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I'JTABA 1. MHOXECTBA
§ 1. Onepauuu HaJ MHOXKECTBAMU

[Tox MHOXKECTBOM MBI Oy/IeM TOHUMATh KaKyI0-JTHO0 COBOKYITHOCTh 3JIEMEHTOB.

MmuoxectBa - A, B,...

DIIeMeHTHI - a, b, ...

a€ A -»3JeMEeHT a NPUHAIIEKUT MHOKECTBY A

a€ A -»3JieMEHT a He MPUHAJICKUT MHOKECTBY A

AcB - A - IOIMHOXECTBO MHOXeCTBa B, T.e. BCe 3JIE€MEHTBI, U3 KOTOPBIX COCTOUT A
BXOIITUB B.

) - mMycTOC MHOKECTBO, HE COJICPIKUT HU OJTHOTO JIEMEHTA

JIr0o60e MHOKECTBO COACPKUT & B KA4eCTBE MOJMHOKECTBA.

ITonMHOKeCTBA, OTJIMYHEIEC OT CAMOI'O MHOXKECTBA M OT &, HA3BIBAIOTCI COOCTBEHHBIMU.

Jnarpammebl Benna

C=AUB - o00beauHeHHe MHOXECTB — MHOMECTBO, COCTOSIIEE M3 DIEMEHTOB,
MIPUHAUJISKAIINX XOTS Obl OJHOMY M3 MHOKecTB A u B .
C=ANnB - mepeceueHHe MHOXKECTB — MHOXXECTBO, COCTOAIIEEC M3 BCEX DJJIEMECHTOB,

NpUHaIeKanmx kak A, Tak u B .
AHanoru4Ho ormnpenensercss oObeIUHEHHE U IepeceueHue JoOoro (KOHeYyHoro uiam Oec
KOHEYHOI'0) YKCia MHOXKECTB.

U Aa - COBOKYIIHOCTb 3JICMCHTOB, KaXJbIH U3 KOTOPBIX HNPUHAIJICIKHUT XOTA OBI OHOMY U3

a

MHOXKECTB A

ﬂ Aa - COBOKYITHOCTb 3JICMCHTOB, KEl)KIILIfI M3 KOTOPBIX MPHUHAJICKUT KAXKAOMY U3 MHOKCCTB

a

OnepauHH CJIOKCHUA U IEPCCCUCHUA KOMMYTAaTUBHBI U aCCOLTMATHBHBI

(AUB)NC = AU(BUC) (ANB)NC =AN(BNC)

Kpowme Toro, onu B3auMHO 1UCTPUOYTUBHBI

(AUB)NC =(ANC)U(BNC), (ANB)UC =(AUC)N(BUC)
C= A\ B Pa3HOCTH MHOXECTB — MHOXECTBO, COCTOAIICC U3 DJICMCHTOB A , HC COACPKAIIUXCA

C = AsB=(A\B)U(B\ A) CimmerpuuecKas pasHOCTb — 0GbEMHEHNE BYX Pa3HOCTEH.

Eciu S - ocHOBHOE MHOKECTBO, TO S \ A Ha3bIBaeTCs TOMONHEHHEM MHOXecTBa A.

O6o3uauaercs A, CA, A°.

[TpHHIUN JBOWCTBEHHOCTH COCTOMT B TOM, YTO M3 JFOOOTO PaBEHCTBA, OTHOCSIIETOCS K
CUCTEME ITOIAMHOXECTB @HKCHPOBaHHOFO MHO>XKXECTBaA S ABTOMATHUYCCKHU MOXKECT 6BITI) HOqueHO
Jpyroe — JIBOWCTBEHHOE — pABEHCTBO IIyTeéM 3aMeHbl BCEX IOAMHOKECTB HX JONONHEHHSAMH,
00BEMHEHNS — IEPECEUEHHUSMH, a ITEPECEUEH s 00BENHEHUAMH.

1) JlononHeHue 0ObEAMHEHNH PAaBHO MEPECEUEHHUIO TOMOTHEHUH

sS\UA, =N(s\A) = | A c:(]A;

2) JlomosHeHHE TIepeCeUeHH PAaBHO OObEIMHEHUIO JIOTIOTHEHU I



S\NA =UJ(s\A) = | NA c:UA;

§ 2. MomHOCT, MHOXKECTB

2.1. KoHeuHbIe ¥ cUeTHBIE MHOKECTBA

Cpenu MHOXKECTB €CTh TaKHWe, B KOTOPBIX MBI 3HAEM KOJHUYECTBO 3JIEMEHTOB (MHOXKECTBO
BeplIIMHAa Ky0a); B HEKOTOPBIX MBI MOXEM IPUMEPHO YKa3aTh YHUCIO DJIEMEHTOB (MHOMXECTBO
MECYMHOK Ha TUISDKE). DT MHOXKECTBA COJIEP’KAT KOHEYHOE, XOTSI, MOXKET OBbITh, U HEM3BECTHOE HaM
YHCIIO.

C npyroii CTOPOHBI, CyIIECTBYIOT MHOYKECTBA, COCTOSIIINE M3 OECKOHEYHOTO YUCIIA SJIEMEHTOB
(MHOKECTBO HATypPaJIbHBIX YHCEJ, MHOXKECTBO TOUYEK Ha MPSAMOH, MHOKECTBO BCEX MHOTOWICHOB C
Pa3NUYHBIME KO PHUIHEHTAMH).

[Ipu 5TOM, TOBOpS, YTO MHOXECTBO OCCKOHEYHO, MBI UMEEM B BHJIY, UYTO W3 HEro MOKHO
W3BJICYb OJIMH DJIEMEHT, JIBA 3JIEMEHTA U T.J., IPHUYEM TIOCTIE KaXJI0r0 TAaKOTO I1ara B ’TOM MHOYKECTBE
OCTAHYTCS AJICMEHTHI.

Ecnu nmBa MHOKECTBa KOHEUHBI, TO MBI MOKEM MX CPaBHUTH IO YUCITY DJICMCHTOB: OJMHAKOBO
9TO YHCJIO WIIH K€ B OJTHOM M3 MHOKECTB 3JIEMEHTOB OOJIBIIIE.

OTO MOXHO TpPOJCNIaTh WA COCYUTAB DJIEMEHTHI B OOOMX MHOXKECTBAX HJIM YCTAaHOBHB
B3aMMHO OJJHO3HAYHOE COOTBETCTBHE («OMEKIUIO») MEXKIY dJIEMEHTaMU 3TUX MHOxecTB. (Hampumep,
YHCIIO CTY/ICHTOB B TPYIINE U CTYJIHEB B AyJUTOPHH - PACCATUTH ).

3aMeTUM, YTO MOACYET TOAUTCS TOJBKO JIMIIL JI KOHEUHBIX MHOJKECTB, a OHMEKIHSI U IS
OCCKOHEYHBIX.

[Ipocreiimmm 6€CKOHEUHBIM MHOYKECTBOM SIBJISIETCSI MHOKECTBO HATYPaJIbHBIX YHCEIL.

HazoBeM CYETHBIM MHOXECTBOM BCSIKO€ MHOECTBO, DJIEMEHTBI KOTOPOTO MOXKHO OMEKTHBHO
COIIOCTaBUTh C HATYPAJIbHBIM PSIOM.

WNuadye roBOps, CYCTHOE MHOXKECTBO — 3TO MHOXECTBO, 3JIEMEHTBI KOTOPOTO MOXHO
3aHYMEpOBAaTh B OECKOHEUYHYIO [IOCIEN0BATENBHOCTD 8, &,,..8, ... .

[Tpumepbl (MHOXKECTBO LENBIX, YETHBIX, PAllMOHATIBHBIX YHCET — MOKa3aTh KaK HyMEpPYIOTCS
0,-11 -2, 2,-3, 3...).

beckoHeuHOE MHOKECTBO, HE SIBJISIFOLLEECS CYETHBIM, Ha3bIBAETCSI HECUETHBIM MHOKECTBOM.

CBoiicTBa CUETHBIX MHOXECTB.
1) Bcsikoe MoIMHOKECTBO CYETHOTO MHOKECTBA KOHEUHO HITH CUETHO.
2) Cymma 11000r0 KOHEYHOTO HIIM CUCTHOTO YKCJIa MHOXECTBA CUCTHBIX MHOXECTB €CTh
CHOBA CYETHOE MHOXECTBO

3) Bcsikoe OeCKOHEUHOE MHOYKECTBO COACPIKUT CUETHOE MOIMHOKECTBO.

