Paabl B KOMNNEKCHOU NNIOCKOCTH

* Ynucnosble pagbl
Yncnosbim PAOOM Ha3blBaA€TCA BblpaXEeHUeE B1a

ay+a, +.+a,+.= Y a,
n=1
roe @,.a,,""" - YUNeHbl paga, a, - obLnii YneH paaa,
k
S, = _a, - k-as yacTnyHas cymma papa.

=1

Pag cxoauTtcs, ecnu lim S;f =5 . S- cymma pgaga.

k— o

Pan pacxoguTcsi, ecnu }:11“11 S,  6eckoHeyeH nunu
” HE CYLLIeCTBYET.




YucnoBbim PAOOM Ha3bIBAE€TCH Bblpa>XeHUE BNOA

Zun =U U, +--FU, -
n=1

rge 4vrieHbl pdaa L{” KOMIMJ1EeKCHbIEe YANCT1a.

iuﬂ = i“(c;fH +ib )= (a,+ib))+(a, +ib,)+---

1n=1 =1

i Y (a, i)=Y, +i-3h,
n=1 n=1 n=1

Iy 1
N-as yacTudHas cymma paaa S, = > a, +i» b,
k=1 k=1



Pag cxoauTtcesl, ecnu cyLlecTByeT npeaer

S=1imS, =S +iS,
MHaye — pacxoguTcs. —>o0 2

Heobxoanmbin NpU3HaK CXOAMMOCTM: limu, =0

H—>oC

Pan Zun cxXoamuTcs abCconTHO, ecnn cxoauTca psaa

n=1 o0

2

n=1

[locTaTo4uHble NMPN3HAaKN CXOOUMMOCTW.
U

u.”?

= oty | + oy |+ +

u?’i‘

lim |2 < 1 lim 7 <1

11—>0 U N—>0
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...Janambepa ...Kowwn



CreneHHom psf chz” =c,+cz+---+c z -

n=0 - ”
NI ch (Z—ZO) .
n=0

ObnacTb CX0QMMOCTM — COBOKYMHOCTb BCEX 3HAYEHUN Z,
MPU KOTOPbIX PO CXOAUTCS.

Teopema Abensa. Ecnun cteneHHon psig chz”cxonmc;l
n=0
npu Z = Z,, TO OH abCONMOTHO CXOAUTCA MPU BCEX Z TaKUX,

10 [2| <[2|.
CnepncrtBue. BCAku CTENEHHOW psig CXOOUTCH BHYTPU
Kpyra cxogumocTu ‘ z‘ < R, roe R-pagmyc cxognmocTw.



* CyM|\/|a CTeNeHHOro paaa BHyTpu Kpyra CXoammocCTH
— dHaJINTU4EeCKa4d beHKLI,I/IFI.

« CTeneHHOW psa BHYTPM Kpyra CXoAUMOCTU MOXKHO
NOYSIeHHO AndpdepeHUnpoBaTb U UHTETPUPOBAT.
[1pn 3TOM pagnyc cXoanMOCTU HE N3MEHAETCA.

« Paguyc cxooumocTu MOXXHO HaxoauTb Nno popmyrne

R = hm un mim R = 1

U lim 1

Nn—>0

U

n




Paa Tennopa

MycTb Touka Z, npasunbHas Ans dyHkumn f(2).
Torpga

f(2)=1(20)+ [ (20)(z—2,)+

-paA Teitnopa cyHkumm f (Z) B Touke Z, .
[1pn aTOM

f(”)(zo): n! q‘) f(Z)

21i C(z—zﬂ)ﬂ+1 |




Pa3no)XeHne HEKOTOPbIX aNneMeHTapHbIX PYHKLNA
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e-=1+—+"—+.- zeC
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z 2z
SiIhz=zZ——+———+------ ze(C
35 7l
¢zt z°
cosz=1— — ze(C
21 41 6]

2 3 4
111(1—|—Z)=Z—Z +Z - N ‘z‘<1
2 3 4

(l+z)ﬂ:l+ —z+ a(a Dz +a(a—l)(a—2)z3+ : ‘z‘<l
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Hynn aHanntuyeckon pyHKUUM

Touyka Z,-Hynb QyHKummn f(2), ecnn  f(z,)=0.
Ecnn f(2)=/"G)==f(z)"" =0, f(z)" #0
TO Z, - HyNb Nopsiaka M (M-Hyrnb).
Torga pasnoXxeHue B pan Temnopa nMeetT BmAa
f(z)=c, (Z—Zo)m +cm_+l(z—zo)m+1 4.
Nnm )
f(z):(z—zo) (p(z), (p( )—c —I—CmH( —zﬂ)-l—---
npuuém o(z,)=c, #0.

