Tema 2. Mepa u unrerpain JleGera.
I'maBa 1. Mepa JlebGera.
§ 1. Mepa aiieMeHTapHbIX MHOXKECTB.

Paccmotpum cucremy 1 MHOXecTB Ha IUockocTH (X, Y), KaXmoe H3 KOTOPBIX

ompezaensiercss HepaBeHCTBaMH a<X<b, c<y<d (3Haku HepaBeHCTB MOryT OBITH IIOOBIMH,
CTPOTMMHM, HECTPOT'MMHN )

MHoXecTBa U3 CUCTEMBI Oy/1eM Ha3bIBaTh MPSMOYTOJbHUKAMH.

JU1s KaXXI0T0 U3 IPSAMOYTOJIBHUKOB OIIPENEIIUM €r0 Mepy:

a) Mepa myctoro MHoxkectBa paBHa 0 (b <a wmm d <c)

0) Mepa HEMyCTOro MPsIMOYTOJbHHUKA (3aMKHYTOTO, OTKPBITOTO HJIM IOJYOTKPHITOIO) paBHA

(b-a)(d-c).
Takum o0pa3om, KaKI0My NPAMOYTOIbHUKY P €Il mocTaBiieHO B COOTBETCTBUE YHCIIO m(P)

- ero Mepa. ITpy 3TOM BHIIOIHEHBI CIEAYIONIIUE YCIOBUS
1) m(P) neiicTBUTeNbHA M HEOTPHIATEIbHA

2) m(P) amuurnBHa, T.€., €CIH P=LnJPk u PiﬂPj =, 10 m(P)= n P.

k=1 k=1

Mepa m(P) oIpeziesieHa IS IPSIMOYTOJIBHUKOB, HOMPOoOyeM pacpoCTpaHUTh Mepy Ha Ooiee
LIMPOKUH KJIACC MHOXKECTB C COXPAHEHUEM CBOMCTB 1 u 2.

[TonnpoGyem pacnpocTpaHUTh HA HJIEMEHTApHbIE MHOKECTBA.

Def [Tnockoe MHOKECTBO Ha3bIBACTCS AJIEMEHTAPHBIM, €CIIM €r0 MOXHO MPEICTaBUTh B BUC
00bEeIMHEHNs] KOHEYHOT'O YMCIIa TIOMAPHO HEMEePeCceKaroIUXCsl PSIMOYTOJbHUKOB.

Ham nonanobutcs cnenyrommas reopema:

Teopema 1. OObenuHeHue, nepeceyeHue, pasHOCTb U CHUMMETpUYEcKas pa3HOCTh JBYX
AJIEMEHTApPHBIX MHOXECTB TaKXe SBJSIOTCA 3JIEMEHTAPHBIMU MHOXKECTBAMH, T.€. 3JIEMEHTApPHBIE
MHO€eCTBa 00pa3yroT KOJIbIIO.

Def Ompenemium mepy M (A) s 3EMEHTApHBIX MHOXKECTB CIEAYIOLIMM 0OpasoM: eciu
A= Uk R, rae P, -momapHo Herepecekarommecs npamoyronbuuki, 0 m (A)=>" m(R,). Mpuuem

m (A) HE 3aBHCHUT OT criocoda Pa3JI0XKCHUA B CYMMY KOHCYHOI'O YHUCJIa IPAMOYTOJIbHUKOB.

Jlerko BUACTHb, UYTO OIPCACIICHHAsA TaKUM O6p830M MEpa JJIEMCHTAPHBIX MHOKCECTB
HEOTpUIATCIbHA U aJANTHBHA.
HpI/IBeI[CM CJICAYIOIICC BA’KHOC CBOMCTBO MCPBI JICMCHTAPHBIX MHOKCECTB.

Teopema 2. Ecii A - a/eMEHTapHOE MHOXKECTBO M { A} KOHEYHAs WM CUCTHas CHCTeMa
3JI€MEHTapHBIX MHOXKECTB, Takas, uTo A= Un A ,To m (A) < Zn m (A1 ) .

CBOI1CTBO Mepbl M, yCTaHABIMBAEMOE TeOPeMoii 2 (Mepa MHOKECTBA He TIPEBOCXOJUT CYMMBI
Mep, TOKPBIBAIOIIMX €r0 MHOYKECTB) Ha3bIBACTCS MOJIYaYIATUBHOCTHIO.

W3 Hero BBITEKAeT CBOWCTBO CUCTHOHM aJJINTUBHOCTH WM O - aJJIMTUBHOCTH, COCTOSIICE B
CIIeYIOIIEM

o0
Eciu A:LJA1 (A npeaAcTaBjiCHA B BUIC 06’E>GJII/IHCHI/IH CUCTHOI'0 4YHCiia NMCPCCCKAOIINXCAH
n=1

9IEMEHTOB MHOXeCTB, To M (A) = i m(A)).
=1

T.e. Mepa cyMMBI paBHa CyMMe MEp CUETHOT'O YHCIIa HEMEPECEKAIOIINXCS MHOMKECTB.



§ 2. JIeberosa Mepa MI0CKHX MHOXKECTB.

2.1. BHewHss Mepa MHOKECTB.

DneMeHTapHble MHOXECTBA HE HCUEPIBIBAIOT BCEX MHOXKECTB, BCTPEUAIONIMXCS B aHAIU3e.
[TosTOMY €CTeCTBEHHO MOIBITATHCS PACIPOCTPAHUTH MOHATHE MEPHI, C COXPAHCHHEM €€ OCHOBHBIX
CBOWCTB, Ha OoJyiee MUPOKUN KJIacc, YeM KOHEUYHbIE OOBEAMHEHUS MPSMOYTOJbHIUKOB CO CTOPOHAMH,

NapajuleIbHbIMU OCAM KOOPAUHAT.
B nmanpneiimem Mbl OyzneM paccMmarpuBaTh HE TOJBKO KOHEUHBIE, HO U OECKOHEYHBIC

00BbeIMHEHNS IPSAMOYTOJILHUKOB.
Def Breuneii Mepoii MuoxectBa A HaspiBaetcs 4ncito 1 (A)= irclJc > m(R,), rae mukuss
Ac| JR X

IpaHb OepeTcs IO BCEBO3MOXKHBIM MOKPBITUSAM MHOXKECTBA A KOHEYHBIMH HJIM CYCTHBIMH CHCTEMaMHU
MPSIMOYTOJIbHUKOB.
3ameyanue 1.

3ameTHM, uTo eciu A - 3IeMEHTapHOE MHOXKECTBO, TO LI (A) =m (A)
n

Hokaxem »5ToT (akr. Ilycth A= U P, Rﬂ P,=C, Torma 1o ONpENENeHHuI0 MEpbI
1

3JIEMEHTapHbIX MHOXeECTB (§1)
m(A)=3n(R)
Tak KaK IpAMOYroJbHUKaMi P, mokpsiBaioT A, 10 1 (A)< Zn: m(P)=m(A)

I
(¢ =inf).
JloKa3anu HEPABEHCTBO B OJIHY CTOPOHY.
Tenepb Bo3bMEM {Qj} TIPOM3BOJIEHYIO KOHEYHYIO MJIH CYETHYIO CHCTEMY MPSIMOYTOJIBHHUKOB,

MoKpbIBarollyl0 A, Ttorga B cuiny Teopembl 2 (§ 1) umeem m'(A)SZm(Qj) nepeiigem k inf
]

m (A)<u (A).
[Tomyunnu HEpaBEHCTBO B APYI'YIO CTOPOHY.
Cuenosarensho 1 (A)=m (A).
Teopema. Ecin Ac UnA1 , T7le A - KOHEYHas WM CYETHass CHCTEMa MHOXKeCTB M u i

coBmajaroT (3amedanue 1), To Teopema 2 (§ 1) siBIs€TCS YaCTHBIM CIydaeM TaHHOW TeOPEMBI.

