MUHHCTEPCTBO OBPA3OBAHUSA I HAVKU,
MOJIOJEXHU U CIIOPTA YKPAWHBI
JTOHELIKMI HALIMOHAJIBHBIN YHUBEPCUTET
®AKVYJIBTET MATEMATUKU U THOOPMAILIMOHHBIX TEXHOJIOI I
KA®EPA TIPUKJIAJTHON MATEMATUKU
1 TEOPUU CUCTEM YIIPABJIEHUSA

C. A. Menbsnuk, H. B. Baiicpy0, B. B. ['puOuniokoBa

MoneanpoBaHuUue

SKOHOMUYECKUX,

HSKOAOTHYECKUX U
COILIMAABHBIX IIPOIIECCOB

JloHerk
JonHY
2013



MUHHCTEPCTBO OBPA3OBAHUSA I HAVKU,
MOJIOJEXHU U CIIOPTA YKPAWHBI
JTOHELIKMI HALIMOHAJIBHBIN YHUBEPCUTET
®AKVYJIBTET MATEMATUKU U THOOPMAILIMOHHBIX TEXHOJIOI I
KA®EPA TIPUKJIAJTHON MATEMATUKU
1 TEOPUU CUCTEM YIIPABJIEHUSA

C. A. Menbsnuk, H. B. Baiicpy0, B. B. ['puOuniokoBa

MoneanpoBaHuUue

SKOHOMUYECKUX,

SKOAOTHYECKUX U
COILIMAABHBIX IIPOIIECCOB

Yuebroe nocobue

YT1BepKACHO

Ha 3aceJJaHUU YYEHOT'O COBETa
(bakynbTeTa MaTEMaTHKH U
UH(POPMALIMOHHBIX TEXHOIOTUH.
[Iporokoin Ne 125 ot 14.02.2013 .

JloHenk
JouHY
2013



YK 001(075.8)
bbK (B)22,172

ABTODBI: C. A. Menvruk, kanauaar GU3NKO-MaTEMATHIECKUX HaYK,
JIOIIEHT, CTAPUINN HAYYHBIH COTPYAHUK OTACIICHUS TEOPUHI
BEPOSATHOCTEN M MaTEMaTUYECKON CTaTUCTUKU MHCTHTYyTA
IPUKIaIHON MaTeMaTKu U MmexaHuku HAH Ykpaunsl,

H. B. Baiicpy6, kaHaumaT TEXHUYECKUX HayK, JOIEHT
kaenpsl TPUKIATHOW MAaTeMAaTUKH W TEOPUHU CHCTEM
yIpaBiIeHUS dakynbrera MaTeMaTUKHU u
WH(OPMAIIMOHHBIX TEXHOJIOTHH,

B. B. I'pubunioxoea, accUCTeHT Kadeapbl MPUKIATHON
MATEeMATHKU U TEOPHH CUCTEM YyIpaBieHHs (aKyibTeTa
MaTeMaTUKU U UH()OPMAIIMOHHBIX TEXHOJIOTUH.

Peniensent: 0. B. lllamapun, xaHIMAAT SKOHOMHUYECKHUX  HAYK,
JOLUEHT KadeApsl NPUKIATHOW MaTEeMaTUKH M TEOPUHU
CHCTEM  ympaBjieHus  (QakylabTeTa MaTEMaTHKH U
UH(POPMALIMOHHBIX TEXHOJIOTUH.

OTBETCTBEHHBIH 3a BBIMYCK: C. B. Mbiuuko, 1DOKTOp TEXHHMYECKHX HayK, Mpodeccop,
3aBeqyronii  kadeapoil NpHUKIATHON MaTeMaTHKH U
TEOpUU CHUCTEM YIpaBlieHHs (aKylbTeTa MAaTeMaTUKU U
UH(POPMALIMOHHBIX TEXHOJIOTUH.

MonenupoBaHue SKOHOMHUYECKUX, YKOJIOTHUECKUX U COIMAIBHBIX MPOIECCOB: ydeOHOE
nocobue / C. A. Menpauk, H. B. Baiicpy0, B. B. I'pubuntokosa. — [Jonenk: JlonHY, 2013. —
82 c.

B yuebHOM moOcOOMM PAacCMOTPEHBl OCHOBHBIE TEOPETUYECKHE  IOJIOKEHUS
CTaTUCTUYECKUX METONOB MOJCIMPOBAHMUS PANOB JUHAMHUKH, HEKOTOPBIE 3aJadyu
MaTeMaTHYeCKOM SKOHOMUKH, CBSI3aHHbIE ¢ ONITUMU3aIeld Tpon3BoacTBa. Oco00e BHUMaHKE
YAEIEHO METOJUKE MOCTPOCHUsI HYKOHOMETPUYECKUX MOJCIIECH Il IIPOTHO3UPOBAHUS PsIOB
JUHAMUKU.

Hns crynentoB crneumnanbHocTel «[Ipukmamnas marematuka» u  «HMubopmaruka,
MaTeMaTHKOB-aHAIMTUKOB U Pa3paOOTYMKOB MH(POPMALMOHHBIX CHUCTEM MOJCIUPOBAHUS U
IIPOTHO3UPOBAHUS.

YK 001(075.8)

BBK (B)22,172

© Mempauk C. A., 2013

© Baiicpy6 H. B., 2013

© I'pubunrokosa B. B., 2013
© JlosHY, 2013



Conep:xkanue

| 2321501 () 5 2 (SRR PR PPRN
Pazgen 1 HekoTopbie 3KOHOMETPUUECKUE MOICI . .....eeruveeenereaneeeannnen
1 CtaTuctudeckue METoIbl MOJICTUPOBAHUS
IKOHOMHUYECKUX IPOLIECCOB ....vvvernvreenrreenireeireenareesreesreesseeeseeennne
1.1 TTocTaHOBKA 3KOHOMETPUUECKOM 3AJIAUM.....ceerrnnvrreeernnnee
1.2 TUNBI CTATUCTUYECKUX JAHHBIX ..evuvvieeerreeeniireesieeeeniaeennns
1.3 Metonbl cOopa cTaTUCTUUECKOU HH(POPMAITHH .................
1.4 Tpunimnel cOopa U MOATOTOBKA JaHHBIX
JUTSE UCTIOTTBBOBAHMSL. ..c.vvteevieenteeenieeeeteenieeesateesnteesaseesseesneesnnee
1.5 MeToibl o0ecrieyeHust penpe3eHTATUBHOCTH .........c..v......
1.6 I PYTIIHUPOBKA JTAHHBIX . ..cceuuvreererieenireeenrreesnrreessseeesnsneesnns
2 HekoTopbie CBEACHUS U3 TEOPUU BEPOSITHOCTEM .....vvvveeenereennne.
2.1 YucnoBele XapaKTEPUCTUKU CAYyYaHHON BEIUYHHBL ..........
2.2 BBIOOPOYHBIE YHCITOBBIE XAPAKTCPUCTHUKH ......veeenveernrennnes
2.3 TTonpaBKy HIEMIAPAA ....eeeveeiiiieeeeeiiiieeeeeiieee e
2.4 Kod(POUIMEHT KOPPEIISIIIHH .....vveeeereeeevreeenreeeeneveeennneeenns
2.5 CBoiicTBa BRIOOPOYHBIX YHCIIOBBIX XapaKTEPUCTHK..........
2.6 OCHOBHBIE 3aKOHBI PaCIPEACIICHUS CITy4YailHbIX BEJIMYMH,
UCIIOJIb3YEMbIE B MATEMATUYECKON CTATUCTHKE .....ceeuvveennnee..
3 OCHOBBI TEOPUU TUHAMUYECKHUX PSTIOB ..vvvveeenereeeiireeeireeenaeess
3.1 O606mmeHHas aAIUTUBHAS MOJIETTh TUHAMUYECKOTO psiia
3.2 IloctpoeHne KOPPEKTUPYIOUIEH KOMIIOHEHTBL. .................
3.3 MeTtoabl 0TO0pa PYHKIMH TPEHMA...eeeevvreeeereeeeereeeanreaenns
3.3.1 Kputepuiit @ocTepa—CTIOapTa.....cceeeeevrveeeeerrrreeeennns
3.3.2 KPUTEPHUM TPEHIIA «.eeeeenevreernirieeaiiieeniieeesveeeenaneeeennes
3.3.3 KPUTEPHUM CEPUM ...vveeenevieeeniiieeeiieeeeiieeesieeeeieee e
3.3.4 MexaHuyeckue METO/Ibl BbIJICTICHUS TPEHIA.
CraaxuBaHue YKCIIEPUMEHTATBHBIX TAHHBIX .....ccevveennsne.
3.3.5 TUnUYHBIE QOPMBI TPCHIA....cceevveeeeerreeernrreeenreeeenenes
3.3.6 IlpeaBaputenbHbiii 0OTOOP DYHKIUN TPEHIA ............
3.3.7 NUnest MeTO/1a HAUMEHBIIUX KBAAPATOB ......vvvvveeennnnns
3.3.8 CBoricTBAa MHK-OILIEHOK ...covveeeeeeeeeeeeeeeeeeeeeeeee.
3.3.9 [Ipumenenne MHK-oLeHOK 7151 IOCTPOEHUS TPEH
3.3.10 O1ieHKY TOYHOCTU MOJETH TPEHAA ..ceeevreearereeennnes
3.4 [locTpoeHUE NUKIMUYECKON KOMIIOHEHTHI ......eeeenvveeeneeennss
3.4.1 MexaHuyecKkuid METO IOCTPOECHUSI
HUKIAYECKON KOMITOHEHTBI «...eeuvieniieeiieeireenireeseeeseeeennns

Qe 32



3.4.2 AHaMTUYECKUNA METO OCTPOCHHUS

HUKITHUCCKON KOMITOHEHTDI ....cvvvneiiinnneiiineeinneeianeersneernnesesneesannees 39
3.4.3 MeTo/ibl 0TOOPA 3HAYMMBIX TAPMOHUK ....vveeenereeeenereeenereeennnnens 40
3.5 IIpoBepka ocTaTOUHON KOMIIOHEHTHI HA aJI€KBATHOCTh
YCHOBUAM ['ayCCa—MaAPKOBA ...ccuueieeiiiieeiieeeiiee ettt 41
3.5.1 IIpoBepka psila OCTATKOB HA CITYYAMHOCTD ....eeeernvveeennereeennnnens 42

3.5.2 IIpoBepka psila OCTaTKOB HA COOTBETCTBUE

HOPMATBHOMY PACTPEICTICHHIQ .....eeeenerieeenerieenereeenreeesnnreeesnneeeesneens 43
3.5.3 IlpoBepka paBeHCTBA HYJIIO MaTEMaTHIECKOTO

OKUJAHUS] OCTATOYHOU KOMITOHEHTBI .....cvvveeeveenreeneeeieenaeeeneeeseeeeenne 44
3.5.4 HccrnenoBanre OCTaTOYHONH KOMIIOHEHTHI Ha

ABTOKOPPEIISIIIMED ...vvvveeenerreeeireeesureeesnsreesnsreesssseesnseessnsseesssseeessnnees 45
3.5.5 [IpnunHbl BOSHUKHOBEHHSI ABTOKOPPEIISILIUI
B PAJLY OCTATKOB ...eeeuuvteeeureeeaueeeesureesnuseeesnuseeesssseessseeesssseessssseesssnees 48
3.5.6 YcTpaHeHue aBTOKOPPEISALIMY OCTATKOB METOJIOM
ABTOPETPECCUOHHOTO MPEOOPABOBAHMS ....eeevveenreenieeenieeeeireesareeeneees 49
3.5.7 Pob6acTHOCTh METOAOB aHAJIU3a BPEMEHHBIX PSIJIOB ............... 51
3.5.8 CBoiicTBa OIIEHOK MPU HAPYIIIEHUHU HOPMAJIBHOCTH................ 52
3.6 [locTpoeHNE TPOTHO30B BPEMEHHOTO PSIMIA «.eeeenvvreeennreeenireeenireeennnes 54
KOHTPOABHBIE BOMPOCHI K PABTEITY 1 .evvevniiiiieiiieieiiieeiiee et 60
Pasznen 2 HekoTopele 3aja4l MATEMATHUYECKON SKOHOMUKM .......eevveeureernneennnne 62
1 TIpOUBBOICTBEHHBIC (DYHKIIHIF ......ccuvveeereennreeeneeeenreensseensseennseesseeenseesnsseens 62
2 OCHOBHBIE BUJIBI TPOU3BOJICTBEHHBIX PYHKIIUM .....vvveeeveeeenerieeeireeeneneeenns 64
3 OCHOBHBIE THIIbI 33]]a4 ONTUMHU3AIUNA MPOUZBOJACTBA .....vvvvveeeerneerreeeeannnnes 65
3.1 3agava MmakcUMU3aIUU TPUOBLIN
Ha JI0JITOBPEMEHHOM MPOMEKYTKE DYHKITMOHUPOBAHUS .....eveneveeneennne 65
3.2 3agaua MaKCUMU3ALUU TPUOBLITU
Ha KPaTKOBPEMEHHOM MPOMEKYTKE (PYHKIIHOHUPOBAHUSL. .......venvenneene. 66
3.3 3agaua MakcuMu3alud 00beMa BBIITYCKa TPOAYKIIMH
IPU OTPAHUYEHHBIX (PUHAHCOBBIX PECYPCAX.c.nvveerereernrierrieeireenireenareenne 70
3.4 3ajjaya MUHUMU3AIUK U3JIEPIKEK MPOU3BOJICTBA
pu PUKCUPOBAHHOM OOBEME BBIITYCKA TPOYKIIHM «..cneveenereanireennreannn. 72
KOHTPOJILHBIE BOMPOCHI K PABIICILY 2 .eeeeeeeirieeeeeriirreeeennnrreeeeennrreeeessnseeeesnnes 73
CHIUCOK PEKOMEHIYEMOM JTATEPATYPDBL.ccnevereeerreeeireeenireeenireeesseeesnsseeesnnneessnnee 74
CTATHUCTHUCCKHE TAOITHIIBI «...cuveenereereeteeieeieenitesiteesteeseesstesasesaseeseenbeesseesaeesnnes 75



BBenenue

B nanHOM yueOHOM mMOCOOMHM KpaTKO PACCMOTPEH TEOPETUUYCCKUIMA
Marepua, H3JIaracMbIi CTyJ€HTaM dakynpTeTa MaTEeMaTUKU "
nH()OPMAITMOHHBIX TEXHOJIOTHIA crienuaibHoCTeH «lIpukinannas maTemMaTuka» o
«Muadopmaruka» B mpenenax oomero kypca «MoaenupoBaHue YJKOHOMUIECKUX,
HKOJIOTUYECKUX M COLMAIBHBIX MPOLECCOB». Marepuaa COCTOUT U3 JABYX
CaMOCTOSITEJIbHBIX Pa3/IeJIOB: SKOHOMETPUUYECKUE MOJECIM PAIOB JUHAMUKU M
3a71a4M ONTUMHU3ALUY TPOU3BOACTBA.

DKOHOMETpUSI — 3TO HayKa, KOTOpas HCCIEAYyeT KOJIMYECTBEHHbIE
3aKOHOMEPHOCTHU M B3aMMOCBS3U, IPUCYIIHE SIKOHOMUYECKUM, SKOJIOTHYECKHUM,
COLMAIBHBIM TPOLIECCAM M CUCTEMaM, MPH MOMOIIHU METOJ0B MaTEMaTUYECKON
CTaTUCTUKHU. 3a/1a4¥ ONTUMHU3ALIMU MPOU3BOJICTBA SABJISIOTCA COCTABHON YacThIO
MaTeMaTHYECKOM SKOHOMHUKH.

B mepBom paznmene yueOHOTO TOCOOHMS M3JIOKEHA METOJIUKA TOCTPOCHUS
SKOHOMETPUUYECKUX MOJICNIC, ONUCHIBAIOIIUX JUHAMHKY 3KOHOMUYECKUX
nokasaresned. Bo BTOpoM pasjesne pacCMOTPEHbl OCHOBHBIE SKOHOMHYECKHUE
MOKa3aTeau M 3aJlaud ONTHUMHU3ALMKU MPOU3BOJCTBA. TpeTuil pa3aen COACPKUT
CTATUCTUYCCKUE TaONHIIBI, HEOOXOAUMBIC IS pEaTM3aliil CTATUCTHYCCKUX
METOJIOB IIPU PEIICHUU SKOHOMETPUUYECKUX 3a]1ay.

B  nganmHoM yueOHOM mocoOMM  BHHUMaHUE  COCPEJOTOUYCHO  Ha
SKOHOMETPUUYECKUX MOJIENAX, OJHAKO YHUBEPCAJIbHOCTh MaTEMaTHYECKUX
MOJIeJIel TO3BOJISIET O3 TpyJia aJanTUpOBaTh M3JIaraéMble METObI K 3ajadam,
pEelIaeMbIM B 3KOJIOTHYECKUX U COLIMOJIOTUYECKUX HAyKaX.



Pa3znen 1 HekoTopble 3JkOHOMeTpUYECKHE MOIEIN

Ilepedyenp 3amad, pemracMbIX HSKOHOMETPHUYECKMMH METOJAMHM, BeECbMa
oOmmpeH. Cpeau HUX MOYKHO BBLIECIUTH JBa Kjlacca: 3aJayd MHOTOMEPHOIO
CTATUCTUYECKOTO aHAINM3a U 337a4M CTATHUCTUKU BPEMEHHBIX psloB. B 3amadax
IIEPBOTO THIIA U3Y4AETCs 3aBUCHMOCTb HEKOTOPOTO CYMMAapHOTO IOKA3aTeNsl OT
IPYINbl NEPBUYHBIX IOKA3aTeJIed NPU HAIWYHAM CIy4YalHBIX BO3JIECHCTBUU Ha
u3ydaeMblii 00beKkT. B 3amagax BTOpOro Tuma — 3aBHCHUMOCTh HEKOTOPOTO
CyMMAapHOI0 TIOKa3aTedass OT EIWHCTBEHHOIO0 NIEPBUYHOIO IOKas3aTens —
BpeMeHH. [Ipy BHEmIHEN CXOXKECTH 3THUX 3aJad KaxJIas W3 HUX HMEET CBOM
OCOOEHHOCTH, M METOJbl MX PELICHUS CYIIECTBEHHO OTiIM4YaloTca. B paHHOM
yu4eOHOM TI0COOMHM OCHOBHOE€ BHUMAaHHUE YyJAEJIEHO M3YUYEHUIO 3a7ad
MOJEJIMPOBAHUS JUHAMUKHA SKOHOMUYECKUX TI0Ka3aTelIel C TCUEHUEM BPEMEHH.

1 CraTucTuyeckue MeTo/Ibl MOJIEJTHUPOBAHMUS IKOHOMHYECKHUX MPOIECCOB

B peanbHOIl JEHCTBUTENBFHOCTH HA COCTOSIHUE 3KOHOMHYECKHX OOBEKTOB
CYLIECTBEHHOE BIIMSHUE OKA3bIBAIOT BCEBO3MOXKHBIC CIIy4ailHble (DaKTOPBHI:
IIOTOJIHBIE YCJIOBUS, NPHUPOIHBIE KATAKIU3MBI, ITOBEIECHHE IOCTABUIMKOB H
norpedureseil, moBeaeHNe NOJUTHKOB, KOHKypeHTHast 6oprOa u Tak nanee. Kax
IIPABUJIO, KOJIMYECTBO TaKUX (DAKTOPOB BEJIIMKO U MpUpoJa UX HescHa. [TorTomy
OCHOBHBIM MHCTPYMEHTOM IIOCTPOCHHMS MATEMATHUYECKUX MOJEJIEH IPOLECCOB,
IIPOTEKAOUX B 3KOHOMHUKE, SIBJISAIOTCS METObl MATEMATHYECKON CTATUCTUKH.

OcoOeHHOCTBIO  3a/ay, KoTopble OyleM paccMaTpuBaTh, SIBISETCA
3aBUCHMOCTb U3Y4YaeMBbIX IT0KA3aTEJIEH OT BPEMEHHU, T. €. 3HAYEHUs IOKa3aTenen
HE TOJIBKO CIIy4alHBI, HO €II€ U MEHSIOTCS C TEUYCHHEM BPEMEHM COIJIACHO
HEKOTOpOW 3akoHOMepHOCTH. Kpome TOoro, cymmapHbIil Mokaszareiab Oyner
omvMH. B TakoM cuTyanMum HCCIENOBATENb PACIIONaraeT BO3MOXKHOCTBIO
U3MEPATh KOHEUHOE YHCIIO pa3 peajbHbIC 3HAYEHUs CYMMAapHOIrO IOKa3aTels.
OCHOBBIBasICH Ha 3THUX JAHHBIX, OH JIOJDKEH MAKCHUMAJIbHO TOYHO OIPEIEIIHTH
XapaKkTep 3aBUCHUMOCTH CYMMApHOIO IIOKa3arenss OT BpeMeHu. Eciau u3
DKOHOMHYECKON TEOPUM HW3BECTEH IPUHLUINHAAIBHBIA BHUJ 3aBUCUMOCTH OT
BPEMEHH, TO 3aJ]a4a HECKOJIbKO YMPOIIAETCS U MOXKET ObITh pEeIIeHa METOJaMHU
CTaTUCTHUYECKOTO aHAJIM3a BPEMEHHBIX PALOB. Ecin ke I3KOHOMUYECKask TEOPUs
HE JlaeT TaKOW MOJCKa3KW, TO MCCIEA0BaTEeNb BBIHYXKICH BHayajue OTOOpaTh
GyHKIUU-KaHAUJATBl B MOJENH, a 3aTeM 10 pe3yjibTaTaM HCCIeI0BaHUMN
BbIOpaTh OAHY M3 HUX. B gaHHOM y4eOHOM mocoOWMH HM3Jaraercss METOAHMKa
IIOCTPOEHUSI MOJIEJIN BO BTOPOM cilydae, T. €. KOIla BUJl HICKOMOU 3aBUCUMOCTH
3apaHee HE U3BECTEH.

1.1 ITocTaHOBKA IKOHOMETPHYECKOM 3a1a4HU

Bnavane paccmorpum oOIIMe TOHSATHS, HMCIOJIB3yEeMble B MPUKIAJTHOM
CTATUCTUYCCKOM aHAJIM3e, a 3aTeM MepeiieM K U3yUYeHUIO METOI0B TIOCTPOCHHMS
MaTEMaTUYECKUX MOJIENIC YKOHOMUYECKUX MPOIECCOB.

Obwas nocmaHo8Ka IKOHOMeMpPUYeCKoU 3a0ayu

PaccmaTtpuBaeTcsi HEKOTOpBHIT IKOHOMHYECKHUN OOBEKT, COCTOSHHUE
KOTOPOI'0 XapakTepusyeTcs MEepBUYHBIMH (AKTOPaMH X,,..., X, W BTOPUUHBIM
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cymMmMmapHbeIM (¢aktopom y. Ilpenmonaraercsa, 4yTo y HEKOTOPbHIM 00pazom
3aBUCUT OT Xi,...,X,. OKCIEPUMEHTAIbHBIM IIyTEM B peE3yJbTaTe n-KpaTHBIX
U3MEPEHUI MOTYUYEHBI JAHHBIE O 3HAUYCHUAX (HaKTOPOB.

Vis Xiqsees X015

Y25 X150 Xp25

HeoOxoanmo
1) BeIOpaTe  HEKOTOpPYXO  QyHKIHIO  y = f(X{,...,X,,d;,...,d, ), TAE
di,...,a, — MapaMeTpbl, KOTOpas, 10 MHEHHUIO HCCIIEI0BATEN, 3a/1a€T CBSI3b Y, C
Xjis j=Lr,i=1n;
2) noctpouth  (GOPMYJbl, TO3BOJSIOIIME HAXOIUTh NPUOIMKEHHBIC
. o
3HAQUYCHMUS MAPAMETPOB a; = a; (x;,y;), k =1,m;

3) OLICHUTbH CTCIICHb TOYHOCTHU MTOCTPOCHHOU MOJEJIN
* *
y=f(x,...x,.0ay,....4,);
4) OLICHUTh YPOBEHD aJIcCKBaTHOCTH MOCTPOEHHOU MOJIEJIN

paccMaTprUBaEMOMY SKOHOMUYECKOMY MPOLECCY.

1.2 Tunel cTaTHCTHYECKUX JAHHBIX

[lepBbIM dTamoMm pemieHUs SKOHOMETPHUYECKOW 3aJadydl SBISIETCS COOp
CTaTUCTUYECKUX JaHHBIX 00 wu3yyaeMoM ToKaszatene. [ns Toro, 4ToOBI
UCCIIeIOBaTelb HUMENI BO3MOXKHOCTh MPUMEHSATH METOJAbl MAaTEeMaTUUYECKOU
CTAaTUCTUKHU, COOp JAHHBIX JOJDKEH WPOU3BOAMTHCS TIO OMpPEAeTICHHOMN
MeToauke. Tum coOpaHHBIX [AHHBIX ONpEeseT Ha0op MaTeMaTHYECKUX
WHCTPYMEHTOB, KOTOpBIC OyIyT HCIONB30BAThCA. Pa3znuyaroT 1Ba OCHOBHBIX
TUIA CTATUCTUYECKUX JIAHHBIX: Cross-section — nepekpecTHbIE JaHHbIE U time-
series — BpEMEHHbBIC PSJIbI.

Omnpenenenue. [lepekpecmuvie oanHvle — 3TO JAHHBIE, MOJIYYEHHBIE IS
Pa3HBIX OJHOTUITHBIX OOBEKTOB MO OJHOMY M TOMY K€ IMOKa3aTeNI0 B OJUH U
TOT K€ MOMEHT BPEMEHHU, JINOO HE 3aBUCSIINE OT BPEMEHH.

Hanpumep, ypoBeHb cpe/iHeit 3apIuiaThl B pa3InYHbIX PETMOHAX CTPAHBI.

Omnpenenenue. Bpemennvie psovl XapaKTEPU3YIOT HU3MEHEHUE OJIHOTO U
TOTO JK€ TIOKa3aress, U3MEPEHHOTO y OJAHOTO U TOro *e OObEKTa B pa3HbIe
MOMEHTHI BPEMEHHU.

Hampumep, exeMecsuHble 3HA4YeHUS YypOBHA WHQIAIMM B TEUYCHUE
KaJICHJJAPHOTO ro/1a.

1.3 MeToabl coopa ctaTucTUYecKoii HHGOpMALNH

1. [Tomyaenne  wHQOpMamuu W3  OQUIMAIBHBIX  CTATHCTUYCCKUX
CIIPaBOYHHMKOB.

2. [lonyuenne wuHbOpMAIMd IyTeM MPSIMOrO0 HM3MEPEHHUS IOKa3aTesei
00BEKTA.
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3. [Nony4yenue nHbOPMAIIH C TIOMOIIIHIO OTIPOCOB.
4. AuketupoBaHue (0OBIYHO IJIsl TOKa3aTesei, KOTOpble HE MOTYT OBbITh
HETMOCPEACTBEHHO U3MEPEHBI).

