JInHenHble onepaTtopbl U GYHKLMUOHAIbI
Pemenue 3agau

1. Haiitu HOpMY TMHEWHOTO HEPEpHIBHOTO PyHKIMOHaMa F(X) B
IIPOCTPAHCTBE X , €CIHU

1

a) F(x)= j‘x(t)dta X :Lz[o:l],
0) F(x) = x(0)+} tx(t)dt | X=C0,1],
B) F(x)= g L6)X, X =1,
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a) Ilo TeopeMe 2 TMHEWHBIA HEMPEPBIBHBIN (YHKIMOHAI B MPOCTPAHCTBE
1
L,[0,1] 3amaercs popmyoit F(x) = x,y)= [ x[t|ylt|dt,
0
ye L,[0,1], mpu stom ||F| =11,

DNIEMEHT y HailIEM U3 ypaBHEHHUS

x|t yltide=(x,y|=F|x|=

O ey —
© Sy N[

xt|1de+ [ x(¢]0dt.

2

1,npute|0,1/2)]
0,npute(1/2,0]

Otcrona umeem y=

Temneps, MO ONPEIETCHUIO HOPMBI BL,[0,1]

I~y

IFl=lly

[
LZ=\/{ yzdt—\/f 1dt:7
0

0) Ilo onpeaeneHuto HOpMbI GyHKITMOHATA

b
<max|x[t)|=1
te[0,1]

1

x(0)+ [ ex(t]dt

0

1

|x(0]|+ [ t|x[t]| de

0

1

s1+ftdt:§
0 2

b b
1= =l = =

W3 onieHOK BUJIHO, UTO HEPABEHCTBA 0OpaIlaloTCsl B paBeHCTBO npu  X(t)=1,

T.€. BEPXHsSA I'PaHb MHOKECTBA :||x|[=1} moctmwxuma, A 3HaUMT

x(0)+j tx[t)dt

3
IFl=2.



B) 1o Teopeme 1 nuHEiTHBINM HEPEPHIBHBINA (DYHKIIMOHAT B IPOCTPAHCTBE

I, 3amaercs popmynoit F(x)=x,y= 2. x, ¥, y¢ L., npu 3Tom ||F||=Iy1,.
n=1

Jlerko yBUAETH, YTO PAaBEHCTBO

> 5, 2, F() =% [1-2
n=1 n=1 n

1
BBIIIOJIHEHO, €CIIU MOJIOKUTE Y,=1 e Ortcroa umeeM y =

1 [o.0]
1-—] |

n n=1
Tak Kak IOCJIE€I0BATENBHOCTh Y OrPaHMY€EHa, TO OHA NPHHAUIEKUT L., ¥ 110
teopeme 2 ||[F[=1yl, . Haiimem! v,

if1-1)
n

Iyl = =1.

Taxum obpasom ||F||=1.4
35

2. SlBnsiercst u omeparop | Ax|(t| = [ sinnt(t+s/x(s) ds muHeHHBIM,
0
orpanndeHHBIM B Cjo; ?

IIo OIIPCaCIICHUIO 1 TMHENHOCTD oreparopa 03Ha4acT, YTO BBIIIOJIHCHO
YCJIOBHC

AlLx[t|+By(t)|=LI Ax|(t|]+ B[ Ay|(t).
ITpoBepUM €ro, UCIIOJIb3Ysl TMHEHHOCTh MHTErpaia

AlLx[t|+By(t]| =
fsinn[t+sJ(Lx(s)+By(sts]:Lfsinn(t+s)x(s)ds+<',Bf sinm(t+s)y(s|ds=L[Ax|(t|+ Bl

0

ITo onpenenenuto 2onepaTop orpaHuyeH, ecim J c=const Takas, 4YTO BBIIIOJIHEHO
HEPaBEHCTBO

[Ax[<cllx|l s Beex  x€€joy
IIpoBepum ero

1

_fsmn (t+s|x(s|ds

1

<max‘x max”smn t+s |ds
€l0,1] te[0,1] o

HAxH—max

te|0, 1]

02 max| \_—HxH
T teOl

Ax|[t].{



2
CrnenoBatelibHO, oriepaTop A OrpaHdyeH u HA”S;.'

3. Haiitu [|All, A%, A™", ecim
1

| Ax|[tl=x(t)+ | e’x[s|dsB €,
0

Anpo oneparopa A umeer Klt,s|=e* . 13 paBencTsa (2.10) ciemyer, 9To SApO
K*(t,s| conpsxennoro onepatopa A* umeer pug Kolt,sl=e'. Tloatomy

1

(A* x)(O)=xlt+ [ x[s)e' ds.