2.2. I3mepuMble MHOXKECTBA.
Def: MuoxectBo A HasbiBaeTcsi u3MepuMbIM (B cMbicie Jlebera), ecnmu Ve >0 Haitnercs

TAKOC 3JICMCHTAPHOC MHOXKCECTBO B , dTO U (AAB) <¢&.

Def: ®yukuus 4 paccMaTpuBaeMas TOIBKO Ha H3MEPMMBIX MHOXECTBAX HA3bIBAETCS
neberoBoil Mepoi 1 0003HAYACTCS L .

CMmbICnT  OmpelieleHHsl: MHOKECTBO H3MEPHUMO, €CIM €ro MOXHO CKOJIb YTOJAHO TOYHO
NPUOIN3UTE JIEMEHTAPHBIMUA MHOXKECTBAMHU.

OTMeTHM Ba)KHBIE CBOHCTBA M3MEPUMBIX MHOYKECTB H JIEOETOBOM MEPHI:

Teopema 1. Cymma (0ObeIMHEHHE) U MEPEeCceUeHUEe U3MEPUMBIX MHOXKECTB €CTh M3MEpPHUMBbIE
MHO’KECTBA.

Teopema 2. Ecin {A1} - TIOCIIEJOBATEIBHOCTh IOMAPHO HENEPECEKAIOIMNXCI H3MEPUMBIX

MHOKECTB U A:UnA1 ;1o u(A)=> u(A).

Teopema 2 ycTaHaBiIMBaeT CYETHYIO aJJIMTUBHOCTD UM O - aJJIUTUBHOCTH Mephl Jlebera.



W3 o - aniuTUBHOCTH BBITEKAET €I1€ OJJHO CBOMCTBO MEphI, HA3bIBAEMOE HEMPEPHIBHOCTHIO.
Teopema 3 . eciu A D A, D... - IOCIEAOBATENBHOCTh BIOXKEHHBIX B APYT APYra H3MEPUMBIX

MHOKECTB A:UnA1 , TO ,u(A)z!]im,u(Aq).

OTMeTuM elie OAHO OYEBHUIHOE, HO Ba)KHOE CBOMCTBO: BCAKOE MHOYKECTBO, BHEIIHSS Mepa
KOTOpOT'0 paBHA HYJIIO, U3MEPUMO.

IlogBenem uroru:

1) MBI pacnpocTpaHiid Mepy C 3JIEMEHTapHbIX MHOXKECTB Ha Oojiee MIMPOKUN Kiacc,
3aMKHYTBIM OTHOCUTEJIBHO OIEpalMid B3STHSI CUETHBIX OOBEIUHEHUN U MEPECEUEHMH, T.€. ITOT Kiacc
MpeJICTaBIsIeT cO00H o -anredpy.

2) [loctpoennas Mepsl ¢ -aJIMTUBHA HAa 3TOM KJ1acce.

3aMeTuM, 4TO B HAIlly O -ainre0py BXOJSAT BCE OTKPBIThIE MHOXKECTBA, BCE 3aMKHYTHIE U T.1I.

2.3. JIeberosa mepa Ha MPSMOH.

B »TOoM maparpade wuzmaramoch mnocrpoeHue Mepbl Jlebera uIs IUIOCKMX MHOXKECTB.
AHaNOruuHo MOXeT ObITh MocTpoeHa JleberoBa Mepa Ha MPsIMON, B TPEXMEPHOM ITPOCTPAHCTBE WIIH,
BOOOIIIe, B €BKJIMIOBOM MPOCTPAHCTBE J1000I pasmepHOocTH N. B KaxaoMmM U3 3TUX ciydaeB Mepa
CTPOMTCS 110 OJTHOMY M TOMY ke 00pasiy.

Hanpumep Ha npsimoii. OnipezernsgemM Mepy Ha MPOCTEHIINX MHOKECTBAX: OTPE3KH, HHTEPBAJIbI,

MOJTYMHTEPBAJIBI: [a, b], (a, b), [a, b), (a, b]
m([a, b))=b-a.

[TotoM pacmpocTpaHsieM Mepy Ha JJIEMEHTapHBIE MHOXKECTBA — KOHEYHOE OOBLeAMHCHHE
MPOCTEHIIINX MHOKECTB.

Crnenyrouuii atamn - pacpocTpaHsieM Mepy Ha MHOXKECTBa, u3Mepumble 1o Jleoery.

Omnpenenenre U3MEPUMOCTH JIOCIOBHO MEPEHOCUTCS Ha MHOXKECTBAa B IPOCTPAHCTBE JII000i
pa3MepHOCTH.

§ 3. JIeGeroBo npooKeHUE MEPHI.

3.1. CyeTHas alIUTUBHOCTb MEPHI.

ITnockas mepa JleOGera, moctpoeHHast HaMu B §2 o -aaauTHBHA (Teopema 2 U3 11.2.2.)

HanomuuMm onpenenenne o -aIlIuTUBHOCTH.

Def: Mepa m Ha3pIBacTCsS CUETHO-aJITATHBHOM, WIH O -aJIMTUBHON, €CIHM I JIOOBIX
mHOXkecTB A, A, A,...,A,,..., IpUHaANekalMX ee obyacTu ompeeneHus (00IacTH ONpeleneHUs

MEpBbI) ¥ YAOBJIECTBOPSAIONIUX yCIOBUSAM A = U A, A_Lﬂ A, =(J uMeeT MeCTO PaBEHCTBO

n=1
m(A)=>m(A).
n=1
[Ipumep. Ykaxem apyrod mpumep o - agauTHBHOCTH Mephl. [lycTh mmeem 1Ba oOBeKTa:
X = {Xl, Xy, } IIPOU3BOJIEHOE CYETHOE MHOKECTBO M Habop uncen P, >0, Takux 4To Z p, =1.

n=1
Torz[a KJIaCC U3MEPUMBIX MHOXKCCTB 6y,[[eT COCTOATH U3 BCEX IMOAMHOXKECTB MHOXKCECTBA X y a

Mepy U Kaxkaoro Ac X omnpenenum Kak m(A) = Z P, -

X €A
Jlerko npoBepUTH, UYTO m(A) Oyner o - aATUTUBHOM Mepoil, mpuyem m(X ) =1.
OTOT MHpUMEpP €CTECTBEHHO TMOSBISETCS B CBA3M CO MHOTMMHU BONPOCAaMH TEOPUHU

BEpPOSITHOCTEM.
[Ipumep. YkaxkeM npumep Mepbl aJIMTUBHON, HO HE O - anguTUBHON. IlycTh X - MHOXeECTBO

BCCX palMOHAJIBHBIX TOYCK OTPE3Ka [O, l] , a KJIaCC U3MEPUMBIX MHOXECTB COCTOUT U3 nepecequI/Iﬁ



MHOKecTBA X € IIPOM3BOJIBHBIMU MHTepBanamu (&, b), orpeskamn [a, b], momyunrepsanamu [a, b),
(a,b] us [0,1]. Jis kaxmoro takoro muoxectea A, monoxum M(A,)=b-a. Dra mepa

agmutrBHa. OIHAKO OHA HE O -aJAWTHUBHA, TaK KakK m(X):l, a X COCTOMT M3 CYETHOI'O YHCIa
Touek, T.e. M(X)#= > m(x,)
n=1

3.2.JIeberoBo MpoI0IKEHIE MEPHI.
Def: Hemycras  cucteMa  MHOXecTB K HaspIBaeTCs  KOJBIIOM,  €CIOH U3

AeK= A JBeK,A\BeK.
3amerum, T.K. AaB=(A\B)(B\A) u AﬂBz(AUB)\(A\ B)\(B\A), To 8 Def moxno

6bLII0 OBl HCIIONIB30BATH APYryIo napy onepauuit: ), a . {U\} < {N,a}.

Def Cucrema Muoxects I Ha3biBaeTCs MOAyKoIbLoM, eciau 1°u3 Aell,Bell=AUBeIl.

n
2°. Ecmt A u A c Aell, To A MOXHO NPEACTaBUTH B Bujge A= U A , rae A -3ananHoe u
k

Bce A ell.
Kpowme toro, npeanonaraem, uro Jell (Je K t.x. e A\A).