1.4 IlpuHuunbl c6opa ¥ NOATOTOBKA TaHHBIX JJI51 HCI0b30BAHUSA

1.IIpu cOope mnaHHBIX HEOOXOJUMO MPOU3BECTH NEPBUYHBIA aHAIHU3
CO3/1aBa€MOW MOJEIM M COCTaBUTh CIHMCOK IIOKa3zaTeled Xx,,...,X,, KOTOpBIE
JCHCTBUTENFHO BIHMSAIOT HA M3y4YaeMbI MOKa3aTreiab y. DTOT CIHUCOK JOJKEH
OBITh NCYEPIIHIBAIOIIUM.

2. HeoOxomuMo 3apaHee ONpeNeNuTh, KAKOB XapakTep CIy4alHBIX
(bakTOpOB, BIUSIOUIMX HA JAHHBIE.

3. KenatenbHo, 4yTOOBI MPU COOpPE CTATUCTUYECKHUX JIAHHBIX PE3YyJbTaThI
OJIHOTO U3MEPEHHUS HE BIMSUIN Ha PE3yNbTaThl IPYTHUX U3MEPEHHIA.

4.1lpu cOope CTAaTUCTHMYECKUX JAaHHBIX JOJDKHA OBITh oObOecreueHa
pPenpe3eHTaTUBHOCTh JAHHBIX.

5. Ilepen ucHonab30BaHUEM TMOKa3aTeNu CIEAYeT NPUBECTH K OJHOU
eIMHHULIEC U3MEPEHHUS.

OcHOBHbIE BUJIBl MNPEICTAaBICHHUS HMCXOIHBIX JaHHBIX: mabauysl,
ouazpammol, moyeuHvle 2paghuKu.

[Tpu c6ope cTaTUCTUYECKUX JaHHBIX BAXKHO 3HATh MHOYKECTBO BO3MOYKHBIX
3HAUYEHUH HU3MEpsAEeMbIX MoKa3zaTesneld. Takoe MHOKECTBO MPUHSATO HA3bIBaTh
2EHEePAIbHOU COBOKYNHOCMbIO 3HAYCHUHN M3MEPSIEMbIX TTOKA3aTENCH.

B pesynbTaTe u3MepeHusi KakKI0ro Mmokasaressi UCCieloBaTesb MOoJydaeT
HaOOp YKcell, Ha3bIBAEMbIH BEIOOPKON U3MEPSHHBIX 3HAYCHUH.

Onpenenenue. Bvioopka o0beMa 1 — 3TO YHUCICHHbIE PE3YyJIbTATHI 71 -
KpPaTHO MOBTOPEHHBIX M3MEPEHHM H3y4yaeMOro IoKaszaTels Y, 3allCaHHbIE B

BHJIE YMCIIOBOTO BEKTOPA (y,,..., ¥, ).

OgHuM W3 BaXXHEWIIMX NOHATUWA MPUKIAJIHOW CTAaTUCTUKUA SABISETCA
pEenpe3eHTaTUBHOCTh BHIOOPKHU.

Onpenenenue. BblOOpKYy Ha3bIBalOT penpe3eHmamueHol, €Ccld OHa
o0JaaeT CleayoImMU CBOMCTBAMHU:

1) obecrnieven ciay4aitHbli BEIOOp JAHHBIX U3 T€HEPATHLHONW COBOKYITHOCTH;

2) BBIOOpKA OXBATHIBAET BCE KIJIACCHI BO3MOYKHBIX 3HAYCHUHN TTOKA3ATEIIS;

3) KOIMYECTBO MPEACTABUTEIIEN KaXJOTO Kiacca AOCTATOYHO BEJMKO,
4YTOOBI OTPaKaTh 3HAUMMOCTD KJIACCA B COCTABE F€HEPATIbHON COBOKYIHOCTH.

1.5 MeToabl o0ecnieueHusi penpe3eHTATUBHOCTH

1. MeToa nponopuuoHaIbHOCTH

Beibop  00BeKkTOB Ui MOIy4eHHs]  BBIOOPKM  IPOU3BOAMUTCS
IPONOPLUUOHATBHO  YHCJIEHHOCTH Kjjacca B COCTaB€ TI'€HEPaJIbHOM
COBOKYITHOCTH.

2. MeTon ciry4atHOCTH

ObecneynBaeTcs C MOMOIIBIO0 TEHEPATOPOB CIyYalHBIX BEIUYUH.



1.6 I'pynnupoBKa JaHHBIX

B psne ciyudaeB mnepen  MCHOJIB30BAHMEM JIAHHBIX IPOU3BOJAT HX
rpynnyupoBKy. ['pynnupoBKa JaHHBIX MOXET MPOU3BOAUTHCS, €CIU KOJIUYECTBO
JTAHHBIX JOCTATOYHO BeIMKO (>100) M M3BECTHO, YTO JAHHBIE MPEICTABISIOT
c000i1 3HaueHus a0COTIOTHO HEMPEPHIBHON CIyYailHON BETUYUHBI.

Ilopsook evinonnenus epynnuposxku OaHHbIX

1. Eciu TeopeTudecku 3apaHee M3BECTHO, YTO M3y4aeMbI IMOKa3aTelb

yvela,b] (1. e. orpe3ok [a,b] — TeHepambHas COBOKYIHOCTB), TO TOTJA

paccMaTpuBaIOT BECh OTPE30K U paboTaroT ¢ HUM. Ecinu oTpe3ok OeckoHeueH
WIN 3apaHee HEU3BECTEH, TO B BBIOOPKE HAXOAAT JIEBBIM M MpPaBbIA KpailHHE
YJIeHbl BAPUAIMOHHOIO psija

=min y,, = max y,
Yy e Yi>o Y s Yi
U JIaJiee PaCCMATPUBAETCS BHIOOPOUHBIN OTPE3OK [y (15 V() 1-

2. Pa30uBaroT OTpE30K Ha /M HENepeceKaloluXCcsi IMOJYUHTEPBAJIOB,
UMEIOIINUX OJAMHAKOBYIO JUIMHY. B KaXkIbli MOJTyHHTEPBA JOJKHO MOMACTh Kak
MUHUMYM 8—10 3HaUeHHI BEIOOPKH.

3. Onpenenstor cepeArHbl IOIYUHTEPBAIOB (WU K€ MEIUAHBL) Z,,..., Z,, -

4. Ucxomnas ciydaiiHas BeJIMYMHA 7] C BBHIOOPOYHBIMU 3HAYCHUSIMHU
Visees Y, 3AMEHAETCA MCKYCCTBEHHO CO3JaHHOM BTOPUYHOM CIy4alHOMN
BEJIMYMHOHN ¢ C BBIOOPOYHBIMH 3HAYCHUSIMHU Z,..., Z,, -

ITony4yennas takum o0pa3oM BbIOOpPKA (Z,,..., Z,,) HA3BIBACTCS 6MOPUUHOU.

KaxnoMy nocTpo€eHHOMY B IyHKTE 2 MOJYUHTEPBAILY CTABUTCSA B COOTBETCTBUE
4acToTa V, IONAaJaHusA 3HAYEHUS CIIy4alHOM BEJIMYUHBI B OTOT IIOJIYHHTEPBAI,

k =1,m. JanpHelas paboTa BBINOJHIETCA HA OCHOBE BTOPUYHOM BBIOOPKH.
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2 HekoTopble CBeeHUS U3 TEOPHH BEPOSTHOCTEH

PaccmMoTpuM  HEKOTOpBIE CBEIEHHMS U3 TEOPUU BEPOATHOCTEM U
MaTeMaTHYeCKON CTAaTUCTHUKH, HEOOXOAMMBIE [JIsi TMOHUMAaHHs JajibHEHIIero
TEOPETUYECKOTO MaTepHraa.

Onpenenenne. Ciyuainas eemuuna (@) — ATO BeIMYHHA, KOTOPas
IIPUHUMAET TO WM WHOE 3HAYCHHE M3 MHOXKECTBA JOIYCTUMBIX 3HAYCHUH B
3aBUCUMOCTH OT UCX0Jla (W CIYyYalHOIO DKCIIEPUMEHTA.

[IpaBriia HaxOXACHUS BEPOATHOCTEW MNPUHATHA CIYyYaWHOIO BEIMYMHOU
TOTO WJIM MHOTO 3HAYEHUS U3y4aJIMCh B KypCe TEOPUU BEPOSITHOCTEM.

IIpumep 2.1. PaccMoTpuM 3KCIIEPUMEHT MO MOAOPACHIBAHUIO UTPATBHOTO
KyOnka. Bo3MOXXHO onpeenuTh Cleyolne C1ydaiiHble BETUYUHBI.

E(w) — xonmmuecTBO OYKOB, BHIMABIIMX HA BEpXHEH TIPaHH KyOHKa;
MHOYKECTBO JOMYCTUMBIX 3Ha4eHuil {l,...,6}. Haiizem, HanpuMep, BEpOSTHOCTh

cobbrtust P{E(w) < 4}.
Plg(0)<4)= PlE(@)=1}+ PIE(@)=2)+ PE(@) =3} =+ -+ =
6 6 6 2

n(w) — cymma 04koB, BBIMABIINX HA BEPXHEH IPAHU W MPOTUBOMOIOKHOI
K HEH I'PAHU; MHOXECTBO JOIYCTUMBIX 3HAYEHUN COCTOUT U3 OJHOIO 4ucia 7.
Takxum obpasom, P{n(w)=7}=1.

Mpumep 2.2. Paccmorpum  crmyuaitnyto Bemmumny ¢ (w), pasHyio
PACCTOSHUIO, KOTOPOE MPOJIETUT CHApsiJ IPU BBICTpENE M3 opyaus. B nanHom
Cllydae MHOKECTBO 3HaYEeHHH ciydaitHon Benwunnubl § (@) npencrasiser co6oit
HEKOTOPBIH uKMciI0BOil uHTepBan (a;b), a BEPOATHOCTH COOBITUIA, CBA3AHHBIX C
JAHHOW CIIy4yallHOW BEJUYWHOM, CIIEyeT BBIUUCIATH C MOMOIbI (YHKIIUU
pacrnpeeneHus.

Onpenenenue. Dyukyuell pacnpeoeienuss BEPOSTHOCTEH CiIydyalHOU
BenmuuHbl  E(w) HaspiBaeTCs  DYHKIHS Fy (x):R+[0;1], ompenensemas
npasuiom Fg (x)=P{& < x}.

Onpeneaenue. /nomuocmoio pacnpeoenenus BEPOSITHOCTEU
HENpepbIBHON  ciydaifHoii  Bemmumubl (@) — HaseiBaercst  (yHKIHS

fé«(x): R+ R" Ttakas, uTo fg(x)z Fé(x)

2.1 YucaoBble XapaKTEePUCTHUKHU CJIy4YaiiHON BeJTUYUHBI

K NOHATHMIO «4YKMCIIOBBIE XapaKTEPHCTUKH» CIydaiHoi Beanuunsl &(@)
OTHOCST CIEAYIOIINE BEIMYUHBI.

—+o0
1. He yenmpuposanuwiti momenm k -20 nopsaoka ME ()= jxk fe (x)dx.

Oco000 BBIIETISIOT MameMamuieckoe 0dAcudanue, KoTopoe st abCoI0THO
HEIPEPHIBHBIX CITyYalHBIX BEIMYWH 3a/1aeTcs (popmynoi
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+o0
ME(@)= [x fz(x)dx.
MaremaTuyeckoe OXHUIAHUE — 3TO TEOPETHUECKU OXHUIAAEMOE CpPEIIHEE
3HaYEHHE CAydalHON Benuuunbl &(@) .

2. Lenmpuposannwiii momenm k -20 nopsioka M (E(w) — ME(w))* .
Oc000 BBIIETSIOT Jucnepcuro
DE(0) = M|E(@) - ME(o).
/DE(W) — TeoperrdecKH OXKMAAEMBII CPEIHEKBAAPATUYECKHH pa3bpoc
3HAYEHMH CaydaiHoli Bennunnbl &(@) .

M (& - ME(w)’
(DEw)™?

Acummerpust CIly4aiiHOMN BEJIMYMHBI olnpeaesnser YPOBEHB
HECHMMETPUYHOCTH IJIOTHOCTH pacnpeeienus &(a).

Ha puc. 2.1 criiomHo#i uHUEN n300pakeH rpaduk MIOTHOCTH HOPMAJIBHO
(x-a)?
1 —_

l"pa(bI/IK CUUTACTCA 3TAaJIOHOM ACUMMCTPHHU. ACI/IMMeTpI/Iﬂ HOPMAJIbHO
paCHpCHCHGHHOﬁ CHy‘lﬂﬁHOﬁ BCJIMYMHBI paBHAa HYJIIIO. HYHKTI/IPHBIMI/I JIMHUAMU
CXEMATU4YHO I/I306pa)KCHLI Fpa(bI/IKI/I IIJIOTHOCTEU pacupeaciaCHusd CﬂyqaﬁHBIX
BCJIMYMH, UMCIOIIUX IMOJIOKUTCIBbHYIO U OTPUIATCIbHYO ACUMMCTPUIO.

3. Acummempus Cy9aiHOM BEINIMHBI Ay =

9 o o 2
pacIpeeICeHHON CIIy4YalHOM BEJIMYUHBI e 29 . Dror

Puc. 2.1 — I'paduku maoTHOCTEN ¢ pa3IMYHBIMU 3HAYCHUSIMU ACUMMETPUU

ME-mE 3
(D¢)?

OKCleCC  CIIy4ailHOW  BEJIMYMHBI  ONPEAENAET CTENEHb «OCTPOTHI»
TUIOTHOCTH pacrpesneneHus enmuansl &(w).
Ha puc. 2.2 croniHo#i auHuer n300pakeH rpaduk miI0THOCTH HOPMAJIbHO
(xr-a)®
1 —

y=fe(x)=———

d 2o
rpaduK CUMTAETCS 3TAJOHOM JKCIIecca. DKCIIECC HOPMAJIBHO pachpeieICHHOM
CIIy4YallHOW BEJIIMYMHBI PaBEeH HyMIO. [[yHKTHUpHBIMM JMHUAMH CXEMATUYHO

4. Oxcyecc ciyqanHoM BeNMu4InHbl £y =

) 9 o 2
pacnpeieieHHON Cciay4yallHOM BEJIMYUHBI e 29 . Dror
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M300paKEeHBl TpauKK TIUIOTHOCTEHW paCHpeAesiCHus] CIIyYalHBbIX BEIWYHH,
VMMEIOIIMNX MOJIOKUTENBHBIA U OTPULIATEIbHBIN 3KCIIECC.

A
y

Puc. 2.2 — I'paduku IUIO0THOCTEH C pa3TUYHBIMU 3HAYCHHUSIMH JKCIIecca
5. Meouana cnydaiiHol BenwuMHBI &(@W) — DTO TAKOE YMCIO AL, 9TO

P{E®) < ) = P{E@) > 1) = ;

Ha puc. 2.3 cxematuuyHo wu300paxeH TpaduKk HEKOTOPOH IIJIOTHOCTH
pacnpeneneHns Ciay4arhHOM BEJIMYMHBI U €€ menuaHa . llnomanu jieBou u

paBoil yacTei 3alITPUXOBAHHON 00JIaCTH OJIMHAKOBBI U paBHbI 0,5.
y

X
Puc. 2.3 — Onpeienienre MeManbl [ COydaiHOM Beauunnbl &(@)

2.2 Bbi6opouHbIe YUCJTOBbIE XaPAKTEPUCTUKHU

K MOHATHIO «YUCIIOBBIE XapaKTEPUCTUKU BHIOOPKU 3HAUYECHUM CIy4yalHON
BeaMuuHbl <(@W)» OTHOCAT BEIUYMHBI, KOTOPHIE SBISIOTCS BBIOOPOYHBIMH

aHaJoraMd COOTBETCTBYIOIIUX TEOPETHYCCKUX YHUCIOBBIX XapaKTePUCTHUK
caMoi ciryJaifHOM BeMYMHBI. BeeACTBUE YCHIIGHHOTO 3aKOHA OOJIBIITUX YHCETI,
JUISL  IIMPOKOTO Kjacca CIyYalHBIX BEJIWYUH BBIOOPOYHBIC YHCIIOBBIC
XapaKTEPUCTHKU CXOJATCS C BEPOSITHOCTHIO €AUHUIIA K CBOUM TEOPETHUCCKUM
aHajoraM. OJTO  TIO3BOJISIET  WCIOJB30BaTh  BBHIOOPOYHBIC  YHCIIOBBIC
XapaKTEPUCTUKU  JJII ~ TPUOJMIKEHHOTO  BBIUMCICHUS  3HAYCHUHA WX
TEOPETUUYECKUX aHAJIOTOB.

_ n
o o k k
1. HeueHmpupoeaHHblu 6bl60p01lelu MOMEHM k -20 I’lOp}Z()Ka X = *in 5
nio

e x = (Xy,...,x,) — BBIOOpKa M3MEPEHHUit CiTydaiiHON BeanuuHbl &(W).
HeneHTprupoBaHHbBI BBIOOPOYHBIA MOMEHT Kk -TO TIOpSAKA SIBISIETCS
BBIOOPOYHBIM aHAJIOTOM HEIEHTPUPOBAHHOTO BBIOOPOYHOTO MOMEHTa k -TO
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n
y . L&k
MOpsJIKa U3ydaeMOu CllydyaliHOW BeuuuHbl M. f = —in pu OOJIBIINX 71.
n iz

1 n
Oco60 BBIIEISIOT 6b160pounOe cpednee X =— Y X; = ME(®).
n =
2. [lenmpuposannublii.  8b100pOYHBIL ~ MOMEHmM — 2-20 NOPAOKA, WIH

1 n
gvi6opounas oucnepcus S° = (x; = %)° = M(E-ME)? .
n =

[TockonbKy naHHas (GOPMYNa COIEPKUT CHCTEMATHYECKYIO TTOTPEIIHOCTb,
B UUCIEHHBIX pacdyerax Juii MNPUOIMIKEHHOTO BLIYMCIEHUS IUCIEPCHUU
CIy4aifHOM BENUYUHBI UCTIONL3YIOT UCHPABIEHHYIO 6b100POUHYIO OUCNEPCUIO
¢2 I & 2 no
= Y -x02=" §*~D&w).
n—135 n—1
Ota GopMyia yxKe HE COAEPKHUT CUCTEMATUIECKOM TOTPEIIHOCTH.

Yucna \/? u \/? HA3bIBAIOTCS UCHPABIIEHHbIM W HEUCNnpasieHHbIM
CcpeoHeKsadpamuiecKum OmKaoHeHuem BBIOOPKH OT BHIOOPOYHOTO CPEHETO.

3. AnanoruyHo nyHkTam 1, 2, 3aMeHsii TEOPETUUYECKUE MOMEHTBI HX
BBIOOPOUYHBIMU aHAJIOTaMU, OJYUYaIOT 8b100POUHbIE ACUMMEMPUIO U IKCYECC.

4. Meouana BHIOOPKH — 3TO TAKO€ YUCJIO M1, YTO KOJMYECTBO JIEMEHTOB
BBIOOPKH, MEHBIIIUX 771, PABHO KOJIMYECTBY 3JIEMEHTOB BbIOOPKH, OOJIBIINX 771.

2.3 llonpaBku lllennapaa

[Ipu rpynnupoBke BBIOOPKHM (CM. MYHKT 1.6) BO3HUKAET BTOpUYHAS
BBIOOpKA, YHCIIOBBIE XAPAKTEPUCTUKU KOTOPOW B OOIIEM Ciydae HE pPaBHBI
YHUCJIOBBIM XapaKTepUCTUKAM MCXOJHOW BBIOOpKHU. I[locKoNbKY BTOpUYHAS
BBIOOpKA  HCMOJB3YyeTCAs Uil  NPUOJMKEHHOTO  BBIUMCIEHUS  YHUCIOBBIX
XapaKTEPUCTUK TEPBUYHON BBIOOPKH, TO [JII YMEHBIIEHUS TOTPEIIHOCTH
IPUMEHSIOT nonpaexu [llennapoa.

Ilycte  xi,...,X, — HCXOMHAS BBIOOPKA, Z|,...s ZysZnseresLaseres Lppoeres Ly —

NS

m

m ny n,,

BTOpPHYHAS, TJI€ 1, — KOJIMYECTBO 3JIEMEHTOB IIEPBUYHOM BHIOOPKH, ITOMABIINX B
m
i-i  momymntepBan, ».m, =n. llpubnmkeHHsie (GOPMYNBI  BBHIMUCIEHUS
i=1
BBIOOPOYHBIX MOMEHTOB C YU€TOM HEOOXOAMMBIX MOMPABOK UMEIOT CIAEAYIOIIUI
BUI.
J1711 MOMEHTOB HEUYETHOI'O MOPsAIKa

m
n -

n

3 1 J
(x—x)° =" (x,—x)° zZZ(Zj -z)° n; s
j=1

i=l1
" TaK aaJicc il BCCX MOMCHTOB HCUCTHOTO ITOPsJIKA.
I[JI}I MOMCHTOB YCTHOT'O IIOPSAKa
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1o h*
$?=-"N(z.-2)*n,——,
R VR R VR ™ 7 4
=)= (z;-)" - (=) n,+_——h",
n;'(’ ) an:;(J ) 2 njzzi(] ) 240

rjae h — JUIMHA TOJyHHTEPBAIOB Pa30UCHUS.

2.4 Koa¢ppuumeHT KOppeasiunu

Koaddumment xoppensiuuu ABYyX CIHydyalHbBIX BEJIMYUH WUIPAET BAXKHYIO
POJIb MPU U3YYEHUH B3aUMHOTO BJIMSIHUS CIIyYailHBIX BEJTMYMH.

Onpenenenne. [Tycts (@) u 17(w) — aBe ciydaiinple BeIUuuHbL. YUCII0
_ M[((@) - ME(@)n(w) - M(@))]
[D&@) - [Dn(w)

Ha3bIBAETCA KOIpPuyuenmom Koppensyuu Ciydainsix Benuunn &(w) u (@) .

Py

Ceoiicmea ko3ghpuyuenma Koppenayuu

L. -1<p;, <1.

2. Ecnu § W 7) He3aBMCHMBI, TO OHM HEKOPPEIMPOBAHBI, T. €. Pg, = 0.
OO6partHoe B 00111eM ci1ydae HEBEPHO.

3. Ecnu & u 77 MMEIOT COBMECTHOE HOPMAJbHOE pacrpeieeHue, TO MX
HE3aBUCUMOCTh PaBHOCHJIbHA HEKOPPEJIUPOBAHHOCTH.

4. Ecmm Pen =—1, 1o cymectBylT uucia a,be R, a <0, takue, 4To
n=al+b.

5. Ecimm Pen =1, TOo cymectByor umucia a,be R, a>(0, takue, 4ro
n=al+b.

BoibopounsiM  anamorom  Koad¢uUIMEHTa  KOPPESILHH  SIBISETCS
8b100pOUHBIL KOS Duyuenm Kopperayuu

1 n
*Z(xi —x)(y; —y)
n -

1 1 '
\/Z(x,- -x)° -\/Z(yi -y’
n ;- n i
OrmetuM, uto —1<r<1.

r =

2.5 CgoiicTBa BHIOOPOYHBIX YMCJIOBBIX XaPAKTEPUCTHK

1. Ecnim ko BceM 3ieMeHTaM BBIOOpKM mpubaBuTh uncio C, To X
m3Mmenutcsi Ha C: x+C =x+C.
2. Ecnu Bce anemMeHTaM BBIOOPKH YMHOKHUTH Ha OJTHO M TO ke uncio C, To
x ymuoxutcs Ha C: Cx =Cx.
1 & e U 2
3. Y, +C-(x+0) ==Y (x, - x).

n - n -
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nig n =

2.6 OcHOBHBIE 3aKOHBI pacnpeae/IeHUs1 CIy4ailHbIX BeJIMYHH,
HCIOJIb3yeMble B MATEMATHYECKOH CTATHCTHKE

1. Pasnomeproe pacnpeoenenue Ha otpeske [a;b] — Ula;b]

1) smnoupudeckue yciaoBus Bo3HukHoBeHus Ula;b]:

— s3nauenus &(w) nexar Ha [a;b];

— maHckl Toro, uro 3Hauenus &(@) Oymyr Ha untepsane (a;f) < la;b],
3aBUCAT TOJBKO OT JUIMHBI WHTEpBala M HE 3aBUCAT OT MojokeHus (a;[f)
Ha [a;b].

2) IJIIOTHOCTh paclpeieieHUs

1
fe(xa.b)=1p_q’
0, eciuxé [a;b].

eciuxe [a;bl;

3) YMCIOBBIE XAPAKTEPUCTUKHU

a+b (b—a)*
4 , =H ¢ -
k+1 _ k+l
Msz 1 b a
b—a k+1

4) cTaHIApTU3YEMOCTD: 7] = i_ a. U[0;1].
—a

2. Hopmanshoe pacnpedenenue — N(a;07).

1) sMmupudeckre ycioBust BOSHUKHOBeHUs N (a; o’):
— f(w) MOKET MPUHUMATh KaKUE€ YTOIHO JIEHCTBUTEIHHBIC 3HAUCHUS;

— paclpeneneHue UIMeeT OCb CUMMETPHH;

— u3y4yaeMmbld CIoy4yailHBIH TMoOKa3atenb oOpasyercs B pe3yJbTaTe
CYMMHPOBAHHSI MHOTOYHMCIIEHHBIX HE3aBUCUMBIX CIIy4alHBIX (DaKTOPOB.

2) IOTHOCTH pacnpenenenus (puc. 2.4 a))

1 _(x—a)2
(X)=———e 20 | x& (—ooj+00).
: 2o
YA
yA

|
|
|
|
|
|
|
|
|

/ i .
f xr ;
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pacmpeneneHue, TO 000

a) 0)

Puc. 2.4 — I'paduk mIO0THOCTH: a) HOPMAILHOTO PACTIPE/ICIICHUS;
6) y’-pacnpeeneHus

3) 4HUCIIOBBIE XapaKTEPUCTUKHU
Mé=a; DE=o?;

AE=0; E£E=0;
M (E(@) - ME) . 0, ecau k neuemnoe;
) — [0 =
1-2-...-2m=1)o™™", eciu k wemnoe.

4) crarmapTH3yeMocTs: eciin & ~ N(a;0°), 10 & = c=a ~ N(;1).
o

“ 2
Ocnosnbie ceoticmea N(a, ")

%
1. Ecan () =(,....¢) UMEET  MHOTOMEPHOE  HOpPMAaJbHOE

HOpPMAJIbHOE pacIpe/ieiieHHe.

noxsekrop (&,,....5. ), 1<s<n, Takxke umeer

%
2. Eciu BexTop & (@) MMeeT MHOrOMEPHOE HOPMaJIbHOE pacipe/ielieHue, 1

gtl- 141 fj ABIAIOTCA HE3aBUCUMBIMH Cﬂy‘{aﬁHBIMI/I BCIIMYMHAMH.