0

Haitnem ||All u3 pasencrea [|All=V[A*A]l (cm. 3ameuanue 2)
PaccmoTpum camoconpsikeHHbIM oniepatop A*A

S+t

e[ds:(',x(t)+f le’+e +e xlslds .

0

}x(s,)esds

(AxA x)(t):x(t]+f esx(s]ds+f x(s)etds+f

Tak kak oneparop A-I kommakreH, To oneparopa A*A COBNAJAET C €ro
COOCTBEHHBIM 3HaUeHHeM. PelM nHTerpaibHoe ypaBHEHNE
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b (22)

C BBIPOKIAEHHBIM ApoM. llepenceiBas ypaBHeHue (22) B BUOE

1

[A—l)x(tlzfesx(s]ds+etj(1+es)x(s]ds (23)

0

TIOJIyYMM, YTO PEIeHHE STOTO yPaBHEHMs (€C/IU OHO CYHIECTBYET) JOJKHO HMETh
BUI  Xltl=c,+c,e'. Tlomcrapnaa xlt| B ypaBHeHue (23), HONy4MM ypaBHEHME

1 1
(A—l](cl+cze‘)=f es(c1+c2es)ds+etf (1+es)(cl+c2es)ds=0,
0 0

Tak kak pyHKIMU 1 U e’ TMHEHHO HE3aBMCUMBI, TO MOCJIEIHEE YPaBHEHME
9KBUBAJIEHTHO CUCTEME U3 JIByX YPABHEHU, MOTYUYEHHBIX PUPAaBHUBAHUEM
K03 uIeHToB mnpu lue'

1 A=1le,=le=1] ¢4 %(ez—l)cz (24)

e [A—l]czzec1+(e—1+%(e2—1))02



[lepenuiiiem cucremy (24) B BUje

(e—)\]c1+%(e2—l)c2:0
(25)

ec,+ c,=0

e—)\+l(e2—1)
2

Cucrema OTHOPOAHBIX JIMHEUHBIX YPAaBHEHUUN (25) mMMeeT HyJIeBOE pEIIeHUE, ECIU
e€ onpeaenuresib A pasel 0.

1

e Lo 1
A = ) :(e—)\]2+5(e2—1)[e—)\)—E(ez—l):é
e e—A+=le’~1|
2
le—AP—2 62—1:)\2_)\€2+4e-1+ez
> :

e’ +4e-1

Pelwas ypaBHeHne A*—2 +¢°=0 nonyumum

4 e 4 4

1/2

e2+4e—1)2 , _e+de—1 +\/e2—1.e2+8e—1
- - — 2 )

2 2 2
Otcioga cnegyer, uto | A = [£X4e-L +\/e —1 e +8e-l

4 4 4
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UtoObI HAliTH OOPATHBIN OIEepaTop, HEOOXOAMMO CHOBA PEIlaTh YpaBHEHUE
Ax=y C BBIPOXJICHHBIM SIIPOM

1
x(t)+fesx(s')ds=y(t).
0
Monaraa  x(t) =y(t)J+c , nonyyum
1
c+[ e’(y(s) +c)ds=0,
0

1 1
ce=—fesy[s)ds, c=—¢l%fesy(s]ds,
0 0

e’ 'yls|ds .

© S

x(t) =y(t) — [ e ylslds T.e. (A" yllt|=ylt)-

4. HanTu CNeKTp U pe30/ibBEHTY onepaTopa Atl, - 1,

Aey=0 Ae;=e;, (JENG,
0,...,0,1,0,... o o
3pecb €= = )I‘Ipe,EI,CTaBJTﬂeT coboM nocsiefoBaTeNIbHOCTb, Y KOTOPOM
P

Ha j -M MecTe 1, a ocTaibHble 3/1IeMEHTbI paBHbI 0.



[ ]Haitnem cobeTBeHHble 3HaYeHus onepatopa  A. TycTb
X = (X0,X1,X,,...0€l, . Torpa Ax=i,X,,..) . Pewnas ypaBHeHne Ax=Ax
MONY4YUM CUCTEMY
X, =Ax,
X,=Ax,

N3 KOTOPOW CIEAYET, YTO BEKTOP X WMeeT BUA, Xx=4,A,1%,...i. ITOT BEKTOP
NPUHAANEXUT NPOCTPaHCTBY [, TorAa v TonbKo Torga, korga |Al<l. Takum
06pa3oM, MHOXXECTBO COOCTBEHHbIX 3HAYEHUM onepaTopa A coBnajaeTc
OTKPbITbIM €A4UHUYHBIM KpyroM  |A|<1.

