Tema. JIuneiinbie onepaTopbl U GyHKIUOHAJIBI

2.1.JIunelinble onepaTopbl U (PYHKIIMOHAIBI

ITyctp X — 6aHaXOBO MPOCTPAHCTBO HAJ nojieMm C.

Onpenenenue 1. Omnepatop (uwaum otoOpaxenue) A:X-—X Ha3bIBaeTCS
JUHEHHBIM, €CITH CITPABEIJIMBO PAaBEHCTBO

Ald X+ A,x,)=A, Ax+4,Ax, (Vx,,x,€ X;2,,1,€eC)

Onpenenenue 2. JluHelHwlid omepatop A B 0aHaXOBOM MIPOCTPAHCTBE
HA3bIBACTCS OIPAHMYEHHBIM, €CIHM CYyIIECTBYeT uucio ¢>0 Ttakoe, yto VxeX
crpaBeUIMBO HepaBeHCTBO [|Ax||<cl|x|.

Haumenbimas u3 koHCTaHT ¢>0, UIsi KOTOPBIX BBINMOJHSACTCS 3TO
HEPABEHCTBO, HA3bIBAETCSI HOPMOW OIepaTopaA.

Hopwma orpannuennoro oneparopa A HaxoauTcs 1o popmyiie

_ b
A= ey ey ()

Jluneiinpiii oneparop F:X — C Ha3pIBaeTcsl JTUHEHHBIM (YHKIIMOHAJIOM.
Hopma nuHeliHOro HenpepbIBHOTO (DYHKIIMOHAJA BBIUUCISAETCS MO (popMyIie

b
||FH:X€X’HxH:1‘F(X)‘ (2)
Teopema 1. Besikuii muHEHHBIN HEPEePhIBHBINA (PYHKIIMOHA B IPOCTPAHCTBE
Iplp=1]

3asaércs popmyion

00

Flx|=ix,f>:= x,f,(3)
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IIPH STOM IFl=1f1,,,

felq,l+l:1
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3ameuanmne. Dopmyna (3) 3amaer Takke OOMMA BUI JUHEHHOTO
HEenpepbIBHOTO (yHKIMOHAa B C-

00

F(x)=&x,f>:zz xl.fi,

i=1

(Fel)IFl=1fn,.



Teopema 2. Besikuii TMHEHHBIN HEMPEPHIBHBIA (YHKITMOHAT B TIPOCTPAHCTBE
L,la,b|[p>1] 3anaerca Gpopmynoit

Flx|=ox,f>:= [ x[¢|ft)dt f(t)eLq[a,b],%+%:1 (4)

A nHopma ¢yuknmonana F coBnagaer ¢ Hopmo# pyukuuu feL,.

[Tpu p =2 dpopmymna (3),(4) cornacyercs ¢ Teopemoit Pucca 06 oGriem Buje
JUHEHHOTO HEMPEPHIBHOTO (DYHKITMOHAA B THIILOEPTOBOM IPOCTPAHCTBE

H :F|x|=(x,f)|0na nekomopozofe H .
I[TpuBeeM NpUMepHI OFPAHMYEHHBIX MHTETPAIbHBIX ONIEPATOPOB.

Hpumep 1. ITycts A — oneparop, 3anaBaemslii B C|a,b] popmymnoii

b

(Ax](t]—fK(t,s)x(s]ds Klt,sleClla,b|x]a,b]) (5)

a

N3 HepaBeHcTBA

‘(Ax)(t)|<f‘K(t,s]x(s)‘ds< maxbﬂK(t,s)‘dS'HxH

astshb 4

Cremyer, uto omneparop A orpaHuueH B Cla,b| , Gonee Toro, crnpaBeaanBo

touyHas popmymna [1, .8 §1]

b
||AH=max”K(t,s)‘ds. (6)
ast<b 4
IIpumep 2. [Ilyctb K—¢  TOT K€  MHTErpajbHBIA  Omeparop,

paccMaTpHBaeMslii B IpocTpaHcTBe Lyla,bl. TIpu ycnoBuu Ha sapo

K|t, sif dsdt<oo (7)
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oreparop K sBnsiercs OI'paHUYCHHBIM U CIIPpABCAJIMBO HEPABCHCTBO

b b
f f ‘K(t, si[*dsdt
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Onpenenenue 3. JIuneinnslil oneparop A:X - X Ha3bIBAETCS KOMIIAKTHBIM,

CCJIn 06pa3 CANHHUYHOI'O IIapa IMMPCAKOMIIAKTCH.