2
3. y*-pacnpedenenue ¢ n cmenenamu c60600vl — y°(n).

1) yciioBus BOBHUKHOBEHUSI:

€ro KOOPJMHATEI HEKOPPETHPOBAHbI, TO ecTh M (§; —a,)(§; —a;)=0, i # j, T0

— ecmu ¢,...,&, — HE3aBUCHMBIEC CTAaHIAPTHBIC HOPMAaJIbHBIC CITydailHbIE

n
BEJTMYMHBI, TO BETHIHHA ¥~ (1) = Zé‘iz umeer x> (n) -pacmpeneieHue.

i=1
2) mIOTHOCTH pacupeneneHus (puc. 2.4 0))

1 n,_x

nix2 e 2, eciux>0;
(x) =1 221“(”)
2

0, ecaux<0.

f

72 (n)

3) 4HUCIIOBBIE XapaKTEPUCTUKHU
M;(z(n) =n; D;(z(n) =2n.

4. Pacnpeodenenue Cmoviooenma ¢ 1 CTETICHIMU CBOOO/IbI
1) yciioBus BOBHUKHOBEHUS:

— cly4dailHas BenuuuMHa 7(n) umMeer pacnpeneneHue CTprofeHTa ¢ 7
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50

CTEIEHIMH CBOOOJBI, eclin T(n) = ————
14 .,
—2.¢
niz

ciy4aiinbele BennuuHsbl ¢ pactpeaeneauem N (0;1).
2) IIIOTHOCTH pacmpeneneHusd (puc. 2.5 a))

r(”“j o
2
Jem (X) = N2 (1 + xj , X€ (004 00).
n n
NATT . F(zj

Tpu n —>o0 7(n) = N(0;1).

, rae &y,&,...,&, — HE3aBHCUMBIC

n >2

=Y
Y

o

0 (ny —=2)n, X
ny(ny +2)

a) 0)
Puc. 2.5 — I'padux mnotHocTu: a) pacnpenenenus CTbIO/ICHTa;
0) pacnpeneneHus Ouriepa

3) 4MCIIOBBIE XapAaKTEPUCTUKH
Mzt(n)=0;

" , ecaun>?2; .
Dt(n)=<n-2 lim Dz(n)=1.

n—oo

+oo, eciun=1,2;

5. Pacnpeodenenue Quwiepa
1) ycnoBus BOSHUKHOBEHHS:

— clydaiiHas Benu4MHa @(n;;n,) uMeer pacnpenencHue Dumepa c

1 >
— X (ny)
| 2
(ny;n,) CTENEHAMHU cBOOOABI, eciu @(n;n,)=———, T ¥ (1)) "
2

— X (ny)

)
Ve (n,) — HE3aBUCHMBIE CITyYaiHbIC BEIMUMHBI C PACTIPECICHIEM .

2) rpaduK MIOTHOCTH paclpeesieHus n300paxeH Ha puc. 2.5 0).
4) 4KnCIIOBBIE XapaKTEPUCTUKU (1, > 2)

n 2ni(n, +n, =2
M¢(”1’n2)=723 D¢(n1’n2)= 2( ! 2 )

5 , N, > 4.
n, —2 n(ny,—2)"(n, —4)
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CBefieHUs U3 TEOPUUN BEPOATHOCTEMN
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3 OCHOBBI TEOPHH IMHAMUYECKUX PSI0B

bynem wn3ydare noBeacHHWE HEKOTOPOM CHUCTEMBI, COCTOSIHHUS KOTOPOM
MEHSIOTCS ¢ TeueHueM BpemeHH. OCHOBHBIMH (DaKTOpaMHu, BIUSIOIIMMHU Ha
CUCTEMY, SBJISIIOTCS BpeMsl U ciaydailHble momexu. OOo3Hauum 7)(f,&) -

BO3MO>KHO€ 3HAYECHUE U3MEPSAEMOro MOKa3aTelisi CUCTEMbI B MOMEHT BPEMEHHU 1,
rie @ — DJIIEMEHT HEKOTOPOTro MPOCTPAHCTBA AJIEMEHTAPHBIX UCX00B 2. Ecnu
COCTOSIHUSL ~ CUCTEMBI  3aMEpsITh B  KOHKPETHBIE MOMEHTBHI  BPEMEHU
te{t,,t,,...,t,}, TO IOIXy4UM BbIOOPKY U3MEPEHUH 7)(t;,&,) = y;, i = 1,..., 1.
[Iyctb 3Ha4YeHHsT W3y4aeMOro NOKAa3aTesns HU3MEPWIH  HEKOTOpOe
KOJIMYECTBO Pa3 M MOJIYYHJIA BHIOOPKY CIIEAYIOMIECTO BUIA:
VisYsseees ¥, — SHAYCHUS ITOKA3ATESA Y ,

t;sty,...,t, — MOMEHTBI 3aMEPOB,

1 — KOJINYECTBO 3aMEPOB.
Onpeneaenne. ChydailHble  BEJIUYHUHBI 77(t1 , w) 77(t2 , w) n(tn , w)

Ha3bIBAKOTCS OUHAMUYECKUM PAOOM (8pEMEHHbIM psa0oM), a TIOJYyYEHHBIE MPHU
U3MEPEHUMN [AHHBIE V|, V,,...,Y, — 3HAYEHUAMU OUHAMUYECKO20 pAOa, WU

8b1O0PKOIL U3 OUHAMUUECKO20 PAOA.
OOBIYHO CYHMTAIOT MOMEHTBHI BPEMEHM HAOMIOACHUN PABHOOTCTOSLIMMHU,
T.€. t;,, —t, =At=const, i=1,..,n—1.
JlnHamMuueckue psiibl pa3iessitoT Ha MOMEHTHBIE M HHTEPBAJIbHBIE.
Omnpenenenue. MomvenmmubiMy BPEMEHHBIMU PSIIaMU HA3bIBAIOT TE PAIBI, Y

KOTOPBIX Yy, — 3HA4YCHHC, OTPpaAKArolICe CUIOMHHYTHOC COCTOSHHC CHUCTCMBI.

Hanpumep, MupoBas 1ieHa HeTH B ONpeieNIEHHbIII MOMEHT BPEMEHH.
Onpenenenue. Mumepsanvrvivy BpEMEHHBIMU PSAaMU HA3bIBAIOT PSbL, Y
KOTOPBIX y;, OTPaXXaeT HEKOTOPOE CyMMAapHOE 3HA4YECHUE IOKas3arens 3a

HEKOTOPBI HWHTEpBal BpeMeHU. Hampumep, KOIMUECTBO MOTPEOICHHOTO
rOpPOJIOM ra3a 3a CyTKH.

3.1 O0o0meHHAast AAAUTUBHASI MOJIeJIb JUHAMUYECKOT0 psAaa

Kak cka3zano Bbiie, OyaemM paccMaTpuBaTh TOJIBKO TaKHW€ CHCTEMBI,
MOBEJECHUE KOTOPBIX 3aBUCHUT JIMILb OT BPEMEHU M ClydalHbIX (akTopoB. s
TaKUX CHCTEM XAPAKTEPHBIM SBISECTCS HAJIMYME HEKOTOPOW 3aKOHOMEPHOCTH
VU3MEHEHHUS C TEUEHUEM BpeMEeHU. HacTo MOJENb UMEET BUJL

ntw)= f(t;ay,...a, )+ et o),

rne [ — HecimywaiiHag (yHkuus, a,,..,da, — €€ IapaMeTpHl, e(t,w) -
CiaydyalHass mnoMexa. YKa3aHHas HeClaydailHas 3aKOHOMEPHOCTb MOXKET
dbopMHUpOBATHCS U3 IBYX KOMIIOHEHT: MOHOTOHHOU U Nepuoandeckon. Bimsiaue
CIIy4alHBIX IIOMEX OMMUCHIBAET CIydaiHas KOMIIOHEHTA (IIIyM).

Omnpenenenue. 7penoom HA3BIBAIOT KYCOYHO MOHOTOHHO BO3PACTAIOILYIO
WIM MOHOTOHHO YOBIBAIOIIYI0 HENEPUOAMYECKYI0 HECIydalHyr (QYHKIHIO
BpeMeHu U (f), KoTopas BbIpaXXaeT OCHOBHYIO TEHJICHLMIO Pa3BUTHUS Ipoliecca
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Ha HEKOTOPOM OTPE3KE BPEMEHHU.
Ha puc. 3.1 cxematuuno uzobpaxkensl rpaduk tpennaa U (1) u TpaeKkTopus

ciyvaitHoro npouecca 7)(t, @) . Toukamu 0603HaYeHBI PE3YJIbTATHl U3MEPEHUM.

300 -
290 -
280 -

270 -
< A vr_\,# Avﬂ AV/‘\./H\/\\/

260 |
250 - Ult)
240 |
230 |

220 T T T T T T T 1
0 5 10 15 20 25 30 35 40

Puc. 3.1 — I'paduk tperaa U (¢) u TpaeKTopus ciaydaitHOro mpoiecca 7)(t, @)

Omnpenenenue. [Juxnuueckou KOMNnOHeHmMOU HA3BIBAIOT MEPUOJAHYECKYIO
Hecy4yanHyro GyHKIHIO BpeMeHu V (t), KoTopasi XapaKTepu3yeT 3aKOHOMEPHBIC

NEpUOANYECKHE KOJIeOaHWsl 3HAUEHUU TMOKas3atens (BIUSHUE BpPEMEHHU Toja,
CYTOK, HEIETTbHBIX 1 MECSYHBIX ITHKJIOB).

Omnpenenenue. CrnyuatiHot KOMNOHEeHMOU HA3BIBAIOT MOCIEA0BATEILHOCTD
Cly4allHbIX BenW4MH &(1,&), t=t,,t5,...,t,, OIHUCHIBAIOIUX CIy4ailHbIC
OTKJIOHEHHSI PE3yJIbTaTOB HM3MEPEHUU OT (YHKIUU TpPEHAA W IUKIHYECKON
KOMIIOHEHTHI.

OnHOM U3 pacnpoCTPaHEHHBIX B TIpupoie GopM MoJelIed TUHAMHYECKOTO

psAlla CUMTaeTCs MOJIEb aiIuTUBHOTO TUma 7)(¢t, @) =U (1) +V (t) + £(t, W) .
Ha puc. 3.2 cxemarnyHo wu300paxeHbl TrpapuK aJTuTUBHOW MOJEIH
y(t)=U(t) +V (t) u TpaekTopus cmyuaitHoro mpomuecca 7)(t, @).

300 ~
290 - Ulr)+v()
280 -
270 +
260 -
250 +
240 +
230

220 T T T T T T T 1
0 5 10 15 20 25 30 35 40

Puc. 3.2 — I'paduk agnutuBHoi Moaemu y(r)=U (1) +V (¢) u
TpaeKTopus clydaitHoro rnporecca 1 (t, @)

Jist Toro, 4roObl 3HAYEHUS Y, ,..., Yy, OBUIM CONOCTaBUMBI MEXAY COOOU

(HampuMep, MpU aHaJIN3e AaHHBIX, TPEACTABISAIONINX MECSIYHbIC MTOKA3aTeNN), B
MOJIENb J00ABIISIIOT KOPPEKMUPYIOWYo Komnonernmy c(t)
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nit,w)y=c®)+U@)+V(e)+e(t,w).
[TonyuyeHHOE BBIpaKEHHE HA3BIBACTCS 0000UEHHOU A0OUMUBHOU MOOEbIO
OUHAMUYECK020 psdd.
Berpewatoress (HO  pexe) W ApyrHe  MOJENM, — HanpuMmep,
MYJIBTUIUTAKATHBHAS MoAeb CamMmyabcoHa

n(t,w)=e" -e

[TonpoOnas mHbOpMaIus 0 pa3HOOOPa3HBIX MOJIEISAX BPEMEHHBIX PSIOB
npuBefcHa B [1-4]. B manHOM y4eOHOM IMOCOOMHM PacCMOTPEHBI BOIPOCHI
MOCTPOEHUST 0000IICHHON aJTUTUBHON MOJICITN THHAMHYECKOTO PsJIa.

Takum 00pa3om, IMOCTaBjICHA CIIEIYIOIIas YKOHOMETpUUYECKas 3a1ay9a.

JlaHbI pe3ynbTaThl SKCIIEPUMEHTAIBHBIX U3MEPCHUM

Yisees Y

tysennt,

HeoOxoauMo HaWTH KOMIOHEHTHI 00O0OIIEHHON agAuTUBHON Monenu c(t),
U(t), V(t), ouenurs E(1,@).

[Iporecc perieHus MOCTaBICHHON 3a/1a4l COCTOUT MX YEThIPEX 3TAIOB:

1) mocTpoeHrne KOPPEKTUPYIOIIECH KOMITIOHEHTHI ¢(f);

£(r,0)

2) noctpoenue tpenaa U (1) ;
3) mocTpoeHue NUKIMIECKON KOMIOHEHTHI V(1) ;

4) uccieaoBaHUE OCTATOYHOM KOMITOHEHTHI.

Omnpeneaenue. [Ipouecc BeIAEICHNUS TPEHAA U HUKINYECKON KOMIIOHEHTHI
Ha3bIBACTCS uabmpayuer TMHAMUYECKOTO psija.

PaccmoTpuM Kaxkblif ATan NOCTPOEHUs aJANTUBHON MOJIEIH.

3.2 IlocTpoeHne KOPPEKTUPYIOLIEH KOMIIOHEHTHI

Hanuuue KOppeKkTHpYIOIIEl KOMIIOHEHTbI B CO3JAaBAEMOM MOJEIH HE
aBigercs: oOs3aTenbHbIM. KoppekTupyroniass KOMIOHEHTa CTPOMTCS TOT/a,
KOI/Ia MCXOJIHas BBIOOpKA SIBIISETCS WMHTEPBAJIbHOM, BPEMEHHBIE HHTEPBAJIbI
MEXIy U3MEPEHUSIMU PA3IMYHbI U UCXOAHbIC JaHHbIE HEOOXOAUMO MPUBECTH K
COIIOCTABUMOMY BHUTY.

[TosicauM ckazanHoe npumepamu. Eciu, Hamnpumep, y,,i=1,..,n, — 3TO

00bEeMbl JTHEBHOW BBIPYYKHM MarasuHa, TO OHH SBJISIIOTCS COMOCTaBUMBIMU
JAHHBIMHM, TIOCKOJIbKY  MPOAODKUTENIbHOCTh  paboyero JHA  Mara3uHa
(dbuKcUpoBaHAa U HE M3MEHSETCs B Ipoliecce u3MepeHuil. B 3ToMm ciydae Her
HEOOXOJAMMOCTH  CTPOUTh  KOPPEKTUPYIOIIYI0 KOMIOHEeHTy. Eciam ke
y;»i=L..,n, — 3T0 00bEMBbI MECIYHOU BBIPYUKH Mara3uHa, TO OHU HE SBIISIOTCS

COMOCTaBUMBIMU JTaHHBIMHU, MOCKOJIbKY MPOJOJIKUTEIFHOCTh paboyero Mecsua
Mara3yiHa M3MEHSIETCS B IIpoliecce HW3MEpeHHil. B 3ToM ciydyae [gaHHbIE
HEOOXOJMMO TIPUBECTH K COMOCTaBUMOMY BHay. g 3TOro CTpOSIT
KOPPEKTUPYIOIIYIO KOMIIOHEHTY.

PaccmoTpuMm mocTpoeHHEe KOPPEKTUPYIOIIEH KOMIIOHEHThI Ha MpUMeEpE.
ITycts y,,..., y;,, — OTO €KEMECAYHBIC JTaHHBIC 3@ HEKOTOPBIA roJ. B pasnuynbIx
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MeCAIax ToJa pa3IndHOe KOMMIeCcTBO pabounx mHed. OmpHako Hanbosee 4acTo
POJOJDKUTEILHOCTh Mecslla paBHsieTcss 31 gHIO, 4yTO W OyneM CUHUTaTh
crangaproM. Torma 3HAYeHUS Yy, Y3, Vs, V7, Vs> Vips Via  HE  TpeOyroT

KOppekTHpoBKM M g Hux c(f)=0. Anpenbckoe 3HaueHue y, TpeOyer

KOPPEKTUPOBKH, IMOCKOJIBKY KOJMYECTBO AHEH B ampenie paBHO 30, 4TO He
COOTBETCTBYET BBIOPAHHOMY CTaHAAPTY. Brruncinus y, /30, NOIy4uM CpeaHHUN

o0beM [JHEBHOM BbIpyuykH B ampene. Borumcous 31-y,/30, nomydum

CTaHJAPTU30BAHHYIO BBIPYYKY 3a ampeilb. DTO JAHHOE YK€ COIOCTaBHMO C
JAHHBIMM 3a CTaHJAPTHBIE MecALbl. KoppeKkTupyromnias KOMIIOHEHTa I anpers
umeer Bua ¢, =31y, /30—y, =y, /30. IIpoaenas aHagOru4HbLIE BHIYMCIICHUS

JUIL  OCTaJlbHBIX HECTAHAAPTHBIX MECALEB, IMOJYYUM KOPPEKTHUPYIOIIYIO
KOMIIOHEHTY c(t) 1 BBIGOPKY B COIIOCTABHMOM BH/IE.

CraHgapTHYIO TpPOJIOJDKUTEILHOCT MeECAlla MOKHO BBIOpaTh HHaye.
Hampumep, MOXKHO cuuTaTh €€ paBHOM CpPEHEMY YHUCIy AHEW B Mecsie. [locre
MIPUBE/ICHUS JAHHBIX K COIOCTAaBUMOMY BHUY MEPEXOASAT K BBISIBICHUIO TPEH/IA.

3.3 MeTtoanbl oTOOpa pyHKUMH TpeHaa

[Tpesxxne uyeM mnpucTynate K BbIOOPY TpEHJA, HEOOXOIMMO IPOBECTU
BCECTOPOHHMI CUCTEMHBIN aHAJIN3 U3y4aeMoro 00beKTa.

Tako¥ aHaJIM3 MPEANoJaract

— BBIACHEHUE IIPUHLHANNAIBHOTO MaTeMaTU4YECKOTrO Xapakrepa
3aBUCHMOCTH IOKA3aTessl y OT NEPEMEHHOM ¢ ;

— KakK, COIJIaCHO TEOPHH, 0JDKEH BECTH ce0s TEMIT pOoCTa, TEMIT IPUPOCTA,
ANMACTUYHOCTD U3Y4aeMOr0 MOKa3aTels;

— TPUCYIIH JIU H3y4aeMOMY OOBEKTY MEPUOAMYECKUE 3aKOHOMEPHOCTH
WJIM MOHOTOHHBIE TEHACHIUU.

[Ipexne yeM mnpucTynarb K IMOCTPOCHUIO TPEHAA, CIEAYET BBISICHHUTD,
UMeeTcs JM B psay HU3MepeHud Kakasg-nubo TeHaeHHus. Ilockonbky psij
U3MEPEHUN TPEACTaBIsAeT COO0M BHIOOPKY 3HAUYEHHMM CIy4allHBIX BEJIMYUH, TO
JUISL pelleHHs] TOCTABJICHHOW MpPOOJeMbl CIEAyeT HCIOJIb30BaTh METO/bI
MaTeMaTUYECKOW CTAaTUCTUKU. B MTaHHOM Cilyyae TaKMMHU METOJAMH SIBJISIIOTCS
CTaTUCTHUYECKNUE KPUTEPUU IPOBEPKHU TUIIOTES.

Omnpenenenue. Cmamucmuyeckuii Kpumepuii — 3TO PeIIAIONIEE MPABUIIO,
COIVIaCHO KOTOPOMY HCCJEAOBATENIb NPUHUMAECT TO WIM HWHOE PEIICHUE,
OCHOBBIBAsICh Ha SKCIIEPUMEHTAIbHBIX TAHHBIX.

Paccmotpum HEKOTOpBIE KpUTEpHUM, MPEIHA3HAYEHHBIC IS MPOBEPKU
TUIIOTE3bl O HAJIMYMU TPEHAA B N3YyYa€MOM JUHAMUYECKOM Py .

3.3.1 Kpurepuii ®ocrepa—Crroapra

Kputepuit ®ocrepa—Crroapra [S] sBiIsSIETCS OHUM U3 HauOoJjiee MPOCTHIX,
HO ¥ HauOoJiee HEHA/IeKHBIX KPUTEPHUEB MTPOBEPKHU MPUCYTCTBUSL BO BPEMEHHOM
psne Tod wiu uHou TenaeHmu. Kpurepuil ycnemHo paboraer Toraa, Korjaa Bo
BPEMEHHOM DSy UMEETCS SPKO BBIPAXKEHHAs TEHIAEHLHS MOHOTOHHOIO THIIA,

23



COIPOBOXKJIaeMasi CIIy4YalHbIMU OTKJIIOHCHUSIMH CO CPABHUTEJIBHO MAaJiOd
JTUCTIEpCUEN M KOJEOAHUSAMH CO CPaBHUTEIBLHO Mayiol amMruutyaout. Ilpexne
4YeM OPUMEHATb KPUTEPUH, PEKOMEHIYETCS IPOBECTH  CIVIAXKUBAHHE
BPEMEHHOTO PsiZia METOAOM CKOJB3SIIETO CPEAHETO.

PaccmoTpum caeayronime BEJIMYNHBI.

. = Lecimy, 2y, ,,....5, 2,
=
0, BOCTaJIbHBIX CIy4Yasix.

Yucna z, ABIAIOTCS UHAUKATOPAMU mMoueK HeyObl8anus, WIA MOYeK pocma
BPEMEHHOTO Psja.
Lecmmy, <y, ,....¥, <V,
0, B OCTaJIbHBIX CITyYasX.

Ywucna lt SBIIAIOTCA HMHAUKATOPAMU mMOYeK Heeso3pacmdarusl, WIN Mmo4ex

n n
yObiiu BpeMeHHOTo psima. Torma z= Y z; W =) 1, — obliee KOJINYECTBO
i=2 i=2
TOYEK POCTA U TOYEK YOBLIM COOTBETCTBEHHO.
[Mycte d = z—1. OueBuano, uto —(n—1)<d <n—-1. Ecitm d=n-1, 10

BCE TOYKU Yy,, t=2,n, SBIAIOTCSI TOYKAMH pPOCTa, T. €. y; <y, <..<y,,

CJIeIOBATeNIbHO, B AMHAMMUYECKOM psIy MMeEEeTCsl Bo3pacTrarouinii Tperna. Ecmu
d=—(n-1), To yy2y,2..2y,, T. €. B JIUHAMHYECKOM psALy HMeEETCS
cubHBIN yObiBaromuii Tpena. Eciu d =0, To z =/, u Torga sipko BeIpakKeHHOU
TEHJCHIIMU K POCTY WU YOBLIU HET.

Teopernueckoii  ocHoBol  kputepusi  Pocrtepa—CTrOoapTa  CILYXKHUT
CJIeyIoIIast TeopeMa.

n

221 , WMeeT

Teopema. CiyuaiiHas BenmMuMHa 7, =, TAe O = .
=2

o

pacnpenenenrue CTbIOJICHTA C 11 CTENICHSIMH CBOOOIBI.

JlanHast Teopema TMO3BOJSET CHOPMYIUPOBATH AI2OPUMM  NPOBEPKU
2UNOme3bl 0 HAIUYUU MPEeHOAd 8 OUHAMUYLECKOM PsOY.

1. Beibpath ypoBeHb j1oBepus K BoiBojiaMm kputepus ¥ € (0;1).

2.1lo Tabmume pacnpenenennii Cteionenta (Tabmmma 1)  HaiiTH
KPUTHYECKOE YUCIIO 1, o, TIE & =1— ¥ — yPOBEHb 3HAYMMOCTH.

3. Ilo BpeMEHHOMY psiiy BBIYMCIUTH YUCIIO 7.

4. IlpuHATh peIIeHWE O HAJIMYMHM WJIA OTCYTCTBHU TPEHIA COTJIACHO
CJIEyIOIIEeMY MPaBUITY:

— eci ‘Td‘ <t,.4>» TO Ha YPOBHE JIOBEPHs } NPMHUMAEM THUIIOTE3Yy 00

OTCYTCTBUHU TPECHAA;

— eciu ‘Td‘ >1,. 4> TO HA YPOBHE } OTBEPraeM rHIOTE3y 00 OTCYTCTBMH

TpeHaa.
Ilpu »stom, ecim 7, >0, TO ciegyeT HPEANOIOKHUTb, YTO TPEHN
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BO3pacTaroluil, eciau 7, <0 — yObIBaroImui.

3.3.2 Kpurepuii Tpenga

Kputepuii tpenga (kputrepuii mHBepcuit) [3, 5] oOecrneunBaeT BBICOKYIO
HAJIC)KHOCTh MPUHUMAEMBIX PEIICHUH B Cllydae, KOorja B JUHAMUYECKOM PSIy
MMEETCS OTYETJIMBBIN MOHOTOHHBIM TpEeHA. Ero HageXHOCTh CYIIECTBEHHO
CHUIKAETCSI, €CIIM JUHAMHUYECKUN PAJl COJECPKUT 3aKOHOMEPHBIE MTEPUOIUIYECKHE
kosnebanwus. [1o cpaBuenuro ¢ kpurepuem docrepa—CrroapTa, KpUuTepuil TpeHAA
uMeeT OONBIIyI0 yCTOWYHMBOCTh OTHOCHUTEIBHO BBIOPOCOB JAHHBIX BO
BPEMEHHOM psiy, 0COOEHHO €CJIM BBIOPOCHI HAOII0JaIMCh HA HaYaJIbHOM 3Tare
u3Mepenuil. Ilpu mocTpoeHMHn KpuTepuss TpeHAa WCMONb3YIOT MOHITHE
WHBEPCUU JaHHBIX.

Omnpenenenne. [lanupie y;, U y; 00pasyror uneepcuio, €Cid y; >y, HO
i<j.

O603HauuM A(@) — BO3MOKHOE KOJUYECTBO MHBEPCUU B JTHHAMUYECKOM
psany. Ecnu runore3a o0 OTCYTCTBHM TPEHJa B IMHAMUYECKOM PsIy BEpHA, TO
ciayvaiiHasi BeanunHa A(@) UMeeT U3BECTHOE pacipeeieHue, Mpe/ICTaBICHHOE
Tabmuueir 2. 3O1o mo3BoisieT chHOPMYJIUPOBATH CIAEAYIOUIUNA  aneopumm
NPOBEPKU 2UNOmMe3bl 0 HATUYUU MPEeHOA 8 OUHAMUYECKOM PAOY.

1. BeiOpath ypoBeHb j1oBepus K BoiBojiaMm kputepus ¥ € (0;1).

2.Ilo Ttabnumne pacnpenenenus Benumunabl A(w) (Tabmuna 2) HalTh

KPUTUYECKHE YUCIA A ;. 514) B A 1.0 5(1-9) -

3. Bpiuncinuth BEIMYMHY A — KOJIMYECTBO UHBEPCHI BO BPEMEHHOM PSJTY.
4. IlpuHATH penieHue O HaJIMYUK WK OTCYTCTBHM TPEHAA!