3aMevyaHue: Hysib 1 nopsiaka — mpoCTON HYJIb.



Pap JlopaHa

« 3apayva. Pasnoxntb B psag B okpecTtHocTn 2z, =0
(no cteneHsam z) dyHkuuw [ (z) = p 1_1.

PeweHue.

PaccmoTpum 2 crnyyas:

1) ‘:‘ < ] (obnactb G1). Torga Cyl
1
f(2)=
z—1
2) ‘:‘ >1 (o6nactb G2). Torga
f(Z): 1 Ilel[lﬁ-%ﬁ-%ﬂ-%%—J

z—1 =z 1_% -

s

:_(I+Z+Zz+"'zﬂ+"')

s s s



Teopema JlopaHa. Bcakyto pyHKUMIO, aHANUTUYECKYIO

BKombUe 7 <|z—z|<R (0<r<R<®) MoxHO
Pa3NOXNTL B STOM KOMbLiE B PSA (pﬂn IlopaHa)

(z)—Zc z Z,) ,

Fl=—00)

roe KOSCbeI/ILI,I/IeHTbI

36 f(?’;)

n n+1

2m

a C — ntobas Opr>KHOCTb C LIEHTPOM B TOYKE Z,,
rnexatlyasi BHyTpu OaHHOro Kosbua.

[loka3saTenbCTBO:



[TpmeHnMm Tepemy Kolwuun ansa aBycBA3HOM obnactu —
- Konbua mexay L1 v Le.

1 /(&)
J(2)= 27 LiL, -z, a5 =
1 4 \
2mi VA

(KaXkObIN KOHTYP
NPOXO4ANTCA NMPOTUB
4acoBOW CTPENKN)




A
L g_zo

No OTpunuaTe/ibHbIM CTEeNneHAM Z-Zo

UHTerpan no L1 d& pacKnagbiBaeTcH



1Be yactu pﬂp,a JlopaHa

f(z)= Zc Z Z, +Z )

N J

NpPaBUJIbHAA I'!'IaBHaFI
YaCTb YaCTb




Ocobble Touku ¢.K.n.

Ocobble ToYKM PYHKUUN f(z)- TOYKN, B KOTOPbLIX OHa
He guddepeHumnpyema.

Ocobasi Touka nsonnpoBaHHas, ecnm B Kakon-nmbo
OKPECTHOCTMU €€ HET APYrmMx 0CODbLIX TOYEK.

Myctb 2y -u3onupoBaHHas ocobas Touka yHKLMM.
Toraa 3 R>0, uto B KoMble 0<|z—z|<R dyHKUMSA
aHanuTuyeckas u packnagbsiBaetcs B pag JlopaHa

f(z):icn(z—z +Z

n=1 Z Z(})




lIpu sMmom 803MOXMCHbI 3 CAy4asa.
1) Pan JlopaHa He CO,EI,GD)KI/IT rmaBHOW YacTW.

f(z2)= Zc Z Z,

Torma Z,- yCTpal-wlmaﬂ ocobas Touka.
B atom cnyyae lim f(z)=c¢, # ®

E%EO
Ecnu nonoxutb f(z,) =c,, TO f(z) CTaHeT
_ aHaNMMTNYECKON.
S1n z
[pumep. f(z) = , Zy = () - ycmpaHumas o.m.

Z



2) Pag JlopaHa cogepXnT KOHEYHOE YUCIO YS1EHOB B
FJ'IaBHOI/I yacTu:

f(z)= Zc Z z,

C C
+ cy +——+-+—2—:mec_#0
=5 (z-z) | (-a)

Torga z, - nontoc (Nonc nopsgka m; M-nonkc)
B atom cnyvae lim f(z)=
Z—>Z

1

Mpumep. f(z2) = —, z, =1-nontoc 2 nopsaaka

(z-1)




3) Papg JlopaHa cogepXut 6ECKOHEYHOE YUNCTIO
YS1EHOB B FJ'IaBHOI/I YacTu:

f(z)= Zc z—z, +Z

n=1 Z ZO)

Torga Z, - cywiecTBeHHO ocobas ToukKa.
B atom cnyuae lim f(z) He cywecmeyem.

Z—2Z
!
lpumep. f(z)=e-, z, = (- CyLLeCTBEHHO O.T.



Teopema o cesi3u Mexay HYJ1EM U NOJIOCOM

Ecnn Z, - nontoc nopdagka m gyHkumn f(z),
TO z, ABNSieTCA Hynem nopsaka m gns 1/1(z).

N obpaTtHo: Hyrb m-ro nopsaaka gnsa f(z) —
Nonc m-ro nopsigka gns :

f(z)

[1oka3zaTenbCTBO.
[ycTb Z, -Hynb nopsgka m dyHKUnn f(z). Toraa

f(2)=(z-z,) o(2)

rAe @(z) - aHanuTuyeckasi B Z,, u @(z,) #0 .



