM U3BECTHOM h ocraércs r + 1 HemsBecTHast
BesmuuHa: Chy, ...y Croqr—1 1 J(f). Ecoin Teneps nposectu pacyérsl Ha
r+ 1 cerke ¢ maramu hi, ho, ..., hy41, TO HOJYYIUM CHUCTEMY JIMHEIHBIX
aJIredpanvyecKux ypaBHEHMIl Ha [Iepevnc/IeHHble Hen3BeCTHbIE. Pemus ee,
nosyauM orerky (35) 6osiee Tounyio, dem (26), u upubamxkenue K J(f),
KOTOpOe OyJIeT CYIIeCTBEHHO TOUHee, YeM Jioboe u3 3HadeHuit Sp,, ...

Sh,

7
rH1c

Onpenenenue 10. DTOT MOAXO K OILIEHKE METOIMIECKON ITOIPENTHOCTH
HasbIBaeTCa memodom Puuapdcona, a npubmmxkenue K J(f) — ymoune-
nuem no Puuapdcony.

Hnsa caydas r = 1 mosydaeM OIEHKY, COBIIQJAIONIYIO C IIPABUJIOM
Pynre. B aTom ciydae Takke MOYKHO HCIIOJIL30BATh yTOUHeHHE 10 Pu-
qap/Icony, 6osee TouHOe deM Sp, U Sp, (HoMHEM, 4TO hy = Lhs):

Shz - Shl _ ShQ B Shl

T~ S+ T L1

Shs +

Sameuanwne 5. g kaxmoit koukpernoit yuknuu f(-) Beauauna Cp,
(kak u Cjyq1, U HOCJEMAYIONIME) U CKOPOCTH CXOIUMOCTH 7 CTAHOBSIT-
Cs1 TOCTOSTHHBIME TOJIBKO TIPH JOCTATOYHO MaJIbiX h. HacTo nmpu jgmmHax
IIaTr0B, UCMIOJIb3YEMbBIX B IPAKTUIECKUX BbIUUCIIEHUSX, HEJIb3sI OBITH yBe-
PEHHBIM B TOM, UTO Iporecc cxoanTtes co ckopoctbio ACT + 1. Besmuuna
h, 1Jis KOTOPOiil aCUMITOTHYIECKasl OIeHKa, (26) CTAHOBUTCSI BEpHA, 3aBU-
cur or 3amaun u or Beca p(-). Kak npaswmio, jusa p(-) = 1 ycroiiuusas
CXOJIUMOCTD JOCTUTAETCS IPK OOJIBIINX JIJIMHAX IAra, 9€M B JAPYTHUX CIIy-
qasix.

4 JIviouc @pati Pavapdcor (amen. Lewis Fry Richardson) (1881-1953), anrmuitckuii
MaTeMaTHK, (PU3MUK, METEOPOJIOT, IICUXOJIOr ¥ Halu(UCT, BIIEPBble IIPUMEHUBIINHA CO-
BPEMEHHbIE MaTeMaTUYECKNe METOBI IPOTHO3UPOBAHMS MTOTObI M IIPUJIOKEHUSI TI0-
JOGHBIX METOJOB JJIsi M3YYEHHs] IIPUYUH BOSHUKHOBEHWS BOWH M UX IIPEJOTBpAIIle-
nust. Takrke pa3zpaboTas MeTO PEIIeHUsI CUCTEM JIMHEHHBIX ypPaBHEHUN, N3BECTHLIN
Kak MoAudUIpoBanHble nrepanun Pudap/icona, u oQHUM U3 IIEPBBIX CTaJ U3ydaTb
dpaxTas.
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IIponecc DiiTrkena’

B ciiyuae eciin HemsBecTeH TOPSIJOK IJIABHOIO YJIEHA ITOTPENTHOCTH 177
WIN HET YBEPEHHOCTH B TOM, UTO IMAr h [MOCTATOYHO MaJi, YTOOBI 3HA-
qenne C), MEpecTajio 3aMeTHO MEHATHCS IPU €ro M3MEHEHUU, MOXKHO
OLIEHUTH IPAKTUIECKYIO CKOPOCTH CXOAMMOCTH npubimkenus Sy K J(f)
upu ymesbatomeMcst h. B ornuune or npasumia Pynre, kpome J(f) u
C), HEM3BECTHBIM CTAHOBUTCSI €IEé U CaMO YKCJIO M, U JJIsl €er0 OIpee-
JIEHUsI UCIIOJIb3YeTCsl TPEThsl CETKA.

Iycts hy = h, hg = hi/L u hy = hy/L = hy/L? L > 1. Torxa,
ucrosb3ys (29) u orbpachkiBas WaeHb Hopsiika h™T1 momyaaem

ShS - Shz ~ Cm (%)m (]‘ — L%) 1
Sie— S O (- ) I

Orcroza,
In 7§h3 — ghz
~ _ hae — Phy

3aMeTuM, YTO €CJIM aCUMIIOTUYIECKAsI CXOAUMOCTD JIJIsd JIAHHOIO A eI He
JIOCTUTHYTA, TO 3HAYEHUS Sh,, Sp, U Sp, MOIYT HAXOIUTHCA C PA3HBIX
CTOpPOH OT TOYHON BesmuuHbl MHTErpata J(f). B stom ciyuae mox jo-
rapudnmom B uucauresie (36) MOKeT 0Ka3aThCs OTPULNATEIHHOE YUCTIO, a
OIIEHKA, 11 OKAXKeTCsl CJIUIIKOM Ipy0oii, Jazke eClld «CXUTPUTh» U BBHIYUC-
JINTH €€, B34B JIorapudM B YUCIUTEIE OT MOLYJIs Bbipaxkenus. C apyroi
CTOPOHBI, MHOTJIA 3TO JIYYIIee, UTO MOXKHO CIEIATh.

5 Anexcindp Kpetie Stmxen (anea. Alexander Craig Aitken) (1895-1967), noso-
3eJIaHICKUl MaTeMaTuK, pa3paboras 0GOOUIEHHBIH METO/ HANMEHBIIIX KBaIPaTOB, &
Tak»Ke BBEJI OOIIENPUHSTHIE TEEPb BEKTOPHO-MATPUYHbIE 0003HAUEHUs 1JIsl JIMHET-
HOH perpecCuOHHON MOIEJIH.
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