— ec A, o504y <A<A,(50-y), TO Ha YPOBHE JOBEPHS } NPUHHMACM

TUTIOTE3y 00 OTCYTCTBUU TPEH/A,

— B IIPOTHBHOM CJIy4ae Ha YPOBHE ¥ OTBEpPraeM rumnore3y o0 OTCyTCTBUU
TpPEH[A.

Ilpu otom, ecmt A2 A .54y, TO, BOSMOXKHO, B AUHAMUYCCKOM PsIIy

UMEIOTCS TapMOHUYECKHE KojeOanuss MO0 yOBIBAIOMIMKA TPEHI, €CIu
A< A,.05(1+y)> TO BOSMOXKCH BO3PACTaOLINH TPCH].

3.3.3 Kpurepmnii cepuii

Kputepuit cepuit  [3, 5] oOecneynmBaeTr BBICOKYIO HAJEKHOCTh
IPUHAMAEMBIX PEIICHUN B Ciydae, KOrJa B JUHAMHUYECKOM PSIYy HMEKOTCA
rapMOHUYECKUE KOJIeOaHUs, YCTOMYMB K BbIOpOCaM JaHHBIX BO BPEMEHHOM
pAany.

[Ipexne yeM MpUMEHSATh KpUTEpUi Cepuil, HICXOAHbIE JaHHbIE HEOOXO0IUMO
noATroTOBUTH. [Ipexkne Bcero, cieayer y4ecTb, 4YTO KpUTEPUNA CEpruil IPUMEHUM
TOJIbKO K BBIOOPKAM C YETHBIM KOJMYECTBOM H3MEpEHHM. 3aTeM HeoOXOAMMO
BbIOpaTh oOmopHoe uyucio. B kadecTBe OMOpPHOrO 4dHciaa OOBIYHO OepyT
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BBEIOOPOYHOE cpenHee auO0 MenuaHy BbIOOpkH. [lycTh OmOpHBIM BBIOpaHO
BbIOOpOYHOE cpemHee y. [locTraBuM B COOTBETCTBHME JMHAMUYECKOMY PSITy

TIOCIIEIOBATENILHOCTD 3HAKOB «+» HIIH «—»: €CIIU y; < Y, TO HHIIEM «—», €CIH
2y, To«t», i=1,...,n.
Cepueti Ha3BIBAIOT TOCJIEAOBATEIBHOCTh OJWHAKOBBIX 3HAKOB, CTOSIIHMX

psanom. KonnuecTBO 3HAKOB B CEpUU HA3bIBAOT Oaunou cepuu. O003HAYUM
P (@) — BO3MOXKHOE KOJMYECTBO CEpUi B JUHAMHYECKOM psiay. Eciau runoresa

00 OTCYTCTBUU TpeHJa B AMHAMHYECKOM PSly BEpHA, TO clydyaiiHas BeIMYWHA
p(@) umeeT U3BECTHOE paclipejieieHue, npeacrapieHHoe B Tabmwuie 3. D10

MO3BOJIAET CHOPMYIUPOBATH AICOPUMM NPOBEPKU SUNOME3bL O HATUYUU MPEeHOd
8 OUHAMUUECKOM PO .
1. Boibpats ypoBeHs noBepus K BoiBogam kputepus ¥ € (0;1).

2.Ilo Tabmune pacnpenenenuss BenuuuHbl pP(@) (Tabnuna 3) HaWTH

3. BBIYUCAUTH BEIMUMHY 7 — KOJIMYECTBO CEpUN BO BPEMEHHOM PsITy.
4. TlpuHATH peuieHue 0 HaATMYUK WM OTCYTCTBUM TPEHA:

— CCIH  1y5,050+y) <! <T05n:05(1-y)» TO Ha YPOBHE JOBEpHS ¥

MPUHUMAEM THIOTE3y 00 OTCYTCTBUM TPEH/IA,
— B IIPOTHBHOM CJIy4Yae Ha YPOBHE ¥ OTBEpraem rurnore3y o0 OTCyTCTBUU
TpeHaa.

3.3.4 Mexanu4ecKue MeTOAbI BblJIeJIeHUS] TPEH/IA.
CriaskuBaHue IKCIIEPUMEHTAIbHBIX JaAHHBIX

Ecim B pesymbrare TPOBEpKH THNOTE3a O HAIMYUKW TPEHIA B
JUHAMUYECKOM psily TOATBEpAUIach, TO MOXKHO NPUCTYNaTh K BbIOOPY
HamOoJiee moaxonsiied Mojaenud TpeHaa. Ha 3Tom srtame moJjie3HO BHauase
OPUMEHUTh  MEXaHWYECKME METOJAbl  BBIACIICHUS  TpEHJa, a  3aTeM,
MPOAHANIM3UPOBAB TOJYYEHHBIE PE3YJIbTAThl, NEPEUTH K aHAIUTUYECKOMY
MOCTPOEHUIO0 MOJIENIN TPEHA.

MexaHuyeckue METOJbl BBIJIETICHUSI TpeHAA TEXHUYECKH TNpoue u
MO3BOJISIIOT OTYETJIMBEE TMPOSICHUTh CTPYKTYpY Mojenu. M3 MexaHu4ecKux
METOJIOB Yallle UCHOIB3YIOT Memoo cKob3awe2o cpedHeco (Moving Average,
MA(k)) [4, 6]. Cyrp 3TOro MeTrojJa COCTOMT B TOM, YTO Ha OCHOBE

JIMHAMHYECKOTO PAAa  y,,..,y, CTpoaT HoBeil psx  y',.,y%. ., Toe

k-1

yi(k) :]:zyiﬂ. , ke N. B »ToM ciydae TOBOpPST, 4YTO HCXOIHBIN
j=0

JMHAMUYECKHNA PsJl CTIaKEH C MOMOIIBIO CKOJB3SIIETO CPEIHEro mopsiaka k.

Bennunny k wacto Ha3bIBAIOT enuuuHol okHa cenadxcugarus. I1omynspHOCTh

3TOr0 METOJa OOBACHAETCA TeM, YTO OH O0JIaJaeT PsAOM MOJIE3HBIX CBOWCTB.

PaccmoTpum 3TH cBOMCTBA.

1. Bausinue cenascusanus OAHHbIX HA CAYYAUHYIO KOMNOHEHMY
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Teopema. Ecnu ciyyailHass KOMIIOHEHTA S(t,w) aIJIATUBHON MOJIEIIN
yAOBIETBOpsiIa ycinoBusiM ['aycca—MapkoBa [2—7], TO ciay4daiiHasi KOMIIOHEHTA

18 .
CIJIa’KEHHOTO JIMHAMHYECKOTO psna (1, w)= < delt+j,m),
=0

t=12,.,n—k+1, mnpencraBmser co0Oi MOCIEAOBATEIHHOCTh 3aBUCHUMBIX

. 2
CIIy4allHBbIX BEJIUYMH, paclpelleIEHHbIX HOPMalbHO MO 3akoHy N (O;G /k) C

napaMeTpaMH pacrnpeiesIeHUs], He 3aBUCSIIUMH OT BPEMEHH.
Takum 00pa3om, B pe3yibTaTe CTIAXUBAHUS TUCIIEPCUS JUHAMHUYECKOTO
psina ymensbliaercs. [IpoieMoHcTpupyeM 3T0.
[Tycts (1, @),...,n(n, @) — BO3MOXKHBIE HE3aBUCUMbBIC 3HAUCHHS MCXOTHOTO

AWUHAMHWYCCKOIO psaga v, COTJIaCHO YCIOBHUAM Faycca—MapKOBa, AUCIICPCHA €TO

: 2
YJICHOB TOCTOSSHHa H paBHa Dn(i,w)=o0". Torma naucnepcuss 4YJICHOB

k-1 2
1 . o
—Z?](l+],a)) =—<o0. Takum
k2 k
]_

o0pa3oM, NMPUMEHEHHUE CIJIAXUBAHUS CHMIKAET CIIydallHbIM pa30poc JaHHBIX,
BBLACIISISI MX 3aKOHOMEPHBIE TEH/ICHIIMA U3MEHEHUS.

2. Bruanue cenadicueanus OAHHbIX HA YUKTUYECKYIO KOMIOHEHMY

[lpu ymayHoM BbeIOOpE TOpsAKA CrIQXWBaHUS Kk B pe3ynbTare
CTJIaXKUBAHUS MOTYT OBITH MOJHOCTBIO yJIaJ€Hbl 3aKOHOMEPHBIE TAPMOHUYECKUE
konebanus. [losicaum moxapoOuee. [lycTh mukanueckue kosebaHUs Mpolecca
n(t, @) 3amar0TCs €AUHCTBEHHOM 3JEMEHTAapHOW IapMOHUKOM C PallMOHAJIBHOM

CIJIQXKEHHOTO  psiaa Dn(k) (i,w)=D

4aCTOTOU V,, =%,m=1,...,N—1, T. €. MPOUCXOAAT IO TAPMOHUYECKOMY

m : m
3aKkoHy Acos 27[Nt + Bsin ZENI . Ecnu BpIOpaTh MOPSAIOK CIIIa)KUBAHMS

N-1 N-1

k=N, 1o 3nauenus cymm Y cos| 22— (i+ j)| u D sin| 27— (i+ j) | Gyayr
i=0 N i=0 N

0CTaBaThCsS HEM3MEHHBIMHU IPH BCEX IICNBIX j. DTO 03HAYAET, YTO MPHU TAKOM

k
BHIOOpE TOPS/IKA CIIAXMBAHMA B cruaxenHoM psagy 7 (¢, @) 3akomomepHbie
KOJIe0aHUs C 4acTOTOM v, OyAyT OTCyTCcTBOBaThb. JluHammdeckuil psf,

MOJTyYEHHBIN B pe3yJbTaTe TAKOTO CTIaKUBAHUS, OyJIET COAEPKATh JIUIIb TPEH]
Y CIly4alHyI KOMITIOHEHTY. [1oaydeHHbIi Ha 3TOM dTale pe3ynbTaT, K TOMY XK€,
CYLIECTBEHHO YMPOIIAET MPOIECC MOCTPOCHUS LUKINYECKON KOMIIOHEHTHI, TaK
KaK SBHO YKAa3bIBae€T, Ha KAaKUE MOANEPHUOIBl CIEIYEeT pPa3AeIuTh BBIOOPKY
HaOIIOIEHUIA.

3. Bausanue cenaxcuanusi OAHHbIX HA hopMy mpeHoa

MHorue u3 NpUBOJMMBIX HUXKE TUIIMYHBIX MOJENEH TpeHIa COXPaHSIoT
CBOIO CTPYKTYPY MPHU CIIIAKUBAHUH CKOJIB3SIUM CPETHUM.

IIponeMoHcTpUpyeM 3TO Ha HEKOTOpBIX Mojenax. Ilycts U(t) =a, +at.
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: k-1 :
Torma UM ()= a, + Tal +ai. Kak BuauMm, Moaenb HE TOJIBKO OCTAJIAChH

JIMHEMHOM, HO U CoxXpaHuJIa OOUH U3 KOB(b(I)I/II_II/ICHTOB a.

1— ekcl
k(1—e“)
TOJIBKO OCTaJIaCh YKCHOHEHI[MAJILHOM, HO U COXpaHuIIa KOB(b(bI/II_II/ICHTBI K n C-

ITycte U(t) =K +coeclt. Torna U(k)(i) =K +¢ e“' . Mogens He

Wtak, ecau ucciieqoBaTeilb KBaTU(GUIMPOBAHHO MPUMEHUIT MEXaHUYECKUE
METOJbl BBIICICHUS TPEHAA, OH MOXKET TMEPEUTH K aHAUIMTUYECKOMY
IIOCTPOECHUIO TpEeHa. [IpenBapurtenbHO HE00X0MMO IIPOU3BECTH
peIBapUTEIBHBIN O0TOOpP (YHKIIMN, KOTOPHIE MOTYT 3aJaBaTh MOHOTOHHBIC
TEHJACHUHUU HWCCIEAYEMOr0 JIHHAMHYECKOTO psaa. [iad 3TOro HCHob3yroT
MPU3HAKY HAIMYUS TPEH]IA ONPEIECICHHOTO TUIIA.

3.3.5 Tunuunslie popmMbI TPEHIA

1. IlonunomuanvHwlti mpero
Uit)=ay+at+..+a,t", meN.
Oco00 BBIIEIAIOT JuHeunviti mpeno U(t) = ay +a,t, TANUYHBIMU IS
HIKOHOMUYECKUX MOJEIIEH TaKXKe SBIAIOTCS ciy4yau m =2,3.
2. /[pobHo-nunetinwiii mpeno
1
Ut)y=K+—-.
ag +ait
3. Tpeno akcnoHeHyuaIbHO20 munda

t
— mpocrasi 3kcrionenta U (1) = c,e™ ;

MouduimpoBanHas skcronenta U(t) =K +a b'.
4. Tpeno I'omnepya

U@t)=Ka",a>0,b>0,a#1,b#1, K>0.
5. Jloeucmuueckuti mpero

U(t)=L, K>0, a,b>0.
1+be ™™

3.3.6 IlpenBapute/ibHbI 0TOOP (PYHKIMI TPeHAA

1. Jlunevinoii mpeno U (t) = a, + a,t
NHANKAaTUBHBIM TMPU3HAKOM JIMHEHHOW (YHKIUU SBISIETCS PaBEHCTBO
U’(t) = a, = const . Ecriit Obl Ha 3HAUCHHUS] U3MEPSEMOTO MMOKA3aTEINsl HE BIUSUTH

Clly4ailHble  BO3ACHMCTBMs, TO MpUpAIEHUs TPEHAOBOW (yHKUMHM Ha
IPOMEXYTKAX BPEMEHU OJUHAKOBOW JJIMHBI OCTABAJIUCH Obl MOCTOSHHBIMU.
Hamnune cimydallHbIX BO3ZAEHMCTBUM HE TO3BOJSAET OTHUM IPUPALIECHUSIM
OCTaBaTbCS IIOCTOSHHBIMM, HO PsiJ 3HAYEHUM pPEaJbHBbIX IPUPALICHUN HE
JOJDKEH CoJiepKaThb TpeHAa. ODTO IO3BOJSET CHOPMYJIMPOBATH CIEAYIOLIEe
NPpasuio 0OHAPYIHCeHUs TUHEUHO20 MPEHOA.
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1. BeruucisgeM BETUYUHBI
hy =y, =yl =y3=Yos e B, =y, =¥, -

2.C 1nOMOIIBIO CTAaTUCTUYECKOIO KpHUTEpHUs MPOBEPSEM THUIIOTEZY O
HaJIU4MU TPEHAA B pAny h,,...,h,. Ecnu B pany h,,...,h, TpeHAa HET, TO pAg
Vysees ¥, UMECT JMHEUHBIN TPEHI, €CIU B PRy h,,...,h, TPEHI €CThb, TO DX
V{»eers ¥, UMEET HEIIMHEUHBIA TPCHI.

2. Honunomuaneuvii mpeno U(t) =a, +at+...+a,t"

ECJII/I HpOBCp}ICTC}I TUIIOTE3a O HAJIMYUU ITOJIMHOMHAJIIBHOT O TpCHI[a k-FO
HOpf[,Z[Ka, TO CJ'IC,Z[yeT paCCMOTpeTB KOHCYHBLIC paBHOCTI/I k -0 HOp}I,Z[Ka.
HaHpI/IMep, HpI/I k = 2 paCCManI/IBaCM pa?)HOCTI/I q3 = /’l3 — hZ ) ceey
Qn = hn - hn—l :

Jlanee, aHaJOrMYHO C JIMHEHHBIM CIIydaeM, K pAdy ¢s.,...,q, TNPUMEHSIOT

n

CTaTUCTUYECKHUN KPUTEPUH ISl POBEPKU TPEHA.
3. [Apobno-nuneiinviii mpeHo

S 1
PaccmoTpum apoOHo-nuHeiHbIN Tpena Buaa U (1) = :
a, +ajt

NHaMKaTUBHBIM TPU3HAKOM YyKa3aHHOW (YHKIUU SBISETCS PABEHCTBO
’
1
U@

B sTom cnyuae nenecoobpa3Ho NpoOBEpPUTh HA OTCYTCTBHE TPEHIA P
1 1

=(a, +a;t)’ =a, = const .

Jlis TpoBEpKU TUMOTE3bl O HAJUYUU JAPOOHO-TMHEHMHOrO TpeHAa BUAa

a
Ur)=—"+ a, 1enecoo0pa3HoO NPOBEPUTH HA OTCYTCTBUE TPEHNA P
t

hy =2k " oo,
1

+a,t
4. Tpeno sxcnonenyuansvrno2o muna U (1) = e

NHIUKaTUBHBIM TPU3HAKOM YyKa3aHHOW (YHKIIMU SIBISETCS PaBEHCTBO
U'(t)

—— v =a, =const.

Ult)
B aToMm ciiydae nienecooOpa3Ho NpoBEpUTh Ha OTCYTCTBUE TPEHA P

7, = Ye = Vi1 k=21,
vty —1,4)
B cmywae = moouguyuposannoii  s3xcnonenmol Ut)=K +ab’
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11E7I€CO00Pa3HO MPOBEPUTH HA OTCYTCTBUE TPEHIA PSIJT
_ Ykt — Vi

Ye = Vi
5. Kpueas I'omnepya U(t) = K abt

[Tpumepsl rpaduxoB kpuBod [‘ommepua mpu pa3IUYHBIX COYETAHUSIX
3HAYEHUI NMapaMeTPOB MPEICTABIEHBI HA pUC. 3.3.

T, =const, k=2,n-1.

U U()A
/—/0 5! o\\z
a) 0)
Ui/ U()A

\,5/
|

=]
Yo

B) r)
Puc. 3.3 — I'paduk kpusoii ['omnepna: a) 0<a <1, 0<b<1;6) O0<a<l,
b>1;B)a>1,0<b<1l;r)a>1,b>1

[Ipu3Hak HanMuus TpeHaa B popme KpuBoit ['omrmiepiia

In 2k+t
i=2’k ~const, k=2,n—1.
In2k
Yi-1
6. Jlocuueckas kpusas U (t) = L
1+ be™

[Ipumep rpaduka 3Toi GyHKIMH U300pakeH Ha puc. 3.4.

Puc. 3.4 — I'paduk norucTuueckoi KpUBOH

HpI/IBHaK HaJIn4Ius JIOTUCTHYCCKOTIO TPCHA
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M:z—k ~const, k=2,n—1.
Ve o Yia

[IpumeHeHne yKa3aHHBIX METOAOB OTOOpa (PYHKIMU TpeHAa MO3BOJISET
0TOOpaTh HECKOJIbKO (PyHKIUH-TipeTeHieHToK. Ilocie 3Toro mpucrynaroTr K
AHAIMTUYECKOMY TOCTPOEHUIO (DYHKITUH.

OCHOBHBIM aHAIUMUYECKUM MEMOOOM HOCMPOEHUs MpeHOad SBISIETCS
METOJI HAMMEHBIIUX KBAIPATOB.

3.3.7 Unest MeTO1a HAUMEHBIIUX KBA/IPATOB

Ilycte B pe3ynbrare HaOMIOAEHUN MOJy4YyeH HAOOp 3HAYEHUH Yy ,..., Y, .
['paduyecku ero MoKHO M300pa3UTh B BUJIE «00JIaka TOUeK» (puc. 3.5).

210

200 -

190 4 ¢ *

180

0 5 10 15 20 25 30 35 40

Puc. 3.5 — Toueunslii rpaduik SJKCIEPUMEHTAIIbHBIX JaHHBIX

[Ipenmonaraemplii BuA (YHKIMOHATBHOW 3aBHCHUMOCTH HCCJIEIYeMOTO
mapameTpa OT BpeMeHM 3afaerca ¢yukuuerr y = f(r,a,,..,a, ), KoTopas
COJICPKUT HEU3BECTHBIE MAPAMETPHI Ay ,...,d,, -
n 5> -1y P

octpouM QyHkuuwo S (ay,...,a,,) = —Z yi — f(t,ay,....a,,)) .
=
o * * . 2 2 * *

Haiipem Touky (al ,...,am) TaKkyo, 4To minS (al,...,am) =S (al ,...,am).

J171s1 TOro MOKHO BOCIOJIB30BAThCSl HEOOXOAUMBIM YCIOBUEM IKCTpPEMYyMa
nuddepenuupyeMoit GyHKIIUN

ds? N
- = o.o’— =
da, da,,

peuiuB 9Ty CHCTEMY ypaBHCHI/Iﬁ OTHOCHUTCJIIbHO HCU3BECTHBIX day,...,a

0, 0,

151

m°
0TOOpaTh TOUYKM MUHUMYMA U3 HaWJCHHBIX PEIICHUN CUCTEMBI.

HonyquHLIe (I)yHKI_II/II/I a: = a;-k (tl,...,tn,yl,...,yn,n), i =1,m sBiasgrOTCA
MHK-oyenxkamu (OLIEHKaMU, TTOJTYY€HHBIMA METOJIOM HAaUMEHBIINX KBAJPATOB)
HCHU3BECTHBIX I1APAMETPOB dy,...,d DT  (QYHKIMM HCTOJIB3YIOTCS s
MPUOIMKEHHOTO BBIYUCIICHUS 3HAYCHUI HEU3BECTHBIX MTapaMeTPOB.

m-*
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3.3.8 CBoiictBa MHK-o11eHox

OCHOBHBIMM ~ XapaKTEPUCTUKAMU KAyeCTBA CTAaTUCTUYECKUX OIICHOK
SBJISIIOTCSL. MX HECMEIICHHOCTh, COCTOSTENbHOCTh W 3(P(DEKTUBHOCTH B
HEKOTOPOM KJIacCe OLCHOK. HanmoMHuUM onpeaeneHust 3TuX NOHATHH.

sk
Omnpenenenne. Ouenka a,(y,...,y,) HEU3BECTHOTO Mapamerpa d;

Ha3bIBACTCA HGCMGI/L;GHHOﬁ, €ClIun

Ma;(n(t,@)...n,.0)=a;.
HCCMCIHCHHOCTL OILICHKHX O3HAa4acT, 4TO HpI/I HpI/I6HI/I)KeHHOM BBIYUCIICHUN
3HAYCHUA HCEHU3BCCTHOT'O napamMceTpa C IIOMOIIIBHO I[aHHOﬁ OILICHKU
cHCTeMaTH4ecKast ONMOKa OTCYTCTBYET.

ES
Onpenenenne. Oueska a;(y,...,y,) HCU3BECTHOrO IMapameTpa da;

HA3bIBACTCSI COCWIO}Zme]ZbHOTj, cClini
. *
’}E?OP{‘aj(n(tl,a)),...,n(tn,a)))—aj‘ > e} =0,Ve>0.

CoCTOSTEILHOCTD O3Ha4ac€T, 4YTO TOYHOCTb BBIYHCICHUA d j Ipu

k
HCIIOIB30BaHUH (POPMYIBL d ;(Yy,..., ¥, ) BO3PACTACT C YBEIMICHUEM 1.

*
Onpenenenne. Ouenka a;(yy,...,y,) HEU3BECTHOIO IapaMerpa d;

HA3bIBACTCS 2¢hpexmuenoll B HEKOTOPOM Kilacce OIEHOK A, €Cli OHa MMEET
CaMyI0 MaJIEHbKYIO JUCIIEPCUIO B ’TOM KJIACCE:
Da;(n(t,@)...n(t,.0)<Da @, o)., 0).Vi e A.

OOBIYHO KJTaCCOM A BBICTYIIAET KJIACC JIMHEWHBIX OIEHOK, JIMOO KJacc
HECMEIICHHBIX OLICHOK.

B apnutuBHON MOEnM AMHAMHYECKOTO psifia €IMHCTBEHHBIM UCTOYHUKOM
CIIy4allHbIX BO3JEHCTBUMN SIBJISETCA CIy4dailHas KOMIOHEHTAa. DTO O3HAYAET, YTO
cBorictBa MHK-011eHOK HEM3BECTHBIX MAPAMETPOB MOJEIIA HANPSIMYIO 3aBUCST
OT CBOWCTB CIIy4allHOM KOMIIOHEHTHI. [IpuBomumeie Huxke ycrnosusa Iaycca—
Mapxosa 06ectiednBaOT BHICOKOE Ka4€CTBO OIICHOK.

Yenosus I'aycca—Mapkoesa
1. e(t, a)) SIBJIICTCS CITYYaiHON BETMUUHOM JUTs Kaskoro ¢ = 0.

2. Me(t,w)=0 mmst kaxmoro ¢ > 0.

3. De(t, a)) =0? = const s kaxzgoro ¢ =0, 1. . CIIy4alHbIE BO3/IEUCTBUS
SABJISIFOTCS] CTAMOHAPHBIM CIIyYalHBIM IPOLECCOM.

4. Cnyuaiiubie Bemmuuusl £(f,@w) n £(s,w) He3aBUCHMBI IPH BCEX 1 # S,
t,s 20.

5. &(t,w) cratucTHUYECKH HE3aBHCHMBI OT PE3Y/IbTATOB HAGIIOICHHIA.

Teopema (o cBoiictBax MHK-omenok). Eciu BbINOTHEHBI YCIOBUS
['aycca—MapkoBa, To MHK-oneHkn HEW3BECTHBIX IAapaMeTpOB AIIUTHUBHOMU
MOJENN JUHAMUYECKOIO psifa SABISIOTCS HECMEUIEHHBIMHU, COCTOATEIIbHBIMH,
3¢ (HEKTUBHBIMU B KJIaCCE JTMHEHHBIX OIICHOK.

3ameuanus
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1. IlepeuniciienHple CBOMCTBA BEPHBI HE3aBUCUMO OT TOIO, KaKOB 3aKOH
pacrpenenenus urymoB £(t, @).

2. Ecnu  1ONOJHUTENBHO M3BECTHO, YTO IIYMBl HMEIOT HOPMAaJIbHOE
pacmpejesieHue, To OLEeHKH 3(PPEKTUBHBI B KJIACCE HECMEILIEHHBIX OL[EHOK.

3. Ecnin u3 ycnoBuii ['aycca—MapkoBa He BbinosiHEHBI 3 U 4, To MHK-
OLICHKA OCTalTCS HECMEIIEHHBIMH M COCTOATEIbHBIMH, HO YTPayUBAIOT
3¢ PEeKTUBHOCTD B KJacce TMHEHHBIX (YHKIIHUIA.

4.Ecnu  He  BBINOJHEHO YyCIOBUE S5, TO  OUEHKH  SIBIAIOTCS
HECOCTOSITENIbHBIMU U HEeA((HEKTUBHBIMHU.

3.3.9 llpumenenne MHK-oneHok ajisi mocTpoeHusi TpeHaa

PaccmoTpum  HekoTopbie acmnekThl npumeHeHuss MHK-omnenoxk npu
HAXOXJIEHUU KOI(PPUIIMEHTOB OTOOpPAaHHBIX HCCIIEIOBATEIEM TPEHIOBBIX
MOJICJICH.