DEF Jlsa muoxectBa M u N Ha3bpIBaloTCA 3KBUBAJICHTHBIMHU, €CITH MEXIY UX DJIEMEHTAMU
MOYHO YCTaHOBUTH B3aUMHO OJTHO3HAYHOE COOTBETCTBHE (OMEKIIHIO)

DEF MHoecTBO Ha3bIBa€TCS CUETHBIM, €CIH OHO SKBHBAJICHTHO MHOXKECTBY HATYypalbHBIX
qrces.

SIcHO, 4YTO JABa MHOXECTBA, SKBUBAJICHTHBI TPEThEMY, JKBHUBAJCHTHBI MEXIy coOoii. B
YaCTHOCTH, JIIOOBIE JIBa CUETHBIX MHOXKECTBA SKBUBAJIEHTHBI MEX]1y COOOM.

2.2. HecueTHBIC MHOKECTBA

Teopema 1. MHOXECTBO JEMCTBUTENBHBIX YHUCEN, 3aKIIOUEHHBIX MEXIYy HYJIEM U €IMHUIIECH
HECUETHO.

JlokazarenbCcTBO.

[TycTh 1aHO KaKOE-TO CYETHOE MHOYKECTBO JICHCTBUTEIBHBIX YHCEN Ha [0; 1]



oy =0,a,,8,,8;...8,...
a, =0,a,8,a,..8,,...

1)

a,=0,a,a,3a,.a,..
U NPUMEHHUM JAuaroHaiabHy mpouenypy Kanropa: moctpoum npobs £ =0,bb,b...b. ..., rue
b,=2,ecmu a,=1u b, =1, ecniu a, #1. [loxyunm necaTuunyo Ipodb, COCTOANIYIO U3 1 1 2 1 He

COBNAJAIOIIYI0 HU C OJAHUM M3 4ucen cucreMsl (1): oT «; ornamyaerca Tem, 4to b #a,, oT a,:

b, #a, ut.n
Takum oOpa3oM, Hanuioch 4yuciao Mexay O m 1 KoTopoe He COIECPKHUT HUKAKOE CUETHOE
MHOXECTBO.

IIpuBeneM nmpuMepsl HECYETHBIX MHOXKECTB, SKBUBAJICHTHBIX OTPE3KY [O, 1]

1) MHOKeCTBO BCeX TOUCK J060ro otpeska [a, b| mmm unrepsana (a, b)

2) MHOXeCTBO BCEX TOUCK Ha HPSMOM
3) MHOXeCTBO BCEX TOYEK Ha IJIOCKOCTH
4) MHOXECTBO BCEX HENPEPHIBHBIX (DYHKIIUI OTHOTO MIM HECKOJIBKUX TIEPEMCHHBIX.

2.3. MoIHOCTb MHOKECTBA

DOKBUBAJICHTHbIE MHOKECTBA UMEIOT OJIMHAKOBYIO MOIITHOCTb.

I[JI?I KOHCYHBIX MHOXKXECTB MOIIITHOCTHb paBHa LII/ICJIy 3JICMCHTOB MHOXXECCTB.

MOUIHOCTB JTH0O0T0 CYUSTHOTO MHOKECTBA PABHA MOIITHOCTH MHOKECTBA HATYPATbHBIX YHCEI.

Otpe3ox [0, 1] U DKBHBAJICHTHBIE €My MHOXECTBA HMMEIOT MOIIHOCTh KOHTHHYyMa.
O6o3nauaercs C.

MOH_IHOCTCI‘/‘I, MPOMCIKYTOYHBIX MCKAY CUCTHBIM U KOHTUHYYMOM HCT.
C BBCACHHUEM IIOHATHA MOIIHOCTU MBI MOXCEM CpaBHUMBATbL MHOXXECTBA, T.C JIFOOEIE JBa

MHOJKECTBA HIIM SKBHBAJICHTHBI MKy C000M, T.e. M (A)=M (B) mim ynoBieTBOpsIOT 0OXHOMY U3
nByx cootHowernuit M (A)<M (B) wm M (A)>M (B).
3aMeTHM, YTO MOLIHOCTH MHOXKECTBA BCEX IOAMHOXKECTB HATypalbHOTO pAga paBHA

MOIIMTHOCTb KOHTHUHYYMa.
AHanorugHo MOIMHOCTh MHOXXECTBA BCEX IMOAMHOXKECTB HCKOTOPOTO MHOKECCTBA C paBHa

MOIIHOCTH 2° - THIIEPKOHTHHYYMA.

Takum >xe oOpazom st JII0OOOH MOIITHOCTH MBI MOXEM IMOCTPOUTh MHOXKECTBO OOJIbINEH
MOIIHOCTH, 3aTeM elle Ooiblleld MOIIHOCTH U T.J., MOJydas, TaKuM 00pa3oM, HE OrpaHUYECHHYIO
CBEPXY LIKAJTy MOIIHOCTEH.

I'naBa 2. MeTtpuueckue, HOpMUPOBAaHHbBIE U THIILOEPTOBBI IPOCTPAHCTBA

§ 1. Metpudeckue npocTpaHCTBa.
Def: MerpudeckuM NpOCTPaHCTBOM HAa3bIBaeTCs mMapa (X, p), COCTOSIIIAs U3 HEKOTOPOTo

MHOXecTBa (mpocTpaHcTBa) X  3JEMEHTOB (TOYEK) W pPAcCTOSHUS, T.e. OJHO3HAYHOU
HEOTPULATENIbHOM NeHCTBUTENbHON (QYHKIIUU p(x, y) U OIpe/eleHHON A MoObIX X U Y u3 X U

MOTYMHEHHOUN TPEM aKCHOMaM:
1) p(x y¥)=0, p(x, y)=0=x=y.
2) p(x, y) = p(y, X) (cummeTpus).
3) p(x, Z) < p(x, y)+p(y, Z) (HepaBEeHCTBO TPEYrOJbHUKA)
OObIYHO METPUYECKOE MPOCTPAHCTBO 0003HAYAIOT X .



1.1. IIpumepbl METPUYECKUX TPOCTPAHCTB.
1°. TIpocTpaHCTBO M30IMPOBAHHBIX TOUEK. BO3BMEM MPOM3BONBEHOE MHOKECTBO H TONOKHIM

0, eciu x=y
p(x y)=

20. Rl - MHOXXCCTBO HeﬁCTBHTeHBHBIX YHUCEII C paCCTOSIHHUEM p(X, y) = |X — y| .

1, echu x#y

CymiecTBYIOT IPUMEPBI, KOT/Ia Ha OJJHOM U TOM YK€ MHOYKECTBE BBOJSTCS pPa3HbIC METPUKH.
0
3. R" - n-mepHOoe apupMeTHYECKOE EBKIMIOBO IPOCTPAHCTBO — 3TO MHOKECTBO
YHOOPAAOUCHHBIX TPYIIII U3 n HeﬁCTBHTeHBHbIX quUCell X= ()(1, X2 yreny Xn ) C pacCToOsIHUEM

p(x y)=

0
4%, R, Eciu Ha TOM e MHOXKECTBE, 4To M 3° BBECTH paccTosHUE p(xy) Z |yk - Xk|

5. R": poo(x, y) maX|yk_Xk|

k=1,n

1
Pp

6°. RY (p=1) p(x y)= Zlyk—xkl

3amMeTuM, 4YTO B JAHHOM CJIlydyae HEPABEHCTBO TPEYIrOJbHUKA SBIISIETCS HEPABEHCTBOM
MUHKOBCKOTO
1

1 1
p Pp Pyp

p
2lac+b] | <[ 2 fal |+ 2 Ibd

HpI/I €T0 JO0Ka3aTCJIbCTBEC ITOJIb3YIOTCSA HCPABECHCTBOM Fenbz[epa

Vola, o) 11
> lab <] D fay > |b] B+a=1, p>1q>1
k=1

IIpu p =2 HepaseHnctBo ['enbaepa Ha3piBaeTcs HepaBeHCTBOM Komm-byHskoBckoro.

0 . .
7. C[a,b] - MHOKECTBO BCE€X HENPEPBIBHBIX JAECUCTBUTENbHBIX (YHKIMI, ONpeNeIeHHbIX Ha

X(t)=y(1)

8. I, - MHOXECTBO IOCIEIOBATENHHOCTEH X=(X,X,,...) ACHCTBHTCIBHBIX W HCEI,

[a, b] ¢ paccrostamem R :. p(X, y)=max

a<t<b

o0

YIIOBJIETBOPSIIOLINX YCIOBUIO §:|Xk |2 <o ¢ paccrosHHeM P (X, y) = Z( Y — X, )2 .

0 o o
9°. m - MHOXECTBO BCExX OrpaHUYCHHBIX TOCICAOBATCIIbBHOCTCHU IACUCTBUTCIIBHBIX YHCCII.

p(x, y)=max|y, —x].