3ameyaHue 1. Besknii KOHEYHBIN ONepaTop KOMITAKTEH.




OTMeTHM TakXe, 4YTO ONEPaTopbl, PAacCMOTPEHHbIE B mpuMmepax 1,2
KOMIIAaKTHBI B COOTBETCTBYIOLIUX IPOCTPAHCTBAX.

[Tycts R(A) — oOnacTh 3HaueHuit oneparopa A.

Omnpenenenue 4. Oneparop A, AEHCTBYIONIMI B 0aHAXOBOM TMPOCTPAHCTBE

X, Ha3bIBaeTCA OOpaTUMBIM, eciu sl J1toooro yeR(A) ypaBHeHne AX=y uMmeeT
€IMHCTBEHHOE PEIICHNE.

Wunaye rosops, onepatop A obparum. Ecnu on umeet Hynesoe sapo ker A:=
xeX:Ax=0|,

Ecnu oneparop A o6patum u ero obnacts 3HaueHu R(A) coBnamaer ¢ X ,
TO CYIIECTBYeT OOpaTHbIi omeparop A : X- X , onpefenéHHBII Ha BCEM
npocTpaHcTBe X U YAOBJICTBOPSIONINI COOTHOMICHUAMA A '=A ' A=T

Teopema 3 (banaxa 06 obGparHom omepatope). Ilycte A — nuHelHbIN

OIpaHUYEHHBI OmepaTop, B3aUMHO-OJHO3HAYHO OTOOpaxaromuil 0GaHaxoBO
npoctpancTBo X Ha cebst. Toraa oOpaTHBIH onepaTop A 'OrpaHUYCH.

Onpenenenue 5. Touka AeC  Ha3plBaeTCs  PEryJasSpHON  TOYKOM
orpaHUYEHHOro_omneparopa A , eciu oneparop A—AI oopatum u R(A — Al)=X.

Jonomuenne B C ko MHOXKeCTBYp(A) peryispHBIX TO4eK omepaTopa A
Ha3bIBAETCS CIEKTPOM oreparopa A u o6o3HaudaeTcs §(A).

B uwactHOCTH, TOukaAe C Ha3pIBaeTCS COOCTBEHHBIM 3HAUYCHHEM OIlepaTopa

A, ecnu cymectByeT BeKTop xeX (x#0) , Takol, yTo AX=AX, mpU 3TOM BEKTOp X

Ha3bIBACTCS COOCTBEHHBIM BEKTOpOM omepartopa A. Pa3mepHOCTH COOCTBEHHOTO
noanpocTpancTsa ker(A—AT) Ha3pIBaeTCsS KPATHOCTHIO COOCTBEHHOTO 3HAUCHUS A.

Oneparop-GyHxuun Ry (a_i1., onpenenennas npu Beex Ae p(A) HasbIBaeTCs
pE30JIbBEHTOM ornepaTopa A.

Teopema 4. CnekTp OrpaHUYEHHOTO JIMHEMHOTO omeparopa A 3aMKHYT U
JICKUT B Kpyre e C:[A|<[|Al|l. Bre sToro Kpyra pe3onbseHTa (A—AI)"' ronomopdHa
U JIOIyCKAET Pa3JI0KEHUE B PN
00 An

n+1
n=0 A

(A-AT)"'=— Al ©)

CXOJSIINICSA B HOPME MTPOCTPAHCTBA X.



Teopema 5. CrniekTp KOMMOAKTHOTO JIMHEWMHOrO OIEepaTtopa COCTOUT W3 HE
OoJlee YeM CUETHOIO MHOYKECTBA, IpH 3TOM &|A|\'|0/COCTOMT U3 M30IUPOBAHHBIX
COOCTBEHHBIX 3HAUEHUN KOHEUYHOI KPATHOCTH.

[IycTp Tenepp A — OTrpaHWYEHHBIM JUHEHWHBIA ONEPATOP, ACHUCTBYIOIIMMU B

rib0epTOBOM mpocTpancTse H.

