Ouremckoii 11.B.

METOINYECKUNE YKA3ZAHUA
1O BEIYMCJ/INTE/JIBHOMY ITPAKTUKYMY.
(HMUCJIEHHBIE METO/JbI PEINIEHN A 3ATAYYN KOIIN JJI COLY)



1 UYwucaennblie meroabl penieHus 3agdaqun Korm ajisi 0ObIKHOBEHHBIX
anddepeHImaIbHbIX YPABHEHUTI

1 IlocranoBka 3aga4um

B obnactu D ={a <z <b, |y —yi| <bi} € R""! onpenenena bynxius

f=flxy',...y"), (z,y)€D.

Heobxomumo maiitu perrenne

dy

—_— = 1

o=@y (1)
YAOBJIETBOPSAIOIEE HAYAIHLHOMY YCJIOBHUIO

y(70) = Yo- (2)

Hcnonbayst MeTos ociiejoBaTe bHbIX npubinzkennii [Tukapa, MOKHO HOJIydUTh TOYHOE penteHne y(z) 3agaun
Kommu (1),(2) Kak mpejes mocie10BaTeIbHOCTH

yo(z),y1(x), .. yr(z), ..., (3)

rie
yr(z) = yo(x) + /T flr,yp—1(z))de, k=1,2.... (4)

JIJ1g CXOAMMOCTH 3TOMH MOCJIEAOBATEILHOCTH HEOOXOIUMO BBIIOJTHEHNAE YCJIOBHIL:
e f(x,y) menpepbiBHa B D ;

e f(z,y) ynmomierBopsier ycsosuio Jlummmura 0o aprymesTy y

If(z,9) = flz, o)l < Ll|§ -yl (5)
I BeceX « € [a,b] u BceX KOMIIOHEHT BEKTOPOB ¢ U ¥ .

ITpu 3TUX TpEINONOKEHUSX Yk () PABHOMEDHO CXOJUTCS K TOYHOMY pelleHHIo 3ajaadun Koum, mosTomy st
JIOCTATOYHO Gostbiux k orkioHeHue |ly(x) — yi(z)|| He npesblmaer 3amaHHON BesuauHbL. TaknM 0o6pasoM, B
Ka94eCTBE MCKOMOTO DENIeHHsi MOXKHO B3sTh Y (7) . IIpakTndeckas peajnsarys 9TOro METO/a 3aTPy/IHEHa 110
IPUYHHE TOTO, 9TO JIs cJoxKHON dyukunu f(z,y) wuHTerpasn He Gepercs B KBaJpaTypax W PEIICHHE HEJb3s
HOJIyYUTh B aHaJuTH4IecKoM Buje. KoHcranta Jlunmuna L urpaer BasKHYI POJIb B UHUCJIEHHBIX METOJAX.

O6cy»kaeMble HUXKe YHCJIEHHHBIE METOJIbl U3BECTHBI KaK JUCKPETHBIE, T.e. TAKHE METOJIBI, ITOCPEJCTBOM
KOTOPBIX BBIYMCJISIETCS TIOCTIEN0BATEIbHOCTh UPUOIKeHuid  y; & y(r;) Ha MHOXKECTBE TOYEK X141 = T;j +
hiy, 1=0,1,...,N—1; xny =0b, h; >0— mar cerku. B GosbpImuHCcTBe paccMaTPUBAEMBIX METOMIOB OyIeM
cuntatb h; =h, h=const >0, 1 =1,2,....

Jnst obsierdennst M3J10KeHus: OyJieM B JIaJbHEHIIIEM PacCMATPUBATL METOJBI JJIsl CKaJIsApHOro ciayvas (1)
n =1 ¥ OTIEJBHO OrOBAPMBATH UX PACIPOCTPAHEHNE Ha CJydail crucTeM.

2 OpgHolaroBble METOIbI

OpHOIIAroBbIe METOJIBI - METObI, KOTOPhIE MOCIEJ0BATEHHO JTAI0T TPUOJIMKEHUs ¥; K 3HAYEHUSIM TOYHOTO
pemtenus y(x;) B KaXkKIOM y3Jie Z; CETKHA HA OCHOBE M3BECTHOIO NPUOJIUKEHUS Y;_1 K DPEIIEHUI0 B TOYKE
Ti—1-

B obmiem Bujie nx MOXKHO TIPE/ICTABUTD :

Vi1 = F(f, 01, 2, Yig1, ¥i)- (6)

Opponraroseie MeTo/ipl Buzia (6) B HpaBoil 4acTu Cofep:KaT UCKOMOE 3HAYEHHE Y;t1 . DTO MO3BOJIAET BBECTH
€IT1e OJINHY XaPaKTEPUCTUKY KIACCH(PUIINPYIONIYIO TUCTECHHDBIN MeTo . Hammane B mpaBoii 9acTy IpeacTaBIeHAs
Meroza B Bujie (6) 3aBUCHMOCTH OT UCKOMO# (DYHKIWMK Y; 41 Jejaer ero HesBHbIM. OTCyTCTBUE 9TON 3aBUCUMOCTI
— sIBHBIM BHJIA:

Yir1 = F(f, zig1, %5, yi). (7)



3 Metoas! pasiioxkeHus B psj Teiisiopa

Ipeamonoxum, aro npasast yactb f(z,y) muddepernnansaoro ypasaerus (1) nmeer HelpepbIBHBIE YaCTHbIE
POU3BOJIHBIE JIO MOPsiIKa S. Torja MCKoMoe perenne y() HUMeeT HelpepbIBHbIE IPOU3BOJHBIE 10 S + 1 - o
[OPSIIKA BKIIOUUTEIHHO. TouHOE 3HAYEHNE DEIeHUsI B Y3JI€ X;41 , €CJU U3BECTHO TOYHOE 3HAUEHUE PENIeHUs B
TOUKe x; , 3amuiieM 1o dhopmyse Teitaopa:

(ziv1) = y(x;) + hy'( .)_,_hj”( ) + +E(S)( .)_,_Lﬂ(sﬂ)(g)_
y(E2+1 = Yyl\x; Yy \x; 2y €T; S'y T (5—|—1)|y =
=y(x;) + h A (xi,y(z:),h), h=xi1 — 2, § € (T4, Tig1)- (8)

Ecsu Tenieps 3T0T psisi 000pBaTh, OTPAHUYIUTHCH TOJIBKO IIEPBBIMU S+ 1 Ujl€eHAMM U 3aMEHUTH TOYHOE 3HAYEHUE
y(x;) ero npubiamzkeHneM Y; , TO C UCIOJIb30BaHuEM (1) MOXKHO IIOJIYIUTD CIIEAYIONLY0 hopMyITy:

Yit1 = y(xi) + ho(zi, y(z:), h) =
/ h2 " hs
Zyi‘*‘hyi‘f‘?yi +---+§ygs)a (9)
JUUIsl HAXOXKJIeHHsl IPUOJINKEHHOro pererus. [IpousBoinble, BXojgdiye B IpaByio 4actb (9), MoryT 6biTh (ak-
TUYECKU HallJeHbI:

y; = f(‘rla yi)v
v ={fo+ e
i ={fue+2f foy+ £ fuy+ (Fo+ £ F)F o (10)
Tak gt s =1 u s =2 HOIyYUM pacdeTHBIE CXEMBbI:
Yit1 = Yi + hf(xi,vy:) (siBHBLI MeToJ Diiiepa), (11)
h ’ ’
Yirr = vi +h | f(@iyi) + 5 (Fo(@ivi) + f(@iy) - fy(Ta,90) | (12)

2

0 KOTOPBIM MOYKHO IMOCJIEOBATEIBHO MOy IaTh MpubmKenHoe perenne {y;} . Takue dopmysbl He TpeGyoT
BBIUKCJIEHUsI JIOTIOJIHUTE/IbHBIX HAYaIbHBIX YCJIOBUI U MO3BOJISIIOT JIETKO MEHSTH IIar MHTerpupoBanus. Hemo-
CTATKOM PACYETHBIX CXEM MeTOJa Pa3JIoKeHus B Psij Teilyiopa SBJISIeTCs TO, YTO UX MPAKTUIECKOe IPUMEHEHUE
OTPpaHUYEHO JIUIIb 3aa9aMy, JIJIsi KOTOPBIX JIETKO BBIYHUCJISIIOTCS TIOJIHBIE IPOU3BO/IHBIE BBICIIIETO MOPSIIKA.