IIpumep. B kauectBe nmpumepa nocrpoenuss MHK-oneHok paccMmotrpum
nuHeHYI0 Moens Buaa 77(t, @)= ao +at+ elt,w).

n
2 1 2 o * 0k
B stom ciyuae S°(ay,q,) =n2(yi —a, —ayt;)" . Haiinem Touky (ao,al)
i=1
) 2
TaKyro, 4To min $ (ao,a1)=S (ao,al )
B coorBeTcTBUM C HEOOXOOUMBIM YCIOBHEM JKCTpeMyMa (GYHKIUH,
HoJTy4aem

2 < n n n . .
__Z(yi_ao_alti)zo’ Zyi=012ti+2a0, Cl():y—alt,
iz el il i=1 =l sl . -ty
2 n n n n a = '
_;Z(yi_ao_alti)ti:()' Do viti =a 17 +ag )t : ﬂ—(z)z
C A Li=1 i=1 i=1

* *

MoxHO mnoOKa3aTh, 4YTO NOJYYE€HHas TOYKa (ao,al ), JNICUCTBUTEIBHO,
. 2
ABJISI€TCSI TOUKOM MUHUMYMa QyHKUIMU S~ (ay,a;) .

JInst kBagpaTUYHOW MOJENH BUAA 77(t, a)) =aytayt+ a2t2 + 8(t, a)) cucrema

* * *k

YPAaBHEHUM U OIPEIEICHUs OLIEHOK (ao;al ;az) MOXET OBITh MOJy4YeHA
aHAJIOTUYHBIM 00pa30M U UMEET BU

n n n
a0n+a12ti +a22tl~2 = Zyi,
i=1 i=1

i=1

n n n n
agy i +a )t ¥ a6 =Yyt
i=1 i=1 i=1

i=1
i=1 i=1 i=1 i=1

Mmuorue Moaenu (Hampumep, IpoOHO-TUHEHHbBIE U SKCIIOHEHIIMANbHAS ), HE
SBJSAIOIIMECS JIMHEWHBIMM OTHOCUTEIBHO BpPEMEHH, C TOMOINBIK 3aMEHBI
IEPEMEHHBIX MOTYT OBITh CBEAECHBl K JIMHEMHBIM (IuUHeapuzuposambl).
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[Tockompky mouytu BO Bcex caydasx MHK-ounenku sABnsoTCs ITMHEWMHBIMU
(YHKIUSAMH, TO MOJIydaeMble OLEHKM O0JIaJal0T TEMM K€ CBONCTBaAMH, YTO U
OILICHKHM JUHEWNHOU MOJICIIH.

Jlig HenuHeapus3yeMbIX MOJENEH TNOJy4deHbl CIEUUalbHbIE (OPMYIIBI.
OnHOM M3 Takux MoJenel dABiIsgeTcs MOAU(DUIMPOBAHHASL SKCIIOHEHTa

n(t,w)=K +ab' +&(t,w), K#0. MHK-oneuku ee mnapamerpoB b,a,K
3anatorcs opmynamu bpuanma

n—1 n—1 n—1
(” - 1)2 YiYin — Z Vi Z Vit
i=1 i=1

* i=1

m—nﬁxt-ﬁx
n> ) v =26 )2y,
Cl* — i=1 i=1 i=1

n> ) - 2 b7)

i=1 i=1

ZZ: a*Z(b* )i

i=1

—ayt
—ape

Kpusas Tommepra 7(t,w)=Re +&(t,w) mMoxer GBHITH cBeleHA K
MO (ULIIMPOBAHHOMN SKCIIOHEHTE CIICAYIOIIUM CIIOCOOOM:

Inn(t,w)=InR-age™ ' +&(t,w)=K +ab' +&(t,w),

—d

-q

rne K=InR,a=-a,,b=e¢
+£(f,w) Taxxe Moxer GbITh

JlorucTuueckas kpuBas 7(t,w)=
I+age

CBelleHa K MOJU(PHUIIUPOBAHHON IKCIIOHEHTE.
1 1 ay _ - ~
=+ 2T L E(r,w)= K +ab' +E(t, w),
nlt,w) R R
1 a _
me K=",a="2,b=¢".
R R

—aqt

B nByx mocienHux ciaydasx ClIeIyeT y4eCThb, YTO BO3HUKAIOIINE PABEHCTBA
SBIISAIOTCA NPUOIMKEHHBIMM U CIIPaBEAJIMBBI JIMILIB TOI/A, KOrja CiaydailHble
IIOMEXH UMEIOT MAIYIO TUCIIEPCHUIO.

[Ipy 1mOCTpOEHMM NOJIMHOMHAIBHOM MOAECIM U MOJEIH LHUKINYECKOU
KOMIIOHEHTbI TIOJIE3HOM OKa3bIBACTCS JUHEUHAS MHO20()AKMOPHAS MOOelb

peapeccuu 11(xy, X1 ..., X Za X +&(w).

[Tpy mocTpoeHHMH JIMHEHHOW MHOTO(GAKTOPHON MOMAEIN MPOBOIUTCS M
HAOJIIOICHUI
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<
I
S
I

Yn

* * *

¥ o
MHK-ouenku a z(ao,al,...,am) [apaMeTpoB 3TOM MOJENIMU 3aJar0TCA
bopmynon
-1
ok —
a =(XT-X) XT3,
Orta ¢Qopmyna 3amaeT OIEHKH, KOTOPHIC SBIISIFOTCS HECMEIIEHHBIMH,
COCTOSITeIbHBIMU, ()(PEKTUBHBIMU B KJIACCe TUHEUHBIX (YHKITUH.

Hanpumep, mogens Buma 7](t, a)) =da,tal+..+ amtm + S(I, a)) CBOJMTHLCH
3aMEHOA 7 i= 1, Jj=0,m, x aunetinoti MmHocopaxmopHot mooenu

nt.w)=n(zy,...z2,,,0)=a,zy +a,z, +...+a,z, + £t ).
3.3.10 OueHkHu TOYHOCTH MO/IeJN TPeHaa

I[JIH OLOCHKHU TOYHOCTHU MOACIIN UCIIOJIB3YIOT CICAYIOININEC BEJIMINHLI.

1. Abcontomuasn noepewtnocmo

1 & ’

A= —Z()’i —f(t,-,af,...,a;))

n—m-1.3

2. OmHocumenbHas n02peuHoCms

5:2-100%.

3. Cpeonsasn owubdka

n 1—1‘ Yi
4. Koagppuyuenm oemepmunayuu
. 2 R 1 n )
R*=1-— ,Tie §% = Dvi-y).
$(y) n-13""

3.4 IlocTpoeHne NUKINYECKOH KOMIIOHEHTHI

HamomHuMm, 49TO Hamed 1eabl0 SBJISIETCS IOCTPOCHUN 0000IEHHOM
aAAUTUBHON MOJIEIU JUHAMUYECKOTO Psia, KOTOpasi UMEET BUJ
nt,w)=ct)+U{)+V(t)+elt, w).
Ha  npegpiaymmx  3Tamax  pacCMOTPEHBI  METOJbl  MOCTPOCHUS
KOppeKTUpYyIolel KOoMIOHeHThl c(f) u ¢yHkumu tpenaa U(r). ns Ttoro,
9TOOBI TMPUCTYNUTh K TOCTPOCHUIO IHUKJINYECKOW KOMIIOHEHTH V(?),

H€O6XOI[I/IMO N3 CKOPPCKTUPOBAHHBLIX MCXOJHBIX JAHHBLIX YAAJIUTH TPCHA. I[J'I?I
9TOTO nmpoaciaacm CJICAYIOIYTO OoIIcpanuro - BBIUTCM 3HA4YCHUA
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KOPPEKTUPYIOIIEH KOMIOHEHTbl U TPEHJA W3 COOTBETCTBYIOIIMX 3HAUYCHHM
BPEMEHHOTO psifa

N3 _Z(H)—U(ﬁ): Vi

.........

Ya = Z(ty)-U(2,) =5,
Ecnu Tpensg BblIeneH NPaBUIBHO, TO HOBBIE AAHHBIE V,..., Y, MOTYT
coJiepkaTh JIMIb 3aKOHOMEpHBIE KoyieOanus V(f) u ciydaiiHple BO3EHCTBUS
£(t,w) . Hama 3a1a4ya — OTAEIUTh NEPBBIE OT BTOPHIX.

3ameuanue. [l ympomeHus o0O3HAYCHUH aajiee MPU HUCIOJb30BAaHUU
HOBBIX JJAHHBIX CUMBOJI BOJIHBI OYAET OMyCKaThCS.

OCHOBHBIM  CIIOCOOOM  QHAJIUTUYECKOTO  OIMUCAHUS  3aKOHOMEPHBIX
KOJIeOaHMM sIBIII€TCA MpENCTaBIeHNE (PYHKIUU B BUJIE CYMMBbI 91€MEeHMAPHbIX
2APMOHUK C PA3NMUYHBIMU dYacTOoTaMu U amrumrygamu. OOmuil  Bup
sneMeHTapHoil rapMonuku V(t)= Lsin(27zv ¢+ @), Tae v — NONOKUTEIbHOE

YUCJIO, HA3BIBAEMOE yacmomou KoneOaHus, L — TIOJOXKUTEIbHOE YUCIIO,
HaszpIBaeMoe amnaumyoou Konebanus, @€ [0;27) — wHauanvhaa ¢hasza

1
KoJiebanusl, Toraa I’ = — — nepuood KonedaHus.
| 4

[TpennoxxerHast hopma 3aUCH MIEMEHTAPHON TAPMOHUKH YI00HA TEM, YTO
ee mapaMeTpbl UMEIOT SICHBIM (Qu3ndeckuii cmbica. OMHAKO, A HAIIMX ILeJeH
ynoonee CTPOUTD AJIEMEHTAPHYIO TapMOHUKY B BUJIC
V(t)=Acos2mwvt+ Bsin2zvt, a 3areM NOpUBOAUTL €€ K YyKa3aHHOMY

CTaHAAPTHOMY BHAY, UCTIONB3Yys Gopmyny Acosa + Bsina = Lsin(a + @), rae
: A B
L=-/A*+B*, s1n¢=z, cos¢=z. Takum o6pasom, Gymem uckats V() B

BU/IC TMHEHHOW KOMOWHAITNH 3JIEMEHTAPHBIX TAPMOHUK.

[Ipesxxne dYeM CTPOUTH LMKJIMYECKYKH) KOMIIOHEHTY, HEOO0XOIUMO
yOeauThCs, YTO UCXOAHbIC JaHHBIE MOJABEPKEHBI 3aKOHOMEPHBIM KOJEOAHUSM.
OOHapyKuTh 3TO BU3yaJIbHO, M3y4as TpaUK HCXOIHBIX JTAHHBIX, TOBOJIBHO
TPYAHO. DTO CBS3aHO C TE€M, YTO 3a4acTyl0 TIpaUKu SKCIEPUMEHTAIBHBIX
JaHHBIX, 3alIyMJICHHBIX CIIy4allHBIMM BO3JCHCTBUSMM, MpPU  HAJIUYUHU
3aKOHOMEPHBIX KOJICOaHW M UX OTCYTCTBHH IUIOXO pasznuuuMbl. Kpome Toro,
OpU HAJIMYUM 3aKOHOMEPHBIX KoOJIeOaHMM BHauyajae HEOOXOAMMO OIpEAEIIUTh
YacTOThl 3JEMEHTAPHBIX T'APMOHHUK, a 3aT€M OLEHHUBAThb MX aMIUIMTYIbl H
HavajbpHble (a3bl. Bo MHOTUX ciayyasx HaOOp 4acTOT JIEMEHTAPHBIX TAPMOHUK
MOJKET OBITh MOJYYEH Ha OCHOBE aHAIM3a 3KOHOMHYECKOT'O CMBICIIA N3y4aeMOTO
nporecca.

Ipumep. Ilycts  y,y,5,..., V3¢5 HPEICTABIAIOT CcOOOH JaHHBIE O
eXXeTHEBHBIX 00beMax moTpebyeHus raza HacenenueM r. Jlonenka 3a Becb 2005
rof.

PyKkOBOACTBYSICH JIOTMKOM, MOHO 3aMETHThb, YTO JUISl €XKEIHEBHBIX
JaHHBIX TAKOT'O THIA XapaKTEPHbI KOJEOaHUs C IEPUOJIOM B OJMH T'OA U B OAHY
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Henemo. [Ipumem 3a enunuiy Bpemenu 1 rox. Torma mepuos ToJOBBIX
konebanuit T =1 rox, a wacrora v, =1 koneb./ron. CooTBeTCTBYIOLIAS

JJIEMEHTapHasi TapMOHUMKA HMEET BUJ Vl(t)zl,lsin(27zt+¢)1) (puc. 3.6,

nyHKTHpHas JuHus). [lockonbKky MakcUManbHOE MOTpeOIeHNE Ta3a IPUXOIUTCS
Ha HayaJo U KOHEI| rojja, a MMUHMMAJbHOE — Ha CEPEIMHY, TO €CTECTBEHHO

HOJIOKUTE (@, =%. I'papuk rapmoruku V,(t) wu300paxen Ha pwuc. 3.6

CIJIOIIHOM JIMHUEH. AMHJ’II/ITy,Z[a Ll MMOKa OCTAeTCsl HEM3BECTHOM U €€ ciaenyer

OLICHHUTD MO3XKE.

Tenepb yuteM HenenbHble KosieOaHus. IlepBbIM JHEM HEIETU CUHUTAEM
MOHEIENbHUK. ['071 CoAepKUT 52 TOJHBIE HEAENU, YTO COCTaBiieT 364 mHs.
Ot6pocum 365-i1 aeHs rona. [lepuoa u yacToTa HEACIBHBIX KOJIEOAHUM PaBHBI

1
T, = i 52 . CnenosarensHo, V, (t)= L, sin(27-52¢+ @,).

Puc. 3.6 — I'paux rapmonuxu V, (t)

Ha puc. 3.7 nyaktupHO# nuHUEH n300pakeHa OJHA BOJHA CHHYCOHUIBI C
HyJleBoW HawyanbHOU (azoit, 1. e. V(r)=sin(27-52t). Haiimem Benmuuuny
HadalbHOM (a3sl ¢@,. B HeoelbHOM IUKIE MaKCUMyM HOTpeOsIeHUs
OpUXOAUTCS Ha CyO00OTy, T.€. Ha IIeCTOM JACHb HEACId, a MaKCUMYyM
MYHKTUPHOU CHHYCOUJIbI TPUXOJIUTCS HA BTOPHUK, T. €. HA BTOPOil ICHb HEJEIH.
3HaunuT, YTOOBI TOJNYYUTh CHHYCOHWJY C MAaKCUMyMOM B CyOOOTY, HYXHO
INYHKTUPHYIO CUHYCOUY CIIBUHYTh Ha YETHIPE JTHS BIIPABO.
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Puc. 3.7 — I'padux rapmonuxu V, ()

Opnako, niepBbiM gHeM 2005 ros1a ObUIO0 BOCKpECEHBE, a HE TIOHEACIbHUK.
3Ha4YuT, NPeoOpa30BaHHYI CHUHYCOWJIY HY)KHO €€ CIBUHYTh HAa OJWH JICHb
BJIeBO. B wuTOre mnyHKTHpHAs CHUHYCOWJA CIBHHETCS Ha TPU JHS BIPABO

3
OTHOCHUTEIIBHO Hayvaja roja, T. €. @, =27 52'@ u

3
V,{t)=L,sin| 2x-52|t——— cM. puc. 3.7).
0)=1, (1=, )) o pue. 37

B urore mozenn, KOTOpast yUUThIBACT 00€ YaCTOTHI KOJICOAHU, HIMEET BH/T
V(t)= L sin(2zv,t + @)+ L, sin(2zv,t + @, ).
Dcku3 rpaduka Takoid (QYyHKIHM Ha BPEMEHHOM HHTEpBaie Mmoarofa (s
IIPOCTOTHI aMILIUTYIbI BHIOPAHBI IIPOM3BOILHO) H300paXKeH Ha puc. 3.8.

01 032

Puc. 3.8 — Dckn3 rpaduka IUKINIEcKOi KoMmoHeHTsl V(t)

Hns OTIPENEIICHUS aMILIUTY 1 L,L, 0003HauYUM
xi(t)=sin(2m/it+¢,- ),i=1,2. Torna Mbl uMeeM IMHEHYIO IBYX(pAKTOPHYIO
mozensb V(t)=Lyx;(t)+ L,x,(t). Kosdpdpurmentsr 510l MOmEnn MOTyT OBITH
otieHeHbI ¢ momoisio MHK-oneHok a1 auHeiHoi MHOTO(akTOPHONH MOIEIH.

Kak BuauMm, 0pu MNOCTPOEHUM LUKIAYECKONM KOMIIOHEHTHI TIJIaBHYIO
TPYIHOCTh NPEACTABISAET IOUCK YacCTOT DJJIEMEHTApHBIX TapMOHHUK. Ecimu

ONpCACIINTL YAaCTOThI 3apaHCC HC IMPCACTABIIACTCA BO3MOXKHBIM, TO I HUX
BBIACIICHWSA UCIIOJIb3YHOT MECXaHUYCCKNEC MCTO/bI.

3.4.1 MexaHu4ecKuii MeTO/ MOCTPOECHUSI IMUKJINYECKON KOMIIOHEHTHI

OmHuM M3 [POCTEUIIMX METOJOB IPEABAPUTEIBHOIO  BBIIACIICHHUS
LUKJINYECKON KOMIIOHEHTBI SBIIAETCS MEMOO Ce30HHOU GONHDbL.

[Tycte B HabmomaeMoM mpolecce BblIeJIeHbl M BPEMEHHBIX IEPUOIOB
OJIMHAKOBOW IIPOJOJDKUTEIBHOCTH (HAPUMEp, IOJbl, KBapTajbl TOAa, MECALBI,
Hexenu u T. 1.). Kaxasiit nepuoa coctout uz N uzmepenuid. O603HauuM i-toe

U3MEPEHHE B j -TOM TIEPHOJIE Yepe3 y(j), i=1.,N, j=1..M.

i
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Omnpenenenue. MeowcnepuoOnvivu cpeOHuUMU ITUHAMUYECKOTO  psla

_ 18

yl(l),...,yl(\l,),...,yl(M),...,y](VM) Ha3bIBAIOTCS BEIMYMHBI Y, :—Zyl.(f) ,i=1,..,N.
M 5

Ce3onHoul 601HOU HA3BIBAIOT IOCIEN0BATEIBHOCTh MEXKIIEPUOAHBIX CPEIHUX

Viser Y - AJ151 HATJISITHOCTU CE30HHYIO BOJIHY M300paxaroT rpaduyecku B BUAE
JIOMAaHOU, COCIUHAIOMEH TOUKH (¢;,Y;), i=1,..,N.
Tlopsiook nocmpoenusi ce30HHOU 8OJIHbL

1. B psaay HaOarofeHUi BBIACISAEM NEPUOABI OAMHAKOBOW IMHBI. DTO
MOET OBITh CIIeIaHO, HAIPUMED, TaK, KaK MOKa3aHO B MPEIBIIYIIEM MPUMEpE.
Ha »TtomM »Tame CymecTBeHHYIO TOMOI, MOTYT OKa3aTh PE3yJIbTaThl
MEXaHUYECKOTO BBIJICJICHUS TPEHJIA C IOMOIIBIO CKOJB3SIIECTO CPEIHETO.
HamoMuuM, 49TO ecnu MOpSAIOK CTiaXKMBaHUS JTaHHBIX COBMAACT C MEPHOIOM
KoJIeOaHWH, TO KOJeOaHUs UCUE3aroT.

2. Ilocae BbIICICHUS TEPUOJOB BPEMCHHOM psJl MPUOOpPETAacT BHJI

Visees YN > YN41ows YaN s YN(M—D)y+1 5+ YNy~ WIH,  YTO  TO K€  CaMoe,
yl(l),..., yﬁ),...,yl(M),..., yl(VM). VYcepennsem JaHHble W3 pa3HbIX EPUOJOB

M-1 M
y; L DY N+ =i2yl-(j), i=1,..,N, ¥ HOJly4aeM CE30HHYIO BOJIHY.

M 2 M 5

3. Ctpoum JIOMaHY1O, COCIUHAIOIIYI0  TOYKH i, y;), i=1..,N.
[lepuoguyeckn mnpoAoKaeM JioMaHyo Ha Bce M mnepuonoB. CoBMmellaem
MOJIy4eHHBI Tpaduk ¢ rpadUKOM HMCXOAHOTO JMHAMHYEcKoro psina. Ecmm
rpauKd TUHAMHYECKOTO Psiia M CE30HHOUW BOJHBI BEAYT C€0sS CHHXPOHHO, TO
MOHO MPEANOJI0XKNATh, YTO WCXOIHBIE JTaHHBIE COJEPkKAT 3aKOHOMEPHBIE
nepuoauyeckue koyiebanus ¢ nepuoaom N. Ecnm ke CHHXpOHHOCTH TpaduKoB
Hapymaercs XoTss Obl B OJHOM TIEpHOAE, TO JWUOO B JAaHHOM PAIY
MEePUOANYECKUX KOJIeOAHUM HET, MO0 HEBEPHO BhIJIEICHBI 0a30BbIC IEPHOIBI.

3ameuanmue. [Ipemsiaraempiii METO TOCTPOEHUSI CE30HHOM BOJIHBI OCHOBAH
Ha BBIYMCIICHUH MEXKIEPUOIHBIX BBIOOPOUYHBIX CpeHUX. BMECTO 3TOro MOXHO
CTPOUTH CE30HHYIO BOJIHY, OCHOBBIBAsICh Ha MEXIECPUOAHBIX MEIUaHaX
WCXOJHBIX JAHHbIX.

Bocnoanenue nponywennwix oanmvix

[Ipy DOCTPOECHMM LMKIWYECKOW KOMIIOHEHTBI MOXET BO3HUKHYTH
npoOiemMa TIOCTPOCHHS CE30HHOW BOJHBI, €CIM HEKOTOPhIE H3MEPCHUS
nponyueHsl. [IoCKObKY Ha 3TOM 3Tare TPEHJ YK€ YIAIEH, TO BO3HUKAET
BO3MOYKHOCTh BOCIIOJIHUTH TMPOIIYCKM BO BPEMEHHOM psny. Paccmorpum
HEKOTOPBIE METO/Ibl BOCIIOJIHEHUS MMPOMYIIICHHBIX JaHHbBIX.

1. [IponymieHHble  JaHHBIE MOTYT  OBITh ~ BOCIOJIHEHBI  CPEIHUM
apupMETHUYECKUM aHAJIOTUYHBIX 3HAYEHUN U3 APYTUX MEPHOJIOB.

2. BocnojiHEHHE JAaHHBIX MOXHO MPOBECTH, YCPEAHSAS MNPEAbIAYIIee U
CIIEAYIOLIEE 3HAYCHMUS.

3. I3 umeronmxcd aHaJOTMYHbIX JaHHBIX JPYIUX MEPUOAOB HayJdady
BBIOMPAIOT OJTHO M UM BOCIIOJIHSIIOT MPOITYCK.
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4. ®opMupyoT BBIOOPKY AHAJIIOTMYHBIX JaHHBIX W3 APYTHX IEPUOJIOB.
CornacHo ycioBusiM ['aycca—MapkoBa, MpeAnoa0KUM, YTO BbIOOPKaA MOJydyeHa
U3 HOPMAaJbHOTO pachnpeneseHus. Bbluuciaum BbIOOpOUHOE CpelHee W
UCIIPaBJICHHYIO BHIOOPOUYHYIO AMCHEPCHIO 3TOW BbHIOOPKH. CreHepupyeM OJHO
3HAQUEHHE  HOPMaAJbHO  pACHpPEACNICHHONM  CIy4yalHOM  BEJIMYMHBI  C
BBIYHMCIICHHBIMU MTApaMETPAMH U BOCIIOJIHUM 3TUM YKCIIOM MPOMYCK.

[ToHSATHO, YTO MCKYCCTBEHHOE BOCIOJIHEHUE JAHHBIX BHOCHUT B JIaHHbBIE
JOTIOJTHUTENbHBIE TIOMEXHU U CHUKAET TOYHOCTh pe3ysbTaToB. OqHAKO O€3 3TOTro
MpUEMA BBLICIUTh [IUKINYECKYIO0 KOMIIOHEHTY JIOBOJBHO CJIOKHO.

3.4.2 AHaTMTHYECKHA METO/ NMOCTPOCHUS HUKJIHIECKOH KOMIIOHECHTBI

Ecnu na MNpCAbIAYIICM 3TallC UCCICAOBAHMUSA ITPHUHATO PCIICHUC O HAJIMIWU
HPIKJIH‘-ICCKOﬁ KOMITIOHCHTBI, IMPHUCTYIIACM K €€ IMOCTPOCHUIO B aHAJIMTUYECKOM

dopme. McXomHBIMU JaHHBIMM ISl 3TOTO SBISIIOTCS YHUCHA  Yj,...,Vy —

AJIIEMEHTBI CE30HHON BOJIHBI. By/leM CTpOUTh LIMKINYECKYI0 KOMIIOHEHTY B BUJIE
YaCTUYHOM cyMMBI psasia Dypbe, T. €. B BUAEC CYMMbI 3JIEMEHTAPHBIX TAPMOHUK C
Heu3BeCcTHbIMM  amrumtygamu. JIk. beumar u  A. [lupcon npenioxunu

cienyroiyto GopmMy HUKIMYECKOW KOMIIOHEHTHI:
N

V()= A, + 22: (Ak cos%t + B, sin%t).
=l N N

Orta (opma Nerko MPUBOAUTCS K JUHEHHON MHOTO(AKTOPHOW MOJIENH,
nocyie 4ero ee Kod(PQuIMeHTsl MOTYT OBITh OIEHEHBI METOJIOM HAWMEHBIITUX
kBagapaToB. CootBercTByrOmue Gopmyinsl (popmynsr  benoama—Ilupcona)

HUMCHOT BHU

M=

A—lg‘j A _ y; COSTTi
0= y&Yi> AN = 72D ’
NS o N

2N k N
A, =—>» y.cos2xr—i, k=1,....——1,
g Nzy’ N 2

i=1

2N k N
B, =—) y.sin2x—i, k=1,...,—-1, By =0.
R N 2 l

i=1 )
3amMeTuMm, 4TO 3T (POPMysbl MOTYT OBITH TPUMEHEHBI JIUIIL TOT/IA, KOT/1a
KOJIMYECTBO M3MEPECHHUI B OJHOM TEPHUOJEC SBISIETCS YETHBIM. Eciu mepuoaom
SBJISIETCS TOJ WJIM MECSI], TO 3TO HE CO37aeT OOJBIIMX TPYAHOCTEH, TaK Kak
MO’KHO CYHTATh, UTO I'OJ COCTOUT u3 364 nHeit, a mecsan n3 30 guen. Takue
«ype3aHus» MEePUOJIOB HE MPHUBOMAAT K 3aMETHBIM ToTepsM nHpopManuu. Ecim
e TIEPUOJIOM SBIISIETCS padodasi HeAeNls MPOJAOHKUTEIIBHOCTEI0 N=5 NHEH, TO
yKa3aHHbie (POpMyNIBl TPUMEHSATh Hemb3s. lIpeogonerb 3Ty TPYIHOCTh
HernpocTo. KpaTko onuiieM Ba NpOCTEUIINX, HO HE CAMBIX Ha/ICKHBIX MTYTH.
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[lepBbiit cnoco® mpennaraer OOBEAWHUTH HEAETU B JIEKAIbl, CIENaB
JI€Kaabl HOBBIMM IIEPHOJAMU, IIOCTPOUTh HOBYHK) CE30HHYIO BOJIHY M K HEH
npuMeHuTb Gopmyisl bennara—Ilupcona. IIpu 3TOM ciienqyer NOMHUTH, YTO B
JNENUCTBUTEIILHOCTH IIEPUOAOM SBJISIETCS HENEI, a HE IeKaaa. DTO 03HAYaeT, 4To
IPU MOCIENYIOIIEM 0TOOPE 3HAUMMbIX TAPMOHUK CIIEAYET PacCCMAaTPUBATh JIUILb
TapMOHUKH, IIEPUOJT KOTOPBIX HE IPEBBIIACT ISTH JTHEH.