1.2. HenpepbIBHBIE OTOOpaXKEHUS
[Tycte X m Y nBa merpuueckux npoctpancTBa U f - oroOpaxkenue npoctpanctea X B Y .

Def. Dro orobpakeHWe Ha3bIBAETCS  HENPEPBHIBHBIM B TOYKE X, € X, eciu
Ve>0 35(e)>0:vxe X p(x %)<= p(f(x), f(x))<e
(o, -paccrostae B Y ).

Ecnu oroOpakeHue HENpephIBHO BO BCEX TOYKaxX MpOCcTpaHcTBa X , TO roBopst, 4ro f
HenpepbiBHa Ha X .



B cnygae ecmm X u Y umcnoBble MHOXKeCTBa, To f - uucnoBas yHKuums, Torna Mel ©UMEeM
oIpeJieJIeHUe HENPEPhIBHOW (DYHKIIMU U3 MAaTEMaTUYeCKOrO aHaJIH3a.

Ecmu orobpaxenue f: X —Y B3aUMHO OJHO3HAYHO, TO 3 0OpaTHOE OTOOpaKeHUE
fH(y)=x:1y > X.

Ecmu f B3aumMHO 0onHO3HAYHO M B3auMHO HempepbiBHO (T.¢ f u f ™ HempepbIBHEI), TO OHa

Ha3bIBAETCS TOMEOMOP(HBIM OTOOPAKEHUEM SIBIISIETCSI TOMEOMOP(HU3MOM.
B stom ciryyae npoctpanctBa X u Y Ha3bIBaeTCsi roMEOMOP(HBIMU MEXIy COOOIA.

Ecnu xxe p = p, (onHa QyHkius g X u Y ), To roMeoMOop(hU3M Ha3bIBAETCS H30METPHUEH, a

npoctpancTBa X U Y Ha3bIBAIOTCS U30METPUUHBIMHU.
N3omerpust mpoctpanctB X u Y O3HAYaeT, YTO METPUYECKUE CBS3M MEXKIY HUMH HX
3JIEMCHTAMU OJHU U TC XKC, paSJII/I‘IHOfI MOXECT 6BITB nmpupoaa 3JICMCHTOB.

1.3. IIpenenbHble TOYKH. 3aMbIKaHUE.
BBenem HEKOTOpbIE MOHSITHS TEOPUU METPHUECKUX MTPOCTPAHCTB.

OTKpBITHIN AP B(XO, r) c R - meTpuueckue mpocTpaHCTBa. B(XO, r) = {X eR: p(x, XO) < r}

& -okpectHocTH Toukn X, O (XO)= B(XO, 5).

&

AnHanornyHo 3aMKHYTBIM Iap B[xo,r]

MmuoxectBo M < R orpanuyeno, ecii iIBcR:M < B.

Touka XeM Ha3pIBaeTcs TNpeAcIbHOW TOYKOM MHOkecTBa M R, ecoum mobas ee
OKPECTHOCTH COJICPIKHT 00 MHOT'O TOYeK u3 M .

[IpenenbHas TOUKa MOXKET MIPUHAJIEKATH, @ MOXKET U HE TpUHaAIexats M .

HaanMep, ecnmi M - MHOKECTBO palrOHAJIbHBIX YHUCCII U3 OTPC3Ka [O, l] , TO KaXXKJaas TO4YKa

9TOTI'0 OTPE3Ka — IIPCACIbHAA AJIA M.
Touka X € M Ha3wIBaeTcs HSOHHpOBaHHOﬁ TOYKOM MHOKecTBa M , €CJIM B JOCTATOYHO Majou

okpectsoct O, (X, ) HET Todyek 3 M , OTIMYHBIX OT X.

Onepaum{ 3aMbIKaHUsS OPCACTABIIACT coOoi IMPHUCOCAUHCHHUEC K M Bcex ee MMpCACIIbHBIX TOYCK
u 0003HavYaeTcs [M ] . OTCI-OI[a CJICAYCT, UYTO 3aMbIKAHUC [M ] COCTOUT U3 TOYCK TPECX THUIIOB

1) wu30MMPOBaHHBIX
2) upenenbHBIX € M
3) mpenenbHbIX & M .

Omneparus 3aMbIKaHUsT 00JIAJAET CIICYIONTUMU CBOMCTBAMM:
1) Mc [M ]

2) [M]]=[M]
3) Ecniu M, = M,, 10 [M;]=[M,]
4) [M,UM,]=[M,]=[M,]

1.4. CxoauMocCTh B METPUYECKUX ITPOCTPAHCTBAX.
ITycth X;, X,,... - HOCIEAOBATENBHOCTh TOUYEK B METPUUECKOM IIpocTpaHcTBe R . I'oBOpAT, 4TO

{X,} cxomures k Touke X, ecmn Ve >0 3N (&) rakoe, uto O, (X) comepxur Bee X, ¢ N> N . Touka
X HAa3bIBACTCS NPENEIOM IOCIEI0BATENBHOCTH {X, }. MOXHO copMyaupoBath mHade {X,}—> X,
eciu lim p(X, Xn) =0.
n—oo
HemocpeCcTBEHHO 13 OTpeIeIeHNS TIPeieNa BHITEKAET, UTo
1) V{X,} He cyuecTByeT AByX IPE/CIOB.



3) Ecmu {X,} > X, 10 V{xnk}—>x.

1.5. CemapabenbHOCTD
[Iycts A u B - MHOXECTBa B METPHUUECKOM MPOCTPAHCTBE R .

MmuoxecTBO A Ha3bIBacTCS INIOTHREIM B B, eciu [A] oB.

MHoxecTBO A Ha3bIBaeTCs BCIOY IIOTHBIM (B IpocTpaHcTBe R ), ecnu [A] =R.

[Tpumep: MHOXKECTBO pAIIMOHAIBHBIX YMCEIT BCIOAY IUIOTHO HA YUCIIOBOM MPSMOMU.

MHuoxecTBO A Ha3bIBaeTCsl HUTJIE HE IJIOTHBIM, €CJIH OHO HE TUIOTHO HU B OJHOM IIape, T.e.
ecnu B Kaxgom mape B < R comepxurcs apyroit map B, Takoit uto B MA= .

[IpocTpaHcTBa, B KOTOPBIX HMMEETCS CUETHOE, BCIOJy IIOTHOE IOJHOXECTBO HAa3bIBAIOTCS

cemapadebHBIMH.

[Tpumepsl U3 nynkra 1.1.

1°. JIMCKpeTHOE MPOCTPAHCTBO cenapadebHO, €CITU OHO CaMO CYETHO, T.K. [M ] =M

2°. CerapaGeIbHb! PaOHaTbHbIE TOUKH.

3%6°. CenapaGeibHbl, COBOKYIIHOCTh BEKTOPOB C PALMOHAIBHBIMA KOO IHHATAMHU

7°.Cenapa6enbHO; COBOKYITHOCTh MHOTOWICHOB C PALAOHATBHBIMA KOO(QMHUIHEHTaAMHA

8°, 10° CenapaGenbHbl; COBOKYIIHOCTD [OCICIOBATEILHOCTEH ¢ PALMOHANBHBIMU WICHAMH H
JIMIITB KOHEYHOE UX YUCIIO (CBOE /ISl KXKJOU TOCIIEJOBATEIEHOCTH ) OTJIMYHO OT HYJIS.

9°. HecenapaGenbHo. PaccMOTPHM BCEBO3MOKHBIC TI0CIICHOBATEIBHOCTH, COCTOSLIME U3 LMD

oT 0 10 9. oHU 00pa3yIOT MHOKECTBO MOIIIHOCTH KOHTUHYYMa (3KBUBAJIEHTHO OTPE3KY [O, ])

PaccrosiHre Mexy 1ByMsl TAKMMU TOYKaMH paBHO OJTHOMY M3 3HaueHuil 1, 2, ..., 9. Okpyxum
1
KaKIYI0 U3 3TUX TOYEK OTKPBITHIM IIApOM pajguyca r [Ilapsl He mepeceKarTcs, U B KaXKIOM TOJIBKO

110 O,Z[HOI>'I TOYKE MHOXKECTBA. T.€. MHOKECTBO MOIITHOCTH KOHTHHYYMa HE IIJIOTHO B M .
Tem GoJiee HET CUETHOTO MMOAMHO’KECTBA IUIOTHOTO B M .

1.5. OTKpBITHIE U 3aMKHYTbIE MHOXECTBA
1.6.
Def. MuoxectBo M Jexaree B METPUYECKOM MPOCTPAHCTBE R Ha3bIBACTCS 3aMKHYTBIM,

€CJIi OHO COBIIAJIa€T CO CBOMM 3aMbIKAHHEM [M ] =M, 1.e M - 3aMKHYTO, €CIIM OHO COJIEP>KUT BCE
CBOU TIpEAETbHBIE TOUKH.