4 4dBable MeToabl PyHre—KyTThI

Pymure, Xoita u KyTra npeioXuim moaxo/], OCHOBAHHBIH Ha MOCTPOCHUH (P, KOTOPas MAKCUMAJILHO OJIM3KA K
/A ¥ He COIEPKUT IPOoU3BOIHbIX OT (byukuuu f(x,y). dror nponecc "nonronku"psuos Teilsopa n Ha3bIBAETCS
npuHIunoM uin MerojgoM Pynre-Kyrrer. KyTra masr ero obiryio cxemy.

Onpenenenne 1. Ilyctb m  — mesioe NOJOKHUTENBHOE YHCJIO («9UHCIO CTajuii», WM <«ITANOB») U
a1, asi, ---5 Gmil, G@m2, ---5 Gmm—1, b1, ..., bm, €1, ..., Cp — BeIeCTBEHHbIe KO3(DUIEH-
Tel. Torma merox

ki(h) = hf(xo,y(wo)), kj(h) = hf(xo + cjh,y(xo) + iajuku(h))7 J=2,...,m,
y(ro +h) ~ 21 :y(x0)+zbiki(h)>v (13)

HA3BIBAETCS M— IMankbvim A6HbM Mmemodom Pyneze-Kymmuv (AMPK) nst sapaun Komm (1), (2).
JTioboit AMPK xapakrepusyercsd 9ucjIOM 3TAIOB (JAeT IPEICTaBIeHAEe 0 TPEOYEMbIX BbIYUCIUTEIHHBIX 3a-
TpaTax) U IIOPSIKOM.



Onpenenenune 2. SIMPK (13) umeer nopsdox q (nopsadox mownocmu Ha waze), €CIAU I JTOCTATOIHO
riankux 3ana4 (1), (2)

ly(xg + h) — 21| < Chatt, (14)

Nuave rosopst, ecsu psiyibl Tefinopa juist Tousoro permennst y(xg + h) U M0IydIeHHOTO NPUOIMKEHUS K HEMY 21
COBITAIAIOT 110 WieHa h? BKIIOUYUTETIHHO

B nacrosiee BpeMs JJisl IPEJICTABJIEHUS OJHOMArOBLIX MeTooB Tuiia Pyure-Kyrror (13) ucnosnbsyercsa ux
TabanuHbIi 3KBUBajeHT. CumBosmmdecku m— sranublii IMPK npencrasisiercs B Buze

0
C2 a21
C3 asi asz2
b
Cm Gm1 am?2 v Am,m—1
b1 by e bin—1 b

r7e Ha CBOOOHBIX MMECTAX CTOST HYJIH.

AMPK umaeanbHO TPUCIIOCOOIEH /I TMTPAKTUIECKOTO pactdeTa: OH He TPeOyeT BBIUUCICHUS JTOTMOJTHUTEh-
HBIX HAYaJbHBIX 3HAYEHUU U II03BOJISET JIEFKO MEHSATH INar MHTerpuposaHusd. [Ipmyem B orimdme oT MeToma
Teitnopa 31ech He TpedyeTCsl BHIYUC/IEHUs TIOJIHBIX IIPOU3BOIHBIX TOYHOIO pelleHus. Ul mpupaliesue Uercs B
BUJIe JINHEIHOW KOMOWHAIINN BBIYUC/IEHUI MPABONH YaCTH UCXOIHOTO JudOepeHInalbHOr0 YpaBHEHUs Ha, A~
re wHTErpupoBanus. s m3noxKeHust ajropurMa mocrpoenusi m— 3ramsoro AMPK g- mopsiika BBemem B
paccmoTpenne pYyHKITHIO

m

U(h) =y(z+h) —y(@) =Y _ biki(h), (15)
i=1

KOTODPYIO B JaJibHeilineM OyJieM Ha3bIBATH METOAUYECKON (JIOKAJIBbHON) MOrpEeIlHOCTHIO OJHOLIATOBOrO
MeTona.

Ipeamonaraem, 9T0 B paccMarpubaeMoii obmactu  f(r,y) nMeeT HeNpepbIBHBbIE YaCTHBIE TPOM3BOIHBIE JI0
HEKOTOPOro nopsijika ¢. Torja uckomoe penienue OyeT UMeTh HelpephIBHbIE IIPOU3BOAHbIE /10 opsaka g+ 1.
Bri6op mocTosHHBIX (IapaMeTpoB MeToxa) b, C;,q;; MPOU3BOLUTCS TaK, YTOOBI PA3JIOKCHHE METONUTIECKOM
norpemuoctu (15) mo crenensim b B psy Teiopa

K /10) ) (g+1)

= f TE , Tne0< <1, (16)

i=0
HAYMHAJIOCH CO cTereHn ¢ + 1 upu npoussosbHON dyHKImE f(x,y) M IPOM3BOILHOM mmare h, T.e.

Wt (hh)

+1
(q+1)! &

, tmel0<d<1. (17)

A 3T0 BO3MOXKHO TOIZIa U TOJILKO TOIVIA, KOIJA IIapaMeTpbl MeTona b;, ¢;, a;; 00ecleYnBaIOT BHIIOJHEHUE
PaBEHCTB
’ 17

T(0)=0(0)=...=0@0) =0. (18)

Ipuuem cymecrByer HekoTOpas riaakasa dbyuxmus fo(x,y), g KOTOPOit

wlath(0) £ 0, (19)

Vesnosue W(0) = 0 somosmstercst Beeryia. Yeyosus xe W) (0) =0, 4 = 1,...,q 03HAYAIOT BLIIO/HEHHE
paBeHCTB

gD = bk (0) + bk (0) + ... + bk (0). (20)



Ipomssommas y*) Bcera MokeT GBITH BHIUMCIEHA YKA3AHHBIM PAHee CIIocoGOM (10). IIpobuema 3aki09aeTCs

B BBIYHCJIEHUN IIPOU3BOIHBIX k§i)(0). Hns kj(h) Gymem mMers:

ky(h) = f(z,y), KP(R)=0, i>2 &) =a+ch ni(h)=y+ Y ajk(h)

i—1

e, Of(&m) | 0f(&,my) o
= f(&§,my) +h cj# +S;ajgk <(h) 8]3/ J ], ji=2,...,m,

" OF(E: s  Of(Es s
ki (h) =2 [ij(f;xm]) +77j(h)f(g]y’m) ] -

+h {C] f(ig 77]) + 2¢; Z JS 78 J;fgynj) +

7j—1

Zajsk;(h)‘| 0? f 5]7”] _’_Zajs §j777j) 7

“FCj
s=1 y

2 0 f (&5 m;) Bfé“,n)
kj(h)_g{ #chzjs WJF

-1

-1
Zajsk;(hl af@’”ﬂ Z @y”ﬂ) Fh{ )
s=1

DuKcupysl IUCJIO FTAIOB M, B paMKax onpejesernoit crpykrypbl AMPK (13) mbr akTuuecku dbukcupyem
KOJIMIECTBO TTapaMeTPOB MeTona b, C;, G, TIOJJIEXKAINX ONPEJIeJICHNI0. 3a/1aBasd e TMOPAJ0oK ¢ MeTOoAa, €
yaeroM TpeGoBaHus BbIoJHeHUs paseHcT (18) dopmupyeM cucreMy HeJIMHEHHBIX ajarebpandecKux ypaBHEHU
CBA3BIBAIONIYIO mapaMeTpbl m— stamnHoro AMPK ¢— ro nopstaka — ycaosus nopadka. [Ipudem K orpanmdeHu-
sIM, BBI3BAHHBIM TPEOOBAHWSIMU BBINOJHEHUsT paBeHCT (18), nHOrIA 106aBASAOTCA U Apyrue, chOPMUPOBAHHbIE
Ha 6a3e HEKOTOPBIX WHBIX KPUTEPHEB:MAKCUMAJBHBIA MOPSIIOK TOYHOCTH, MUHUMAJIBHBI 00beM OllepaTUBHOM
MMAMSITH, YMEHBIITEHUE CPEIHEr0 JHC/Ia BBIYUCICHUN TPABOil 9acTi, (GUKCHPOBAHHBIE y3JIbl 1 AP. JI1000€e YacTHOE
pelienue 3Toii cucreMbl (ycJoBuii OpsKa) gaer pacueTHyio cxemy m— srannoro IMPK ¢— ro nopszka.