3azaya 0 NPOJOKEHUU MEPbI COCTOUT B ciieayromeM. Kakum obpa3zom, 3Hast Mepy Ha y3KOM
KJIaCCE€ MHOKECTB MPOJOJDKUTH €€ Ha Oojiee MIMPOKUN KiIacc MHOMXECTB C COXPaHEHHEM CBOWCTB
MEpBI.

[Tono6uy0 MpoLeypy MBI BBIIIOJHUIHN B §1 KOTja pacipOCTpaHsIn Mepy C MPSIMOYTOJIbHUKOB
Ha DJIEMEHTapHbIE MHOXKECTBA, T.6. HA KOHEYHbIE CYMMBbI IIONAPHO IE€PECEKAIOIINXCS
MPSIMOYTOJIBHUKOB.

3aMeTHM, YTO KJIacC AJIEMEHTAPHBIX MHOXKECTB MPEACTABISIET COO0H MHUHHMAJIbHOE KOJBIO
Ha/Jl IOJIYKOJIBIIOM NPSMOYTOJIbHUKOB.

Ecnn mepa, 3amannas Ha monykosbie [1, oGnanaer iuiib CBOMCTBOM aJAUTUBHOCTH (HO HE
O - QIIUTUBHOCTH), TO €€ MpOoJOJDKEHHMEM Ha Koibllo K mnopoxxaeHHoe mnoaykoabiom [T
MCUEPIIBIBAIOTCS BCE BO3MOXHOCTH PaclpoCTpaHEHHsI TAKOM MephbI C HCXOAHOTO MOJIYKOJIbIla Ha OoJiee
HIMPOKHUH KJIACC MHOKECTB.

OtmeTnM, 4TO y HAC Ha MPSAMOYTOJIbHUKAX KakK pa3 Oblia 3aaHa aJuTHBHA Mepa.

Ecnu e y Hac paccmaTpuBaeMasi Mepa o - alTATHBHA, TO OHA MOXKET ObITh pacIpOCTpaHEHa C

IMOJIYKOJIbIIa Ha KJIaCC MHOKCCTB Ooiee O6H_II/IpHBII>’I, 4eM KOJIBIIO K(H), MOXXHO CKa3aTb

MaKCHUMAaJIbHBIN.

DTO MPOJIOKEHNE CTPOUTCS C TIOMOIIBIO BHEIIHEH Mephl U3 §2 (KoTopas o - aJlJTUTHBHA) Ha
KJIACC BCEX U3MEPUMBIX MHOKECTB C COXPAHEHUEM CBOMCTB MEPBI. Takoe MPOAOJIKEHUE U HAa3bIBACTCS
7e6eroBBIM IPOAOKEHUEM MEPHI L .

3ameuanue. 3aMeTUM, 4YTO TpeOoBaHME, UYTOOBI TEpBOHAYaNbHAs Mepa OblIa 3a/JaHa Ha
MOJYKOJIBIE CYHIECTBEHHO JJISI OJTHO3HAYHOCTH MPOJIOTIKEHHUS.

Ecniu wmepa Obima 3amaHa Ha MPOU3BOJIBHOM CHCTEME MHOXECTB, HE SBISIOLIEHCS
MOJYKOJIBIIOM, TO MOKHO MOCTPOUTH HECKOJIBKO PA3JIUYHBIX MPOAOJLKEHHII MEPhl HA MOPOXKIACHHOE
9TOM CHUCTEMOI MHOKECTB KOJIBIIO.

B 3akimrodeHne oTMETHUM eIe OJTHO CBOMCTBO JIEOETOBBIX MEp.

Def Mepa u Ha3pIBaeTCs NOJHOM, €M U3 ,u(A) =0 u A C A BbITEKaeT, 4To A H3MEPHUMO.

O4eBHIHO, UTO MPHU ITOM ,u(A ) =0. MoxHO J0Ka3aTh, 4TO JIeOEroBO MPOJOHKEHUE JIF000M

MCPBI ITOJIHO.



BeiBon: Ecniu Mepa o - anIuTUBHA U 3a/laHa HA MOJIYKOJIBLIE MHOYKECTB, TO €€ BCEIa MOKHO
MPOJOIDKUTH 10 O - aJIMTUBHONH MEpbI OINpeeIeHHONH Ha KOJIbIE (ecu ¢ equHHLeH — To anredpe)
U3MEpUMBIX MHOXkecTB. Hanmpumep, paccMoTpeTs J1e6eroBo Npo10JKEHNUE MEpPBI.

I'maBa 2. U3mepumble QyHKITHH

§ 1. Ismepumble QyHKIHH
11. Onpenenenue 1 OCHOBHBIE CBOMCTBA
Def JleiictButenpHas ¢ynkius f:X — R Ha3piBaeTcs H3MEpPUMOM, €ClId TPH JHOOOM

neiictButenbHOM C MHO)KGCTBO{XZ f (x) < C} U3MEPUMO.

T.e. uto u3Mepum npoodpas ayda (c; +oo) npu oroOpakeHnu f , mpu modom C.

Teopema 1. Cymma, pa3HOCTb M NPOU3BEACHHE JBYX H3MEPUMBIX (GYHKIMI H3MEPHUMBI.
YactHoe ABYX M3MEPUMBIX (DYHKUMN MPH yCIOBHH, YTO 3HaMEHaTellb HE oOpamiaercs B HYJb, TOXE
U3MEPUMO.

Teopema 2. mpeaen CXOMSIICHCS TPU KKIOM X € X MOCIEAOBATEIBHOCTH H3MEPUMBIX
GbyHKINN U3MEpUM.

1.2. DxBUBasIeHTHBIE (DYHKIHH.

IIpy wu3ydeHHH WH3MEPUMbIX (QYHKUMH YacTO MOXHO IpeHeOpeuyb HMX 3HAYCHUSIMU Ha
MHO>KECTBE MEPBI HYIIb.

Def Jle ¢ynkumu f w ¢, 3agaHHbICe HAa OJHOM M TOM ¢ MHOXecTBe E HaswiBaroTcs

SKBHBAJIEHTHBIMH (0603Hauenue f ~ ), ecnm ,u{x: f(x)=g (X)} =0.

BBenewm enie 0J1HO OHATHE

Def I'oBopsIT, 4TO HEKOTOPOE CBOMCTBO BBIMOJHEHO MOYTH BCIOAY Ha E , €Clii OHO BBITIOJIHEHO
Ha E Bcromy, kpome, OBITH MOXKET, TOYCK, 00PA3YIOIIINX MHOKECTBO MEPBI HYJIb.

Takum o6paszom, aBe (PYHKIMU HA3BIBAIOTCS SKBHUBAJICHTHBIMH, €CJIIM OHHM COBMAJAIOT MOYTH
BCIOJLY.

Teopema. Ilycte ¢yaknuu f w § ompenereHbl Ha HEKOTOPOM H3MEPUMOM MHOXecTBe E .
Ecnu ¢pynkius f usmepuma u f sxBuBanentna g (f ~g), To g Toxke nusmepumast GyHKITHSL.

JlokazarenbCTBO.

N3 onpeneneHusi SKBUBAJIEHTHOCTH CJEIYET, YTO MHOXECTBA {X: f (X) < a} U {X: g (X) < a}
MOTYT OTJIMYaThCs JPYr OT Apyra TOJBKO HAa HEKOTOPOE MHOYKECTBO MEphl HYIIb, CJIE€I0BATEIBHO
(TTOCKOJIBKY Mepa TpEArnoaraeTcsi MoJHOW), €CIU MEepBOE€ MHOXKECTBO M3MEPUMO, TO HU3MEPHUMO U
BTOPOE.

3ameuanue. B mar. aHanu3e NMOHSATHE SKBUBAJEHTHOCTH (PYHKIIMN HE UTpaeT CYIIECTBEHHOM
ponu, T.K. U1 JIBYX HENPEPhIBHBIX (PYHKIIMHA SKBUBAJICHTHOCTh PaBHOCUIbHA TOXKIECTBEHHOCTH.