ITpumepsl

1) [a, b]=R

2) {Ff(t)<K}=Cpy

3) VR - MeTpudeckoe nMpocTpaHcTBO & u R - 3aMKHYTHL

Teopema 1. Ilepeceuenne mo0oro uncia u cymma (00beIMHEHUE) TF0O00T0 KOHEYHOTO YMCiIa
3aMKHYTBIX MHOKECTB €CTh 3aMKHYTOE MHOXECTRBO.
Def. Xe M Ha3bIBacTCs BHYTpeHHEH TOUKOM M , e€Clii CyIecTByeT Takash OKPECTHOCTh TOUKH

x 30,(Xx)c=M (uemkom coxepxarasics)

Def. MHOeCTBO Bce TOYKH KOTOPOTO BHYTPEHHHE, HA3bIBACTCS OTKPBITHIM.
ITpumepsl

1) (a, b) cR

2) {Hf(t)<K}=Cpuy

3) Otkpersiii map B(a, r) B ao6om R.



Teopema 2. Jlns Toro, utoObl MHOXECTBO M OBLIO OTKPBITO, HEOOXOAMMO M JOCTAaTOYHO,

4TO6KI ero gononHenne M (1o Bcero mpocTpancTBa R ) GbLIO 3aMKHYTBIM.

CrnenctBue. T.xk. & u R SABISAIOTCS TOTMONHEHUSMH IPYT APyra U 3aMKHYTHI, TO OHU SIBJISIFOTCS
U OTKPBITHIMHU.

N3 Teopembl | u W3 nOpuUHLMIIA JBOMCTBEHHOCTH (IepecedyeHue JOMOJHEHH paBHO
JOTOJTHEHNIO 00beTMHEHNI; 00bETUHEHNE IOTIOTHEHUI PaBHO JOTIOIHEHUIO TIEPECEUCHHS) CIIEAYeT

Teopema 3. OObeauHeHue OOOT0 U IEpeceyeHUe THO0r0 KOHEYHOTO 4Hcia OTKPBITHIX
MHO’KECTB €CTh OTKPBITOE MHOXECTBO.

Def: Knacc o - moaMHOXecTB mpocTpaHcTBa R HasbiBaeTcs o -anreOpoM, €l OH 3aMKHYT
OTHOCHUTEJIbHO OINepanuil CYEeTHOro OOBEAMHEHUs, MEepEeceueHus, JOMOJHEHUS U CONepKUT R B
KAauyeCcTBE JIEMEHTA.

(Ecnmn He comepxuT R - TO KONbBIO; CYETHOE IEpecedyeHHe IOJIyd4aeTcs W3 MpPUHIUIA
JBOMCTBEHHOCTH; O -3TO 3HAK CUETHOTO OObETUHEHUS).

Def: BopeneBckoit o -anredpoii Ha3bIBaeTCs o -anredpa, MOPOXKICHHAS COBOKYITHOCTHIO BCEX
OTKPBITBIX MHOXECTB U3 R (HaumeHblnas o -anredpa, copeprkaiias BCe OTKPHIThIE MHOXKECTBA).

3amMeTuM, UYTO O -airedpa, IMOpPOXKJAECHHAs 3aMKHYTBIMH MHOXECTBAMH METPUUYECKOIO
MIPOCTPAHCTBA, COBMAIAET C OOPENEBCKOM O -anredpoil.

1.7. OTKpBITHIE U 3aMKHYThIE MHO’KECTBA Ha MPSAMOH.

CprKTypa OTKPBITBIX U 3aMKHYTBIX MHOKCCTB B TOM HWJIX UHOM MCETPUUCCKOM IIPOCTPAHCTBE

MOXeT ObITh BecbMa clI0xkHOi. JJaxe B R?.

OpHako Ha NpsSMOH, OMMCAHHWE BCEX OTKPBITBIX MHOXKECTB (@ 3HAUUT M 3aMKHYTHIX) MOKHO
IIPOJEIIAaTh TEOPEMOH.

Teopema. Bcsikoe OTKpbITOE MHOXECTBO Ha YHCIOBOM HpsIMOM mpeacTaBiseT co0oi
00bEeIMHEHNE KOHEYHOT'0 U CUETHOI'O YHCIIa OMAPHO HEMEPeCeKatoUXCsl HHTEPBAJIOB.

T.K. 3aMKHYTbIE MHOXECTBA — JOIOJIHEHUE OTKPBITHIX, TO BCSKOE 3aMKHYTOE€ MHOXECTBO Ha
IpsIMOI1 1ostyyaeTcs: BBIOpAachIBAHUEM U3 NMPSIMON KOHEYHOI'O MJTM CYETHOTO MHOKECTBA HHTEPBAJIOB.

[IpuMepsl: OTPE3KH, TOUKH.

bonee cnoxueiit mpumep: KantopoBo muoxectso 0, 1, ,... - KOHIIBI MHTEpBajoB D,

Ol

2
131

N |-

MoIHocTh D -? (Ckosbko BbIOpOCHIIN mes(D) =0. 3amernm, uro D - 3amMKHYTO, T.K. BEIOpachIBaId

OTKPBITEIC UHTCPBAJIbI; KPOME TOT'O, HCT U30JIMPOBAHHBIX TOYCK, - COBepIHeHHO.)

4 & a,

3anucaTh B TPOMYHOM CHUCTEME §+¥+...+3—n+...= XxeD, ecnm a, =0 umu 2 #1, te.
VXxe D craBuTcd B COOTBETCTBHE IIOClIenoBarellbHOCTh W3 2 ® 0. MHOXECTBO TakuxX
MOCJIEIOBATEILHOCTEN 9SKBUBAJIEHTHO OTPE3KY [O, l] - eCIU 3ammcaTh B JBOUYHOM CHCTEME.
M ( D) -C.
2 2
Kpome kor1io eme Toukn X =0,(02) = §+9—2+... =
1 2 1
1-=
9

1.8. ITosHBIE METPUYECKUE IPOCTPAHCTBA
Def:  TlocnenoBarenbHocTh  {X,} R  HaseiBaeTcs  (yHAaMeHTanbHOM,  eciu

Ve>0 IN:vn,m=N p(x,, x,)<&.



Def: TlocnemoBaTenbHOCTh {Xn}c R HaszeBaeTcs cxopmsmeiics (yxe ObUIO) K X, €CIH

Ve>0 IN:Vn=N p(x,, X, )<€.

Def: Eciu B Merpuyeckom npoctpancTBe R mro0as ¢pyHIaMeHTallbHAs MMOCIE0BATEIbHOCTD
cxoauTcs (K QJIEMEHTY 3TOTO MPOCTPAHCTBA), TO OHO HAa3bIBACTCS MOJTHBIM.

IIpumepsl

1". [MomHoe (pyHIaMEHTATBHBI TOJIBKO CTAIlMOHAPHBIC MTOCIICIOBATEIIHHOCTH)

2°-10°. Bee momnHsle (C[a,b] byHIaMEHTaIbHOCTh PAaBHOCUIIbHA PABHOMEPHOM CXOIUMOCTH =

TOT/1a MPEIEN HETPEPHIBEH. )

1.9. Teopema o0 BiIOXEHHBIX IIapax U Teopema bapa.

B ananu3ze mmMpoko HCIHONIb3YeTCS JIeMMa O BIIOKEHHBIX OTpe3Kax. B Teopuum Merpuueckux
MPOCTPAHCTB AaHAJIOTUYHYIO POJIb UTPAET TEOpPEMA.

Teopema 0 BIOXKEHHBIX IIAPAX.

Jnst Toro, 4yTOOBI METPUYECKOE MPOCTPAHCTBO OBLIO TMOJHBIM, HEOOXOAMMO M JOCTATOYHO,
YTOOBl B HEM BCSIKasl MOCJIENOBATENbHOCTh BIIOKEHHBIX APYr B JIpyra 3aMKHYTBHIX IIApOB, PaJUYChI
KOTOPBIX cTpeMsTcs K 0 nMena HelycToe nepeceyeHue.

B Teopuu mOTHBIX METPUYECKUX MPOCTPAHCTB (DYHAAMEHTAIBHYIO POJIb UTPACT

Teopema bapa. [loniHoe MeTpuueckoe MpocTpaHCTBO R He MOXKeT ObITh MPEJCTABICHO B BUIE
00BEIMHEHUS CYETHOTO YKCIIa HUT/IE HE TUIOTHBIX MHOXECTB.

Jlok-Bo. Ot npotuBHoro. [Iycts R = U M, ,roe M, Hurze He IIOTHO.