IIpumep nocrpoenusi AByxstanHoro meroga Pynre-Kyrrel. KonunduecTBo Beranciienuit npaBoii yactu
Ha IIare MHTEI'PUPOBAHUS PABHO JIBYM M = 2. Merosa UHTerpupoBaHUs UMeEET BUJ:

y(x + h) = y(z) + biki(h) + baka(k), (21)
rae ki(h) = hf(z,y(x)),
ka(k) = hf(z + c2h, y(z) + az21ki(h)).
Metromuueckast (JIOKaJIbHAsI) TOTPEITHOCTD OMPEJIEISIETCsST PABEHCTBOM
U(h) =y(z+h) —y(z) — biki(h) — b2ka(h). (22)
Borauciisiem npoussoaubie dyukiun W(h), BBeus 0603HAYECHUS:
T =x+coh, g=y(x)+anki(h)=y(x)+anhf(r,y(x)).

Tak mepBas U BTOpas IPOU3BOIHBIC UMEIOT BUJI;:

‘I’,(h):y/(ﬂﬂrh)*blf(fl7 y(x)) = b f (2, 9) — bah{cafe(2,9) + a2 fy (2, 9) f (x, y(2))} -

U (h) =y (x + h) — 2b [eafu(@, ) + az fy (£, 9) f (2, y(x))] — (23)
*th {CQfmm SC, y) + 202a21fa:y(xay)f( 7y( )) + a21fyy(xa y)[f( ,y(IL’))F} . (24)

A Tperblo BhIIMIIEM B KOMIAKTHOH (popMe, TaK KaK HAC B KOHEYHOM UTOIe€ UHTEPECYIOT TOJLKO WIEHLI Pa3JIo-
JKEeHMsI, He cojepsKaiye h :

"

+202021fxy(5€ )( ())+a21fyy(53 PIf (@, y@)]*} + O(h). (25)



Ucnonn3ys ucxopnoe nuddepennuanbaoe ypapaenue (1), BblnuineM OpecTaBieHue HOJIHbIX NPou3BoAHbIX (10)
U BHECEM UX B BBbIPAXKEHUs JIsl IPOU3BOAHBIX (GyHKImu norpemsoctu meroga W(h) . Has Toro, yrobel npo-
uzsonuble byakiuun (h) npu snauvennn h =0 :

U(0) = (1 by — bo) f(a,y)- (26)
T (0) = (1 — 2e2b2) fo (. y(@)) + (1 — 2a21b2) f, (z, y(2)) f (2, y(2)), (27)
T (0) = (1= 33b2) fuu (. y(x)) + (2 — Ge2a21b2) foyy(z,y(2)) f(x, y(x)) +

+(1 = 3c31b2) fyy (2, y(@))[f (2, y(2))]2 + fy (2, y(2)y " (2). (28)

o0OpaIa mnch B HyJIb, HEOOXOIUMO U JIOCTATOYHO, ITOOBI TAPAMETPBI METO/IA, YIOBIETBOPSIJIA CUCTEME YPABHEHUI:

b1 +by =1, (29)
1
Cgbg = 5, (30)
1
CLleQ = 5 (31)

ITpmaenm Kax 661 HU BRIOpaIN TapaMeTpsl b;, ¢;, G;; , TPETHIO MPOU3BOAHYIO OOPATHTH B HY/Ib JIJIA TPOU3BOIBHOM
upasoit wacru f(x,y(x)) wuennss. deficTBUTENbHO, HOCHEAHEE CIATAEMOE B IIPEICTABJICHUAN v (0) uwm or
ONHOTO U3 IapaMeTpoB MeToma b;,¢;,a;; He 3aBucuT. I MoxHO momobpars Takyoo dbymkmuio f(z,y(x)),
JJ1s1 KOTOPOit " (0) # 0. Ilpuseusem B KadecrBe npuMmepa jauddepeHuaibHoe ypaBHEHHE BHIA y/ = y.
s mero v (0) = y. Dror dakT U JOoKA3LIBAET, YTO HE CYIIECTBYET JIBYXITAlHOro Merona Pynre- Kyrror
TPETHEro MOPsIIKA TOYHOCTH JJIsl IPOU3BOJILHBIX MPABBIX YacTeil muddepeHmaibHoro ypaBuenus. Pasiioxkenne
MOTPEITHOCTHA METOA UMEET BUJL:

@ (0
pr=win) = Oy o), (32)
Pemenus cucremsl asrebpandeckux ypapreruii (29)-(31) o6pasyior ogHonapaMerpuyeckoe cemeiicrso. 13 mo-
cienaux nByx ypasuenuii cucremsl (30) , (31) caemyer , uro co # 0, agy # 0, by # 0. Ilpunumas co 3a
CBOOO/THBI [TAPAMETD, TIOJLYIHM

1 1
as1 = C2, b2:7, blzl—i, 02750. (33)
C2 202

O6bI1HO BBIOMpAIOT Takne KOdMOUIINEHTDI, KOTOPBIE JIAI0T YI00HbIE JJIs BBIYUCIEHUN pacdeTHble (POPMYIIbI, U
TaKne, KOTOpble 0DECIeYnBaIOT MI0/IABJICHAE TOIO WJIM MHOI'O “JIEHA B IVIABHOM IJICHE IIOI'DEITHOCTH.

Tak, HanpuMmep, moJarast ¢y = 1, HOIyYnM AByxdTanHyio pacdernyo cxemy JAMPK Broporo mopsiaka
(Meron, Xoiina):

(o 1) % y(w) + 3 1) + Ea ()] (34)
rie

ka(h) = hf(z,y(x)),
ka(k) = hf(z + h,y(z) + k1 (h)).

Metoraeckast IIOMPENTHOCTh PACIETHOMN cxeMbl (34) uMeeT BUJL

3
2= % _% (faa (2, 5(2)) + 2fay (2, y(@)) (2, 5(2)) + fyu (@, y(@)[f (2, y(2))]?) +

+fy (2, y(2)) (fol,y(2)) + f 2, y(@) fy (2, y(2)] + o(h®). (35)

Eciin npaBas yactb ucxouuoro audbepeHuaibHOro ypaBHeH!s: He 3aBUCAT OT Y, TO pacderHas dopmydia (34)
[IEPEXOUT B KBAIPATYPHYIO (DOPMYJILY TPAIIEITHii.

Huke npusesem HECKOIBKO HauboJIEe YIIOTPEOUTEIbHBIX PACUYETHBIX CXeM MHTEIPUPOBAHUSI TPETHErO U YeT-
BEPTOrO IMOPSIJIKA TOTHOCTH.
PacueTrnble cxembl TpeThbero mopsiaka tTpexatamntoro MPK:



IlepBas nmeer BUI:

y(x +h) = y(z) + é[kl(h) + 4ka(h) + ks(h)], (36)
e
a0 = ),
BalK) = hf (o + Shoy(@) + ghi(h)
ks(k) = hf(z+ h ,y(x) — k1 (h) 4 2k2(h)).
Bropas :
(e h) & y(a) + gk () + Bks(B)], (37
e

ki(h) = hf(z,y(x)),
1

ba(k) = bf (o -+ ghoy(e) + 3k (),

o(k) = hfw + Shoy(e) + Sha(h))

IMorpemnocrs dbopmyast (36), (37) , kak u auis Beex dopmyn Pyurre-KyTrhl Tperbero nopsijika To4HOCTH, IPe]i-
CTaBJISIETCS B CJIeIytomel dhopme:
AR
p3 = 21
Yerwipexatanubie MmeToabl Pyure-KyTTbl yeTBepTOro mopsigka.
IIpasuao 00not wecmot(Kaaccuneckutd memod Pynee-Kymmol)

ht + o(hY). (38)

L0 (B + 2ka(h) + 2k (h) + a ()], (39)

ylx +h) = y(z) + 5

rie
1

ko(k) = hf(xz + %h,y(z) + 5!’4:1(h))7

Fo(k) = hfw + shoy(a) + Ska(h),
(

ka(k) = hf(z + h,y(x) + ks(h)).