HaaeM MHOXecTBO plA| perynsipHbix Toyek onepatopa A . Tak Kak
|Ax||=||x|| pnsBcex xel, , To ||All=1.B cuny Teopembl 4 MHOXecTBO plA]
COAEPXKUT BHELLUHOCTb €AIMHUYHOTO Kpyra M AN Bcex A Takux, uyto |A[>1
pesonbBeHTa (A—AI|"' HaxoamuTcs B BUAE pAaa

I A A B B
X+?+F+"'y_ =

R n

(A_}‘I)_ly (’_Z )\n+1 y =

n=0

o]
_ yn+k

n+1
n=0 A

00

k=0 (y€ lz) .

Takkak plA] DA:JA|>1], 1o SIA|C|A:|A|<1]. C gpyroit cropoHsl,
0| A] - 3aMKHYTOE MHOXECTBO, COAEPIKaLLEe eANMHUYHBIN Kpyr [ A:A|<1] .
MoaToMy cnpasegvebl paseHctea ol Al=|A:|A|<1] | plA)=A:]Al>1] O

5. a) iBnsieTcs v KoMnakTHbIM B C,  onepatop | Ax|[t|=x¢?) ?
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[Z]MNo onpepeneHnto 3 onepaTop KOMMAaKTEH, €C/IM OH NEPEBOAUT €ANHUYHbIN LLap
B NpeAKOMMNAKTHOE MHOXeCTBO. T.€., eC/IM Mbl BO3bMEM OFPaHUYEHHYIO
nocnegosatenbHoctb X, (¢) , [|x][<1, Vn , 1o u3 nocnegosatensHoctv & , no
onpeaeneHnto 3 (CM.KOHTPO/IbHYIO paboTy N21), MOXKHO BblAE/IUTb
dYHAAMEHTaNbHYO NoanocneaoBaTeNbHOCTb. NpMHMMasa BO BHUMaHME MOSHOTY
npoctpaHctBa Cp, 3aKka04aeM, YTo NOAMNOCAEA0BATENbHACTb J0/HKHA
cxoauTbea. MNMokaxkem obpaTtHoe.

Bo3bMeM Mocief0BaTeNbHOCTb GYHKLUMIA  x,(t|=sin2"m V't .
OHa NpUHaaNEeXUT eAMHUYHOMY LLapY, TaK Kak X, (6)]<1 ans Bcex n . OpgHako

nocneaoBaTesbHoCTb |AX, 6 =x(t*=sin2"nt  HE MOXET UMETb CXOAALLENCS
MOAMOCNeJOBaTENLHOCTU, TAK KaK  P|AX,, AX,|21. YT06bl y6eauTbcs B 3TOM,

3aMeTUM, 4YTO PYHKLMA |Ax,i npu = , abyHkumsa (Ax,é | ecim m

2n+1
én ., NosatoMy



plAx,, AX,| = te[%),l]z’) —(Axm)(t0)|=1.l

1

5. ©0) SIBngercsa i koMnaktHeIM B Co,)  omeparop | Ax| (t)=tf sx|s|ds?
0

1
Bametum, uto ¥V X€Cpy |Ax|(t)=ct , rie c= ] sx[slds, To ecTb 06macTs
0

3HaueHui oneparopa A ogHomepHa. ClieqoBaTesbHO, oniepaTop A -
(omHOMepHBIH). B cuiy 3ameuanuii 1 A — koMmmnakTHbd onepatop. ¥

6. HaiiTu coOcTBEHHBIE 3HAUEeHUSI U COOCTBEHHbBIE BEKTOPHI
CaMOCONPSAKEHHOIO KOMIIAKTHOTO MHTETPAJILHOTO OIeparopa ¢
CUMMETPUYHBIM SIPOM

coss-sint,0<t<s<m,
~|sins-cost,0<s<t<m,

Klt,s|

neiictByomero B L,[0,1].

[ Bamerum, uto  Klt,s| = K|s, t|ra mo6oii mapsi [s,t] , T.e. AApo cuMMeTpHYHOE.
Ot ypaBHeHUs

X(t):?\} Klt,s)x/slds (26)

nepenieM K COOTBETCTBYOIIEMY emMy AU pepeHIInaTbHOMY ypaBHeHHIO. [l 3TOro
3anuiem (26) B Bujae
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t s
costfsins-x(s)ds+sint coss-x|s|ds]|.
0 t

X(t):)\

IBax bl mpoauddepeHmpyem

T t
Costfcoss-x(s)ds—sintfsins-x(s)ds
t 0

t

/A
sintfcoss-x(s)ds+costf sins -x(s|ds+cos’t - x[t|+sin’ t - x(t|
t 0

Kpome Toro, nosydaem aBa Kpaesbix ycaoBus x 0/=x'(r/=0. Haxoxnenue
COOCTBEHHBIX 3HAYEHUI U COOCTBEHHBIX BEKTOPOB SIIpa CBOAUTCS K
PELIECHUIO KpaeBoW 3a/1auu