BosbmeM S, - 3aMKHYTBIN miap paaunyca 1, M, HuUIZe He IIOTHO => HE IUIOTHO B S, T.€. 35,
S, ¢ pagnycom <%. S,cS, m Slﬂ M, =< . M, se miotHo B S;, T.e. 3S, paauyca <%. S,cS;:

S,(\M,=2@...

HonyqaeM IIOCJICA0BATCIIBHOCTD BJIOXKCHHBIX Sn M K = D B APYT Apyra 3aMKHYTBIX IIapOB.

k=1,n
[To mpeapinymieii Teopeme ﬂSn COAEPKUT HEKOTOPYIO TOUYKY XeUMrl , T.C. R;tUMn.

[Tonyunnu npotuBopeyne.
CrenctBue. Besikoe mosiHOe METpHUUECKOE MPOCTPAHCTBO 0€3 N30JUPOBAHHBIX TOYEK HECUETHO.

Hoxka3arenscTBo: Bece M | conepxar o o1HOM TOYKE: OHU HUT/IE€ HE IUIOTHBI.

1.10. [NomonHeHne METPUIECKOTr0 MPOCTPAHCTBA
Ecnu npoctpancTBo R He MOJHO, TO €ro BCErja MOXHO BKJIIOYHUTH (€IMHCTBEHHBIM 00pa3oM)
B IIOJTHOE METPUUYECKOE MPOCTPaHCTBO R.

Teopema. Jlns m11000ro METPUUECKOr0 MPOCTPAHCTBA (R, p) CYIIECTBYET IIOJIHOE
METPUYECKOE TPOCTPAHCTBO ( R, p) TaKoe, 4To

1) RcR
2) p(x y)=p(%y)
3) R Bcroay mioTHo B R.

HpOCTpaHCTBO R Ha3pIBalOT IOIOJHEHUEM MMpOCTPAHCTBA R.
HaanMep MMPOCTPAHCTBO BCCX JIECTBUTEIIBHBIX YHCEIl SABJISICTCS MOIIOJHEHHEM MPOCTPAHCTBA

palluOHAJIbHBIX YHUCCII.



§ 2. HopMupoBaHHbIE IPOCTPAHCTBA.

2.1. JIuneitnpie mpocTpancTBa. OnpenesieHue u MpUuMepHbI.

Def Henyctoe MHOXecTBO L Ha3bIBaeTCs JTMHEWHBIM (WJIM BEKTOPHBIM) IPOCTPAHCTBOM, €CIIH
B HEM ONpEIENICHbl OMNEpalllU CIIOKEHHUS U YMHOXKEHHS Ha 4YHCIIO, 00JaJaroliue CleAyIIUMU
cBoiictBamu V X,Y,zZ €L, a, fe R (aeiictBurensHoe nuneiHoe ) (win C)

1°. X+y=Yy+X (KOMMyTaTHBHOCTb)
2° X+ ( y+ Z) = (X + y) +Z (accolMaTHBHOCTH)
3° A10eL:VXx=0+x=X (cylecTrBoBaHHE HYJIs)

4°, vxel, EI!(—X)E L:x +(—X) =0 (cymecTBoBaHHE IPOTHUBOIIOIOKHOTO JIEMEHTA)

5°. a(Bx)=(aB)x

6°. 1-x=X

7°. (a+ f)x=ax+ px

8°. a(x+y)=ax+ay

[IpuMepbl TUHEHHBIX MPOCTPAHCTB

1) RY: 2) R" 3) Cpyy M,

Def DnemenTsl X,Y,..We L Ha3bIBalOTCS JIMHEWHO 3aBUCHMBIMH, €CJIM CYIIECTBYIOT TaKHe
yucia o, f3,..., A, He Bce paBubie 0, uto aX+ By +...+Aw=0 (1).

B mpotuBHOM ciydae, T.e. ecnu u3 (1) BeiTekaer o = f =...=A=0 roopsT, 4To X,Y,...W
JMHEWHO HE3aBUCUMBI.

(Bexroproe npoctpancteo B R° i, j,K).

Def BeckoHeuHass cucTeMa 3JCMEHTOB JIMHEHHO HE3aBUCHMA, €CIU Jro0as ee KOHEeYHas
MoJICCTEMA JIMHEHHO He3aBUCUMA.

Ecnu B npoctpancTBe L MOXHO HaiiTW N JIMHEHHO HE3aBUCHUMBIX 3JIEMEHTOB, a J00ble N+1
AJIEMEHTOB 3TOT0 MPOCTPAHCTBA JIMHEHHO 3aBHCHUMBI, TO TOBOPST, YTO HPOCTpaHCTBO L wumeer
pa3MepHOCTH N.

Def Basucom B N-MepHOM NpPOCTpAaHCTBE HAa3bIBaeTCs J0Oas cucreMa M3 N JUHEHHO
HE3aBHCUMBIX BEKTOPOB.

Def Ecnmu B L MOXHO yka3aTh CHCTEMY W3 MPOHM3BOJIBHOTO YHCIIA JIMHEWHO HE3aBHCHUMBIX
3JIEMEHTOB, TO TOBOPAT, UTO L - GECKOHEYHOMEPHO.

[MTpumepsr 1) 1-mepHO, 2) N -MepHO 3)-4) o0 -MepHO

2.2. IlognpocTpaHcTBa

Def Hemycroe muOecTBo L numHeitHOro mpocTpacTBa L HasbIBaeTcs HOAMPOCTPAHCTBOM,
ecM OHO caMO O0pa3yeT JHMHEHHOE NPOCTPAHCTBO IO OTHOUICHUIO K OMNEpalusM CIOXKEHHS H
YMHOXEHHS Ha 9Hclo, T.¢, et Xel,yelL = ax+pBy¢L Va, .

(3TH HECOOCTBEHHBIE)

Def IMoampoctpanctBo, 1) ornmmynoe or L wm 2) comepskamiee XOTs Obl OAWH HEHYJIEBOU
JJIEMEHT, Ha3bIBAETCSI COOCTBEHHBIM.

[pumepsr 1) L - muHeitHOe mpocTpaHcTBO X € L {Ax} - moampoctpanctBO (KOrZA A

npoberaer Bee uncia) L pasmepnocts 1. Eciu pasmeprocts L Gomblue 1, To coGeTBEHHOE
2) |l,,c,c,mR* Kakmoe wn3 HHX SBISeTcS COOCTBEHHBIM —IOAIPOCTPAHCTBOM

MOCJIETYOIIETO
C - CXOJIAIINECS MOCIIEA0BATEIbHOCTH

CO - CXOJAIIUECA K HYIIIO.

3aMeTI/IM, 9TOo MEPECCUCHUEC JIFO0O0T0 MHOXKECTBa MoAIIPOCTPAHCTB €CTh CHOBa
noATpOCTPaHCTBO.



2.3. ®akTop- NpocTpaHcTBa (110 MOANPOCTPAHCTRY).
IycTs L - HeKOTOpOE MpOCTpaHCTBO MpocTpancTBa L. Pazo6bem L Ha Kilacchl CMEKHOCTH IO
TIOIPOCTPaHCTBY L, OTHOCS 3IEMEHTHI X M Y K OJHOMY Kjaccy, ecid X—Yy e L.

COBOKYITHOCTH BCEX TAKHX KJIACCOB CMEKHOCTU MBI Ha30BeM (pakTop-mipocTpancta L mo L u
o6o3maunm L/L .

[Ipumep moctpoenus dakrop-npoctpancTBa [Jlrocrepuuk, CoboneB. Kparkuii kypc ¢yH.aH.,
c.21]

Paccmorpum u  C AuHeiiHoe MHorooOpasue C, Bcex HeENpepbIBHBIX (QYHKIM,

[04]
1
oOpamalommxcss B HyIb IHpU t:E. CootBetcTByomee (hakTop-mpoCTpaHCTBO U30MOP(PHO

BEILIECTBEHHOMN IIPSMOM.
B camom nene, mycts X(t) m y(t) mpuHAamIERKAT OJHOMY KIACCY CMEKHOCTH OTHOCHTEIBHO

C,. OT0 3HayurT, 4TO X(%)—y(%j=0, T.C. X(%)z y(%) Taku 00pa3oM B Kjacce CMEKHOCTH

1
O6T>GI[I/IH$IIOTC5I (I)YHKI_[I/II/I, HMCIOIIIUMEC B TOYKC t:E OAMHAKOBOC 3HAYCHHUC, B3541B B KaXXKIOM KJIacCC

CMCKHOCTHU II0 MHPCACTAaBUTCIIIO X(t)zconst, MBI IIOJTYYHMM B3aWMHO-OAHO3HAYHOC COOTBCTCTBUC

MCKAY MHOXCCTBOM KOHCTAHT M MHOXKCCTBOM KJIACCOB CMCKHOCTH. Jlerko BUJACTHb, YTO OTO
COOTBCTCTBUC — I/ISOMOp(bI/ISM.