Pacuemmnasn dopmyaa Tuana

y(z + h) =~ y(x) + ékl(h) + % (1 - \2) ko(h) + % (1 + \}i) ks(h) + ék4(h), (40)

rie

ko(k) = hf(xz + %h,y(x) + %kl(h)),

s(k) = hf (e Shyy(x) + 5(VE— Dka(h) + (1 -

1 1
ky(k) =hf(x+ hyy(x) — —=ko(h) + (1 + —
Iorpemuocrs dopmynst (39), (40) , xak u g Beex dopmyn Pyrre-Kyrrsl yerBepToro mopsijika TOYHOCTH,
[IPEJICTABJISIETCS B CJIeLyoleil dhopme:

1
ﬁ)kQ(h’)),

)k (h))-

v(0) 5 5
pa = 1720h + o(h°). (41)



CXO,E[I/IMOCTI) ABHBIX OJHOIIIaroBbIX MeTOJOB.

Kunaccudukamusa morpenrHocreii.:
Tpebyercst Haiitu dbyHkmo y(r), KoTopas siBiasgercs peiteHneM jauddepeHanbaoro ypasserns (1) u npn-
HUMaeT B TOUYKe Iy = @ HEKOTOpOe OIpejleIeHHoe 3HadeHue y(Xo) = Yo.

e B ciyuae, eciu HadanabHOe ycioBue Yy(xo) BBIYUCIEHO(33JaHO) € HOIPENIHOCTHIO , TO BMECTO 3ajadu
(1),(2), pemaercsa 3a1aua:

P flz,yo(x)), =z € la,b], (42)
Yo(7o) = Yo (43)
C M3MEHEHHBIMU HAYAJIBHBIME yCJIOBUMU
Yo — Yo = Ro # 0. (44)
Pemenne 3azaun (42),(43) 3aBucut ot o u He coBmajaer ¢ pemenneM y(x) ucxomHon 3azaun (1),(2).
Paznocts
& = y(z:) — yo(z:) (45)

Ha3bIBAETCSI HEYCTPAHUMOI IIOrPEIHOCTHIO perieHus yo(T).

e Pasnocth Mexxay 3HadeHumeMm pemeHusi yo(z;) 3amaum (42),(43) u ero npubIM>KEeHHBIM 3HA-
YeHMeM Y;, IMOJIy4YeHHBIM o dopmyiie

yi = F(fih;xio1;9i-1) (46)
OJTHOIIIAI'OBOT'O0 METO/1a,
& = yo(xi) —Yi (47)

HA3bIBAETCS MOTPEITHOCTHI0O METO/Ia, WJIN IJI00aIBHOM MOTPEITHOCHI0 MEeTOAA.

Ho BciiencrBre ommboK OKpyIiieHus: U IPUOIMKEHHOrO BbIYUCcIeHus npasoil yactu f(xz,y) muddepen-
[IUAJIBHOTO YPABHEHUs! BBIYUCJIEHUs 3HAUeHnH ¥y; 10 dbopmysie (46) BeIMONHAOTCA HeTouHO. DaKTHIECKN
HafiIeHHbIe 3HAYEHUSA J; YJAOBJIETBOPSIOT He cOOTHOIIEHUIO (46), a ycIoBuIo

F(f§h§xi71;yi71) — Ui =04 (48)
Hessizka 0; Ha3bIBaeTCs IOTrPEIIHOCTBIO OKPYIJIEHUS HA i— M IIare.

e Pasnocts Mexkay TouHbIM pewmenuem y(x;) 3amadu (1),(2) u npubim>KeHHBIM (PaKTUIECKU
HaliIeHHBIM 3HAYE€HUuEeM {;

Ri = y(x;) — 4 (49)
Ha3bIBaEeTCHA HOJIHOﬁ HOFpeHIHOCTI)IO HpI/I6JII/I)KeHHOI'O peIHEHI/Iﬂ

o Beinnununa

ni=Yi — Vi (50)
HA3bIBAETCsl BBIYUCJIUTEIBHON HOrPEIHOCTHIO.
e 3 coorHourenuii (45),(46), (49),(50) ciaenyer, yro
Ri=& +ei+m (51)

HOJIHAS MOTPEITHOCTh NPUOJINKEHHOrO PellleHrsI pABHA CyMMe HEYCTPAaHUMOM IMOTPEITHOCTH,
HOTPENIHOCTA METO/IA U BBIYMCJINTEIBHON MOrPEITHOCTH.



MaxkopaHTHasi OIleHKA MOJIHOM MOTPENTHOCTH

MazkopaHTHAsT OLIEHKA MOJHON MOTPEITHOCTH IPUOJIMKEHHOTo perternst 3anaqan (1) , (2) :
i
Rl < e (1Rl + ) (ol +1851) | (52)
j=1

— of
rne L = supl|5y|.
YauTbIBast ONEHKY I JIOKAIbHO MIOIPENIHOCTH METOJA S -TO HOPSIKa

pj| = O(h*™) < Claj — |, (53)
" I10JI1arasd
b= 12750 %31, h= 125 1 T S
nMeeM
|R;| < "X (|Ro| + CXDh* +i6). (55)

Iist cucteM OOBIKHOBEHHBIX MU(DMEPEHITNATBHBIX YPABHEHUI MasKOpaHTHAS OIEHKA TIOJHOM MOIPENTHOCTH O
HOIITATOBOT'O METO/1a OyIeT MMeTb BUIL;

|R;|| < e™E¥ (|| Ro|| + CXR* +i6), (56)

N3 (55) u (56) caemyer, 910 NpUOINKEHHOE peleHne 3aadn Kolm, morydeHHoe ¢ MCIOJb30BAHIEM OJIHOIIA~
FOBOIO METO/Ia TOPsi/IKa TOYHOCTH S, CXOAUTCS K TOYHOMY pelIeHmIo 3aiqaqu npu h — 0, ecin

|Ro| — 0 (]| Ro]| — 0); i — 0. (57)

PaceMmoTpuM cMbIcs Kazk10ro u3 Tpex ciaaraembix B (55), (56). Ilepsoe ciiaraemoe - HOrpeniHOCTb HEYCTPAHUMAS.
Omna pacmpocTpaHseTcst Ha Bee y3ibl. Ee BKIas B MOMHYIO TIOTPEITHOCTh MeToIa He mpeBocxomuT |Ro| elX.
Bropoit 4iien mosrydaercs 3a CYeT TOro, 4TO HAXOJAUTCHA He TOUHOE PEIIeHHUe 3aJa4ud, a NPUOINKEHHOE K HEMY
110 bopMyJIe OJHOIIANOBOTO MeToaa. MeToaudecKas MOIPEeNIHOCTbL UMeeT MOpsIIoK he.
Tperuii wien nosyvaercs 3a caer omubok okpyrierns. CKOpoCTh BO3paCTaHUsI BEIYUCINTEIBHOM MOrPENTHOCTH
e npesocxomut e“X§/h. Ecm semmumna § orpanmmuena causy; 0 < 6y < 6, a B BBIYHCIHTEILHON MPAKTHKE
Tak 7 OBIBAET, ¥ IIPU 3TOM JJIMHA MIara h CJIUIIKOM MaJa, a 3HAYAT YUCJIO IMAroB O9€Hb BEJUKO, TO BBIYUCIIA-
TeJbHAS TIOTPEITHOCTD MOYKET JOCTUTATh GOJBINX 3HAUCHWH.
[TorpemHocTh MeTO/A MOXKET OBITH CJeJIaHa CKOJIb YTOJHO MAJION 3a CUeT yMEHBIIEeHUs Iara. Beraucanresb-
Hasl MOTPENIHOCTb MOYKET OBbITh CHUZKEHA 33 CUeT yBeJMYeHWsl PA3PsiHOM CeTKU MAIIMHBI(3TU BO3MOYKHOCTU
orpanudenbl.) HeyCTpaHUMYIO IIOMPEIIHOCTh MOXKHO YMEHBIIUTH TOJBKO 33 cueT 60Jiee TOYHOIO OIpPeIesIeHust
HAYAIBHBIX YCJIOBHMA. [IpaBmiibHAsi OpraHM3anysl BBIYHCIUTE]ILHOTO MPOIEcca - HaJaHe MEXKIY BCEMH BHJIAMA
MOIPENIHOCTH: TpebyeMasi TOYHOCTh PelieHust 3a/1a49i, TOYHOCTh 3aJJaHUs HAYAJIBHBIX YCJIOBUI, MOPSJIOK HHC-
JIEHHOTO MeTOJIa, BEJIMYMHA I1ara MHTETPUPOBAHNUS, UCIOIb3yeMasl JIJINHA PAa3PsAIHON CeTKN.