1 1

Torna (z-z,)" e — = "
m l l
l1 z—2z, = 0(#£
253-3[( ) f(Z)] oz )

|
CnepoBaTenbHO, Ana yHKUUn m TOYKa Z -

-rontoc nopsgka m.
ObpaTHOe Aoka3sblBaeTcst aHanornyHo.

3ameyaHue: nontoc 1 nopsaaka — npocmou rorsiroc.



Cny4yaun z = oo (beCKOHEYHO y/iaJeHHas TO4Ka)
nccnenyetca aHanornyHo. NsyvyeHue doyHKUMK B
OKPECTHOCTWN Z = co MOXHO CBECTWU NOACTaHOBKOW

1 1
2= — K M3YUEHMIO (DyHKLMY f[w

Mpumep1. f(z)=z" z, = o0 - NOOC 2 nopsiaKa.

Mpumep2. f(z) = l Z, = o0 - YCTpaHumasi O.T.

Z
Mpumep3. f(z) =sinz Zz, = o0 - CyLIECTBEHHO O.T.



BblueThbl

MycTb f(z) — aHannTUYecKaa PyHKUMA;

Z,- N301npoBaHHaA ocoban TouKa; C— KOHTYp C
LEeHTPOM B Z, B 0bnactm aHanutudHoctu f(z).
Torpa Bbluet ¢yHKUMU f(z) B TOUKe Z, ecTb

Res f(z,) = Egﬁf(z)dz

M Res f(z) =



BbluncneHue BblueToB
* Ecan Z, - npaBuabHaA AU YyCTPaHMMadA 0.T., TO
Res f(z,)=0
* Echm Z, - npocTon nontoc, To

Res f(z,)=lim (z—2z,) f(2)

G P(2)
W(z)

* Ecam z, - npocTori nontoc n f(2) = , ©(zy) =0,

(z

To Resf(z)= (P, 0)
Y (Zo)

* Ecnm Z - cywectBeHHO ocobas TouKa, TO

Res f(z)) =c_




* Ecan Z, - nontoc 2 nopAaaka, To

Res f(z,) = lim((z — Z, )2 f(Z))r

Z—>Z

* Echm z, -~ Mo/itoC nopadKa m, To

1 dm—l
Res f(z,) = l1m
f( 0) (Hi' l)' 2—>7g dzm 1 ((

L) 7o)



Bblumcantb BblYeTbl GYHKLMM BO BCEX OCODbIX
TOYKax.

Z

Npumep 1. J(2)= (z—l)(z+i)2

z=1 - NPOCTOM NOJIHOC;
—1 _'
Res /(1) = lim (z-)z __1 "

2=l (z—l)(z+;€)2 (l+;t')2 2
z=—i - NONOC 2 NOpPAAKa;

r

Res (- = lim((z+1)" /2 =lim| 1 -
L i
(=i-1) 2




Mpumep 2. f(z)= o2

3 2
L —Z

z, =0 -yctpaHuman ocobas Touka; Res f(0) =0
z, =1 - npocrto¥ nontoc;

=sinl

Res £(1) = lim 21507

>l 7 (z—-1)



Npumep 3. f(2)=

zt+1
MUmeem 4 NnpoCTbIX NOIKOCA
T 37 3T .
1 T o 3
.L-] _— e - .L-E - e - LB — - éil- e
z 1 1 -iZ ]
Re.sf(zl): 13 — 3 — e 2 g —
421 4z; 4 4
;
R@Sf(z ) — > =
g 4
i 1 i
Resf(z,.)— 7= —— Res f(z,)=—==—
Z3 4 4z, 4

L




Npumep 4. f(z)==z :~3i1:1i2

i

Z, =0 - cywecTBeHHO ocobas TouKa.
Pan JlopaHa B oKpecTtHOCTU O umeeT BUA

(1 1 1 .1
f(z :z"( 2— + —J:z — +...

z 3126 511




[lpyumeHeHUe BblYeTOB
K BbIUNC/ZIEHUIO UHTErpPasioB

OcHoBHaA Teopema Kowu o0 BblyeTax.

Myctb PyHKUMA f(z) - aHaANUTUYECKan Be3ae B
3aMKHyTOM obnactu D, orpaHnyeHHon Kpusoii C,
KpOMe KOHEYHOro YMcaa U30NNPOBAHHbIX OCODbIX
TOYeK Z,,2,,...,Z,, Nexawmnx sHytTpu D. Torga

@ f(2)dz = 2m'i Res f(z,)
C k=1



loKa3aTenbCTBO.
OKOM0 Ka*KaAon 0COOOMN TOYKU OnULEeMm
OKpY*HOCTb C,, nexkalyto BHYTpm obnactu D.
[TpumeHnm Teopemy Koluu
ANA MHOMOCBA3HOWU
obnactum.