[Ipy >TOM JMHEHHBIC Omnepanmuu B (PaKTOP-TIPOCTPAHCTBE L/ L ompeneneHsl cCienyroumum

obpazom. Ecim X u Y HekoTopsle KJIacChl cMEKHOCTH ( X € L/ L,Ye L/ L,a X u y HEKOTOpbIE
anemeHThl U3 L, Xe X, yeY, To kiaccel cMeXHOCTU X U X +Y ONpenenstorcs KaK KiIacchl,
KOTOPBIM MPUHAIEKAT X U X+ Y, COOTBETCTBEHHO).

T.e. kaxnoe hakTop-TIPOCTPAHCTBO L/ L mpenacraBiseT co0oit TMHEHHOE TPOCTPAHCTRO.

3aMeTHM, 4To eclM pa3MepHocTh L =m, a pasmeprocTs L =K, To pasmepHOCTS L/ L=m-k.

2.4. HopmupoBanHble pocTpancTBa. Onpenenenns u IpuMepsl
Def OToOpakenne p nuHEHHOTO MpocTpaHcTBa L Ha myu [0; +oo) Ha3bIBACTCsI HOPMOH, €CIIN

VX, Y€ L BBINOTHEHO
1) p(x)=0<x=0
2) p(Ax)=|2]p(x)
3) p(x+y)< p(x)+p(y) (HepaBeHCTBO TpeyronbHHKA)
Kax npasuino, Bmecto p(X) mumyr |X|. (Ota Benuduna aHanorndna amHe 0Tpeska).

Def JlumeiiHoe mNpPOCTPaHCTBO ¢ 3aJaHHOM HOPMOW HA3bIBAETCA HOPMHPOBAHHBIM
TIPOCTPAHCTBOM.

Kak0e HOpPMHPOBAHHOE MPOCTPAHCTBO CTAHOBHTCS METPHUECKUM, €Cld B HEM BBECTHU
paccrosne p(X,Y)=|x—Vy]|.

Def TlomHOE HOPMHPOBAHHOE IPOCTPAHCTBO HA3KIBAETCS GAHAXOBBIM MPOCTPAHCTBOM.

[Tpumepsr 1) R ||X||:|X|



2) R"

IR =2k

4) R [, =max|x,|

5) Cray | = max (1)
&R [ =supls.

§ 3. 'nnpOepTOBO IPOCTPAHCTBO.

3.1. Ilpearuas06epTOBO IPOCTPAHCTBO.

Def ToBopsiT, 4YTO B KOMIUICKCHOM JIMHEHHOM MpoCTpaHcTBe L 3amaHo CkaysspHOE
IIPOU3BE/ICHUE, €CIIM KAXKJOW Mape 3JeMEHTOB X, Y€ L mocTaBieHO B COOTBETCTBUE KOMILJIEKCHOE

HUCJI0 (X, y) TakK, YTO BBIIIOJIHCHBI CICAYIONINEC AKCHUOMBI:
1) (x, x)=0, npuuem (X, X)=0=x=0
2) (ax +Bx%,, y)=a(x, y)+B(%, y) (nuueiHOCTD)
3) (% ¥)=(Y, X) (3pMHuTOBOCTB).

B BemiecTBeHHOM JIMHEHHOM IIPOCTPAHCTBE (X, y) - BEILIECTBEHHOE YHCJIO, YOBIETBOPSIOIIEE
yenosusim 1), 2) u 3) (X, y) :(y, X) (cummeTpus).

Def  JluneitHoe  MPOCTPaHCTBO  CO  CKAISPHBIM  IPOU3BEJACHUEM  HA3bIBACTCS
IpeArnibOepTOBBIM.

Def KoneuHoMepHOE BEIIECTBEHHOE MPEATrMIbOSPTOBO MPOCTPAHCTBO HA3BIBAIOT CBKIINIOBBIM,
a KOMIIJICKCHOE — YHUTapPHBIM.

[Ipumepsr

1) R" (X, ¥)=D XY, eBKIMI0BO
i=1

2) 1, (X, ¥)=D_%Y; npearuas6epToBo (HECBKIMIOBO o0 -MEPHOE)
1

[Tpearnns0epToBO MPOCTPAHCTBO CTAHOBUTCS JTUHEHHBIM HOPMUPOBAHHBIM, €CJIM B HEM BBECTH

sopmy x| = (X, x)

Jlyia Toro, 4T0OBl HOPMUPOBAHHOE MPOCTPAHCTBO OBLIO MPEArHJILOEPTOBBIM, HEOOXOAUMO U
JOCTaTOYHO, YTOOBI BBIMOIHSIIOCH TOXK/IECTBO apajenorpaMma

£+l + ~alf =2(Jf[ +1a[f).

(B mo6oM mpearmip0epToOBOM MPOCTPAHCTBE BBHIMIOJHEHO HepaBeHCTBO Komm-bByHskoBCKOTO

[ )< IX]-Iv]D-

3.2. 'nap0epToBO MPOCTPAHCTBO.

[Tockonbky mpeAruabO0epTOBO  MPOCTPAHCTBO  SIBJISETCS JIMHEWHBIM  HOPMHUPOBAHHBIM
IIPOCTPAHCTBOM, TO B HEM MOXXKHO paccMaTpUBaTh IOHATHE IOJHOTHI IO HOPME, OINpPENEICHHOU
CKaJISIPHBIM MPOU3BECHUEM.



Def TIpenrmisGeproBo NPOCTPAHCTBO, IOJNHOE OTHOCHTENbHO HOpMbl  [[X] = /(X X)

HA3BIBACTCS THIHOSPTOBBIM MPOCTPAHCTBOM.

Yamie Bcero paccMaTpHBArOTCS cerapadellbHbIe THIIBOSPTOBBI MPOCTPAHCTBA, T.€. B KOTOPBIX
CYIIECTBYET CUETHOE BCIOAY IFIOTHOE MHOXECTBO.

[Tpumep |, - cenapabenpHOE THIBOEPTOBO.

Teopema. JlroOble aBa cemapabenbHBIX THUIHOEPTOBBIX IMPOCTPAHCTBA HM3O0MOP(HBI MEKITY
co00Ii1.

Ota Teopema O3HAYaeT, 4TO C TOYHOCTHIO [0 H30MOpQH3Ma CYIIECTBYET JHIIb OIHO
(cemapabenpHOE) THIILOEPTOBO MPOCTPAHCTBO — Hampumep |, .

3.3. [TognpocTpaHcTBa rTMIIbOEPTOBA IPOCTPAHCTBA, OPTOTOHATIHLHBIC TOTIOTHEHHS.

Def JIuneitHbiM MHOrOOOpa3reM B riiIbOEPTOBOM mpocTpaHcTBe H Ha30BeM coBOKymHOCTH L
anemenToB U3 H,uroecom f m g eL, 10 af + g elL.

Def 3amkHyTOE JIMHEHHOE MHOTOOOpa3Ke Ha3bIBACTCS MOIPOCTPAHCTBOM.

Besikoe moampocTpaHCTBO THIIBOEPTOBA TMPOCTPAHCTBA JIMOO SBISETCS KOHEYHOMEPHBIM
EBKJIMJIOBBIM IPOCTPAHCTBOM JINOO €BKJIMIOBBIM IIPOCTPAHCTBOM.

Teopema. B kaxxmom moampoctpanctBe M mpoctpancTtBa H comepKUTCs OpTOroHaIbHas

HOPMHUPOBAHHAs CUCTEMA {(pn} , IMHEHOE 3aMbIKaHUE KOTOPOH coBnagaer ¢ M .

I[Ilycte M - moampoctpanctBo ruibOepToBa mpocTtpanctBa H. O06o3nHaunMm  uepes
M*=H@®M - MHOX)ecTBO 311eMeHTOB § € H , OpTOroHanbHbIx Mo BeeM snementam f € M,

Def IoanpoctpanctBo M Ha3bIBaeTCs OPTOrOHAIBHBIM JOIOJIHEHHEM IPOCTpancTBa M .

W3 npenpiayeit TeopeMsl JIErKO ClIeayeT

Teopema. Eciu M - (3amkHyTO€!) IMHENHHOE MOAIIPOCTPAHCTBO MpocTpaHcTBa H , TO nr000#
snement f € H exuncTBeHHBIM 06pa3oM mpenctaBuM B Buge f =h+h,rme heM , h e M™.

CnenctBue 1. OpToroHajabHOE [ONOJHEHHE K OPTOTOHAIBHOMY JOMNOJHEHUIO JIMHEHHOro
npoctpanctBa M coBmanaer ¢ camum M .

CrnenctBue 2. Kaxaas OpTOrOHajIbHAass HOPMUPOBAHHAs CHCTEMa MOXKET OBITh paclIpeHa 10
CHCTEMBI, ITOJTHOW B H .