Onpenenenne 6. Omnepatop A: H- H HasbIBaeTcsl CONPSKEHHBIM K
oneparopy A, eciu V,, yeH cnpaBeyIiBO PaBEHCTBO

(AXY)=(x,AY).
CornpsiKeHHBINA onepaTop A’ makaice o2pauyeH, npu 9mom||A‘||=HAH (CM,[1,4]L,

Onepatop A Ha3bIBAaeTCA CAMOCONpPSKEHHBIM, eclii A=A’.B mpumepe 2
COMNPSDKEHHBIM K MHTErpaibHoMy omeparopy K Takke siBisieTcs MHTETrpaibHbIM
onepatopoM c siapoM K (t/s)= K(t/s)

Teopema 6. CoOCTBEHHbIE 3HAYEHUSI CaMOCOIPSHKEHHOrO Oleparopa

BCIICCTBCHHBI, a cOOCTBEHHEIC BCKTOPbI, COOTBCTCTBYIOIIUC Pa3IMIHBIM
COOCTBEHHBIM 3HAYCHUAM, OPTOrOHAJIbHBI.

3ameyanue 2. Hopma orpanmdyeHHOro omeparopa A, IEHCTBYIOLIETO B

I'MIL0EpPTOBOM HPOCTPAHCTBE MOKET OBITh BhMMCIEHa 10 (opmyse ||A[=¢

VA all,
3TO CIEAYET U3 COOTHOIIEHUM

8 2 _ 6 b _ i
JalP=iz 14X = iy (A" Ax xI=lA7 AL

B cinywyae kxommaktHOro omepatopa A sta Qopmyna mnpuodperaeT BHI
|All=v2,, re A,- HanGombIIee COGCTBEHHOE 3HAUECHNE OMepaTopa A°A.

2.2 uTerpanbHble YPaBHEHHS.

HHTerpanbHOE ypaBHEHNE BUAA
b
x(0)-2 [ Koit,s) x(s) ds=1(t) fe L,(a,b) (10)

¢ sapoMm K(t,s) , ynormerBopsronmM ycioBuro  (7) , Ha3bIBaeTcs
UHTErpabHbIM ypaBHeHneM Ppearonema I pona. Ero moxxkHO 3amucars B

orepaTopHoi hopme

(I -AK)x=f, (11)



paccmatpuBass B KadectBe K omepatop u3 mnpumepa 2. Teopus
Pa3peIMMOCTH TAKUX YPaBHEHUH ITocTpoeHa OpearoabmMom.

I AnwsrepHatuBa ®penronsma. JInbo ypaBuenue (11) pazpemmmo mpu
mro6oi ipaBoit wactu fe Ly(a,b) , mubo ogqHOpOIHOE YpaBHCHHE

(I -AK)x=0 (12)
UMeeT HyJieBoe pemieHue X€ Ly(a,b)

1I.B nocnennem ciyyae ypaBHenue (11) pazpemmnmo s TeX ¥ TOJIbKO TeX f
€L,(a,b), KOTOpbIE OPTOTOHAJIBHBI  KaXJIOMY PCIICHUIO  COMPSHKEHHOTO
OJIHOPOJIHOTO YpaBHEHUS

(I - AK*)y=0 (13)
31

II. Ognoponusie ypaBHenus (12) u (13) UMeOT OJHO U TO K€, MPUTOM

KOHEYHOE, YUCJIO JIMHEWHO HE3ABUCUMBIX PEIIECHUM.

Anpo K(t,s) Ha3pIBaeTCS BRIPOKICHHBIM, €CJIM OHO TIPEJACTABUMO B BU/IC
K(t,s)=g, p(t)ai(s), Pi,q:€ Ly(a,b). (14)
Pemenue ypaBuenust (10) ¢ BRIpOKICHHBIM SIPOM CJIETYET UCKAaTh B BU/JIC
X(O- p(0) €7+, (15)

npu 3ToM ypaBHeHHe (10) cBOAMTCS K PEIIEHUIO CUCTEMBI U3 N JIMHEUHBIX
YPaBHEHHI C N HEU3BECTHBIMU Ci,Cy ---Ch,

Onpenenenue 7. Yucino A Ha3bIBaeTCs XapaKTEPUCTUYECKUM YHUCIOM
oreparopa K, ecnu omHOpoaHoe ypaBHeHue (12) mMeer HyseBoe permieHue xe€ L,
(a,b) wiu, nnave roBops, 1/ A sABngeTCS COOCTBEHHBIM 3HaueHUEM oneparopa K.