OTaesbHBIE COCTABISIONINE, BXOASINNE B MOJHYIO OMPENIHOCTL [R;, MOTYT JaBaTh OTKJIOHEHHs OT TOYHOT'O
pereHusi B pa3Hble CTOPOHBI. [losTomy onenku (55), (56) siBJIstIOTCST 3aBbIIIeHHBIME. Ha IIpakTHKe 9TH OIEHKU
HE UCTIOJIL3YIOTCS JJIsl ONPEIEIeHNsT TOYHOCTH OKOHIATEIHHOTO PE3YIIBTATA.

A cuMmnrornyeckasi OIl€HKa IIOrpenrHoCcTu MeToJa.

IMycrs npasas yacts f(x,y) ucxomuoro nudHepeHImajbLHOr0 yPaBHEHUS UMEET HellPEPBIBHBIE YACTHDIE TIPOU3-
BOZHBIE /10 opsiaKa S+ 2. s momydenns: npub/mKeHns Ha IIare MHTEIPUPOBAHUST UCIIOJIb3YeM OHOIIATOBBII
MeTOJI, OPsIJIKA TOYHOCTH S. Torga Jiuist JIOKAJbHON METOIMYIECKON IIOIPEITHOCTH CIPABEIJINBO IIPEICTABIEHUE!

Y(@is1) — yiy1 = (25, )T + O(h*H2), (58)
riue
(x5, ;) = g .
’ (S + 1)! (z4,y1)



Bynem cuurarh, 9T0 HOrpenHOCTH: Hada bHbIX yeaoBuit Ry = 0 u okpyriaennit d; = 0. Torna s riobaibHOR
MIOTPEITHOCTA METOJIA CIIPABEJINBO ACUMIITOTUYIECKOE [TPEJICTABICHIE

g; = z(x;))h® + O(th)7 (59)
e

) = [ ol pele FO g

0

ITepsoe ciaraemoe B (59)
z(z)h?, (60)

Ha3bIBACTCA IJIaBHBIM YJIEHOM IIOI'PDEHIHOCTU METOo/1a. HpI/I JOCTAaTOYHO MaJIbIX h JJId TTOTPEIMHOCTH METOda
CIIpaBe/JINBO IIpeACTaBJICHNE

g; ~ z(x;)h°. (61)

Tnasubiii wien (60) TOrPeNTHOCTH METO/Ia XOPOIIO OTPaXKaeT TOJHYO MOTPEIHOCTh R; TpHOJIMKEHHOTO perie-
HUA B TOM ciiydae, ecn 4ienst nopsaaka O(h*t1), sxomgamme B (59), HapsLy ¢ BEIYUCIUTENBHOI TTOTPENTHOCTHIO
7; U HeycTpaHuMO# &;, OBLIM MaJIbl 0 CPABHEHUIO C TVIABHBIM wieHOM. PopMasibHO 9Tr TpebOBaHUST MOXKHO
3anucarb B BHUJE:

Ry =O(h*™), 6 =0(hr""2). (62)

B upezonoxenun BoinosiHenus ycaosuii (62) npu h — 0 j1Jis IOJHON HOTPEITHOCTH IPUOJIUKEHHOTO PellleHust
CIIPaBe/IJINBO aCUMIITOTUYECKOE PAa3JIOKEHUE :

R; = z(x;)h® + O(h*T). (63)

IIpu 1ocTaTOuHO MaBIX h MOKHO TIpenebpedn wiernom O(h*T1). Torma /s I0THO# TOTPENTHOCTH CIIPaBE/[THBO
[peJICTaBICHIE:

IIpakTnyeckasi peajusanus sIBHbIX OJHOIIATOBBIX MeToA0B Tuna Pyure-KyrTThbl peireHus 3agaqn
Ko

ITonmaraem, 9T0 B HAIIEM BBITUCIUTEILHOM IIPOIECCE TOTPEITHOCTHIO OKPYIJIEHUS U HEYCTPAHUMON ITOTPENTHO-
CTBHIO MOYKHO IIpeHeOpeUb.

OrneHKY MOrpentHocTell HeOOXOAMMBI, ¢ OJHON CTOPOHBI, YTOOBI 0DECHEYNTH JUINHY IMara h, JOCTATOYHO
MAJIYIO JIJIsT JIOCTUKEHUST TPeOyeMOil TOYHOCTH BBIYUCI/ISIEMBIX PE3YJIBTATOB, & C JPYToif — YTOOBI TApAHTHPOBATH
JIOCTATOYHO OOJIBINYTO JIJINHY IIara BO n3berkanne GecIioyie3HON BBIYUCIUTEHHON pabOTHI.

Metoa PyHre olleHKU MOJTHOM ITOTPEITHOCTHU.

IMonaraem, uTo B TOUKe x; 1O Mm— 3ranHOMYy MeTomy (13)) s— Oro mopsizka TOUHOCTH C TIOCTOSTHHBIM IIArOM
h BbIUHCIIEHO TIPUOJIMIKEHHOE pelieHne §; ucxoxHol 3ajgaun Komu. C yuerom (64) cupapeyimBo paBeHCTBO:

y(wi) — gi = z(zi)h*. (65)

Ucnonwsayst Ty ke pacyeTHy0 GOPMYJIy C IIArOM %, BBIYHCJIUM B TOM K€ TOYKE T; JIPYTroe 3HAYeHUEe PEIleHUs
¥;. st aroro morpedyercst B 1Ba pa3a OOJIBIIE MIATOB U MOTPEITHOCTh TPUOJINZKEHHOTO PEIIEHUS B 9TOM CJIydae
MO2KET OBITH IPECTABIEHA

h S
o) = s~ 2o (5) (66)
Uckmounm u3 (65),(66) Tounoe 3nauenune permenust y(z;). Ilpasmio Pyrre, onenkn riiobanbHO# morpemHocTn

MOKET OBITh 3AITUCAHO CJIEIYIONUM 00pa30M:

(Ui — ¥s)

Ry =y(z:) — i = T—2-)

(67)
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R = yla) — =0

B kadecrBe pemrenus B TOUKe T; IIpUMeM 3HAa4YeHUE ¥; Kak Oojiee TOUHOE IO CpaBHEHUIO ¢ ¥;. s Hero mmeem
oreHKy norpemmHocTr (68). JTa BeImunHa MOXKET ObITH Kak 0OJIbINE, TaK U MEHBIE HEKOTOPOTO 3HAUEHUS &,
SABJISIIONIEr0oCs HaNepea 3aJaHHOM JOITyCTUMOM NOTPENTHOCTBIO.