JleiictBuTenbHO, TmycTh | (X) #0 (X) , T.e. dx, f (XO) #0 (XO) B cuny HenpepsIBHOCTH

3 OKPECTHOCTb TOYKH X0 B KOTOpOﬁ f(X);é g(X) Mepa Takou OKPECTHOCTHU IIOJIOKUTCIIbHA,

MI03TOMY HeNpepbIBHbIE (PYHKIIMHU, HE COBIAIAOIINE BCIOY, HE YKBUBAJICHTHBI.

Jlis TpOU3BOJIBHBIX H3MEPUMBIX (GYHKIUI SKBUBAJEHTHOCTh HE O3HAYAET COBIAJEHUS.
[Tpumep: ¢ynkuus Hupuxie Ha npsmon =1, =0, xeQ°. OHa >KBUBaJeHTHa (YHKIUH
TOKJIECTBEHHO PaBHOW HYJIIO.

§ 2. CXoauMOCTh MOYTH BCIOY
2.1. Onpenenenue CXOAUMOCTH ITOYTH BCIONY.



Hawm 3HakoMa paBHOMEpHAs CXOJUMOCTh; oToueuHasi (00BIYHASA) CXOAUMOCTh. HO mOCKONbKY
BO MHOTMX CIIy4asX IIOBeleHHE H3MepUMOW (YHKIMM Ha MHOXXECTBE MeEpbl HYJIb MJs Hac He
CYIIECTBEHHO, TO BOHUKAET MOTPEOHOCTD B €I1I€ OJHOM IOHSATHH CXOJAUMOCTH.

Def IlocnenoBarenbHOCTD { f, (X)} (GyHKIUH, ONpeIeJICHHBIX Ha HEKOTOPOM IPOCTPAHCTBE X

C 33JlaHHOM Ha HEM MEpoil 4, Ha3bIBACTCS CXOMAIICHCS MOYTH BCIOAY K (YHKIHH f(x), eclu

lim f, (x)= f (X) w1t nourn Beex X e X, T.e. ,u{x:lim f,(x)= f (X)} =0.

n—o nN—oo
Tpumep. f, (x)=(-x)" na X =[0, 1]
f.(x)—> f(x)=0 na [0, 1]
(Bcromy kpome X =1).
Crnenytromias Teopema siBiisieTcst 00o0menrneM TeopemMsr 2 u3 1m.1.1.
Teopema 1. Ecii mocnenoBarensHocts m3MepuMbix (ymkimii f (X) cxommres x dynkumn

f (x) mourn Beroxy Ha X, 1o f (X) TaKxke nsmepuma.
JloKa3aTenbCTRO.
Ilycte A - to MHOKecTBO, Ha kotopom lim f (x)= f(x). Ilo ycnosuio u(X\A)=0. f

u3mepuma Ha A 1o 1.2 (m.1.1), a Tak KaK Ha MHOYKECTBE MEpbI HYJIb BCsAKas (QYHKIIUS U3MEPHMA, T.€.
f msmepuma ma X \ A, 1.e. f u3mepuma Ha Bcem X .

2.2. Teopema Eropoga.

Teopema EropoBa ycTaHaBIMBAaET CBSI3b MEXY CXOJIMMOCTBIO MOUYTH BCIOAY U PAaBHOMEPHOMU
CXOJUMOCTBIO.
Teopema Eropona

Ilycts E - mMHOXecTBO KoHeuHOW Mepsl. IlocienoBaTesibHOCTE U3MEPUMBIX (DYHKIIHIA {fn}
cxomutcs Ha E moutwm Berony k f (X) Torpa Vo >0 3 takoe usmepumoe MHOxkecTBo E; < E, uto

1) ,u(E(;)>,u(E)—5

2)nma E;  f,(x)_ f(x) (paBHOMEpHO)

@akTHuecku B TeopeMe Eroposa onpenensercss HOBbIM TUI CXOAMMOCTH — ITIOYTH paBHOMEpHas
CXOJUMOCTB. B T€KCTE TEOPEMBI 3TO ONPEACIICHUE BBIIEICHO.

[Tonb3ysck 3TUM noHsATHEM T. EropoBa MOKHO cpOpMyIHpOBaTh TaK:

Ha MHOXecTBe KOHEYHOM Mepbl CXOAMMOCTb IIOYTH BCIOJY BieueT 3a co0oil moutu
PAaBHOMEPHYIO CXOJUMOCTb.

§ 3. CxoauMocCTh IO Mepe
3.1. Onpenenenue CX0IMMOCTH IO MEpE.

Def T'oBopsIT, 4TO TOCIIEAOBATEILHOCTh M3MEPUMBIX (DYHKIIHIT fn(x) CXOJIUTCS IO Mepe K

byukiun f (X) , €CIIHU 1714 J1r06oro o >0

Iimy{x:‘fn(x)— i (X)‘ZO‘}:O.

n—o

O6o3navator f,——f .

Crnenyroniast TeopeMa yCTaHABIMBAET €IMHCTBEHHOCTD IIPEZENa 110 MEPE.
Teopema

Ecmm f,——>f u f, ——>g, 10 f ~0g (1m0 Mepe u)

3.2 CBsi3b MEXly CXOAUMOCTBIO MTOYTH BCIOY U MO MEPE.



CJ'IGI[YIOH_[I/IC ABC TCOPCMbl YCTAHABJIMUBAIOT CBA3b MCKAY MNOHATUAMU CXOAUMOCTU IMTOYTHU
BCIOJTy M pABHOMEPHOM CXOMMOCTH TIO Mepe.

Teopema 1 (JIebera). Ecium mociaenoBaTebHOCTh M3MEPUMBIX (DYHKITHI { fn} CXOJIUTCS TIOYTH
BCIOTy K HekoTopoit dynkuun f (X), To ona cxomures K Heii 110 Mepe.
Onnako B 00paTHYIO CTOPOHY TE€OpEMa HE BEpHa.
[MpuBenem mpumep. Omnpenenum sl KKIOTO HAaTypaJibHOro K Ha moiywHTepBaie [O, 1)
cucremy pynkuuit f,, f,,,..., f,, crexyrommm obpazom
-1 i
1 npu xe|—, —
k k

0 npu ocmailbHovlx X

fki (X):

Bce 3tu pyHkunu 3aHymMepyeM Noapsl B OAHY I1OCJIEI0BATEIbHOCTh
{(Pn}nzl:% =fhe=10="1,0="1..
Herpynno nposeputs, uto ¢, ——>0
(pHCYHOK)
JleiicTBuTenpHO, Npu o >1 Bce MHOXECTBA {|(pn| > 0'} myctsl ¥ ecnu ke o<1l u ¢, =f,
i—-1 i [
{|(on| > O'} =|l—,—|H" ,u{|(pn| > a} :E Y CTPEMUTCS K HYJII0 IIpH N —> 00,

k Kk

ITokaxem Teneps, uto {@, }—=%—>f =0

Bosiee TOro, HET CXOAUMOCTH @, (X) — 0, HU B OIHOM TOUKE X, € [0, 1).

. i—1 i
JleficTBUTENBHO, ITyCTh X, € [O, 1). Torma Vk € N mnaiinercs Takoe i <K, 9ro X, € {IT ﬁj

u, cienosarensho fi (%)=1.