PaccmoTpum MHTErpanbHoe ypaBHeHHEe Ppearosnbma ¢ CHUMMETPUYECKUM

AIPOM K(t,5)=K(t,s) . Ilycts A, — XapaKTepUCTHUECKHE YHCIA, a Oniit) —
COOTBETCTBYIOIKE coOCTBeHHBbIe (yHKIMH omnepatopa K (neN),00pa3ytomniue
opToHOpMUpOBaHHBINA 0azuc B HOkerK B cury Teopemsl ['mnsOepra-Ilmunara (cm.
1)). Pemenue yparenns (10) MoxkeT ObITh HalineHo B Buje psaa Llmuara

x(t)= xi 2y (16)



IpU yCIOBUHU, YTO A HE COBHAJACT HU C OJHUM U3 XaPaAKTEPUCTUUECKUX
qucel

AL AZ06,

Teopema 7. (I'mueGept-IlImuar) Ecmm sapo K(t,s)=K (i,s) yIOBIIETBOPSICT
ycnoButo (7), To psan (16) cxoautcest abCOTOTHO U PABHOMEPHO.

HHuterpansHoe ypaBHeHue Boubreppa II-ro posna Buna

x(t)= ] Klt—s|x(s)ds=f(c), f(t), KOCCop,  (17)

B KoTOopoM sifipo K(t,s) 3aBUT JUIIL OT pa3sHOCTH apryMEHTOB, Ha3bIBACTCS
YDPABHEHUEM THUIA CBEPTKU.

HamomuumM, uto ypaBaeHue Bombreppa omHo3HauHo paspemnmmo B C, ) mpu
Bcex AeC(cm.|1,4]). [na pemennus ypaBHEHHS THIIA CBEPTKU OOBIYHO HCIIONB3YETCS
npeoOpasoBanue Jlamnaca.

2.3. DIeMEHTBI ONEPAIIMOHHOTO UCUYUCIICHUS.

HamomanM (cM.[5)), 9To (yHKIMeH-opurnHanoM HasbBaeTcss GyHKIms f(t)
HenpepbiBHas 1pu t=0, paBHas 0 npu t¢0 u pacTyiias He ObICTpee HIKCIIOHEHTHI, T.€.
cymecTByoT M ¢0 u S, Takue, 9To

F(0)]< M. (18)
(YyHKLIHIO KOMIUIEKCHOTO IEPEMEHHOTO

F(p)= Tf(t]e_‘”dt (19)

roioMophHYI0 B MONYIUIOCKOCTH  Re péS,, Ha3pIBalOT IMpeoOpa3oBaHUEM
Jlannaca (wiu m3zoOpaxenuem) pynxuum f(t) u q(t) omepauust cBepku Bcerna
BBITIOJITHUMA U CITPaBETHBO PABEHCTBO

(Prg)(ty=] f1slglc—sds 20)

Teopema 8 (o ceéprke). Ecim f(t)=F(p), g(t)=g(p), 10

(f*g)(t)=F|p|G(p).

Teopema 9 (monobus). Ecnu f(t)=F(p), Lae R, TO
' ~1p
fid=1 (2




Teopema 10 (cmemenus). Ecmu f(t)=F(p), To

F(t)e™ = F(p - Po).

Ta6nuna npeobpazoBanusd Jlamnaca

f(t) (=06 F(p) f(t) (t=0¢ F(p)
1 1
1 p eat p_a
tn—l i tn—l . 1
(n—1] (ne N) ph (n—1)! (p—a)’
(! 1 . p
F(L)(L>O) p* =sin at E
cosat
N 1
1 \/_71 1 Pz—a
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Ecou B ypaBHenuu (17) tuna cBéprku ¢ynkumm k(t) wu f(t) sBusroTcs
GyHKUUSIMHU-OPUTHHAJIAMUA, TO OTBICKHBAsI PEIICHUE

OpUTHHAJIA U TEPEXOJisi K MX H300paKeHHSIM

MOJyYUM

X(p)=K(p)X(p)*+F(p),

X(p) =

x(t)

B BUjc (yHKIIHH-
k(t)=K(p), f(t)=FIp|,x[t|=X(p)

F(p)
1-K(p)

Jlist HaxokieHus (PyHKIMU-OpUTruHana Xx(t) 10CTaTOYHO BOCIMOIb30BATHCS
tTabnuieil mpeoOpa3zoBanuii Jlamnmaca W APYrMMH TEOpEMaMH OMEPAIMOHHOTO
VCUHCIICHUS, IPUBEICHHBIMHU BBILLIE.