Ecmm \R ~| < &, To3amanHag TOYHOCTD NPUGJINKEHHOTO PEIIEHUs J0CTUraeTcs. 1oy 9eHHoe MpubInKeHHoe
pellieHre MOXKHO YTOYHUTH, IPUOABUB K HEMY BEJIUUUHY IVIABHOI'O UJIEHA HMOTDPEITHOCTH, T.€. TOJIOXKUB

y(x:) ~ yi =y + R (69)
nJIn

y(xi) ~ y; = Gi + R (70)
IIpu srom

y(w:) —yi = O(°*1). (71)

Ecin |RZ| > £, TO 33JlaHHAas TOYHOCTH IPHUOJIMKEHHOTO PEIIeHNs He JIOCTUTAETCH.

Ecin ke TOYHOCTD JTOCTUTAETCSI, €CTECTBEHHO MMOCTABUTH TAKOI BOIPOC: MOXKHO JIM YBEJUYUTD JJIAHY IIa-
ra WHTEIPUPOBAHUS JIJIsi TOrO, YTOOBI YMEHBIIUTH O0OBEM BBIUYUC/IUTEBHON PabOThI M OJHOBPEMEHHO C ITUM
COXPAHUTH 338J[AHHYI0 TOYHOCTH !

B oboux caydasx takyro BeqmumHy 1mara he MOXKHO OMPEIEIUTH :

(25 —1)e
i — Uil

ro| >

(72)

Mertoabl olfeHKM JIOKaJIbHOI morperiHocTu. Mertoa Pynre.

ITosaraem, 4To B TOUKe &; U3BECTHO pernenue y(x;) . I3 TOUKM 2; BBIIOIHUM OIMH IHAr /i C UCIOJIB30BAHUEM
M - TAITHOT'O OJIHOIIATOBOTO METOJ[a, S - OT0 MOPsIKA TOYHOCTH W BBIYUCINM HPUOJIIZKEHHOE DellleHue Y41 h
ucxoznuoit 3agaan Kormu. Coracuo (58) mjist JIOKAJIBHON MOIPEITHOCTH CIPABEJIUBO [IPEICTABICHUE:

y(x; + h) = Gjr1,n ~ B(xj,y;)h° T (73)

W3 Touku x; ,UCIOIB3YdA Ty K€ pacdeTHyIo (pOpMyJIy, cllelaeM MOAPs JBa IIara, KaxK/Jblil BeJTIuHOMl

>

CresiaB Takoii mar mepBblil pa3, MOJIyYrM IPUOJINKEHUEe Yj41 1 K DEIIEHHIO B TOYKe & + % st mokabHOI
272
IIOTPENTHOCTH CIIPABEJIJINBO IIPEJICTABIICHHE:

+1
h h\°®
y(zj+5) =Gz 2 gy (5 ) - (74)
h o o h ~
Crenap mar 3 BTOPOIl pa3 IO ITOi ke cxeMe , HO y’Ke U3 TOUKH Tj + 5 , HOJIy9uM HpuOsIuKenne §; g B
K PEIIEHNIO B TOUKe ;41 = «; + h. Ha sToM mare norpemntsocTs MeToa B CHILy OIDaHHYEHHOCTH YaCTHBIX
nponssonueix ®, m &, m masmoro mara h B HepBOM ITPHOIIZKEHIH PaBHA

h s+1

ey + 1)~ 1,00 ~ 0 (5) (75)

3jech § - TOYHOE pellleHre UCXOIHOro JudPepeHInaabHOI0 ypaBHEHNUS, VIOBIETBOPSIOIIee HAYaJIbHOMY YCJIO-

BUIO :l;(x] + %) = gj+l h MeTO,HI/I‘—IeCKaH IIOI'PEITHOCTDb OJHOMIIAroBOI'o0 MeTO/1a 3a JiBa Iara BBIYUCJICHUN MOXKET
272"

OBITH IIPEJICTaBJIEHA B BUJIE:

h s+1
y(zj +h) =G0 8 = 20(z),y;) (2> (76)

Ucnonsays (73), (76) momydnm npejcTaBiieHne JIJIsA INIABHOTO YJI€Ha MOTPEIIHOCTH Ha Imare h :

gj+1’% - ij+1,h

1
D(zj,y;)h° " ~ 1 5

(77)
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Torna npasuno Pynre oleHKH JIOKaJBHON IOIPEITHOCTH IPUOJIMKEHHOIO PEIICHUA ;41 k, BBIYHCIEHHOIO C

maroMm h, MOXKeT OBITh 3aIMMCAHO CJIEIYIONNM 00Pa30M:

(Fj41,8 = Uj+1n)
(-2

y(xj+h) = Gjr1n = (78)

Orrerrka JIOKATBHOM TIOTPENTHOCTH TPHOJTHYKEHHOTO PENeHus §; | », BBITHCIEHHOTO C JIBOMHBIM IPOCIETOM C
o)
maroM h/2 pasna:
(Fj41,5 = Yj+1,n)
Y

y(xj +h)— gj+1,% (79)

[Tonmygyennoe npubInMyKeHHOE PEIIEHIe MOXKHO YTOYHUTH, IPUOABUB K HEMY BEJIUYNHY [VIABHOIO UJIEHA IIOTDEII-
HOCTH, T.€. IIOJIOXKUB

(Fj41,5 = Ujv1n)

Y(zj+1) A Yj1 = Yjp1,n + d-2-9 (80)
nJjim
. (Jj11,2 — Yj+1,n)
Y(Tjp1) R Yjp1 = Yjp1,8 + (225 gy . (81)
IIpu srom
y(zj41) — yjr1 = O(R°F2). (82)

OreHKa JIOKAJIBHOM TOIPENTHOCTH OJIHONIATOBBIX 1M - 3TamHbIX MeTonoB Pyrre-Kyrrer Tpebyer 3m — 1
BIUHCIIeHNiT ipaBoit vactu  f(z,y) auddepeHnuaIbHOrO ypaBHEHUS.

Metoapt Pyure-KyTTbl 4MCJIEHHOTO WHTETPUPOBAHUS CUCTEM OOBIKHOBEHHBIX AunddepeHInaib-
HbIX ypaBHEHUH

Heobxomaumo maiitu perrenne
dy"
dz

YZIOBJIETBOPSIONIee HAYAJIbHOMY YCJIOBHIO

y'(zo) =yh, i=T1n. (84)

= fi(z,y*,...,y"), i=1,n (83)

Ob6mias cxema merona Pyrre-Kyrrer unciennoro pemenust 3aaaan Komn (83),(84) nmeer Buj;

yi(z + h) ~ y( +mek” i=T1,n (85)

rae KoppekTupyomue GyHKuun k;;(h) BBIUHCIIAIOTCS IO IPABIILY:

kia(h) = fi(z,y,....y"), i=1n, (86)
ad J=2,...,my;
j—1 j—1
kij(h) = fi(z + cijh,y* + Z aijiekig(h), ..., y" + Z aijnekne(h)), (87)
=1 =1

Merouaeckast orpentaocts (85)-(87) W(h) — BekTOp-DyHKIWMSI, KaxK/as KOMIOHEHTa KOTOPOIi

Ui(h) = y'(x + h) Z bijkij(h), i=T,n. (88)
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Ilo cpaBHeHuio co cirydaem OHOrO ypaBHEHHsI 1 = 1 TPHU MOCTPOEHWH OJIHOIIATOBBIX IIPAaBWJI Tuia Pynre-
Kyrrer B ciaygae cucrembl ( n > 1 ) o6bIKHOBeHHBIX b depeHIuaibHbIX YPABHEHNUIT [IEPBOr0 MOPAIKa IPe]l-
CTABJISIIOTCS errfe HOJIBINTEe BO3MOXKHOCTH B IMOJIYI€HUH PA3JIMIHBIX PACUETHBIX CXEM OJIHOTO U TOI'O Ke IIOPsIKA,
TOYHOCTH, TAK KAK YHUCJIO CBOOOJHBIX IIAPAMETPOB IIPHU 3TOM CHJIBHO BO3PACTAET. DTU BO3MOXKHOCTU PEaIU3yI0T
kpaitie penko. OObsiCHEHHE TPOCTOE - JJIsi TIPABBIX YacTell caMoro o0INEero BUIa COOTHOIIEHUE MEXKY UUC/IOM
9TAIIOB U HAWBBICIIIAM JTOCTUXKUMBIM MOPSIIKOM TOYHOCTH OCTAETCsl MPEXKHUM- m; = 8, my; < 4.