Def Ecnu kaxapiii Bektop f € H npencrasum B Buge f =h+h', heM, h eM™* (rne M* -
OpTOroHaJIbHOE JomnoiHeHue M ), To roBopsr, uto H ecTh mpsMas cymMma B3aMMHO OPTOTOHAJIbHBIX
noanpoctpadct8 M u M* umumyr H=M @M.

[TonaTue npsMoi CyMMBbI MOXXET ObITH O0OOIIEHO Ha JII000€ KOHEUHOE WM Jake CUETHOe
YHCII0 TIOIPOCTPAHCTB.

Def roBopsrt, uto H ects npsiMast cymma cBoux nofmnpoctpancts M, M,, ..., M

H=M®M,®..0M &..

neee

eciu

1) noanpocrpanctsa M, monapHO OpTOrOHaNbHBIL, T.€. JHO00M Bekrop u3z M,
opToroHajeH Jro0omy Bektopy u3 M, , mpu i =K

2) Kaxblil omeMeHT f € H MoxkeT OBbITh Ipe/cTaBieH B BUIE

f=h+h+.+h +.. heM, *)
2
€CIIH 9HCII0 MIOANPOCTPAHCTB Geckoneurno, » ||| - exomures.

Ecnu takoe npencrasienue f (¥) cymecTByer, To OHO €IMHCTBEHHO U || f ||2 = Z:”hn”2 .
n

MosxHo mokasats, urto eciau mpoctpanctBo H =L @L,, to daxrop-npoctpancteo H/L,

nzomopdHo L, . [JTrocrepnuk, Cobones. Kparkuii kypc ¢pyH.ananusa, ¢.21].



I'maBa 3. [IpuHIHI CKUMAOIIMX OTOOPAKESHUIA
§ 1. [IpuHIU CKUMAIOIIMX OTOOPaKEHHI
Def Orto6paxenne f :R— R MeTpuueckoro mpocTpaHcTBa B ce0si Ha3bIBACTCSA COKMMAFOIIUM,

ecliu cymecTByet Takoe yucino 0<qg<1,yro VX, yeR
P((x). f(y)<ap(x y).
[Tpu 3TOoM TOUka @< R Ha3pIBaeTCs HEMOABMKHOW TOUKOM oToOpaxenus f ,ecnmm f (a) =a.

Teopema (IIpuHIUT CKUMAIOIIMX OTOOpaXkeHUH ). Besikoe coknMaromiee 0ToOpaKeHUE B IMOJTHO
METPUYECKOM MPOCTPAHCTBE UMEET OJIHY U TOJIbKO OJIHY HEIOJBIKHYIO TOUKY.
HenonBuxkHas Touka @ MOKET ObITh HaiiJieHa METOJOM MOCIEA0BATEIbHBIX MPUOIINKEHHIHA

a=limx,, e x, = f (X.1): % €R.

YT06BI IIOTYIHUTh OLEHKY OTPEIIHOCTH, BOCIIOIB3YEMCsl HEPABEHCTBOM TPEYTOJBHHKA.

2 p(a, x,)<p(a Xy )+ 2 (X Xput) -

Bamernm, uro u3 (1) cnenyer p(a, X,,,)<qp(a %) 1 p(X,, X.,1)<a"0(X, X ).

[ToncraBum B (2)

p(a x,)<ap(a %) +a"p(%, %).
q

1-q

3ameuanue. IlocTpoenne nocne0BaTeAbHBIX NPUOIMKEHUN X, , CXOAAMIMXCA K HEMOBUKHON

n

OKOHYATEIBEHO UMEEM p(a, X, ) <

P (% %)

TOYKE @ MOYKHO IPOM3BOJWTH UCXOJ M3 JI000ro sjmemeHTa X, € R. OTO CKasbIBaeTcs JMIIb Ha

CKOPOCTU CXOJAUMOCTH {Xn} K coemy mnipezaeny. [Jlroct. Co6. C.43].

§ 2. [IpuMeHeHne K HHTETpaIbHBIM YPaBHEHUSIM.

2.1. YpaBHenus @penronbma.

OToT Marepuan (MHTETpalibHble ypaBHEHHs) Oyaer uzydathes Ha |V kypce, HO MpUMEHSTH
METO/I TIOCJIeIOBATEIILHBIX PHUOIMKEHUH K PEIICHUI0O HHTETPAIbHBIX YpaBHEHUH MBI MOXEM ceidac,
Ha TPaKTHKE.

A Ha JeKUUH IPUMEHUM METO/ CKUMAIOIIUX OTOOpaskeHHH A JoKa3aTenbcTBa 3! pereHus
HEOJHOPOJHOI0 JIMHEWHOTO MHTErPAIIBHOTO ypaBHEHUsI Ppenrosbma BTOPOro poaa, T.€. ypaBHEHUS

f (x):/l'b[K(x, y) f(y)dy+e(x)

(ecm cneBa 0, f - orcyrcTByer, To 1 pona, ecmu @ =0, To oTHOpOAHOE)
rne K - s71po, u ¢ - nanHbie GyHKIMH, a f uckoMas QyHKIHS.

ITycte K eC[ K(X, y)‘SM :
PaccmoTtpum  orobOpaxkenne F = Af monHOoro mnpocrpaHcTBa C[a’b] B ce0s, 3amaBaeMoe
dhopmyroit
b

F(x):AIK(x, y) f(y)dy+e(x).

a

Torza p(F, G):max‘F(x)—G(x)‘sW-M -(b—a)-max‘f (x)—g(x)‘.

| pE C[a,b] . Torna

a,b]x[a,b

CrnenoBarenbHO, pu A < oToOpaxeHne A - CKUMAIOIIEe.

1
M(b-a)



N 1
W3 mpuHIMna CKAMAOIMIMX OTOOpaKEHWM HMeEeM, 4TO i Jiroboro A, |ﬁ| <
M(b-a)
ypaBHeHI/Ie NMECT CANHCTBCHHOC HerepBIBHOC peHlCHI/Ie. HOCHGI[OB&TCJIBHBIG HpI/I6HI/I)KeHI/I$I K BTOMy
PEIICHHIO UMEIOT BH/T

b
fn(X)=/1IK(X, y) fa(y)dy+e(x), f,=¢, rae B kauecre f,(X) MoxHO B3siTH MOGYIO

HENPEPHIBHYIO ()YHKIIHIO.
2.2. YpaBuenue BonbTeppa.
NHurerpanbHOe ypaBHeHUE TUIa Bosbreppa

F(x)=A[K(x ) £ (y)dy+o(x)

(B otninume ot OpeAronbmMa BEpXHUM MPEJIEN B MUHTETpaie ePEMEHHbIN).
MoOXHO cuUMTaTh €ro 4YacTHbIM CiydaeM YypaBHeHHs Ppearosnbma, €ClId JOONPENEIUTH

K(X, y):0 npu y>X. Ho B ommmuue or ®pearonpma, K ypaBHeHUsM BoubTeppa npHHLIMIT

CKUMAIOIIUX OTOOpaXeHHH (M METOJ IMOCIEeNOBATENbHBIX MPHOIMKEHUH) TPUMEHUM MPH BCEX
3HaYeHUsIX A, T.K. ypaBHEHHE pa3peiumo npu VA .

I'nmaBa 4. KOMIakTHOCTbh B METPUUYECKHUX IIPOCTPAHCTBAX.
§ 1. [loHsATHE KOMIIAKTHOCTH.
OyHIaMEHTAIBHYIO POJIb B aHAJHM3E UTPACT CICIYIOMUi (aKT, U3BECTHBIH 101 HA3BaHHEM

Jlemma I'eiine-bopens.
W3 mo6oro moKpbITHS OTpe3Ka [a, b] YHUCIOBOM NPsSMONM HMHTEpBaJaMM MOXHO BbIOpaTh

KOHCYHOC ITOAIIOKPBITHE.
9710 YTBCPKACHUC OCTAHCTCA CIIPABCAJIMBBIM, €CJIIM BMCECTO HHTCPBAJIIOB pPaCCMATpUBATh
JIIO0BIE OTKPLITBIC MHOKCCTBA:

W3 Bcskoro OTKPBITOT'O MOKPBITUA OTPE3Ka [a, b] MOKHO BBIACIIUTH KOHCYHOC ITOAIIOKPBITHC.

Hcxonst u3 3TOro cBoicTBa OTpE3Ka YUCIOBOM MPSIMO, BBEIEM CIIEAYIOIIEE BaXKHOE MOHATHE.

Def  Mertpudueckoe MpPOCTPAaHCTBO R (TOMONOTHYECKOE) HA3bIBACTCS KOMITAKTHBIM, €CITU
TM000€ ero OTKPHITOE MOKPHITHE COAECPKUT KOHEYHOE TIOMOKPHITHE.