©
Takum o6pa30M, B 4YHUCJIOBOH ITOCJICOOBATCIBbHOCTH {¢n(X0 )} | HanuAyTCd 4YJICHBI CO CKOJIb
n=

YTOAHO OOJIBIIMMU HOMEpPaMH, paBHBIE 1, MO3TOMY 3Ta NMOCIE0BATENILHOCTh HE CXOJUTCS K HYIIIO.
IIpumep OKOHUEH.
Kak mnoxaspiBaeT 3TOT HpUMep W3 CXOAMMOCTH IO Mepe, BOOOIIEe TOBOps, HE CIEeAyeT
CXOAMMOCTB NOYTH BCcroAy. OIHAaKO CpaBeyIMBa CIEAYIOLIas TeopeMa
Teopema 2 (Pucca)

I[TycTh MOCIEN0BATENEHOCTh H3MEPUMBIX (DyHKIIHIA { f (X)} cxommrest o Mepe k f (X). Torxa
W3 9TOM MOCJIeN0BaTENbHOCTH MOYKHO BBIOPATh MOMNOCIEI0BATENLHOCT {fnk (X)}, CXOALIYIOCSH K
f (x) mouru Beroxy.

f——>f = f —>f

3.3. Teopema Jly3una u C-CBOHCTBO

Mp1 onpeniensiii u3MepumMbie (QYHKIIUY HA TPOU3BOIBHBIX MHOXKECTBAX M B OOIIIEM CITydae 3TO
MOHATHE HUKAK HE CBS3aHO C TIOHATHUEM HEMPEPHIBHON (PYHKIIMH.

Opnako, eciu peub UAeT 0 PYHKIMIX Ha OTPE3Ke, TO UMEET MECTO CIEAYIOIIasi TeopeMa.

Teopema (JIyzuna)

Jurst Toro, uro6sl pyrkums f (X), sanannas Ha orpeske [a, b], Gbuia nsmepnma, Heo6xoMMO

M J0CcTaTouHo, uroObl Ve>0 3 rakas HempepeiBHas Ha [a,b| Qyskums (X)), uro
p{x:f(x)=p(x)}<e.



WNnave roBopst, uamepumasi GyHKIMS MOXKET OBITh C/eJaHa HEMpephbIBHOW Ha [a, b] yTeM ee

MU3MCHEHHUsI Ha MHOXKECTBE CKOJIb YTOAHO Mayiod Mepbl. [Ipo Takyio (YHKIMIO TOBOPSAT, YTO OHa
obmagaer C-cBOWCTBOM (TIpH MOMOIIH «MaJIo e(OopMaIii CTAaHOBUTCS HETIPEPHIBHOM ).

I'maBa 3. UuTerpain JleOera.

§ 1. MuTerpain Jlebera mist mpocThiX (pyHKITHIA.

1.1. Otnuuue ot uHTerpana Pumana.

[Tonstue wunHTerpasa Pumana MOXHO NPUMEHUTh WM K HENPEPHIBHBIM (GYHKIUSAM WU
MMEIOIINM JIMIIb KOHEYHOE YHCIIO TOUYEK pa3phIBa.

Jliia u3MepuMbIX (YHKIUH, KOTOpbIE MOTYT OBITh Pa3pbIBHBI BCIOAY, IJie OHU ONpeAeNeHb (a
MOTYT OBITh 33/J1aHBI Ha Aa0CTPAKTHOM MHOXKECTBE, II€ MOHITHE HEMPEPHIBHOCTH HE UMEET CMBICIA),
KOHCTPYKLUs uHTerpasia Pumana He rogurcs.

st Takux GyHkuumii Jleber BBen Ipyroe MoHsATHE UHTETpaa.

Ecnu B uHTErpanbHbIX cyMMax PuMaHa TOUkM X TPYHNIHPYIOTCS MO MPHU3HAKY OJIM30CTH WX HA
ocu OX, To B mHTerpasie Jlebera oHM TPyNIUPYIOTCS MO MPU3HAKY OMU30CTU 3HAYCHUH (DYHKIMU B
3THX TOYKaX. DTO Cpa3y MO3BOJSIET PacIpOCTPAaHUTH MOHSATHE MHTETpajia Ha OYeHb IMHUPOKHUH Kiacc
GbyHKIHi.

Kpome Toro, naterpan Pumana BBoauTcs cHadana st GyHKIIUN OAHON IMEPEMEHHOM, a 3aTeM
y>Ke IEPEHOCUTCSI Ha CITy4ail HECKOJIbKUX MePEMEHHBIX.

WNurerpan JleGera onpenensieTcsi COBEPIICHHO OJUHAKOBO ISl (PYHKIIMNA, 3aIaHHBIX HA JIFOOBIX
MIPOCTPAHCTBAX C MEPOH.

3aMeTnM, 4TO Ha aOCTPAaKTHBIX MPOCTPAHCTBAX MHTErpasl Pumana BooOIIe HE UMEET CMBICIIA.

CHavana omnpenenum unrerpain Jlebera mis nmpocTeiX (YHKIUM, a 3aTeM pacHpOCTpaHUM Ha
OoJiee MUPOKUI Kitacc PyHKITUH.

1.2. IIpoctbie pyHKIMH

Def IIpocroii Ha3biBaeTcst u3MepuMast QyHKIHs, IPUHAMAIOIIAs He OoJiee YeM CYETHOE YHCIIO
3HA4YCHMI.

CtpykTypa mpocThixX GpyHKIMI XapaKTepU3yeTcs CISAYIONIeH TEOpEeMOii.

Teopema 1. ®@ynkuus f(X), npuemmaromas He Gojee dYeM CYCTHOE UHCIO 3HAYCHHMIA

yl’ y2""’yn"" U3MepuMa TOrjga MW TOJBKO TOrJa, KOTAa BCC MHOXKCECTBA A] ={X: f(X)= yn}

HA3MEPUMBL.
Mpg1 BHauasie mocTpouM uHTerpai Jlebera asis mpocThix (PyHKITHH, a TOTOM paclpoCTpaHUM Ha
HU3MEpPUMBIE C IIOMOIIBI TEOPEMBI.

TeopeMa 2. I[J'If[ HU3MCPUMOCTHU CI)YHKI_II/II/I f (X) HeO6XOI[I/IMO n JO0CTAaTOYHO, yTOOBI OHA MOTJIa

ObITb MpeJCTaBleHa B BHUJAE MpeAeia PaBHOMEPHO CXOJSILEHCS IMOCIEN0BaTENbHOCTH HPOCTBIX
GyHKLIHH.

1.3. Unrerpan Jlebera ot mpocThIX (HyHKIUI.
[Iycte f HekoTopas mpoctas (YHKIUS, NpPUHUMAOMAs 3HAYCHUA VY, Yo,y Yoo
Y,=Y; ecnui#j uuyctb A HEKOTOPOE U3MEPHMOE MOAMHOKECTBO X .

Omnpenenum uaTerpan ot GyHkuud f 1o MHOKECTBY A paBeHCTBOM
1) J. f (X)d,u = Zyn,u(Aq), rre A = {X eA:f (X) = yn} €CIIi  psJ  Crpasa
A n

CXOAUTCH.
Def IMpocras pynkius f HaspBaeTcs WHTErpUpPyEeMON MM CYMMHpyeMoil (o Mepe i) Ha
MHOXecTBe A, eciu psan (1) aOCOMOTHO CXOMUTCS.
Ecnu f unTerpupyema, To cymma psifa (1) HassiBaeTcs MHTErpajioMm oT f 1mo MHOXKecTBY A.



1.4. CpoiictBa unterpaina Jlebera ot mpocThix GyHKIUH.
YcTraHOBUM HEKOTOPBIE CBOMCTBA HHTETpaia Jlebera oT mpocThIX PyHKITHH.
1° “f +g]d,u=j fd,u+.|.gd,u
A A A
[Ipuyem, U3 CylecTBOBAaHUS UHTEIPAJIOB CIIpaBa = CYILIECTBOBAHHE UHTETPAJIOB CJIEBA.

2°Vk = const J.kfdy+ kj fd u
A A

IIprueM, U3 CyneCTBOBAHMS MHTErPAJIOB CIIpaBa => CYIIECTBOBAHUE MHTETPAIIOB CIIEBA.
3° OrpannuenHas Ha MHOXeCTBe A mpocrast GyHkius f wHTErpupyema Ha A, mpuyeM, eciiu

‘f(x)‘SM Ha A, To If(x)d,u <M - u(A).