Bropoii cnoco6 mnpenngaraeT HMCIHOJb30BaTh ObICTpOE MpeoOpa3oBaHUE
@ypre. B 3TOM ciydae ciegyeTr OTKa3aTbCs OT HCIOJIB30BAaHUSA JTaHHBIX
CE30HHOM BOJIHBI U BEPHYTHCS K UCXOIHBIM JAaHHBIM Y |,..., y, . K 3TUM naHHBIM

npuUMeHseTcss ObicTpoe mpeobpazoBanue Dypbe. DTO MOXKHO MPOJENATH,
HampuMep, ¢ MOMOIIBIO MakeTa MpUkIagHbix nporpamm MathCad, B koTopom
uMmerotcs ¢yukiuu npsmoro (fft) u o6patHoro (ifft) 6picTpEIX TpeodpazoBaHmMit
®ypse. B pesynbrare Takoi 00pabOTKH JaHHBIX MPOTpamMma COOOIIAeT YaCTOTHI
U aMIUTUTYJbl 3HAUYMMBIX TapMOHHK, COACPIKAIIMUXCS B MCXOJIHBIX JTaHHBIX.
OnmHako omHCaHHAs TMpoleaypa TpeOyeT, YTOObI KOJIMYECTBO HW3MEPEHUI

paBHsIIOCH 2%, IJie § — HATypaJbHOE YKCJIO. DTO CO3MaET HOBBIE TPYIHOCTH.
Hanpumep, ecnu umeercs 20 AaHHBIX 3a YETHIPE MATUIHEBHBIX HEIETH, TO
npuaeTcs oTOpocuTh MO0 4 TepBbIX, JUO0 4 MOCIETHUX HU3MEPEHUs, UTO
MPUBOJUT K MOTepe UH(POPMAITUH.

3.4.3 MeToabl 0TO0pa 3HAYMMBIX FTAPMOHUK

Ecnin mpu mocTpoeHUM IHUKIMYECKOH KOMIIOHEHTHI TMPUMEHSIINCH
dopmynel benpara—Ilupcona, To moctpoeHHoe pasnokeHue ¢QyHkiuu V(1)

OyJeT mpeacTaBisiTh COOOM CyMMY RJIEMEHTapHbBIX FapMOHMK. M3 HUX HYXHO
oTOOpaTh 3HA4YMMbIE TAPMOHUKH, T. €. T€, KOTOpble BHOCAT Hauboiee
CYILIECTBEHHBIA BKJIAJ B MEPUOJUYECKHE KOJIEOaHUS M3y4aeMoro moka3aress.
Bo3moskHBI paznuuHble CrIOocoObI OCYIIECTBIEHUSI TaKoro orbopa. PaccMoTpum
JIBa U3 HUX.

1. Mexanuueckuii (apugpmemuyeckuii) memoo

N
BelunciisieM aMIUIMTYyAbl TapMOHHMK L, = \/A,g + B,g , k= 1,...,3. Cpenu

gucen L;,..., L, BblOupaeM HauOousblllee U ONpEAEISEM €ro IMopsIoK.
2

3HaunMbIMU OyZIeM CYUTATh T€ TAPMOHHKH, AMILTUTY IBI KOTOPBIX UMEIOT TaKOMH
xe mopsnok. MHorma menecooOpa3Ho CYMTATh 3HAYMMBIMUA U T€ aMIUTATYIBI,
MOPSAZIOK KOTOPBIX OJIM30K K MAaKCUMATbHOMY.

2. BeposimHocmuo-cmamucmuyeckui Memoo

DTOT METOJl OCHOBaH Ha MPOBEPKE THUIMOTE3bl O 3HAYUMOCTH TapMOHHK C
MIOMOIIBIO cmamucmuyecko2o kpumepus Quuepa.

O003HaUNM
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§? = 1 i:yz—nA(z)—2
n_N i=1 l 2k=1
2
N
F, :ZZL, k=1,..,—.
A; +B; 2

TeopeTtndyeckori OCHOBOW Mt Kputepusa Pumepa sBISIETCA Teopema,
KOTOpasi IJIaCUT: €CJIM CllydalHas KOMIIOHEHTAa JMHAMUYECKOro psaa
YAOBIETBOPSET ycnoBusaAM I'aycca—MapkoBa, TO pacnpenesieHHe BO3MOKHBIX
3HAYEHUN BeNWYMHBI F, sBusercs pacnpeneneHuem Pumepa ¢ (n—N,2)
CTENEHSIMH CBOOO/IBI.

[IpuBenem crienyroumuii areopumm nposepku eunomessvl 0 sHavyumocmu k -
mou 2apMOHUKU.

1. Beibupaem yposens gosepus ¥ € (0;1).

2. Tlo Ttabmumam pacnpeneneauss dumepa (Tabmuma4) ¢ (n—N, 2)
CTENCHSIMH CBOOO/IBI HAXOINM KPUTHIECKOE uciIo F), (n—N,2).

3. Beruucnsiem uucio F, .

4. [IpyuHuMaem penieHue:
— ecmu Fp 2 Fy(n—N , 2), TO k -Tasi rapMOHMKA TIPU3HACTCS HE3HAYMMOU

Ha YPOBHE IOBEpHUS ¥ ;
— ecmu by < F}, (n —N, 2), TO Kk -Tasi TapMOHHKA NPU3HACTCS 3HAYMMOK Ha

YPOBHE IOBEpUS ) .

TakuM cnocoboM mpoBepsieTCsl Ha 3HAYMMOCTbh KakJas TapMOHMKA,
BXxoAsamas B pasnoxenue benpara-Ilupcoma. He3Haunmmble rapMoHUKM U3
COCTaBa LUKJINYECKOU KOMITIOHEHTHI yIAJISAIOTCS.

Ha sToM nporecc nocTpoeHus HUKINYECKOM KOMIIOHEHTBI 3aBEPILACTCA.

3.5 IIpoBepka 0cTaATOYHOWH KOMIOHEHTHI HA aIeKBATHOCTD
ycaosusaMm I'aycca—MapkoBa

[Tocne  BblAENEHUS  KOPPEKTUPYIOIEH  KOMIIOHEHTBI, TpeHIa U
UKJIMYECKON KOMIIOHEHTBI CTPOUM OCIMAMOYHYI0 KOMHOHEHN)
E =y —ct)-Ult)=V(@) .. .E, =y, —c@t,)-Ul,)-V(,).
Bce npoBeneHHBIE BBIIIE PAacCyXICHHUS CHPABEMIMBBI IIPU YCIOBUH, YTO
Ciay4JalHass  KOMIIOHEHTAa  yAOBJIETBOpsieT  ycinoBusaMm  ['yacca—Mapkosa.
EcTecTBEHHO BO3HHMKAaeT BOIPOC: MOXKHO JM CUYdTaTh uyucaa E,,...E

n

3HAYECHUSMHU CIIy4alHOM BEJIMYMHBI YKAa3aHHOTO THIA?

Hanomuaum YCIJIOBUS ["'aycca—MapkoBa u chopmynupyem
COOTBETCTBYIOIIIME BONPOCHI, HA KOTOPBIE CIEAYET OTBETUTH IIPU AHAIU3E
OCTAaTOYHOU KOMITOHEHTHI.

1. E(t, a)) SIBJIICTCSI CITy9aifHOW BEJTMYMHOM JIJ1s1 Kaxkaoro ¢ = 0.

MOXHO JM CYUTaTh, YTO MOJYYEHHBIH PSJl OCTATKOB E,,...,E  SIBISETCS
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IIOCJIEA0BATEIBbHOCTBIO 3HAYEHUM HEKOTOPOM CIy4allHOW BEJIWYMWHBI, WIH OH
BeJIET ce0s1 3aKOHOMEPHO?

2. CnyyaiiHbple BEJIMYHUHBI 8(t,(0) npu KaxaoM t =0 HMET HOpMalTbHOE
pacrpeneneHue.

MoxHO nu cuurarh, 4yTo uucna E,,...,E, — dTO pe3yiabTaT U3MEPEHUSA
HOPMAJIBHO paclpeeICHHON CIy4YailHOM BEJTMYUHBI?

3. M(e(t,w))=0, D(et,w)) = o°.

MoxHno mu cuurars, 4ro E,...,E, — 3T0 pe3ylbTaTbl W3MEPECHUSA

n

HEKOTOPOU CIIy4YaHOW BEJIWYMHBI C HYJIEBBIM MAaTEMaTUYECKAM OXUJAHUEM U
MOCTOSIHHOM JUCTIEPCUE?

4. Cny4aitHble BEIUYUHBI e(l,w)....,e(n, @) — HezaBUCHMEL

SABnserca mu pan E,,..., E, pe3ylbTaTOM HE3aBUCUMBIX U3MEPEHUM?

Ecnu Bce mepeunciieHHbIE YCIOBHS BBIMOJHEHBI, TO MOCTPOCHHAS MOJEIb
CUMTAETCA aJe€KBAaTHOW ycioBUsIM ['aycca—MapkoBa, 1 IPUMEHEHUE OMKMCAHHBIX
BBIIIIE METOJIOB SIBJIETCS KOPPEKTHBHIM. Ecim ke XOoTs Obl OJIHO W3 HHUX HE
HNOATBEPKAAETCS Ui BBIOOPKU E,,..., E, , TO MOZEIb IOCTPOEHA HE KOPPEKTHO
U €€ CJIETyeT CKOPPEKTUPOBATH, JIMOO BOBCE OT HEE OTKA3aThCSI.

Paccmotpum 3Tanmel mpOBEpKM MOJENIM HA AJIEKBATHOCTh YCIIOBUSIM
["'aycca—Mapxosga.

3.5.1 IlpoBepka psiia OCTATKOB HA CIYYAHHOCTH

JUid mpoBepku psnga OoCcTarkoB E,...,E, Ha CIlydalHOCTb IPUMEHSIOT
Meron Kenzena, KOTOPBIN Takke Ha3bIBAIOT Kpumepuem noGopomHbuLX moyex.

Onpenenenue. Touka E; HaswIBacTCs nosopomuou, ecmu E; | < E; > E,
mbo E; | >E; <E,,,i€{2,..,n—1}.

[Tycth, HanpuMep, TOUEUHBIN TpadUK OCTATKOB UMEET BU, N300PaKEHHBI

Ha puc. 3.9. [IoBOPOTHBIMU SBJISIOTCS TOUYKH ¢ HOMepamu 3, 4, 5. Touka HOMED
2 He sBisieTcst NoBOpoTHOM. K ToukaM Homep 1 1 6 3TO MOHATHE HE TPUMEHUMO.

| N

1
| | | | |
T | | T T

|
0 1 2 3 4 5 6

Puc. 3.9 — Toueunslit rpaguk 0CTaTOUHOM KOMITIOHEHTHI

O6o3naunM uepe3 7, (w) cnydaiinylo BeIMYMHY, PABHYHO KOJHYECTBY

MOBOPOTHBIX TOYEK B Py BO3MOXKHBIX 3HAYEHUN OCTATOYHOU KOMIIOHEHTHI
E/(@),....,E, (w). P. KeHaenoM ycTaHOBJIEHO, YTO

16n-29

M, (@)= (1-2), D, (@)=""
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DTH paBEeHCTBA IIO3BOJIIOT IOCTPOUTH JIOBEPUTEILHBIM HHTEPBAI JUIS
KOJINYECTBA MOBOPOTHBIX TOYEK.
De
Bocrmosb3yemcs HepaBeHcTBOM YeObiieBa P {‘5 - M¢E|> e}< — -

Honoxwus & = 7, (@), nomydum

2 1 16n-29
Pir (w)——\n-2)>¢€ <— —F;
(@)= 2-2) > ebs L1
Pl 7,(0)-2(n-2) <& [, (0) |21~ |,
E

Aneopumm nposepku psaoa oCmamxkos8 Ha CIy4auHOCmb

1. Bei6upaem yposens gosepust ¥ € (0;1).

1
2. Haxomum € m3 paBeHcTBa 1—— =7
£

3. CTpouM IOBEPUTEIbHBIN UHTEPBAT

2(=2)- 2" < 1 ()< 2 (n-2)+&, 0=
3 90 3 90

4. BeraucnseM 7, — KOJIMYECTBO MIOBOPOTHBIX TOYEK B psne E, ..., E

n-

5. IlpuHuMaem pemieHue: ecnd £, HPUHAMIEKUT I[OCTPOCHHOMY

n
JOBEPUTEIBHOMY UHTEpBaly, TO psan E,, ..., E, NpU3HAETCsA CIydyaliHbIM Ha

ypoBHEe poBepusd Y. B mnporuBHom ciyuae psaag E;, ..., E, sBIfeTcH

n
HeclIy4aiHbIM. B 3TOM citydae 1enecoo0pa3Ho nepecMOTpeTh MOJICIH TpeHAa U
LUKJINYECKON KOMIIOHEHTBI X IOBTOPUTH IPOBEPKY JJIL HOBOTO Psiia OCTATKOB.

3.5.2 IIpoBepka psiia 0CTATKOB HA COOTBETCTBHE
HOPMAJILHOMY pacripeaeeHnI0

J{ns mpoBEpKH TUIOTE3bl O HOPMAJIBHOCTU PACIpPEAEIICHUS PsAJa OCTATKOB
MO>KET ObITh MCIOJIb30BaH JIFOOON KpUTEepuil cornacusi. Mbl pacCMOTpHUM JIBa U3
HUX: KPUTEPUI aCHMMETPUHM U dKcliecca U RS-kputepuii.

Kpumeputi acummempuu u sxcyecca

BbI60pO‘-IHbIe aCI/IMMeTpI/IH 1 3KCIECC onpez[en;mncr, HaMHU BBIIIIC B pa3z[eﬂe
«BpIOOpOUHBIE UYMCIOBBIE XapaKTepUCTUKH». Hamomuum dopMynsl ans ux
BBIYUCJIICHUA
— (x-%) — (x-%1!
A=—g  Bx=—g—-

S S
TCOpCTI/I‘ICCKI/I yCTaHOBJICHO, qToO CpCI[HCKBaI[paTI/I‘{eCKI/IC OHIH6KH

BBIOOPOYHON aCUMMETPHUU U BBIOOPOYHOTIO JKCIlecca J1Ji1i HOPMaJIbHBIX BEIOOPOK
PaBHbI

3.

9
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6(n—2) 24n(n—2)n-3)
» SEx T 2 :
(n+1)(n+3) (n=1)*(n+3)(n+5)
JloBepuTEnbHBI UHTEPBAI C YPOBHEM JoBepusa ¥ = 0,95 mnsa acumMmeTpuun

TaKOB: ‘A‘ <15 ¢, UL dKCLecca: ‘E x

<L5¢ . Ha ocHoBe sroro mosyyaem
CJIEYIOIIKE IPABUIIA.

IIpasuno nposepku na 3nauumocmes acummempuu eloopku E,,..., E

n

— ecnu ‘A‘ <1,5¢;, To acummerpus BHIOOpKH E,...,E, TNpH3HACTCS
HE3HA4YNMOI;
— €eclin ‘A‘ >2¢5, TO acuMMmeTpus BbIOOpPKHM FE,,..,E, npu3HaeTCs

3HAUUMOM,
— ecmn 1,56, S‘A‘SZgZ, TO JAHHBIA KPUTEPUH OJHO3HAYHOI'O OTBETA

JaThb HE MOXKCT.

IIpasuno nposepku na snauumocms sxcyecca evloopku E,,..., E

n

— eciu ‘Ex‘ <1565, TO o9Kcuecc BBIOOpKH E,,..,E, NpH3HACTCS
HE3HAYMMBbIM,;
— eciu ‘Ex‘ >2¢,, TO oKcuecc BbIOOpKH E,..,E, TpH3HaeTcs

3HAYUMbIM;
_ — <|Exl<2c— i i
ecmn 1,564 < ‘Ex‘ <2g%-, TO NaHHBIA KPUTEPUI OJHO3HAYHOTO OTBETA

JIaTh HE MOXKET.

Ecin o6a mnapamerpa (M acUMMETpusi, U 3KCLECC) IPU3HAIOTCA
HE3HAYUMBIMH, TO Ha ypoBHe nosepus Y =0,95 npuHuMaercs rumoresa o
HOPMaJbHOCTH OCTATOYHOM KOMIIOHEHTh. Ecin o6a mapamerpa mnpu3HAHbBI
3HAYMMBIMH, TO CIIEAYyEeT OTKa3aTbCi OT THUIOTE3bl O HOPMAJIbHOCTH
pacmpenesieHdss OCTaTOYHOM KOMIIOHEHTBI. EciM KpuUTepuil acUMMETpUHM U
JKCIIEcca HE Jall OTBETA, TO JUJIl YTOYHEHHs PE3yJbTaTa MOYKHO HMPUMEHUTH,
Harpumep, RS-kpurepnii.

RS-kpumepuu

Cratuctuka KpUTepus UMEET BH/]L

RS = Eax — Enin
I & —\
—>I\E,-E
n—1 i=1
rne E,.., Enn, — MakCUMallbHOC W MHHUMAJIbHOC 3HAYCHHS B PsJIC

— 1 n
OCTaTKOB COOTBETCTBeHHO, E =—) FE,. IlpuBeneM ancopumm nposepKu
=1
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0CMamo4HOU KOMNOHEHMbl HA HOPMATbHOCMb.

1. 3agaem ypoBEHb JOBEPHS .

2. Beruucnsiem Benuunny RS .

3. Ilo Tabnumam kputudeckux touek RS-kpurtepus (Tabnuima 5) Haxomum
BCIIMYMHBI R, U R, .

4. Tlpuaumaem pentenne: ecmu RS € (R ;R,), ToO Ha ypOBHE JOBEPUS ¥

IIPUHUMACTCA THUIIOTE3a O HOPMAJBHOCTH  PacCHIpCACIICHUA OCTaTOYHOM
KOMITIOHCHTBI, B IPOTUBHOM CJIYy4acC 3Ta 'MII0TC3a OTBCPracTcC.

3.5.3 IlpoBepka paBeHCTBA HYJII0 MATEMATHYECKOT0 0KUIAHMS
O0CTATOYHOM KOMIIOHEHTBI
Jlnst mpoBepKH THUMOTE3bI O TOM, YTO MAaTEMaTUYECKOE OXKUIAHUE
OCTaTOYHOW KOMIIOHEHTHI PaBHO HYJIIO, UCIIOJIB3YETCs TOT (aKT, YTO BETUUMHA
E~n-—1

f= umeer pacnpeaeneane CrprogeHTa ¢ n—1 crencHIAMU
n

3 (5 -Ef

ni-

CBOOO/IEI.
Aneopumm npogepku 2unome3svl 0 pageHCmee Hyan MamemamuieckKo2o
0IHCUOAHUSL OCIAMOYHOU KOMHNOHEHMb]
1. 3agaeM ypoBeHb JOBEpUS ¥ .
2. BeluucyiseM BENUYHHY f .
3.Ilo Tabnuue KpUTHYECKMX 3HaYeHW pacnpenenenus CrblogeHTa
(Tabmuua 1) HaXOMM BETUUUHY 1. |-

4. IlpuHuMaeM pelieHue: eciu ‘f‘<tn_1’1_7, TO Ha YpOBHE JOBEpUs ¥

OPUHUMAETCS TUIOTE3a O PABEHCTBE HYIK MAaTEMaTUYECKOrO OXHUIAHHS
OCTaTOYHOW KOMIIOHEHTHI, B IPOTUBHOM CJIy4ae 3Ta TMIIOTE3a OTBEPIaeTCs.
3ameuyanume. B ciyyae ecim yKazaHHas TUIIOT€3a OTBEpPraercd,

1enecoo0pasHo BBECTU BenuuMHbl E; = E; —E (HOBBIM P OCTAaTKOB) U
COOTBETCTBEHHO CKOPPEKTUPOBATH MOJEIb TPEHA.

3.5.4 UccaenoBanue 0CTaTOYHON KOMIOHEHTHI HA AaBTOKOPPEJIALMIO

B pazmene «BpiOopodHble UYMCIOBBIE XapaKTEPUCTHKH» OTMEYEHO, UTO
eciM CiydaiHble BEOMYHHBI & W 7] HWMEIOT COBMECTHOE HOPMAbHOE
pacmpezieieHue, TO UX HE3aBUCHUMOCTh PABHOCHJIbHA HEKOPPETUPOBAHHOCTH.
Takum  00pa3oMm, HE3aBUCHUMOCTh CEYEHHUH OCTAaTOYHOW  KOMITOHEHTHI
paBHOCHIbHA (PAKTy OTCYTCTBUS KOpPPEIAUA MEXKAYy HHUMH. I[lOCKONBKY
UMEIOTCS U3MepeHus E,,..., E, , SBIAIOLNIMECS 3HAUYCHUSAMHU OJHOTO M TOTO K€
CIIy4allHOrO Tpolecca B pa3IUYHbIE MOMEHTHl BPEMEHH, TO CIEAyeT
UCIIOJIb30BaTh BEIOOPOUHBIN KOI()PHUIIMEHT aBTOKOPPEIISALIUH.

Hapsny c¢ Bwibopkoit E,,...,E,_, paccMOoTpuM BbIOOpDKY E,,...E H
OTIpeACTUM KOPPENSIIHIO MEXKIY STHMH BBIOOPKaAMHU.
Onpenenenue. Boibopounviii kKoagguyuenm asmoxoppenayuu 1-2o panea
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n

s BelOOpku E\,..., E, 3anaercs Gpopmyiioit
-1
Z E;-
i=1

n-1 1 1
EE  ——— E.
; i+l n—1* 1 Jj+l

k(1) = = 2 s .
) 2 i

n—l1 n—l1 n—l1 n—l1
inZ - ! ZEi ZEiZH - 1 inH
i=1 n—13 i=1 n—13

Ecmm k(1) cymectBenHo otinuwdeH ot (0, TO 3TO MOXET O3HAa4yaTh, YTO

n—

KaKIbIA MOCIHCAYIOIMIA dieH mocienoBaTenbHoctd {E,}", 3aBUCHUT OT
TIPEIBIIYIIETO.

Ha mnpaktuke OOBIYHO paccMaTpwBaeTCs aBTOKOppensiius 1-ro U 2-ro
paHra, a BBICHIMMH paHTaMU MTPEHEeOperaroT.

K coxanenuto, orieHka cymectBeHHOCTH Kodddunmenta k(1) 3aTpymaHeHa,
TaK Kak JJIi HETO MOCTPOCHBI TOJIPKO ACHMIITOTHYECKUE PACIIPECIICHHS, T. €.

MOKHO TIOJNYYUTh TOJBKO MPHOIU3UTENBHBIE PE3yabTaThl W TMPH OOJBIINX
00bemMax BHIOOPKH.

N30exarh 3TUX TPYAHOCTEW MOXKHO, €CIIM pacCMaTpUBaTh BBIOOPOUHBIN
KO3 PUIIMEHT IUKIUYECKON aBTOKOPPENSLUU, MPEAJIOKEHHBIA AHIEPCEHOM.
Hus sroro Bmecte ¢ BblOOpKOW E|,E,,...E, ,E, paccMOTpUM BBIOOPKY

n—-1°
E, E;,..., E,, E, 1 onpeaeinM KOPPEIAIUIO MCKIY HUMM.
Onpenenenue. Koogpuyuenmom yukauvweckou asmoxoppensiyuu 1-2o

panza 11 BBIOOpKU E|,..., E, Ha3bIBAIOT BEINYUHY

n—1
EE,+Y EE, —n(E)
k'(1) = . =l
Z Ei2 - ”(E)2
i=1

Pacnipenenenue k’(1) ymaaoch TOYHO MOCTPOUTH. JIJIsi HEro COCTABJICHBI

cratuctuuyeckue Tadauisl (Tabmuia 6).
Ecnu B mpeamecTByrOIeM HUCCASA0OBaHHH AOOMIUCH TOTO, yTo E =0, TO
KOA(D(PUITMEHT MUKINIECKON aBTOKOPPEISIINN AHACpCEHA TPUHUMAET BU]T

n—1
ElEn + ZEiEiH
k(1) = =

i=l1

Aneopumm nposepku cunomesvl 00 OMCYMCmMauu aMoKopperayuu
¢ nomowbio kpumepusi Anoepcena
1. 3amaem ypoBeHb 10BEpHUS ¥ .
2. Boruncisiem Benuuuny k(1) .

3.Ecim k(1) >0, 10 Gepem u3 craructhueckoil Tabmuipl (Tabimma 6)
3Ha4yeHue k, , ecnu k(1) < 0, To Gepem 3HaueHUE k_.
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4. IlpyuauMaem pelieHue:

— ecnu \k'(l)\ <\k , TO TIPUHUMAETCS THUIIOTe3a 00 OTCYTCTBUU
aBTOKOppesauuu 1-ro panra B pany E,,.... E,,

— ecm K'(D) 2k
MIPUCYTCTBYET.

AHaNOTUYHO TPOBEPSAIOTCS THUNOTE3bl 00 OTCYTCTBHM aBTOKOPPEISAIUU
JIPYTUX PAHTOB.

Hapsany ¢ xputepueM AHIOEpCEHa pAacCMOTPHUM €II€ OJWH KPUTEpUN —
kputepuit Jlapbuna—Yorcona. B 3TomM Kputepuum B KadecTBe HHAMKATOpa
HaJIM4usl aBTOKOPPEISALMM IIPENIAraeTCs UCI0JIb30BATh BEIUUMHY

n—1
Z (Ei+1 - Ei )2
i=1

DW == .
> E’
i=1

maon.