Nmeem

Pf(D)de = [+ f(2)dz+--+ P f(2)e

[lo onpeneneHUo BblyeTa

<_{>f(z)dz =2mi-Res f(z,) (k=1,2,--,n)

OTcroaa
q} f(2)dz = 2mi(Res f(z,)+Res f(z,) +--+Res f(z,))

4TO U TpeboBasioCb AOKa3aTb.



Bobiyucaumes KOHMypHbIl UHMe2pasn ¢ MoMouwbro
8bl4Yemos

z dz
* Mpumep 1. qS — CZ‘Z‘=3
L (z—=2)(z—1)
Ocobble TOuKkM:  Z; = 2 - npocToi nonoc;

Z, =1 -nnoc 2 nopagka.

/\-Iaﬁp,em Bbl4eTbl B 0OCODbIX TOYKAX:
——— 71~ Res f(z))=1lim (274))/22
KJ =2 (2-2)(z 1)

| 8 8

—(2_1_) 25(3+4z)




/

. 2 (z—=1)"
Res f(z,) =lim =
=i (z— 2)!;;/1))/f
(2 32(z-2)-7 26+18i
= lim = > = ;
=i | z=2 (z-2) |_ 25
NTaK
—-3 — .
§ zd: .z=2ﬂ{¥iﬁy““)+26+l&J=
Y (z2-2)(z 1) 25 25

.(50+505

>3 j (i—1)



* Mpumep 2. g|3F4+e;‘f‘; 5 Cilz-1=3

C

Hanpaém ocobbie TOUYKW: z'+82° -9 = (z2 — 1)(22 + 9) =

= (z—l)(é + 1)( —3:)(:—!—33);

z, =1z, =-1;z, =3i; z, = —3i; -BCE NpoCTbIE
nontoca.
9N BHYTpYM KOHTYpa C nexart z,, Z,

C Res f(z,)= ¢ :i;

(i\ (z)= 4z° +16z 20
-1 1

z —1

\\/ Res f(z,) = «e :6’_;

o 3 4z +16z|_ —20




OKOHYaTeNnbHO NOAYyYUM

‘dz - _'
@ 4 : > =271 c _e :EShl.
z +8z° -9 20 20 5

C




[lpuMmeHeHune BbIYEeTOB K

BbIYUCIIEHUIO HECOOCTBEHHbIX

MHTerpanos

PaccmoTpum nHTerpan snaa j f(x)dx , rae dyHKumA f(z)

CBA3adHaA HepaBeHCTBOM —

f(2)|< ‘ , M =const>0
z

PaccmoTpum nonykpyr

‘Z‘<}" Imz>0

1

coAeprKallmi Bce ocobble TOUYKM (I)yHKLI,I/II/I nexal
B BEpPXHEWN NOoNYn10CKOCTU.



Mmeem T:f(x)dx—lr If(z)dz = 2ﬂiZResf(zk);

3aecb C - MONYOKPYXKHOCTb ‘z‘ =7, Imz>0
3amMeTnMm, 4TO J' f(2)dz| < %2 —— ﬂ;
N r ro
oh

[lepexona K npegeny npu y — oo, NOAYYUM

T f(x)dx = 2?11'2”: Res f(z,).



co 2

52
[Tpymep. BblYMCANTb MHTErpan j ]
1+ x

’f' 420 2

dx

PeweHue.

dx = — dx oBseTBopaeT
1+ 2[: T P

YC/I0BUAM npmv\eHeva Teopembl KoLl o BblYeTax.
Hanpem ocobbie ToOUKn pyHKUUNU

NHTerpan A = j

-

T JTE 2T T
i— —[— —i—

-~ —p 4 - — 4 z 4 — 4
Ll_e jL2_€ 5 _e 5 4 e .

Bce ocobbie TOUKM — npocTble nontoca. Y13 HUX B BEpXHEM
NONYNNOCKOCTU NneXart Z;, Z,. CnepoBaTtenbHO,

1 ¢ z°dz 1
A=— =—.27mi(Res f(z,)+ Res f(z,
2(@1”4 -2mi(Res [ (2))+ Res /(2,))




BbluMCAUM BblYETbI:

~

zy 11 -5

Resf(z))=—=—=—¢e *;
/(z) 4z} 4z, 4
1 1 -
Res f(z,))=—=—e *,;
A “) 4z, 4
OKOHYaTe1bHO:

A= ﬂ—f[ezf +€Tf] = jT—;{.(—.zf 2) = ﬂ\/z.
A

4