A

(ouan c. 83 )
3ameTnM, 4TO 00IIee MOCTPOCHUE HHTErPATBHBIX CyMM JleGera MOYKHO MPOBECTH CIIEIYIOIIUM
obpazom:

HYCTB f (X) OIrpaHUYCHHAaA U3MCpHUMasi q)YHKI_II/IH, OIIpPCACIICHHAA Ha UBMCPUMOM MHOXKCCTBC

C<f(X)<D vV Xxe A. Pazo0ObeM OTpe30K [C, D] toukamu C=Yy, <y, <Y,<..<y,=D =u

MMOCTPOUM CJIICAYIOIINUEC CYMMBI:
n n
S, =2 YiaMl, s, =>y, ml, e | ={x:y,, < f(x)<y}.
i=1 i=1

OTu CyMMBbI Ha3bIBAIOTCSI HUJKHEHN U BepxHel cymmamu Jlebera.
Ecnu cymectByer oOmuii mpeaen BEpXHUX M HIDKHUX cymMm Jlebera, mpu cTpeMieHUH

MeJKOoCTH pa3duenust Kk Hymo Minul. —07?, To dynkius f HaspiBaeTcs MHTETpUpPYEMOIt, a mpenen
Ha3bIBaeTCs HHTErpajgom Jlebera.

§ 2. OOmiee onpenenenue naTerpaia Jiebera.
2.1. Onpenenenue cyMMupyemMon pyHKIIHH.
Def ®ynkums f Ha3piBaeTcs cymMMuUpyemoil (MHTErpupyeMoill) Ha MHOXeCTBe A, eciiu

CYLIECTBYeT IIOCIEIOBATENBHOCTE HPOCTBIX ~MHTErpupyeMmbix Gynkumid  {f }, cxomsmmxcs
paBHOMepHO K f .

[Mpenen rlgroloj- f,(x)du obGosHaumm =I f(x)du u HasoBem uurerpamom ¢ynkumn f mo
A A

MHOXECTBY A.

Taxum oOpa3oM, moctpoenue uuterpana Jlebera pazdoupaercs Ha /iBa HTara.

[lepBrIii: HETTOCPEICTBEHHOE OIpENeIeHue MHTErpaia Kak CyMMBI psa JJIs Kjacca MpOCThIX
CYMMHPYEMBbIX (YHKIIMH, T0CTaTOYHO MPOCTOTO.

Bropoii: PacnpocTpanenue omnpeneiaeHusl UHTerpana Ha Oojiee HIMPOKUN Kiacc ¢ MOMOIIbIO
MpeJeNbHOro Mepexo/a.

3aMeTHM, YTO COYEeTaHWE [BYX OTAloB, MOMOOHBIX ATHM, TNPHUCYTCTBYET TIpU JIFOOOM
MOCTPOCHUH UHTETpaa.

2.2. CpoiictBa unterpaia JleGera.



1°. J.1~d ,u=,u(A) ClIenyeT HEMOCPEICTBEHHO W3 ONpENeJeHUs HWHTerpaja OT MPOCTOU
A

GyHKIMY (KaKk cymMMma)
2° j kf (x)du = kj f(x)du VK= CcONn mnpuuem M3 CyIECTBOBAaHMsS MHTETpPaja CIpaBa
A A

CIIEAYET CYLECTBOBAHUSA UHTETPAja CIEBA.
Cuenyer u3 2° cBOMCTBA 1S IPOCTHIX (PYHKIMM U IPEAEIHLHOTO IEPEXo1a

3° AIIMTUBHOCTE j[f (X)+g(X)]d,u:J. f (X)d,u+fg(X)d,u.

IIPUYEM U3 CYLIECTBOBAHMSI MHTEIPaJIOB CIIpaBa ClIeAYeT CYIIECTBOBAHUS HHTErpaa cieBa.

Cnenyer u3 1° cBolicTBa 118 MPOCTHIX (PYHKLUIA U MPEAEIHLHOTO EPEXOIA.

4° OrpannuenHas Ha MHOKecTBe A (yukuus f unHTerpupyema ma A

Cnenyer u3 3° cBOMCTBA 1181 TPOCTHIX (PYHKLUH U IIPEAEILHOIO MEPEX0a.

5° MoHOTOHHOCTS: eciu f (X) >0 Ha A, 1O J. f (X)d,u >0.

A

Jlnist mpocThIX (QYHKIUI CleyeT U3 ONpeAeieHNus HHTErpaia, a B 00IIEeM Cllydae ¢ TIOMOIIbIO

MpeieIbHOro Mepexoa.

5% U3 5° cnenyer: ecin f > g Ha A, TO J.fd,u ZJ.gd,u
A A

5% Ecim m< f (X)<M s Beex mim nouts Beex X € A, 10 my(A) SI f(x)du<Mu(A).
A
6° Ecm 11(A)=0, 1o I f (x)du=0. Cnenyer u3 onpeseseHus HHTErpasIa.
A

6% Ecn f = g, To J. fdu = I gd u . Cnenyet U3 onpee/ieHus HHTErpaa.
A A

7° Ecin QyHKUMS ¢ uUHTErpupyeMa Ha A M IOYTH BCIOIY ‘ f (X)‘ < go(x) , To f Taxxke
uHTerpupyema Ha A.

Jloka3wIBaTh HE OyAeM.

8° UuTerpaisl I f(x)du n H f (x)‘ dy CylIecTBYIOT MM HE CYIIECTBYIOT OJHOBPEMEHHO.

2.3. AGcomoTHas HEMPEePHIBHOCTH MHTErpasia Jlebera.

CBOWCTBO 6° M3 NPEIBIAYIIETO ITYHKTA TOBOPHT, YTO HHTErpa Jlebera 1mo HOKECTBY HYJIEBOM
MepBI paBeH HYJIIO JUis It000# pyHkunm f .

OTO0 yTBEp)KIAEHNE MOKHO PACCMaTpUBaTh KakK IIPEENIbHBIN ClIydail CIEIyIOIIEeH TEOPEMBI.

Teopema. Ilycte f wunTerpupyema Ha A. Torma Ve>0 36 >0 Takoe, 4To I BCSKOTO

n3mepumoro E < A rtakoro, 4ro ,u(E) <0 cuenyer I f (X)d,u <¢g.
E

JlokazaTenbCcTBO

M =sup| f ()
E

&
, TOTJa o= M " OLICHKAa MHTCIrpaJIa.

§ 3.IIpenenbHbIN Tepexo Mo1 3HAKOM UHTErpaia.

Bonpoc o npenenpHbIN epexo Mo 3HAKOM MHTETpajia, WM, YTO TO K€ CaMO€E, O TIOWIEHHOM
MHTETPUPOBAHUU CXOMSIIErocs psijia, 4aCTO BOSHUKAET B Pa3IMYHbIX 3a/lauyax.

B mar.aHanu3e ycTaHaBIMBAETCs, YTO JOCTATOYHBIM YCIOBUEM TAaKOIO MPEAEIBLHOrO NEpexoa
SIBJIIETCS. PABHOMEPHAS CXOJIMMOCTh COOTBETCTBYIOIIETO psijia UM MOCIe10BATEIbHOCTH.

Tak xak wunTerpan JlebGera sBnsercss oOoOmieHneM uHTerpana Pumana, To M cieayromue
TEOPEMBI SIBJIAIOTCSI 0000IIEHNEM TPUBEIEHHOTO (paKTa.



3.1. Teopema JleGera
Teopema (JIebera 06 orpaHUUEHHON CXOIUMOCTH).

Iycts nocnenoBarensHocts { f,} cymmupyembix dynkumii 1) cxomures o Mepe K GyHKIUHK
f.(x)|<e(x) Vvn
Torma yuknus f cymmupyema u J. fdu = IimI f.du
N—o0
A A

f u2) 3 takas cymmupyemasi pyHkius ¢ >0, 9ato

3nech (/)(X) Ha3bIBAETCS] CYMMUPYEMOM MaricOpaHTOM MMOCIeJ0BaTEIbHOCTH { fn} .