ITosromy, Bce ypaBHEHUS CUCTEMbI MOZKHO CUHTATh PABHOIIPABHBIME, IIApAMeTPbI MeToda b;; = b, ¢;j = ¢,
Qijn¢ = Gjj W YUCJO ITAIOB M; = 1M BHIOMPAIOT OJMHAKOBBIMU IS BCEX KOMIOHEHT HCKOMOII BEKTOp-
GyHKIUA. DTO COKPAIAET YUCJIO IIAPAMETPOB, a 3HAYUT CYXKAeT BO3MOXKHOCTHU B IIOCTPOEHUM PACUYETHBIX CXEM
OJIHOT'O TIOPsiJika TOYHOCTU. HO 3aTO 3HAYUTENIBHO YIIPOIIAETCs KAaK BBIBOJ CAMUX PACUYETHBIX CXEM , TaK U UX
MPAKTUIECKAs Peam3aIus.

Ncnoab3oBaHue PAa3JIMYHbIX XapaKTepUCTUK TOYHOCTU.

Yacro B ajropurmax BbIOOpa IIara IejiecooOpasHO HCIIOIb30BATh HE aOCOJIOTHYIO IIOTPENIHOCTH - p , & OT-
HOCUTEJIBHYIO - p/|y|. Hanpumep, st KOMIIOHEHT UCKOMOI BEKTOP-(MDYHKIMK, KOTOPbIE PACTYT U CTAHOBSTCS
odeHb OostbmMu. Hejib3si 2Ke MCIoIb30BaTh OTHOCUTEBHYO MOIPEITHOCTh B TEX CJIyYasixX, KOrjia KOMIIOHEHTa,
MOXKET OOPATUTHCS B HYJIb. DTH 0OCTOSATEIbCTBA U BBIHYKJIAIOT HAC JJIs KOHTPOJIS BBIYUCIUTEIHHOTO IIPOIECCa,
UCIIOJIb30BaTh Mepy IOTPEITHOCTH.

Omnpenesienne: Mepoit morpemrsocTn mpubImKeHHOr0 3HadeHust Y41 pemternss COY (83) B Touke x4

HaspiBaercs pesmuuna o= (pb, p? ..., u"), ompejesseMas COOTHONTCHHEM
o’ ; ;
Jj+1 ) i
4 - | >P
[y = Pk |yj+1‘ (89)

P§+17 |y§+1\ <P

roe P!, j=1,...,n -HeKOTOpbIe (PUKCHPOBAHHBIE TIOJIOYKHUTEIbHBIE YHCIIA.

KoHTpoJsb TouHOCTH TI0 MEpEe MOTrPEITHOCTA COCTOUT B TOM, 9TO HA Te€X yIaCTKaX MHTePBaJIa HHTerPUPOBAHMS,
ryie abCOJIIOTHAST BEJIMYNHA DEIICHUs y; 41 He IPEeBOCXOJUT HEKOTOPOTO 3HAYEHUs P! KOHTpPOJIb TOYHOCTH
BEJIETCS 110 ADCOTIOTHOM ITOTPEITHOCTH, a TaM, Ijie abCOIOTHAs BeJIMYNHA PEIIEHNs] IPEBOCXOUT ITO 3HAUEHUE,
KOHTPOJIb TOYHOCTH BEIETCs 1O OTHOCUTEIbHON OIPEITHOCTH.

Haga COOY (83) ¢ upoBepkoil HA TOYHOCTH MOIYT BBIYHCIATHCHA JUOO BCe KOMIIOHEHTBI PelleHus, Jubo
HEKOTOPBIE U3 HUX.

KoHTposib TOYHOCTH MOXKET BECTHCHh MOKOMIIOHEHTHO WJIM 0 HOpMe. [lJisi pasM9HBIX KOMIIOHEHT MOI'YT
UCIOJIb30BATHCS KaK PA3IMIHbIe XapaKTEePUCTUKU TOYHOCTH (abCOJIFOTHAS, OTHOCHTEIbHASI IIOIPENTHOCTD, Mepa
TIOTPENTHOCTH ), TAK W PA3IMYHbIe IOMyCTAMbIC 3HAUEHNs TIorpentHocTh,T.e. € = (e1,e2,...,€"), rme r <mn,r—
KOJIMIECTBO IIPOBEPSIEMBIX HA TOYHOCTH KOMIIOHEHT DEIEHUS.

Te KOMIIOHEHTBI peIlleHNsI, KOTOPbIE IIPOBEPSIOTC Ha TOYHOCTH 110 Mepe morpernsocrd (89) , MOryT uMerhb
Kaykjasg CBOE sHawenme P! 1 mepexosa OT abCOMIOTHOl HOIPENIHOCTH K OTHOCHTENbHOM. B 3ToM cirydae
P=(P...,P").

KonTposbs TouHOCTH IO HOpME O3HAYAET, UTO KOHTPOJIMPYETCS HEKOTOPasi HOPMa OIEHKHU IIOI'PENTHOCTH
gl

, ) N 1/2
Hacro nenomsayiores nopst: ol = maxi<icn o'l ol = Sy Io'ls lella = (S 1o2)

KauecTBO ajJiropurmMma.

Bpocasi B Bogy KamMeliku, CMOTPUA Ha KPYyru, UMH 0Gpasy-
eMble; MHa4Ye Takoe OpocaHue Oy/eT IrycToo 3abaBoro.

Kozbma IIpyTKOB.
31ech OyjeM paccMaTpuUBaTh, TOJBKO TPU KPUTEPHUsI KAYECTBA, AJITOPUTMA; HAJIEXKHOCTb, TOYHOCTH, 00bEM

BBIYUCJICHUN.

HanexxHocTh. Tak Kak mpu MpaKTHIECKO peann3alinid METOMOB MBITAIOTCA PEryInpOBaTh BEJIUINHY JIO-
KaJIbHOM IIOTPEITHOCTH, TO METOJI, MOXKHO CYUTATH HAJIE?KHBIM, €CJIM OH YAAYHO C STUM CIPABJISIETCA. DTO SHAUNT,
9TO HEOOXO/MMO BBIYUCJIATH Ha KaXKJIOM IIIare

|Lj1]
JE'+1 = hjE ’ (90)
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lj+1— WCTWHHAA JOKaJIbHAA HMOTPENTHOCTD Ha Iare hj, nam

|1j11]
e, =12t 91
P (51)

Beranciennsie 3uadenns (90), (91) MOXKHO HCHOJIB30BATH KaK JJIs HPOBEPKH KAYEeCTBA UCIOJIB3YEMOTO ajlOPUT-
Ma, TaK M JJisl [0 yCOBEPIIEHCTBOBAHUSL.

TouyHOoCTb. YncjieHHOMY aHAJIU3Y MOJBEPraeTcsl IOTPEITHOCTh PENleHNsl B KaxKI0M yaie (abCooTHasl,0T-
HOCHUTEJIbHAsI ), 00eCIIeYrnBasi OTBETHI Ha CJIEJYIONINE BOIPOCHL:

® - HEIPEPHIBHO JIM YMEHBIIAETCsI TIOJIHAS OIPEITHOCTD R,
MOTPENTHOCTH € !

i1 Ipru YMEHbINCHUU 3a/jaBaeMOU JOIIyCTUMOU

® - [IPABUJILHO Jin PAbOTaeT aJrOPUTM, KOTIa TpeOyeTcsi BHICOKAsT TOYHOCTD!;

O6beM BbIYUCITIEHUI.
JLjisi OHOIIArOBBIX METOJOB TaKOH XapaKTEePUCTHKOH CIIY?KUT KOJIMYECTBO BbIYUC/IEeHUI paBoil dactu ©(¢)
COJLY (83) ma mnTEepBaje HHTETPUPOBAHUA [a,b] I KarXKJ0il 3aJaHHON TOIHOCTH €.