, TO CHUTACM, YTO aBTOKOPPCJAIHNA B PALY El""’ E

maoi. n

n—1 n—1
[Ipn OoJplIUX 7 HWMEET MECTO COOTHOIICHUE ZEI%FI = ZEiZ , 4ToO
i=1 =1
ITIO3BOJILICT 3alluCaThb
n—1 n—1
ZEiZ - in+1Ei
DW =2 =l =~ 2(1-k(1)).

> E}
i=l

[Tockonmpky —1<k(1)<1, To 0<SDW <4. Jing Benmmuuael DW ynamoch
MIOCTPOUTH TOUYHOE PACIIPEICIICHHE.

Aneopumm nposepku eunomesvl 06 OMCYMCMEUU ABMOKOPPeEIAYUU
¢ nomowvio kpumepus Jlapouna—Yomcona
1. 3anaem yposens nosepust ¥ € (0;1).
2. Beraucisiem BeiOopoyHoe 3Hauenue DW .
3. Ilo cratuctrueckum tadbaunam (Tabnuua 7) Haxoqum d, u d,,.

4. PazbuBaem otpe3ok [0;4] Ha momobmactu, Kak moka3aHno Ha puc. 3.10.

[iNd, a5 N\ ad/ a0\
0 4

2 4—d 3

Puc. 3.10 — Kputnueckue o61actu kpurepust Jlapouna—Yorcona

5. HanocuMm touxky DW na otpe3ok [0;4].
6. [IpuHnMaem penieHue:
— ecimu DW nonana B obnacts (1), T. e. 0< DW <d,, TO npu3Haercs,

yro B psagy E,,..,E, WMeeTcs aBTOKoppensauus 1-ro paHra u OHa

n
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[IOJIOKUTENBHA;
— ecinu DW nonana B o6nacts (4), T. €. 4—d, < DW <4, To npu3Haercs,

yto B pagy E,,..E, wumeerca asToKoppemsuus 1-ro paHra u oOHa

n

OTpHIIATEIIbHA,;
— ectu DW nonana B obmacte (5), T. e. d,<DW <4-d,, TO

IIPU3HACTCA, YTO B psAny E|,..., E, OTCyTCTBYeT aBTOKOppesauus 1-ro panra;
— eciu DW nonana B obnactu (2) wm (3), T. €. d, <DW <d, nnu
4—-d,<DW <4-d, , 1o kpurepuil JlapOrHa—Y 0TCOHA HE MOKET J1aTh OTBET; B

3TOM clly4dae JUisl YTOUHEHHs OTBEeTa MPUMEHSIIOT KpUTepuil AHiepceHa.

Kaxnplii U3 npeioKEeHHbIX KPUTEPUEB MMEET CBOM NPEUMYILIECTBA U
HEJOCTaTKHU.

1. O6a xputepus SBISIOTCS TOYHBIMH, & HE ACUMITOTUYECKIMH.

2. BoruncnuTenbHble NPOLEayphl KPUTEPUEB TOCTATOYHO MPOCTHI.

3. Cpenu KpUTEpUEB MPOBEPKHU TUTIOTE3BI 00 OTCYTCTBUH aBTOKOPPEIISIIHH
kputepuit DW o6nagaer HauMeHbIIeH BEPOSTHOCTHIO OMIMOKU 2-TO pojia, Mpu
(UKCHUPOBAaHHOM  YPOBHE  JOBEpUsA. ITO  MPEUMYIIECTBO  SBJSETCS
CYILIECTBEHHBIM, TIOCKOJIbKY O0O€CIEeUrMBAET BBICOKYIO HAJIeKHOCTh PEILICHUH,
npejiaraéMeix 3TUM KputepueM. [lo sroit mpuumHe kpurtepuit [lapOuna—
YoTCOHa cuuTaeTCsi OCHOBHBIM KPUTEPUEM B JJAHHOM 001aCTH.

4. Kputepuii J[apouHa—YoTcoHa sIBISE€TCS pPaHIOMU3UPOBAHHBIM, TaK Kak
uMeeT o00JacTh, NpPHU MOMAJaHUKW B KOTOPYIO KPUTEpHUM HE J1aeT OTBeETa.
Kpurepuii AngepceHa JaeT OJHO3HAYHbIE OTBETHl, T. €. SBIAETCA
HEPaHIOMHU3UPOBAHHBIM.

3.5.5 IlpnurHbI BOSBHUKHOBEHHS ABTOKOPPEISILINH B PALY OCTATKOB

[TpyunHBl BO3HUKHOBEHHS] aBTOKOPPENSIUU MOTYT OBITh JABYX BHUIOB:
OOBEKTUBHBIE M CyOBEKTHBHbIE. MHOIMM IpolieccaM, NPOTEKAIOLUM B
DKOHOMHKE, aBTOKOPpEIALMs CBOMCTBEHHA OT MPUPOAbI. Tak, Hapumep, LEHBI
Ha OWpXKEBBIX TOoprax (OPMHUPYIOTCS HA OCHOBE JTOCTHUTHYTOTO YPOBHS LIEH U
TeHJCHLUU UX U3MEHEHUS. bOpOThCs ¢ TaKOW aBTOKOppEsALUEN HET cMbIcia. B
ATOM CiIy4yae aBTOKOPPEISLUIO, KaK OOBEKTUBHOE SIBJICHUE, CIIEYET YUECTh IIPU
NOCTPOEHUU MoJenu. Eciu Ke aBTOKOppensiuus BO3HUKIA BCIEICTBHUE
HEYJJAYHOI'0 BBIOOpa BUAA MOJEINHU, TO C HEH, KaK C SIBJIEHHUEM CYObEKTHBHBIM,
cienyer 6opotbes. PaccMoTpuM naHHyro npodieMy noapoOHee.

1. Bo3amoxHO, uYTO HeBepHO C(HOPMHUPOBAH CHOUCOK IEPEMEHHBIX,
BIIMSIOIINX HA U3MEPSIEMBIN I10Ka3aTelb, T. €., KPOME 3aBUCHMOCTH OT BPEMEHH,
CIeyeT Y4eCTb 3aBUCUMOCTb OT €lle Kakux-To (aktopoB. B 3TOM ciyuae
3aJauy CJIeyeT pelaTh Kak 3a/1lady MHOTO(paKTOPHOTO aHau3a.

2. Bo3amoxHO, HEBEpHO MOCTpoeH TpeHa. Hampumep, BriOpaHa nuHelHas
MOJENb TPEHAA, a B JEHCTBUTEIBHOCTH 3aBUCHUMOCTh KBaJpPAaTH4YHAs, HO C
MaJbIM cTapiuM KodpduiueHToM. B sTom ciiyyae HeoOX0quMO epecMOTPETh
MOJIEJIb TPEHAA.

3. Bo3MOXXHO, MpU MOCTPOCHUM ULUKIMYECKOM KOMIIOHEHTBHI ObUIH
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OTOpOIIIEHBI ~ TAPMOHMKK C  MajblMH  aMIUIMTYJaMH, KOTOpbIE B
JIEVUCTBUTEIBHOCTH MPOLIECCY Npucymd. B 3TomM ciydae cieayer yTOYHUTH
CIIMCOK YacCTOT 3aKOHOMEPHBIX KoJiebaHu# mpolecca.

4. BO3MOXHO, camMomy poueccy 00BEKTHUBHO MpUcyIa
ABTOKOPPEISLIUOHHAS 3aBUCUMOCTD, T. €. IPOLECC UMEET BUJL

ne+lw)=pnt,o)+UE+D+Vie+)+et+Lw).

B sTOM ciiyyae HYKHO MEpECTPOUTh MOJENb, IPUBEIA €€ K YKa3aHHOMY
BU]TY.

[Tockonbky ycnoBus ['aycca—MapxkoBa TpeOyIOT HE3aBUCHMOCTH 3HAYCHUI
CIIy4yallHOM KOMIIOHEHTBI, TO aBTOKOPPEJSALUS OCTATKOB JIOJDKHA OBIThH
yCTpaHEHa, KakOBbl Obl HM OBUIM NPUYMHBI €€ BO3HUKHOBEHHsS. Ecmu
aBTOKOPPETSAIMS BO3HUKIA TI0 CYOBEKTUBHBIM MPUYMHAM, TO CIEAYyeT
YCTPAHUTh MPUYUHBI, TPUBEAIINE K OLIMOKAM MPU MOCTPOCHUM Mojenu. s
ATOTO CJIEAYET MOCTPOUTh UHOM TPEHJ WM UHYH LUKINYECKYH) KOMIIOHEHTY.
Ecnmu m3 3KOHOMHYECKOW TEOPHUH CIEMYET, YTO aBTOKOPPENSIHS OOBEKTHBHO
MPUCYIA TMPOLECCY, TO €€ CIEAYET BKIKOYUTH B CO3[aBAaEMyl0 MoAenb. s
ATOTO MPUMEHSIIOT Memoo0 asmopezpecCuoOHHO20 npeobpa3o8aHusl.

3.5.6 YcTrpaneHue aBTOKOPPEJIALMU OCTATKOB
MeTO00M aBTOPErpecCHOHHOr0 NMpeodpa3oBaHus

MHorue SKOHOMHMYECKHE 3aKOHOMEPHOCTH OIMCHIBAIOTCS YPaBHEHUSMHU
BHJIA

A0+ pD kDD +..+ pP  hD - p) =
=et,0)+0Ve(t—1,0)+..+ 0 Pe(t - q,w),
rae 7(1, @),...,n(n, ) — UICXOHBIA BPEMEHHOMN PS/I; hY @) =nt+1)—n()

— pa3HOCTH 1-TO TOpsIJIKa; K20 =h""Y¢+1)-n"Y@) - pasHocTd d -TO
nopsinka, d>1,de N; &(t,@) — cnydailHble BO3JEHCTBUSA, ¢ — TMOPSIIOK
CKOJIB3SIIIIETO CPETHETO.

Mopaenu Takoro Tuma cokpaiieHHo o6o3HadaroT ARIMA(p,d,q) -

asmopezpeccuonHoe uHmezpuposanHoe ckoavzsiujee cpeonee (AutoRegressive
Integrated Moving Average).

[TonpobHOE omMCaHuE TEOPUU MCCIICAOBAHMS TAKUX MOJIEICH M3JI0KEHO B
kaure Jx. bokca u I'. Jkenkuaca [4]. Kak BumgmMm, momemn tmma ARIMA
ONUCHIBAIOT 3aBUCUMOCTH PEKYPPEHTHOIO THUMA U HE MPEANOJaraloT HaIHYHs
MOHOTOHHBIX TPEH/IOB U IUKINYECKUX KOMIIOHEHT. PaccMOTpUM MHYIO MOJENb,
COZEPXKAIIYI0 W aBTOPErPECCHUIO0 TEPBOrO paHra, M TPEHHA, U LHUKIMYECKYIO
KOMITOHEHTY.

N3yuuM mpolecc MOCTPOCHUS MOJEIM aBTOPETPECCHMU B Clydae, Korjaa
3aKOH M3MEHEHHUS TTOKa3aTelIsl UMEST BHU]T

nt+lLw)=pnit,o)+U+H)+ViE+Dh+e(t+1,w).
[Ipeamomnoxxum, 4TO B psiIy OCTATKOB OOHApy)XKeHa aBTOKOppeisius paHra 1,
T. €.
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Et)=pVE@r-1),t=2,..n,
rae p -’ — kodpduiueHnt aBrokoppensuuu 1-ro panra. OLeHKa 3TOro
KOB(b(I)I/II_II/ICHTa MOKET 6I>ITI> HOCTpOCHa METOAOM HAUMCHBIIINX KBaaApaToB
o)=L S e~ p-0f i
S Zmz Et)-p 'E(t-1)] — min,
=2

df” =2 E-1)(E0 - pEC-1)-=0.
dp 3

@M

n—1;

S EX-1)-p® =Y E@)- Et-1),

S E()- E(t-1)

) )* _1=2

ijz(z—l)

=2

[lonyyeHHass OLEHKA SIBISAETCS HECMEIIEHHOM M COCTOATENbHOW. Torma
MOYHO YTBEPKIATh, UTO

* ~
E(t) = (,0(1)) Et-D+E(®).
B pesynbrate ycTpaHeHus aBTOKOPPEISALMM B PSAAY OCTATKOB IOIYYUM
HOBBIU psii OCTAaTKOB E,,...,E, , 11 KOTOPOrO MPOBEPSEM THIIOTE3Y O HAIUYUU

ABTOKOppPCIAIMU U B ClIy4dac €€ HAJINYUA IMOBTOPACM OIMCAHHBIN mponecc A
HOBOT'O psAda OCTATKOB. 10T IMpoUeCC MOBTOPACTCA P pas.

IlycTe aBTOpErpeccuss mMmeer nepsblid panr. Kak 310 ydects B mozaenu?
Brauate, 1 HarJIsIAHOCTH U POCTOTHI, PACCMOTPUM JIMHENHYIO MOJEb.
[Ipeamomnoxxum, 9TO HEKOTOPHIH TTOKA3aTeNb 00JIa1aeT TUHEHHBIM TPEHIOM

U(t)= a; + al* t, a IUKIMYecKas KoMIoHeHTa otrcyTtctByer, V(1) =0. Torma
MOJIC/Ih U3MEHEHUS ITOKa3aTelIss UMeeT BUIL Y(f) = ag + af t+E(@).
[Tockombky y(t—1) = a; + af (t-1)+E(—-1), TO, BhIUMTAs W3 TEPBOTO
paBEHCTBa BTOPOE, YMHOKCHHOE Ha (,0(1) )* MI0JTy9aeM PaBEHCTBO
vt~ () vt —1)=

=a§(1—(p“>)' jmf(r—(p“) )'(t—l))+E(r)—(p“>) E(-1)
O6o3nauum E(t)— (p(l) )* E(t-1)=E (t), Toraa Mosens MPUHAMAET BUT

=60 0= w10 i 1= Jrwai () + o,

IJIe HOBBIE OCTAaTKU E,...,E, | HEKOPpEIUPOBAHBLI.
OrMeTuM, 4YTO HOBas MOJENb YYUTBIBAET aBTOPETPECCHUI0 HCXOMHBIX
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JAHHBIX U, TIPA 9TOM, COXPAaHWJIA TUTI TPEH]1a — JIMHCWHBIN.
Tenepp paccMoTpuM mipousBoJibHbie U(t) u V(¢). IlycTte Moaenb umeer

Bug y(t)=U(@)+V()+E(), rne B pany E,,..., E, UMeeTCs aBTOKOPPEISLHU
1-ro mopsinka. YMmuaOoxkuM paBenctBo y(t—1)=U(E-1)+V(-1)+E(X—1) =na

(p")" 1 BBIYTEM U3 IIEPBOHAYAIILHOTO.
YO =) ye-D=U®O-P") UG-+

+(V(O - (") VE-1D)+(E@)-(p") E@r-1)).
E(t)

[Tonyunum oOuuiA BUI MOJIETH
YO =) yt-D+U@O) - (") UE-D+V©)-(p") Ve -D+E®),
rae E(r) - HEKOPPEIUPOBAHHBIE OCTATKH.

3ameuanue. PacCMOTpEHHBIN METOJI MOCTPOCHHSI MOJIEIH aBTOPETPECCUH
OTJIMYAETCS MPOCTOTON. Ecim MOjenb COAEPKUT TOIBKO aBTOPETPECCHUIO U HE
COJICPKUT HU TPEHJA, HU MUKINICCKON KOMIIOHCHTBI, TO ITOCTPOSHHAS MOJICIb
o0JaaeT XOpOIIMMH CBOWMCTBaMH. EciuM ke MOJeiab COACPKUT, HAIpUMED,
TPEH/I, TO CBOMCTBA OIEHOK KO3(P(HUIIMEHTOB TaKOW MOJEIN HaM HEWU3BECTHBHI.
DTO SBISETCSA CICICTBHEM TOTO, 4YTO TIPH YCTPAHCHUHM aBTOKOPPEIISIIHH
OCTaTKOB BO3HUKAIOT IIPOM3BEICHUS OICHOK KOA(h(HIIMEHTOB TpeHIa Ha
OIICHKY KO3(@HIMEHTa aBTOKOPPEIAIMHA. XOTS Kakaas M3 OTUX OICHOK
00JazjaeT BBICOKMMHU KauyeCTBAMH, CKa3aTh YTO-TMO0 00 WX MPOU3BEACHUU
BEeChMa TPY/IHO.

3.5.7 PodacTHOCTh METOHOB aHAJIN3a BPEMEHHbIX PS/I0B

[Tpu moctpoennu 0600IIEHHON aAIUTUBHON MOIETH JUHAMHUYECKOTO psiaa
IIpeanoaragach CrpaBeIMBOCTh yeioBui ['aycca—Mapkosa. Ho atu ycnosus,
B CBOIO Oue€pellb, MPEACTABISIIOT COOOW MaTeMaTHYECKHE MOJEITU pPeabHBIX
IPUPOJHBIX SIBICHUHA M ONMCHIBAIOT MX JIMLIb NPpUOIMKeHHO. ClieaoBaTeabHo,
nepes NMPUMEHEHHEM pa3pa0OTaHHBIX METOJ0B HEOOXOAMMO BBIICHUTH, KaK
BEJIMKUM MOTYT OBITh OTKJIOHEHHMS OT 3THUX YCJIOBHMH, 4YTOOBI NPHUMEHEHUE
METONOB HE IPUBOAWIO K CYLIECTBEHHO HEBEpPHBIM pe3yJbTaTaM. [akum
o0pa3oM, BO3HUKAaeT MpodjeMa YCTOWYMBOCTH METOJOB OTHOCUTEJIBHO
HEBBINOJIHEHNUS YCIOBUM UX MPUMEHEHMs, T.€. Mpobiema pobacmuocmu
(robustness).

B peanpHONM mpakTUKE CTATUCTUYECKHUX HCCIENOBAaHUM Ha CTaJaud
MOJITOTOBKU MCXOJIHBIX JTAHHBIX MOXKET OCYIIECTBISITbCS yCTpaHEHHE BRIOPOCOB
B BbIOOpKe. Ha puc. 3.11 mzoOpaxkeHa BbIOOpKA, B KOTOPOW MpEANocienHee
U3MEPEHHUE Y5 MOJKHO CUUTATh BEIOPOCOM, TaK KaK OHO 3aMETHO OTIMYAETCS OT

JPYTHUX.
Y ‘}
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Puc. 3.11 — [Ipumep BbIOOpKH, UMEIOIIEH BHIOPOC

[TockosbKy Tpejmoaraercs, YTo ciaydaiiHasi KOMIIOHEHTa pachpejesieHa
HOpPMaJbHO, TO HaJMYHWE BHIOPOCOB B BBIOOPKE SIBIISIETCS ECTECTBEHHBIM.
OpmHako y4eT BEIOpOCa MOXKET CYIIECTBEHHO CHU3UTh TOUHOCTh MO/ISTIH.

IIpumep. [1ycTs UMeeTCs CAEAYIONTUN Pl HAOTIOICHUN:

-29;2;-1,8;-1,7;1,9; 1,5; -1,2; 1,1; —=0,01; 0,02.

Bri6opounoe cpennee psina pago y =—0,109.

[Ipennonoxxum, 4to B nociieaneM uaMmepeHun Bmecto 0,02 mosrydmnu Obl
6,0, Torga BelOOpKa npumet Bug —2,9; 2; -1,8; -1,7; 1,9; 1,5; -1,2; 1,1; -0,01;
6,0. Torma BEIOOpOYHOE cpemHee paBHsIOCh OBl y =0,489=-45-y. Kak

BUJIUM, HaJIMYME€ BCETO OJHOI0 BBHIOPOCA MOMKET CYUIECTBEHHO BIMATH Ha
YHUCJIOBBIE XapaKTEPUCTUKU BBIOOPKH, a CJIEIOBATEIbHO, M HAa XapaKTep MOJEIH
(puc. 3.11).

PazpaboTansl cnenyromue MeToJbl OOphOBI C BBIOpOCAMHU: YyceueHue
8b100pKU U BUH30puposanue 6vloopku. CaMbIM TPOCTHIM METOAO0M OOpPHOBI C
BBIOpOCaMU SBIISIETCS] yceueHue — oTceueHue (yaanenue) Boiopoco. Hampumep,
U3 BBIOOPKHU yHAJSIOT caMoe OOJbIIoEe U caMoe MasieHbkoe yucio. [Ipu takom
MOJIX0/JI€ 00BEM BHIOOPKM YMEHBIIAETCS U TEpsIeTCs MoJie3Hast uHpopmarus.

[Tpu BUH30pUPOBAaHNHU BBHIOOPKH Mpe/IaracTcs 1elCTBOBATh O0see MATKO —
HE MPOCTO YyJanaATh HAOMIOACHMs, a 3aMEHATh WX Oojee moxonsummu. Ecmu
YIAISAIOTCA k caMbIX OOJIBIIMX 3HAYCHHA M kK CaMbIX MaJCHBKUX, TO BMECTO
HUX B BBIOOPKY BKJIIOYAIOT COOTBETCTBEHHO CaMO€ OOJIBLIOE M3 OCTABIIMXCS U
caMo€ MaJIeHbKOE U3 OCTABIIHUXCS.

Jlnst  BTOpoii  BBIOOPKM TPHUBEACHHOTO BBIIIE IpUMEpa 3aMEHUM
COOTBETCTBEHHO —2,9 Ha—1,8 u 6 Ha 2. B pe3ynbrare s BUH30PUPOBAHHOM

BbIOOpKK Y =0,199, uro OMu3K0 K cpeaHeMy TepBoi BbIOOpKH. OHAKO, €CIH

nepBoHayalbHas  BbIOOpKAa UWMeNa  HOpMajibHOE  pacmpeneieHue, TO
BUH30pHpPOBaHHAs BBIOOPKA YK€ HE 00s13aHa OBITh HOPMAJIBHO PACTIPEACICHHOM.
PaccmMoTpuM, K KakuM TOCJIEICTBHSM MOXET TIPUBECTH OTCYTCTBHE
HOPMAaJILHOTO PacIpe/ieeHusl.

3.5.8 CroiicTBa OLIEeHOK NPH HAPYIIEHUH HOPMAJTBHOCTH
[TycTh MCTHHHAS 3aBUCUMOCTbh M3Y4aeMOTO MOKa3aTelsl OT BPEMEHU UMEET
m
BUI 1)(t,0) = Zakxk (t)+&(t,w), tne x,(t),..., x,, (t) — U3BeCTHbIE (QYHKIIMH.

k=1
[IpennonoxxkuMm, 4dYTo TIOMexXu E(f,@) pacnpeneiaeHbl HOPMabHO.
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O0o3HauuM X = (x;(1),...,x,, (1)), ¥y=(y{s»y,) — PSAA DKCHEPUMEHTAIbHbIX
JIAHHBIX, =(ay,...,a,,) — mapaMerpbl (kodppuuUeHTs) Moaenu. byaem

CUUTATh =i, i=1n. CdopMupyeM MaTpully 3HAYCHUM QYHKIMIA

a
Zi
x,(t),...,x, () B MOMEHTHI BpeMeHu 1,2,...,n.
x@ x@2) ... x )
x1) x2) ... x,(n
|20 B@ . xm)
x,1) x,2) .. x,(n)
Torna 7n(t,w)=(a,x(t))+&(,w). Bektop OmEHOK KOIPPUIIUCHTOB,
COTJIACHO METOJTy HAUMEHBIIIMX KBAIPATOB, UMEET B/
a=y-xTx-xH™"
[TorpemHocTs MOIEIIH

1 2

2
(0'2) =L2(yi—2a2xk(i)] =
n—n = k=1 h—m

ok

y—a x

* 2\*
CDOpMy.HBI T a Hu (O' ) MMOJIYYCHbI MCTOAOM HAMMCHBIIUX KBA/[PAaTOB,

CJIEIOBATENIbHO, OLICHKU SIBJISIIOTCA HECMEIICHHBIMU, COCTOSITEbHBIMH U
3¢ (EKTUBHBIMU B KJIACCE HECMEIIEHHBIX. JTH CBOMCTBA rapaHTUPOBAHBI, €CITU
Clay4yalHas KOMIIOHEHTa YIOBJIETBOpseT ycnoBusM [‘aycca—Mapkosa. boinee
TOT0, CIIpaBeAIMBa cleytomas Teopema [3].

Teopema. Ecmu &£(f,w) ecTb TNOCIENOBATEIBHOCTh HE3aBUCUMBIX

ciy4aiiHbIX Benu4nH, umeroumx N (0; ) —pacnpeneneHue, To
1) (@ -aVDe N(O,6°E), rne D=X-X";

2 *
(n—m)(c~) 2
2) 5 ~ Xoem’
o
3) ciy4dailHble BETUYUHBI af ,...,a; 51 (02)* HE3aBHCHUMBI;
ok = 2
(a —a)-X ‘
4) BenuuMHA 5 HMECT pacCIpe/eNieHHe ®wumepa ¢ (m;n—m)
- Lk
‘(y—a - X )‘
CTEIEHSIMHA CBOOO/IBL;

%k

(@ —anD
V(@)

5) BeIMunuHa umMmeeT pacnpeaeneHue CThIOAEHTa CO CTEIEHbIO

cBOOOOBI Nn—m;

6) BeaIMUMHA L_);(? uMmeeT pacnpeaenenrue CTblOJIEHTa CO CTENEHBIO
d)-(o”)
* mn * mn
CBOGOIBI n—m, e y ()= apx; (1), y(@) =D apx, (1),
k=1 k=1
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d*()=x@)-D" ¥ ().

yTBCp}KI[CHI/I}I TCOpCMBI I/II‘pa}OT Ba)KHYIO pOJIL B l'IpI/IJ'IO)KCHI/I}IX, TaK KakK
I103BOJIAOT CTpOI/ITB I[OBCpI/ITCJ'IBHLIC I/IHTCpBaJ'IBI JJIA HapaMCTPOB MOJICJIN. I/IS
HyHKTa 6), B 4aCTHOCTHU, cneayeT aJ'IFOpI/ITM l'IOCTpOCHI/I}I HpOI‘HOBa BpCMCHHOFO
pAlla, KOTOPBIM OYJeT U3JI0KEH HIKE.

YTBepKIeHUST TeopeMbl 001aaatoT podacTHOCThIO. Eciam TpebGoBaHme o
HOPMaJIbHOCTU E(f,@) HE BBITIOJIHEHO, TO YTBEPXKJICHHS TEOPEMbI B 0OIIEM

CJyyae HEBEPHBI.
_ 2%
B sTom ciyuae oueHku d@ , (O°) OCTarOTCS HECMEIIEHHBIMHU, HO HE OYyIyT

3¢ (HEKTUBHBIMU B KJIACCE HECMEILIEHHBIX OIICHOK.

B yrBepxaeHun 3) oOueHKH OyIyT HEKOPPEIUPOBAHBIMU, HO HX
HE3aBUCUMOCTh HE TapaHTUPYETCSI.