3.2. Teopema benno Jlesu
Teopema. Ilyctp Ha mHOXecTBe A 0< fl(X)S fZ(X)S...S fn(x). [Tpuyem ¢dynxumun f,

HHTCTPUPYEMBI U UX UHTETPAJIbl OTPaHUYCHBI B COBOKYITHOCTH

Ifn(x)dySK.

Toraa moutu Bcrogy Ha A cymiecTByeT KOHEuHbI mpemen f (X) =limf, (X) , 1 QyHkims f

N—o0

MHTErpHpyeMa Ha A, IpHuyYeM Iimj f, (x)du :J‘ f(x)du.
n—oo
A A
I[Tpu 5TOM Ha MHOKECTBE, Ha KoTopoM mpenen lim f, (X) HE cymiecTByeT, QyHKIH0 f MOXHO
n—oo

3ajaTh npoussonbHO. Hanpumep, mynem f(x)=0.

O4eBUAHO, YTO YCIIOBHE MOHOTOHHOTO HEYOBIBaHMS (DYHKITHIA fn(X) MO>HO 3aMEHHUTH Ha

MOHOTOHHO HCBO3paCTaHU:.

Cruencreue ([lns psima) ecmn W, (X)=0 n ij"l’n (x)du <oo, To mouTH Belomy Ha A psn
A

Z‘Pn (X) cxomurest n J‘i‘l’n (x)du = i‘l’n (x)d .

A n=l n=1
3.3 Teopema Dary.
Teopema. Ecim mocienoBatelbHOCT HEOTPUIIATEIBHBIX U3MEPUMBIX | (X) CXOAUTCS TOYTH

Berogy Ha A x f, 1o J.f(x)d,uﬁlimj.f(x)d,u.
A

A

§ 4. CpaBuenue unrerpainos Jlebera u Pumana.
JI71s1 IpOCTOTHI U3JI0KEHUSI PACCMOTPUM CBA3b MEXAY UHTETPAIaMU B OJTHOMEPHOM CIIy4ae.

4.1. CpaBHEHME HHTETPAJIOB IO OTPE3KY.
Teopema. Eciu dynkius f (X) uHTerpupyema rno Pumany, To oHa uHTerpupyema u no Jledery

b
(R)[ f(x)dx=(L) [ f(x)du.
a [a,b]
1 xeQ
B obparHyto cropoHy Teopema He BepHa. Hanpumep, dynkums Tupuxiae D(X)= 0, x£Q Ha
0, 1| uarerpupyema mo Jledery, HO HE HHTETPUPyEMA
[0, 1] pHpy y pHpy

ITo Pumany.

4.2. Cnyyaii HeorpaHU4YEeHHOU (QYHKILIUU.



Heorpannuennsie GyHKINN BOOOIE HE MOTYT OBITh HHTEIPUPYEMBI 110 PUMaHy, HO MHOTHE U3
HUX UHTErpupyemsl 1o Jlebery.
Brauane ompenenum muTerpan Jlebera oT HEOTpaHMYEHHON HEOTPULIATENLHOW H3MEPUMOM

dynxuun  (X) Ha MOXKECTBE A.
ITocTpouM BCIOMOTATENbHYIO (DYHKIIHIO
f(x),0< f(x)<t
[P0 _{t, F(x)>t
Dra QyHKIMS U3MepuMa U orpaHuyeHa (uucinamu). Temepb muTerpan JleGera onpejensercs

KaK (L)J.f( )du=lim(L J.[f ]td,u.

'[—)+oo
A

VkazaHHbId Tpenen Bcerma cymectByeT. Eciu  OH  KOHeueH, (YHKIMIO Ha3bIBAIOT
cymmupyeMoi Ha A, eciiii 06CKOHEUEH — TO He CyMMHUPYEMOH.
Tenepp ompenenrM WHTETpai OT 3HAKOIIEPEMEHHON HEOrpaHMYCHHON HM3MEpPUMON (QYHKIIUU

f (X) Ha A C IOMOIIBIO PaBEHCTBA

(L)jf(x)dy:(L)jAn(x J;f (x)dp, rae
ORI N

[f(x) f(x)<0
0 f(x)=0
Def ®dynkums f HaspiBaercs cymmmpyemoit, eciu f, m f cymmupyemsr, ¢yHkims

HECyMMHUpYyeMa, €ClId XOTs Obl 0JJHa U3 HeoTpulatenbHbiX GyHkuuit f, u f_ Hecymmmpyema.

W3 nocnenHero onpenenaeHust JIErko BHIBECTH TEOPEMY
Teopema 1. [lig cyMMHpPYeMOCTH M3MEPUMON (PYHKIMH HEOOXOJUMO U JIOCTATOYHO, YTOOBI

ObuTa cymmupyeMa (yHKIHS | f | :
(JleficTBUTEIIBHO, BEIb | f | =f +f)

W3 3T0# TeopeMbl BBIBOAUTCS CIEAYIOILAS.
Teopema 2.
Jlns  aGCONIOTHOM CXOAMMOCTHM HECOOCTBEHHOro UHTerpaina Pumana HeoOXoaumo u

A0CTATOYHO, yro0BI f (X) ObLIa CyYMMHUpPYCMaA, U TOr'la BBIIIOJIHEHO PABECHCTBO
b b

(R)[ f(x)dx=(L)[ f(x)du.
KpOMe TOrO, CIIpaBCAJINBO PaBCHCTBO

b b
R)J|f (0lae=(L) ]| (x) da.
a a
CnenctBue. Takum 00pa3oM, H3 YCIOBHOW CXOAMMOCTH HECOOCTBEHHOTO WHTETpaja

b
I f (x)dx ciexyer necymmupyemocts dynkumn f ()
a

4.3. Cny4ail HEOrpaHMYEHHOTO IPOMEXKYTKA.
3aMeTHM, 4TO B 3TOM cllydae CHpaBeIMB aHAJIOT TEOPEMBI 2 U3 NMPEABLAYIIETO MyHKTA.



Teopema. Jlnsi aGCOMIOTHOM CXOAMMOCTH HECOOCTBEHHOIO HMHTErpana (R)I f (x)dx
a

HEO0OXOIMMO M JIOCTaTOYHO, YTOOBI f(x) Obula cymMmmHpyema Ha [a, +oo). [Ipu 3TOM BBINIOJIHEHO

PaBEHCTBO
(R) [ f(x)ax=(L) [ f(x)du.
3amMeTHM, 4TO KPOMe TOro, CIIpaBeuBo paBeHcTBo (R) j ‘ f (X)‘ dx=(L) '[ ‘ f (X)‘d,u .

[Ipy m3ydyeHHH NPOCTPAHCTB HAC OyIyT MHTEPECOBATh CIEAYIOIIME BOIMPOCHI: JTUHEHHOCTD,
MOJIHOTA, CENapa0eIbHOCTh, CXOIMMOCTh, METPHKA.

§ 5. IIpocTpancTBa CyMMHUpYEMbIX (DYHKLIHH.
OnvH M3 BaXHEWIIMX KJIACCOB HOPMHUPOBAHHBIX IPOCTPAHCTB COCTABIIAIOT IPOCTPAHCTBA
CYMMHUpPYEMbIX (YHKIHMHA, B MEPBYIO O4Yepe/b NMPOCTPAHCTBO BCEX CyMMHpyeMbIX (yHKuuil L, u

IpOCTpaHcTBO L, (yHKIMI, CyMMHPYEMBIX C KBaPATOM.

5.1. IIpoctpanctBo L, .
[Tycts X HEKOTOpOE MPOCTPAHCTBO C MEPOM L, Oy/IeM CUUTATh MEpPy 4 TOJHOM (T.e. JIr0boe

MIOJIMHOXKECTBO JIFOOOr0 MHOKECTBA MeEpYy HYJIb H3MepuMoO). PaccMOTpUM COBOKYIHOCTH BCEX
bynkumii f, cymmmupyembix Ha X . [ToCKOJNBKY JMHEiHAs KOMOMHAIMS CYMMHUPYEMbIX (YHKIUI

CyMMHpYEMa, TO 3Ta COBOKYHIHOCTb 00pa3yeT JHMHEHHOE NPOCTPAHCTBO. DTO IMPOCTPAHCTBO MBI
0003HaYUM Ll(X, u) WY, Kopoue, npocto L, .