ABTOMaTu4Yeckuii BbIOOP HIara MHTEIrPUPOBAHUSI.

IIpuMmeneHne MEPEeMEHHOTO NIATa WHTErPUPOBAHMSA IIO3BOJIAET YYUTHIBATH XapPAKTEP IMOBEJECHUS PEIICHUS W
YMEHbBINATh 00ITee IUCIIO0 IIAroB, COXPAHUB IIPHU STOM TPEOYEMYI0 TOYHOCTH MPUOJINKEHHOTO pertenus. Vmes B
PACIIOPsI?KEHUH CIIOCOOBI OIEHKH JIOKaJIbHOIT torperaocTy (78), (79), npubJINKEHHOIO METOA, BEJIMUUHY IIara
UHTErPUPOBAHUS MOXKHO BBIOMPATH ABTOMATUIECKH B MIPOIECCE CUETA.

AJIropuTMBI, UCIIOJIL3YIONINE yABOCHUE U AeJICHUE IIara momnojamM. AJropurM, UCIOIb3Y FOIIUM
ouenku (78), (79). DTu orEeHKN JIOKAJIBLHON HOIPENTHOCTH OJHOIIATOBOIO 171 - ITAITHOIO METO/a THuia PyHre-
Kyrrer Tpebytor (3m — 1)— ro BblYmMC/IeHHs IIPABO YACTH MCXOIHOIO ypaBHEHHs. Takue OrpOMHBIE BBIUUC-
JINTEJIBHBIE 3aTPATHI BBIHYXKJAIOT HAC CTPOUTH AJTOPUTM, UCIOJNb3YIONHH BCEe TOJyYeHHbIE TPUOINKEHUST K
PEMeHHIo Yit1h s Yip 1 b 5 Yiprh »

Ilycth p;y1 - OIEHKA JIOKAJBHOW MOIPENIHOCTH METO/a Ha mare h;, JOIMyIIeHHAsS [TPU BBIUYUCJICHUN PH-
OJINYKEHHOT'O 3HAYCHUS PemeHus Y;yi,, B TOUke x; + h;, hy = h = const > 0

PaccMaTpruBaeMblii HEZKe aJrOPUTM IIpeAyCMaTpUBaeT YeThipe BapuaHTa MPUHATHUS PerIeHUs:

e Ecin oreHka JIOKaJbHOM ITOI'PEITHOCTHU IIPEBOCXO/INT HEKOTOPYIO HaNepes 3aJaHHYI0 TIpaHullyy ¢ -2°:
S
[pisrll > - 2%

TO CYNTAETCH, YTO IPUOINIKEHHOe 3HAYEHNE PEIeHNS ;41,5, HE yJOBIETBOPSAET MPEIINCAHHON TOTHOCTH.
VYmenbImas mar B ABa pasa h; 1= %hi , HeOOXO/IMMO TIO TO#1 2K€ TPUOJIMKEHHOH (hOPMYJIe€ BEIUUCISITH HOBOE
3HaYEHHE {;41,h; B TOUKE ;4 h; ;

o OneHKa JIOKAJBHON MMOTPENTHOCTH  Pj + 1
S
e < lpitall <e-2%,

IPHUOJINKEHHOTO 3HAYCHN PEIleHns Yiy1,5, He YZOBIETBOPSAET Ipejanucannoi Tounoctu. Ho B kauecTse
HCKOMOTO DENIEHUI0 MOKET OBITh HCIOJIB30BAHO NpHOJMIKEHHe f1 ke Tl Yyl = Y, ke MTar
3 ;

p)
hi.

UHTErPUPOBAHUS [l IPOJIOJIZKeHUs N1 1= 35

e Or1ieHKA JIOKAJIHHON ITOTPEIIHOCTH ;41
€
oy < llpisall <
HIPUOJINKEHHOIO 3HAYECHHS PEIIEHUS §iy1 p; YAOBJIETBOPSET IIPEIHNCAHHON TOYHOCTH. Y BeJIHYEHHE IIara
UHTErPUPOBAHUsI B JiBa pa3a h;i1 := 2h; , BBIBEJET TIOIPEITHOCTD MPUOIMKEHUST 38 PAMKH JOMYCTHMOTO.

B xadecTBe pnbIMIKeHNs K PEIIEHNIO B TOUKe I; 4 h; BBIOMpaerca ¥i;i1,p, - 11lar ocraeTcs Hem3MeHHBIM

hiv1 = hy;
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o OrIeHKa JIOKAIBHON TOTPEITHOCTA ;41

9
l[pisrll < o517

ITPHUOJIMKEHHOTO 3HAYEHN PEeIIeHus ¥;41,n, CYIIECTBEHHO MEHbIIEe 33 JaHHON. PeKoMeHIyeTcs yBemaenne
mara UHTErPUPOBAaHU B JiBa pa3a h;yi := 2h; . B KauecTBe npubinrkeHns K PEIIEHNIO B TOUKe X; + h;
BBIOUPAETCH  Yit1 h, -

A.TII‘OpI/ITM Bb160pa Ha4YaJIbHOI'O IIIara.

a) Berunciaum f(xo,y(mo)) B Ha4YaJILHOHM TOYKe Xy ;

b) mnaiinem

1 . s+1
(o) ot

C) Torja HaYAJbHBINA mAr paBeH

- ()™

YacTo HauAJIbHBIE YCIIOBUSI HAXOJISTCS B 0COGOM TOJIOZKeHIH, I7ie GoMbmmHCTBO KoMnoneHT f*(zq,y(zo)), i =
1,...,n MOXKeT OKa3aThCsl HyJIAMHU.
B srom ciydae K a) — ¢) HEOOXOJUMO JOOABHUTH €IIE JIBa IIara.

d) Caenarb oqun mar MerozoM Diljiepa ¢ AyuHOl mara h, NOJy4YeHHOH B ¢) ;

e) IIOBTOPUTH IIaru aJIr'OpuTMa a) — C) C HOBBIM 3HaYCHUEM 1 BbI6paTb MEHBIUNA U3 JABYX IMOJIYY€HHBIX JIJTTH
maroB.

Henocrarkmu sgBHoro merona Pynre-KyTTbi.

e 3aBUCUMOCTD IIopdaJKa TOYHOCTU MeETO/Ia OT KOJIndeCTBa BBIYMCJIEHUI HpaBOfI HJacCTH |

[ ] OLLBHKa JIOKAJIbHOI IIOI'PEITHOCTN Tp€6y€T JOIIOJIHUTEJIbHBIX BBIYUCJIUTEJIBHBIX 3aTpaT, CpPaBHUMBIX IIO
061>eMy C BBI9YUCJIUTEJIbBHBIMU 3aTpaTaMi Ha IIOJIyY€HUe HpI/I6.HI/I)KeHHOI‘O perieHud.

ens 3amanmsa: - IIpakTuyeckoe ocBOeHHE aJrOpUTMa KOHCTPYHPOBAHUS SBHBIX OJIHOIIATOBBIX METOJIOB
qucJieHHOro nHTerpupoBanus tuna Pynre-KyTTsr .
- Ha 6ase mocTpoeHHOI1 pacdeTHOl CXeMBI C UCIOJIb30BAHNEM MeTOJ[a PyHre omeHKM rjio0abHON U JIOKAJIBHON
IIOTPEIITHOCTEH TOCTPOUTH AJTOPUTMBI YUCIEHHOTO WHTETPUPOBAHUS ¢ ABTOMATHIECKUM BBIOOPOM IIIara.
- IIpoBenenne TecTupoBanus U CPABHUTEIBHOIO anajan3a Barmero asropurMma penrenus 3aga4du Ko mo BceM
IIPEJIJIOZKEHHBIM KPUTEpUsIM. B KaduecTBe OIIIOHEHTA HCIIOJIb30BATDH IIPEJJIOKEHHYIO KJIACCUIECKYIO PACUETHYIO
CXeMy.
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