Xl(t):)\

x"[t)=A = —¢ xlt] =& Axlel,




X" tl=—(1+A]x(t], (27)
x|0|=x"(n]=0. (28)

Paccmorpum tpu ciyyvas:

1)1+4=0. Vpasuenue (27) npunuMaer Bup x" [t/=0, ero odLiee pelieHue
Xt|=C:t+C.. Kpaepbie ycnobus (28) mokasesanot, uto Ci+C>=0, TTomyunm
TPUBUAJILHOE pellieHue ypaBHeHus (26), T.e.A=—1 He sBIsIETCSA
COOCTBEHHBIM 3HAYCHHUEM.

2) 1+2=w*>0.  VYpaBHeHue (27) NpUHUMAET BHU[

x"tl+w’x[t)=0.

Ero o0riee perieHue

x[t|=C,cos wt+C,sin wt.

Kpaessie ycioBus (28) nepenvinyTcs B BUIE
X (0]=C1:0

i 1_.
xf(n)zw(—Cl sin wrt+C,cos con)z(), OTKY/JIa Cos on=(; tMeeM wn=n+§><,0_
2

1 1
HO-quI/UII/I )\ n+§ -], HPH 3TOM X (t} C,sin n+2 t.
40
)‘n-CO6CTBCHHbIC 3HAUYCHUA, Xn-COOTBeTCTBYIOH_II/IC M COOCTBEHHBIE
BCKTOPHI.

3) 14A=—w’<0. YpaBHeHnue (27) npuHUMaeT BU]I

Ero o0riee perieHue

X (t ):Cle“t+Czef°’t

Kpaessie yciioBus (28) NpuBOJAT K CUCTEME

x(0)=C+C, O



xl(n)zw(Cle“’"—Cze_“’" =(0.
Ho 0#0uC,le”"+e”*"|=0 TosbKO 1pH C:=0, 4TO MPUBOUT K TPUBHAILHOMY
pemenuo x/¢/=0.

A=—1-w" He ABJISAETCSA COOCTBEHHBIM 3HaUeHeM. OTBeT:

1
n+=

2 |

COOCTBEHHbIE BEKTOPBI X,/t/=sin

2

cOOCTBEHHEBIE 3HAYEHUS A= -1, n=01

1
n+=
2

. Hantu pemienne ypasuenus @penrosnsma Il pona ¢ BBIpOXKIEHHBIM SAPOM

tl= [ lts+6*s" | x[s|ds+2+ £,

B ypaBHeHUH
1 1
x(t):tf sx(s)ds+t2f s°x[s|ds+t2+ ¢
-1 -1
BBEZIEM 00O3HAYEHHE
1 1
Clzf sx(s|ds I/ICz:f s’ x[s|ds.
-1 -1

[ToaTomy perieHue OyneM UCKaTh B BUJIE

41
x(t|=C t+(Cy+1| 741,

HOI[CT&BI/IM 9TO BBIPA’KCHHUC B NCXOIHOC YPABHCHHUC

1 1
Citg[Cot1)?+t'=] s(Cls+(C2+1)sz+s4)dS+t2f SZ(C15+(C2+1)52+s4)d5+t2+t4=%C t+
-1 -1 1

59 2 2
—+=C, |[t™+¢*

YuuThiBas TMHERHYIO HE3ABUCUMOCTDb (DYHKIIUM £, t°, t*, IIOTydaem

c1=3c

3
2 59
Cy+1=—Cyr+—
2 5 %35
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8
Pemenue cucrempl €,=0,C,= =

o 15 2
Pemennem ypaBaeHus ®pearoapma siBiasieTcst QyHKIW (=" +' I

. Hautu pemenrie ypaBaenust Bonbreppa Il poga ¢ pa3HOCTHBIM siipoM

¢(x|=e*~2 [ cos(x—t|olt|dt,
0
[TpumMeHsis K JaHHOMY YpaBHEeHMIO mpeoOpa3zoBanue Jlaraca,

v 1 _._P
YUYMTBIBAsA, UTO € =57, COSX=—%5"—" M UCIIOJIb3Ysl TEOPEMY 8( O CBEPTKE),

P’+1
MOJTyYUM
1 P
@(P)=P‘__1_2—P2+1‘1§[P).
Pl pl=—i
\p,—P2_1 P+1f o

U, CIEJOBATENILHO, ¢ x|=chx—xe "I