Beenem B L, HOpmy ||f||=”f(x)‘d 4. Jlerko mpoBepUTH, UYTO ||f|| YIIOBJIETBOPSIET BCEM
YCIIOBUSIM HOPMBI, 32 UCKITFOUYECHUEM OHOTO, UTO || f || =0< f =0.

YroObl yCTpaHUTh 3TH PACX0KICHHS DJIEMEHTAMHU NPOCTpaHCTBa L, OyaeM cumTaTh Kiaccel
SKBHUBAJIEHTHBIX MEXIy c000M cymmupyembix (QyHkuuid. (MHaue Takoil (yHKUMOHaN Ha3bIBaeTCs
IIOJIYyHOPMOM).

B L, xak m BO BCAKOM HOPMHPOBAHHOM IPOCTPAHCTBE, C IOMOILIBI (OPMYIIbI
p( f, g):”f —g|| BBOAMUTCS paccrosiHue. CXOOUMOCTh TMOCHEI0BAaTEIbHOCTH CYMMHUPYEMBIX
(GYHKIMI B CMBICIIE 3TOT'O PACCTOSHUS Ha3bIBAIOT CXOAUMOCTBIO B CPETHEM.

BecbMa Ba)kHBIM JJI1 MHOTUX BOIPOCOB TOT (DaKkT, YTO MPOCTpaHCTBO L, momHo, T.e. mro0as

(dbyHIaMeHTalIbHAS [TOCIIEIOBATETFHOCTD CXOTUTCS.
Mepa, nmeroriasi C4eTHBIN 0a3uC, Ha3bIBACTCS cenapadeaTbHON MEPOH.
Teopema. Ecnu mepa u - cemapaOenbHass Mepa Ha H3MEPUMOM IMPOCTpaHCTBE X, TO

IIPOCTPAHCTBO Li(X, ,u) cernapalenbHO.

B wactHoM cnydae, korma X - OTpE30K YMCIOBOM mpsMoi, a u - mepa Jlebera, cueTHoe
BCIOJly IUIOTHOE MHOXECTBO B L, MOXXHO MOJY4YHTh, B3SB MHOXECTBO BCEX MHOIOWIEHOB C
paloHaIbHBIMU KOA(PPUIIUECHTAMHU.

BeiBon. IlpoctpanctBo L, mpencrasiser coOoil moinHoe HOpMupoBaHHOE (T.€. 0aHaXoOBO)

JIMHEHHOE MMPOCTPAHCTBO. O,Z[HaI(O OHO HEC ABJIACTCA I‘I/IHL6CpTOBLIM, T.K. OIIPCACIICHHYO B HCM HOPMY
HCJIB3d 3aaaTb C IMOMOMIBIO CKAJIAPHOTO IIPOM3BCIACHUA. A HUMCHHO, HC BBIIIOJHCHO PaBCHCTBO



napajiesiorpaMma ||f + g||2 +||f —g||2 = 2(” f ||2 +||g||2) Harpumep st pynkuuii f =1 u g =sinXx Ha

[0, 27[] .

5.2. IIpoctpanctso L, .

Onpenenenne. Oynkuus f HaspBaeTcs (yHKIMEH, CyMMHPYEMOW C KBaJapaToM, €CIIH
I f2(x)du (xoneuen, cymecrByer).

CoBOKYITHOCTB BCEX TakuX (PyHKLUI Mbl 0003HauuM L, (X, ,u) wm L, .

3ameTnm, 410, KaK U B cirydae L ; L, - 1uHeliHOe MpOCTpaHCTBO, MOJIHOE, CenapadenbHoOe.

B ortimuume ot L, B L, BBOAMTCS CKalsspHOE NIPOU3BEACHNE

(1,0)=] 1 ()9 (x)du.

IToatomy L, - runp0epTOBO POCTPAHCTBO.

3aM€TI/IM, 4TO B L2 , KadK 1 BO BCAKOM FI/IJIb6epTOBOM IMPOCTPAHCTBC, BBINIOJIHCHBI HCPABCHCTBA

Komu-byHsSKOBCKOTrO 1 HEPaBEHCTBO TPEYIOJbHUKA!

(f fgdy)zgjfzdy-jgzdy

a“(f +g)du s\/j fzd,u+\/jgzd,u
Hopma B L, ompenensercs ¢opmyoii || f || = ,‘f( f,f ) =, M f°du, a paccrosHEE MexTy

anementamu f u g p(f, g)=|f-g|= I(f—g)zdy.

CXOI[I/IMOCTB (I)YHKI_IHOHaJILHOI;'I MMOCJICAOBATCIbHOCTU 110 MCTPHUKE IIPOCTPAaHCTBA L2

Ha3bIBAETCS CXOAUMOCTBIO B CPEJHEM KBAJPaTUYHOM.
Teopema .
N3 cxonuMocTH B CpelHEM KBaJPATUYHOM CIIEIYET CXOJUMOCTb B CPEIHEM
Joxk-Bo.
N3 HepaBencTBa Kommn-byHskoBckoro:

f=p-y, g=1, (I((ﬂ—w)-ldﬂ)z <[(p-y)du-[Tdu
(I(cp—l//)~1du)2 <[(p-y)du-[Ydu

I(?‘W)dﬂ < «fj({ﬂ—l//)zdy - (X) < +oo

3ameuanue. OOpaTHas TeopeMa He BepHa.

2
Ipumep. f L [0,1] I L i pacxouTes, a j (%j dx - cxommTes.
X X
]

(0.1 X [0.1
5.3. COOTHONIEHHS MEK/Y Pa3THYHBIMU BUAAMU CXOAUMOCTH.

(pucyHoK)

P-L, 4(x) = const, |fn—f|<5:>4H|fn— f|2d,u <efu(x) =g



L —p
> [|f, = tldu=|f,— fldu+ [ |f,—fldu= [|f,—flduzo-u(E,)= u(E,)<
E E E E,

E
B =2 u I'1.2,n.32,T.1u?2)
IL.B. » mp. (I'n.2, n.2.2., T Eroposa)

n XE(O, %)
0 XE(%,].)

L, ne = n.e. Ilpumep (I'n.2, m. 3.2.)

B, ne — L, Tlpumep f(x)=

5.4. TIpoctpanctso L,

ITo ananoruu ¢ npoctpaHcTBoM L, .

o . p
Def Usmepumast pynkuus f HasbiBaeTCs CyMMHUPYEMOii ¢ p-i CTEIICHBIO, ECITH “ f | du <40
3nece p=>1.
COBOKYITHOCTb BCEX TakuX (yHKimi o6osnadaercss L (X, ) mmm L.

Teopema. [Tpoctpanctso L, npu mo6om p >1 nmHEHHO, NOJIHO.

1
— P P
Beenem Hopmy B L ||f||p—(.[|f| d,u) .
Teneps L, monHoe HOPMUPOBAHHOE, T.€. GAHAXOBO MPOCTPAHCTBO.
IIpocrpanctso L, cenapabenbHo, ecii mepa 4 Ha X cenapabenbHa.

OtmernMm, 4To B L, BBIIOIHEHO HepaBeHCTBO [enbaepa ( p> 1) 1 Munkosckoro ( p >1)
1

1 1
“ fg|d,u < (.H f |p d,u)p (J‘|g|q d,u)q , TIIE 1+1 =1, p>1 (3TO B3aMMHO COIPSDKEHHBIE YKCIIA)
P q

(Ilf+g|"du)3s(j|f|pdﬂ)$+(j|g|vdﬂ)il

IIpu p=2 (t.e. B L,) 310 HEpaBeHCcTBa KOmMN-ByHAKOBCKOI0O U TpEyrojabHHKA.
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