CBOMCTBOM KOMITAKTHOCTH HAapsIy C OTpe3KaMu OO0JaJar0T BCE 3aMKHYThIE OTpaHUYEHHBIE
MOJIMHO’KECTBA €BKIIMIOBOTO MPOCTPAHCTBA 000N KOHEYHOH pa3MEepHOCTH.

Haob6opoT, npsimasi, mI0CKOCTh, TPEXMEPHOE MTPOCTPAHCTBO CITYXKAT MPOCTEUIIUMH TPUMEPaAMU
HEKOMITAKTHBIX MPOCTPAHCTB.

Teopema. 3aMKHYTO€ MTOJIMHOKECTBO KOMIAKTHOT'O MPOCTPAHCTBA KOMIIAKTHO.

Def MuoxectBo M 13 METpUYECKOT0 MPOCTpaHCTBa R Ha3bIBaeTCs MPEIKOMITAKTHBIM, €CITU
€ro 3aMbIKaHue B R KOMITaKTHO.

§ 2. KoMnakTHOCTb B METPUUYECKUX MPOCTPAHCTBAX

2.1. IlonHast OrpaHUYEHHOCTD.

Def Ilyctb M - HEKOTOpPOE MHOXXECTBO B METPHUYECKOM MPOCTpaHCTBE R ; & - HekoTopoe
MMOJIOKHUTEIbHOE unciio. MHoxkecTBO A m3 R HasmiBaeTca &£ -ceThbio 111 M, ecim VXeM Jdac A

Takas, 4To X, Y)<¢g. (Muoxectso A He 00sa3aHO comepkaThest B M 1 MOXKeT make He MMETh C
2

M Hu o7HOI 00T TOUYKN).

1
HaanMep, OCJIIOYUCIICHHBIC TOYKHU 06pa3y}oT Ha IIJIOCKOCTH —= - CCThb.

NA



Def MuoxectBo M Ha3bIBaeTCs BIOJHE OTPAaHHMYCHHBIM, €CIIH JJIsl HEro mpu joboMm & >0
CYIIECTBYET KOHEYHAS & -CETb.

SIcHO, YTO BHOJHE OrpaHMYEHHOE MHOXKECTBO 00f3aTeNBbHO OTPaHUYEHHO, KaK CyMMa
KOHEYHOTO YHCJIa OTPAaHUYECHHBIX MHOXKECTB. OOpaTHOE, BOOOIE TOBOPS, HEBEPHO, KaK IMOKaXKET
npumep No2.

[Tpumepst Nel. B n -mepHOM €BKJIMA0BOM MPOCTPAHCTBE MOJHAS OTPAHUYEHHOCTh COBIAIAET C
OOBIYHOM OTpaHUYEHHOCTHIO, T.€. C BO3MOXHOCTHIO 3aKIIOYUTH JAHHOE MHOKECTBO B JIOCTATOYHO
00IBIII0H KYO.

JIeCTBUTENHHO, €CITU TaKOU KyO pa30uTh Ha KyOUKH ¢ peOpoM &, TO BEpIIMHBI 3TUX KYOUKOB

n
00pa3yrT KOHEUHYIO & = > -a@ | - ceTh B HCXOJIHO KyOe, a 3HAYUT, U MOAABHO, B JIIOOOM MHOXECTBE,

JIeKaIleM BHYTPHU ATOTO KyOa.
Ne 2. Enunuynas chepa S B mpocTpancTBe |, orpanuueHa, HO He BIIOJIHE OTPaHHYEHA.

JlefiCTBUTENBHO, PACCMOTPUM B S TOYKHU BHUJIA

e =(10,0,..,0,0,...
e,=(0,10,..,0,0,...)

. 1
Otcroia BUTHO, YTO B S HE MOXKET ObITh KOHEUHOW & -CETH, HU IIPH KAKOM & < T (T.X. s
2

Ka)KHOﬁ ei HYXHO CTaBUTh CBOIO ai € A-cueTHOE IlI/IC.]'IO).

Ne3. Paccmotpum B |, MHOXECTBO TOUeK X :(Xl, X,, ) (runpOEepTOB KUPMHUY) C YCIOBHUSIMH

1n—1
xn|§§

OT0 OECKOHEUHOMEpPHOE, BIIOJIHE OrpaHMYEHHOE MHOXECTBO. JloKakeM  MOJHYIO
OrpaHUYCHHOCTD.
[TocTponm ¢ -ceTsb.

1
x| <1, |x2|s§,...,

& .
ITIycte &£ >0 3amano. Beibepem N Tak, 4to <E. Kaxmoit Touke X=(X1, Xy, ...,Xn,...) 3

2n—l

ConocraBuM T04Ky X =(X,, X, ..., X;,0,0,...) u3 IT.

SRR
4k 2n—1 2

n=1

o0

IIpu sTOM p(X, X*) =

MHOXeCTBO H* TOYCK X* BITIOJIHE OTpaHUYCHO, KaK OTrpaHWYCHHOC MHOXXECTBO B N -MEpPHOM

npoctpancTse (cM. npumep 1). Beibepem B IT koHeunyio ¢ -ceTh. OHa Gy[eT & -ceThio BO BeeM 11
(HEpaBEHCTBO TPEYTOJIBHUKA).

3aMeTHM, 4YTO IIOJIHAs OrPAaHUYEHHOCTh €CTh HEOOXOJMMOE YCJIOBHE KOMITAKTHOCTU
METPUYECKOTO MPOCTPAHCTBA.

OnHaKo UMEeeT MECTO CIIEAYIOIIas TeopeMa.

Teopema 1. (Xaycoopda)

Jns Toro, 4roObl METPUYECKOE MPOCTPAHCTBO R OBUIO  KOMIAKTHBIM HEOO0XOAUMO H
JIOCTaTOYHO, YTOOBI OHO OBLJIO:

1) BHOJNHE OrpaHUYEHHBIM

2) TOJHBIM.

Crenctsue: KomnakTHoe npoctpanctBo R cenapabensho [JI.C., ¢.53].



VYkakeM Ha CBsI3b MEX]y OJHON OrPaHUYEHHOCTBIO U IPEJKOMIAKTHOCTBIO.

Teopema 2. Jlns Toro, uroObl MHOXKECTBO M M3 MOJHOrO METPUYECKOTro MpocTpaHcTBa R
OBUIO MPEIKOMIIAKTHBIM, HEOOXOAUMO U JIOCTaTOYHO, YTOOBI OHO OBLIIO OTpaHHUYEHO.

2.2. Teopema Apiiena-AcKoiu.

Bonpoc o xomnakTHOcTH MHOXkecTBa M u3 mpocTpaHcTBa R - pacnmpocTpaHeHHas 3ajava.
Teopemy 1 u3 2.1. mpuUMEHSTH CIOXKHO, MOITOMY [UIsl KaKIOrO MPOCTPAHCTBA IOJIE3HO JAaTh
CIeUaNbHbIE KPUTEPHH KOMITAKTHOCTHU (MJIH MPEIKOMITAKTHOCTH ) OoJiee y100HbIe Ha MTPaKTHKE.

B R" mpeakoMmakTHOCTh PaBHOCHIIbHA OTPAHUYCHHOCTH.

B MMpOCTPAHCTBEC C[a, b] KpUTCPUH KOMIIAKTHOCTH UMECT BU

Teopema Apnena-Ackomu. Jliast Toro, 4rodbl MHOXKeCTBO M  HempepbIBHBIX (DYHKITHIA,

OTIpE/ICTICHHBIX Ha OTPE3KE [a, b] ObLI0 TIpeaKoMnakTHO B C HEOOXOIMMO U JOCTATOYHO, YTOOBI

[a,b]°
OHO OBLJIO:

1) paBHOMEPHO OrpaHUYCHO

2) PaBHOCTEIIECHHO HEMPEPHIBHO.

Def. MuoxectBo M (yuxumii f pasHoMepHo orpannucHo Ha [a, b], ecin 3 K, takoe, uto
‘f(x)‘< K VXe[a, b],I{JIﬂBcex feM.
Def. MuoxectBo M ¢ynkuuii f paBHOCTEneHHO HenpepbiBHO, ecian Ve >0 3 & >0, Takoe,

41O KaK TONBKO P (X, X,) <5 X, X, €[a, b] cpasy |f(x)—f(x,) <& VfeM.

(B mpocrpanctee L, [0,1] kputepun npeakommnaktHocTH: T.Pucca, T.Kommoroposa,

T Kpacnocenbckoro. B npoctpanctse |, kpurepun npenxomnaktaoctd cM B [Jlroct., Co6., ¢. 74-77].