[Iyaktet 1) w 2) TeopeMbl MOTYT OBITh 3aMEHEHBI CJIEAYIOIUTUMHU
ACUMIITOTHYECKUMHU COOTHOIICHUSIMU

@ —awD
n—oo

(o2
Nn—-m-((¢*) -1
\/5.0_2 n—

Takum 00pa3oM, Mpu OTCYTCTBUU HOPMAJIBHOCTH BBIOOPKH Ui BBIOOPOK
OoJbIIOr0  00BbeMa  BBIOOPKM  YTBEPXKICHHMS  TEOPEMbl  MOTYT  OBITh

AIMpOKCUMHUPOBAaHbI IPUBCACHHBIMU aCUMIITOTHYCCKUMHU COOTHOIICHUAMMU.

1) >N(0,E);

2)

s N(0;1).

3.6 IlocTpoeHnne MPpoOrHo30B BPpeMEHHOT'0 psiia

Ecnu noctpoeHHast MOJienb JUHAMUYECKOTO psJia SIBISETCS BHICOKOTOUHOM
U ajzekBaTHa ycioBusiM [aycca—MapkoBa, TO €€ MOXHO HCIOJIb30BaTh HE
TOJIBKO ISl U3y4eHUs (HOPMbI 3aBUCUMOCTH JAHHBIX, HO W JJII MOCTPOCHUS
IPOTHO3a NOBEAECHUS Psia.

3ameuanne. Vcnonb3oBaHue MOjENIe BPEMEHHBIX PSAJOB, MOCTPOEHHBIX
ONUCAaHHBIMU BBIILIE METOAAMH, JJIsI TIOCTPOEHUS MPOTHO30B, BO3MOXKHO JIMIIIb
MIPU BBITIOJIHEHUH CIEAYIOIIUX YCIOBHIA:

1) xapakTep 3aBUCHUMOCTH TOKa3atens 7)(f,&) OT BPEMEHU U Ciydas He

OyJeT MEHSIThCS, IO KpaitHeH Mepe, 10 TOr0O MOMEHTa BPEMEHH, B KOTOPHINA MBI
XOTHM MTOCTPOUTH IIPOTHO3;
2) TIOCTPOCHHasT  MOJIEJb y(t) SBJIAETCA  BBICOKOTOYHOM U

BBICOKOAQJIEKBATHO;

3) u3yyaemasi 3aKOHOMEPHOCTb  HM3MEHCHMS  IMOKA3aTeysl  ABJSACTCS
CydyaiHOM (YyHKIMEH TOJBKO OT BPEMEHM M HE 3aBUCUT OT JPYIruX
MIepEMEHHBIX.

[IporHO3Bl BPEMEHHBIX PSIOB MOTYT OBITh OTHECEHBI K JBYM KJaccaM:
UHMEPNONAYUOHHBLE N IKCMPANOJIAYUOHHBIE TIPOTHO3BI.

Omnpenenenne. Ilycts [7; ¢, ] — oTpe3ok HaOMrOAEHUS MOKa3aTens 7)(t, @),

! — MOMCHT BPEMCHHU, IJI1 KOTOPOIO HGO6XOI[I/IMO OLOCHUTH BO3MOXHOC
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3HadyeHue 7(t, @), t#t;, Vi=1,n. Ecu te [#,,7,], TO TIPOTHO3 Ha3bIBACTCS
UHMEPNONIAYUOHHBIM, €CIIU t & [1,1, ] — dKCmpanoasyuoHHbIM.

B OonbmIMHCTBE CiIydacB HCCIEAOBATENs HMHTEPECYET DKCTPAINOJIALMS B
ciyyae t >t,.

Ilocmanoska 3a0a4u npocHO3UPOBaHUsL NOBEOEHUS OUHAMUYECKO20 Psd
[Ipennonaraercs, YTO 3HAYEHUS U3MEPSEMOIO MOKA3aTeNsl U3MEHSIOTCS IO
3akony N(t,@)=U@)+V(t)+&(t,w). UHmeroTcs u3MepeHUs] 3HAYCHUM

OUHAMUYECKOTO pAga  yy,...,y,. DBBIOpaH HEKOTOpPBIM ypPOBEHb JOBEPHS
ye (0;1). Jlns 3amaHHOTO MOMEHTAa BPEMEHH ¢ HEOOXOJUMO TOCTPOUTH
JIOBEPUTEIIbHBI UHTEPBAJI YPOBHS ¥, LIGHTPOM KOTOPOTO siBiisieTcss Mn(t,w) —
0’XKMJaEMO€E CpeHee 3HaUCHUe nokazaTens 7)(t, @).

Onpenenenue. Ilox npoenozom ypoBus ¥ € (0;1) 3HadueHUS BPEMEHHOTO
psAlla B MOMEHT BPEMEHHU f, HE COBMAAAIONIUN ¢ MOMEHTAMHU M3MEpPEHUH, OyaemM
MMOHUMATh JIOBEPUTEIbHBIN UHTEPBAJ (é(t,w);é (t,w)) TakoM, 9TO

P{O(t,w) < Mn(t,w) < 0(t,w)} =7 .

3ameuyanmne. ['paHuiiaMu  JOBEPUTEILHOTO  HMHTEpBajia  SIBJISIIOTCS
CIIy4alHbIe BEJIMYMHBI ] (t,w)= 7] (t,n(, w),...,n(n,w)) u
é(t,a)) = 9(t,77(1, ®),...,nN(n,®)). YToObI MOCTPOUTH MPOTHO3 B BHUJEC YUCIOBOTO
WHTEpBaJIa, HEOOXOJUMO BBIUYUCIUTh MX 3HAYEHUS IO HUMEIOUIEHCS] BBIOOPKE
U3MEpPECHUN 67(1‘) = 67(1‘, Visees V) B 67(1‘) = 67(1‘, Visees Vp) -

Onpenenenue. Bemuumna A(f)=0.5 (é(t)—é(t)), paBHasi TMOJIOBUHE
IIUPUHBI TIPOTHO3HOTO WHTEPBAJIA, HA3BIBACTCS AOCONIOMHOU NOSPEULHOCTIBIO

A(t)

npocnosa, a BenmmunHa O =——-100% — omnocumenvHOU NO2PEUHOCTIBIO
y(®)
npocHo3a.

Ilocmpoenue npoenosa ona mooenu suoa N(t, ) = Za X (1) +E(t, W)
k=1

B nauHoM ciyuae x, (¢), k =1,m, — TOUHO u3BeCTHbIE QYHKIMUH, [ =1,...,71,
(L, w),...,E(n,@) — cayyaliHble BEJTUYUHBI, YIAOBJICTBOPSIOIIUE YCIOBUSIM
["aycca—Mapxosga.

[TpousBens u3MepeHHs] UCCIEAYEMOIO IOKa3aTels, MOJYYUSIUd BBIOOPKY
U3MEPEHUH Y = (yy,..., ¥, ), TAe y, =N(l,&@,) — pe3yIbTaT U3BMEPEHUSA B MOMEHT
t=1, .., y, =n(n,&,) — pe3yabTaT U3MEpPEeHUs B MOMEHT f=n. [lockonbky
paccMaTtpuBaeMasi MOJEIb SIBISIETCA JIMHEHHOW (YHKIMEH OT perpeccopos, TO
OLICHKH €€ MapaMeTpOB MOTYT ObITh MoxydeHsl ¢ nomouisio MHK-popmyn nms
MHOT0(paKTOpHOM JIMHEHHON Mojenu. BekTtop oneHok k03(hOUITMEHTOB MOJCITH
MMEET BUJ

G (e V) = (@ Dsvees Vi Dsesig V10 V)) = e ) - X (XX
rae X — MaTpuila 3HAYCHUW PErpPeECCOPOB.
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OreHka AUCTIEPCUH LITYMOB 3aaeTcsi GopMyIIoif
12 ’

S| i = Y ar ooy )3 (0)
k=1

n—mi

*

() =

O0e  OIEHKH  SBIAIOTCS  HECMEIUIEHHBIMHU, COCTOATEIBLHBIMU U
3¢ PeKTUBHBIMU B KJacCe€ HECMEIICHHBIX. Torgaa MojenbHas (PYHKIUS HMEET
BHU/I

(1) = ZaZ(yl,---,yn)xk ().
k=1

UToOBbl HCMOJB30BATH 3Ty MOJEIbHYI0 (YHKLUMIO AJIs allpOKCUMAallUu
MOBEJACHUS M3Y4aeMOro Mokasaress, ClIeAyeT y4eCTh BO3MOKHbBIE BO3JIEHCTBUS
CiIy4allHbIX moMeX. B 3ToM ciiyyae B KauecTBe MMUTATOpa peajbHOTO IMpoliecca
n(t, @) MOXXHO pacCMOTPETh MOJIETBHBIN MPOIECcC

y(t,0) =Y a1, @),...n1n,0)) x, (1) +&(1,0) =t o).
k=1
1) B CI/IJIy HECMCIICHHOCTHU OILICHOK a; Cl'[paBC,Z[JII/IBO paBCHCTBO

My(t,w) = fMa,t (L, w),...n(n,w)) - x; (1) + Me(t, w) =
k=1

M=

k=1
CnenoBaTenbHO, MOJICNb Y(f, @) SBISICTCS HECMEIICHHON OLICHKOU 7)(f, ).

2) B clily CWIIbHOM cocTosaTenbHocTd MHK-o1ieHok
* C BEpOATHOCTHIO 1|
a, (N, ),...,n(n, )

> ay
n—oo

*
T. € a;=a;, npu Oompmmx n. CregoBaTeNbHO, MOJIENb SABISAETCS
COCTOATEBHOM OILIEHKOM 7](, ).

O6paTtuM BHHUMaHHE Ha TO, 4YTO (YHKIUHU aZ(yl,...,yn) SIBJISIFOTCS
JTVHEHHBIMU (DYHKIUAMH IO MEPEMEHHBIM Y,,..., y, . lloncTaBuB ux B y(f,@),
MOJTYIrM

T T\ =T <

y(t,0)=7t0)- X (XX")™ X ()+et,0) =) a;(t) -1, o)+t ),

i=

e ) =XT(xXx"H)1 7).

[TockOnBKY MNpEeAmnoyiaraeTcs, 4YTO CIyYalHbIE BO3JCHUCTBUS SIBISIOTCA
HE3aBUCUMBIMH HOPMAJILHO PACTIPECICHHBIMA CIy9alHBIMA BEIIMYWHAMHU, TO

nt,w)e N[Zakxk(t);()'z] u Bemuuunbl  7(l, @),...,n(n,@)  ABIAIOTCA
k=1

HC3aBHCHMbIMU CquaﬁHLIMH BCJIMYMHAMHU. Tak KaKk MOMEHT IpOTHO3a [ HE
COBIIaga€r C€ MOMCHTaAMH HBMCpCHHﬁ, TO g(t, CU) HC 3aBUCUT OT
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n{, w),...,n(n,w) . 3 ckazaHHOTO CIEAYET, uTO Y(f, W)€ N(z a,x; (t);D].

k=1
Haiinem D — nucniepcrro mpOrHO3HOTO 3HAYEHMUS.

D =Dy(t,0) = fal? (OD7(t, )+ De(t, ) =
=1

n n
=>ai(t)o* +0* = 0'2(1 + Zaf(t)j .
i1 i1
I[I/ICHCPCI/IH IIyMoOB 0-2 HCHU3BCCTHA, 1 IMO3TOMY BMCCTO HECC I/ICHOHBBYCM cc

#12
onleHKy (0 )“. B aTom ciy4ae aJjis MOCTPOCHMs AOBEPUTEIHLHOTO MHTEpBaja

MIPOTHO3a NPUMEHSIOT CIEAYIOLIYIO TeopeMy [3].
Teopema. Benmnuuna 7,_, (w) umeer pacnpeaeinenue CTpOAeHTa ¢ n—m

V@)~ S apx, (1)

k=1
\(0%)? /1+faf(r)
i=1

Ora TeopemMa TIO3BOJISIET CGHOPMYIHUPOBATH CICAYIOUUN  aneopumm
HOCMPOEHUsT UHMEPBALA NPOSHO3.
1. 3amaem ypoBeHb noBepust Y€ (0;1).

CTEeNeHsIMH CBOOOBL, T1IE T, _,, (@) =

2. Tlo rabmuam pacnpenesnernst Creronenta (Tabmmua 1) Haxomum ¢,,_,, .

3. CtpouM MHTEpBa IPOTHO3a

k=1

— m P
e(t) = zak(yl""’ yn)xk (t)+t7;n—m "
k=1

rae 2=0" (Vs yo) 1+ S @2 (1) .
i=1

PaGoty anroputma npoieMOHCTPUPYEM Ha IPUMEPE TUHEHHON MOJIEINH.
Hpumep. Ilycts n(t,w) = a, +a,t + €(t,w). 3aech x,(t)=1, x,(t)=t.
IToctpous MHK-onenku k03 UIUEHTOB ay U a;, NIOIYyYMM MOJAEIbHYIO

n
2.t =) (y; =)
byrkmuo y(t) = y + 2L -(t—1). IleperpynmupyemM ciaracMeic H

(1 —1)°
i=1

NPEJCTaBUM 3Ty (DYHKIMIO B BUJC JIMHEHHON KOMOMHALUYU 3HAYCHUH Y ,..., Y, .
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n r—t)(t, —1
B pesynbrate momydum y(t) =Y ;(t)y; , rae o;(t) = z +%'

. n _
i=1

noo n+l  (t-1)°
Torma 1+ & (1) = +— , 1 MHTE€pBaJ NIPOTHO3a UMEET BUJ

i=1 n Z(t,- —f)2

i=1

N2 -2
ntl ft ) ntl  (1=1)

s YO+t O F

TS -i)? " f(ri —1)?
iz =1

OTMGTI/IM, qTo B ClIy4dac JIMHCHHOM MO/JICJIN T10JIOBMHA INHUPHUHBI HHTCPBAJIA

y(t) _ZL}/,n—mO->l<

n+l (t—1)>
>t~ 1)
i=1

aOCOJIIOTHYIO MOTPEIIHOCTh MPOTHO3a. MUHUMAIbHO BO3MOXKHASI MTOTPEIIHOCTb
nocturaercst npu t=¢. [Ilpy OTHANEHWH TOYKH TPOTHO3a OT TOYKH [
norpemHocTs pacteT. Ha puc. 3.12 myHKTUpHOHN TMHUENH U300pa’keHbI TPaHHIIbI
JIOBEPUTEIIbHBIX MHTEPBAIIOB U1l PA3JIMYHBIX MOMEHTOB IIPOTHO3A.

mporHosa paBHA A1) =1, ,0 * (Visees V) ¥ 33/aeT

~
~

Puc. 3.12 — ToueuHblii NpoOrHo3 (CIUIOLIHAS JTUHUS) U
TPAHULIbI TOBEPUTEIBHBIX HHTEPBAJIOB (IIYHKTHD)

[TocTpoum HMHTEpBaJI MIPOTHO3a TS nmpoiiecca
nt,w)y=U(t)+V(t)+£(t,w) B ciydae, Korja ciiydaidlHbIe BO3JCHCTBUSI UMEIOT
aBTOKOppessui 1-ro panra. M3 ombiTa MOCTPOEHUS aIUTHUBHBIX MOJCICH
JTUHAMUYECKUX PSJIOB U3BECTHO, YTO B PSAJIC CIy4aeB OIEHKH KOd(PUIIMEHTOB
TpeHga U(f) ¥ UIUKIAYECKOM KOMIOHEHTHI V(f) ABISIOTCS JIMHEHHBIMU

(GYHKIUSAMHU OT Pe3yabTaTOB U3MEPEHUH, T. €. MOJeNbHAas (PYHKIHUS UMEET BUJ

n
y(t) = Z(Zi (f)y; » a MOZIEIIBHBIN IIPOLIECC —
i=1
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n
y(t,0) =Y a; (O, w) +£(t, ),
i=1
rne  «,(t), i=1,..,.,n — D3T0 wu3BecTHble (QyHKUMU. Tak Kak Mbl
MpeanojiaraéM Hajuyue Yy T[OMEX AaBTOKOppedsiuuu 1-ro  paHra, TO
E(t,w) = pe(t—1,w)+ e® (t,w), u nosbie nmomexue (¢, ) yKe YIOBIETBOPSET
ycnoBusiM ['aycca—MapkoBa. 13 nmocnegnero paBeHcTBa nojaydaem

=2
et,w)=pel,w)+ > pFeV -k ).
k=0
Bce ciaraemele B mpaBou yacTu He3aBUCUMBL. Ilycts ¢, =i, =n+/. Torna

yin+lo)=a,(n+DUQ)+V 1)+ e, w)]+

n . i-2
+> a;(n+ l){U(z’) +V(i)+p e+ > pFe® - k,a))} +

-1 n+l-2 r (1
+p"  e(o)y+ Y pfeVn+i-k w).
k=0

[leperpynnupoBas ciaracéMsble, OJIy4aeM

y(n+l,0) = fa,. (n+D[U @) +V (i)]+ {ia,. (n+)p' +p”+l_l} -e(l,w) +

i=1 i=1

n n l
+ Z{Zp"‘kai (n+1)+ p””‘k} Wk, 0)+> p' eV (n+k, ).
k=2l i=k P

Bce cJaracMabIC B HpaBOﬁ qyacTu 3TOI'O paBeHCTBa SIBJISIFOTCA
HC3aBUCHUMBIMHU BCINMYMHAMMHU. 9T0 I103BOJISICT HaM BBIYUCIUTDH I[I/ICHepCI/IIO

MOJIETILHOTO IpoLiecca.
[lo ycnosmo Dée(l,w)=0>. W3 aBTOPErpecCHOHHOrO COOTHOMICHHS
MoJy4yaem DeV(t,w) = (1- ,02)0'2. Tak kak MojenbHBIM mpouecc Y(t, )

MIPE/ICTABIICH B BUJIE CYMMBbI HE3aBUCUMBIX CITyYalHBIX BETUYHH, TO JUCTIEPCHS
BeJWUuHbl y(n+ [, w) paBHa

D(p,0)=Dy(n+1,0)=c>D} +c*(1- p*) Y. D} +o*(1-p),
k=2

n .
rne D, =Y a;(n+Dp ™ +p" " k=1,.,n.
i=k
% * % o
O6oznauum D =D(p ,0 ). IlockoiabKy B 3TOM Cly4ae MOJEIbHBIN
MIPOIIECC COJAEPKUT HEM3BECTHBIN KOA(DPUITMEHT aBTOPETPECCUU L, TO 3aMEHUM

ok
€ro OLCHKOHU O . B stoMm ClIydac IMOCTPOUTHb TOYHBLIC TI'PAHHIIBI IIPOTHO3HOI'O

uHTepBana He yaaercs. [loaroMy s mOCTpOEHUsT TPOTHO3HOTO MHTEpBaia B
3TOM CIIy4ae MCIO0JIb3yeM HepaBeHCTBO YeOblieBa

Plé(w) - M&E(w) < B> 1—%.
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B namewm cnyuae
P{y(t,@) - My(1,w)| < B}= P{y(t, @)~ M7 (1, 0)| < B}=y.

%

Haiinem [ w3 paBeHCTBa l—D—2 =y, B=

Torz[a HWHTCPBAJ ITPOTHO3a UMCCT BU

*k

y(n+l)— D—;y(n+l)+
-y

CrnenyeT 3aMeTUTh, YTO MPOTHO3bI, TOCTPOCHHBIE C MOMOIIbIO HEPABEHCTBA
UeObImieBa, Kak MpaBUiIo, HE OTIMYAOTCS BBICOKON TOYHOCTHIO. [ToaTOMy Takas
METOJMKA MPOTHO3UPOBAHUSA MPUMEHSAETCS JUIIb TMPU KPATKOCPOUHOM
MPOTHO3UPOBAHUMU.

[IporHo3upoBaHre MOBEJACHUS BPEMEHHBIX PAJIOB — 3TO BEChbMa CIIOXKHBIM
paszien TeopuH CiaydaiHbIX mporieccoB. Haykoi paspaboTanbsl pazHOOOpa3HBIC
METOJIbl MOCTPOCHUSI MPOTHO30B IOKa3aTesed, MEHSIOUIUMXCS BO BpeMeHu. B
JTAHHOM Y4€OHOM IMOCOOMH HW3JIOKEHBI JIMIIh Hanbojiee MpocThie U3 HUX. s
MOCTPOEHHSI BBICOKOTOYHBIX MMPOTHO30B MPUMEHSIOT CIHELHUAIbHbIE METO/IbI,
YUYUTBIBAIOIINE WHAUBUIYAIbHBIE OCOOCHHOCTH TOBEJCHUS IMPOTHO3ZUPYEMOTO
nokasarens. JleralbHOE W3JI0KEHUE TEOPUM TAKUX METOJIOB M MPAKTUKU HX
MPUMEHECHUSI MOXXHO HAaWTH B JUTEpAType, YKa3aHHOW B KOHIIE JAHHOTO
IIOCOOHS.

KoHnTposbHbIe BOpockl K pasaeny 1

OcCHOBHOM YPOBEHb

1. ChopmynupyiiTe MOCTAHOBKY 3KOHOMETPUUIECKOH 3a1a4u.

2. JlaTe ornpeiesiecHue BPEMEHHOTO PSAa.

3. Onumure 0000IIEHHYIO aAAUTUBHYIO MOJENb BPEMEHHOTO psiia U €€
COCTAaBJISIFOLIHE.

4. O0ObACHUTE, B KaKOM cCllydae HEOOXOJUMO OCYUIECTBISTH MPHUBEICHUE
YJICHOB BPEMEHHOTO Psiia K CONOCTAaBUMOMY BHLY.

5. Jlaiite onpeneneHre TpeHaa BPEMEHHOTO psija.

6. YKaxuTe OCHOBHBIE ATallbl TPOLIEAYPHI IOCTPOCHHUS TPEHA.

7. O0bsicHuTe ipeaHazHadeHue kpurepus Docrepa—CrroapTa.

8. OnumuTe, Kak MPOBEPUTh HAJW4YUME BO BPEMEHHOM PSSy OCHOBHBIX
dbopM TPEHAOBBIX MOJIETIEH.

9. VkaxxuTe OCHOBHOM METOJ OIICHHBaHHS KOA(P(PUIMEHTOB TPEHIOBBIX
MOJENEN.

10. O0BsicHUTE, KaK CPAaBHUBAIOT PA3IMYHBIC TPEHIOBBIC MOJCIH MEXKIY
co00Ii1.

11. JTaiiTe onpeesieHue NUKINYECKON KOMIIOHEHThI BpDEMEHHOTO psijia.

12. YKkaxuTe OCHOBHBIE JTallbl MPOLEAYPHI IMOCTPOEHUS LMKINYECKOU
KOMIIOHEHTHI.

13. MaiiTe onpenenieHrne ce30HHOM BOJIHBIL. OOBSICHUTE €€ MpeHa3HauYeHue.
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14. Ykaxure, B KaKOM aHAJIIUTHYECKOM BHUJAE CIEAYET CTPOUTH
HUKINYECKYIO KOMIIOHEHTY BPEMEHHOTO psifa.

15. JTaitiTe onpeneneHune 31eMEeHTapHON TapMOHUKHU.

16. [lepeuncnure crnocoObl MPOBEPKHU FAPMOHUKH HA 3HAYUMOCTb.

17. YkaxuTe, B KakuX €IMHULAX H3MEPSAIOTCA AMIUIMTYIBl TapMOHUK,
BXOASIIMX B COCTAB IUKINYECKOW KOMIOHEHTHI.

18. JlaitiTe onpeneneHre OCTaTOYHOM KOMITOHEHTHI.

19. OnummTe, KakuMU CBOMCTBAMHM JOJDKHa oOJafaTh OCTaTOYHAas
KOMIIOHEHTa BPEMEHHOTO psijia.

20. YkaxuTe, KaKOM KPUTEPUN HCIOJB3YETCSA Uil NPOBEPKU T'MIIOTE3BI O
CIy4allHOCTH OCTATOYHOM KOMITOHEHTHI.

21. YkaxuTre, Kakpe KPUTEPUHM MOXKHO IIPUMEHATH Ui IPOBEPKH
TUITOTE3bI 0 HOPMAJIBHOCTH OCTATOYHOM KOMIIOHEHTHI.

22. OnummTe  adropuT™M  MPOBEPKM  TUNOTE3bl 00  OTCYTCTBUU
aBTOKOPPEISLNNA OCTATKOB.

23. YKaxuTe BEIUYUHBI, KOTOPbIE UCIOJIb3YIOTCS MJI OLEHKH TOYHOCTH
IMOCTPOEHHOM aJIIUTUBHON MOJIEIN.

¥Yriay0JieHHblii YPOBEHb

1. Onumnre, Kak BIMSAET CIVIA)KMBAaHUE BPEMEHHOIO psja Ha cClaraeMble
aJAIUTUBHONU MOJCIIH.

2. JIoKaxxuTe, 4YTO CIJIAJXUBAHUE BPEMEHHOIO pPsAJa YMEHBIIAET €r0
JVCIIEPCHIO.

3. Jlokaxkute, 4TO CIVIa)XKMBAaHUE BPEMEHHOI'O psAZla COXPAHSET CTPYKTYPY
TPEHJA.

4. YKaxuTe, KaKk HM3MEHSIOTCA KOI(PPHUIMEHTH JTUHEHHOro TpeHJa IMpu
CIJIaKUBAHHH.

5. Ilepeuncnure W3BECTHbIE BaM KPUTEPUU MJIi HPOBEPKH THUIOTE3BI O
HAJIM4MH TPEHJA BO BPEMEHHOM PsAYy.

6. OnuumuTe TPUHIUI MPOBEPKH HAJIMYMS BO BPEMEHHOM DSy OCHOBHBIX
(opM TPEHIOBBIX MOJEIIEH.

7. Ilepeunciure  cBoiicTBa, KoTopbiMu  obOsamaror  MHK-onenku
KOX(Q(UUMEHTOB TpeHJA. YKaXWTe, NpPU KAKUX YCIOBHMSIX JTH CBOMCTBA
CIIPAaBEJINBBI.

8. Ilepeunciure BO3MOKHBIE IIPUYMHBI TOTO, YTO BPEMEHHOW psiA M
CE30HHAasI BOJIHA BEAYT ce0sl HE CHHXPOHHO.

9. VkaxxuTe OCHOBHOM METOJA OLICHKH KO3(()UIMEHTOB UHUKINYECKOU
KOMITOHEHTBHI.

10. O0bsAcHUTE, K YeMy MPUBOAUT OTOpAChIBaHHE HE3HAUMMBIX TaPMOHUK
Y KaK C 3TUM OOpPOTHCHI.

11. Ilepeuncaure ycnoBus I'aycca—MapkoBa. Onuinre, Kakue CBOWMCTBa
MHK-oneHok yTpaunBaroTCs IIPU HAPYLICHUH 3THX YCIOBUM.

12. OOBsACHUTE, YTO MOKAa3bIBAIOT BHIOOPOYHBIE 3HAYEHUS] aCUMMETPUHU U
JKCLEecca.
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13. Ykaxure, B KAKOM Cily4dae sl IPOBEPKA HOPMAIBHOCTH UCITOIb3YETCS
RS-kputepwnii.

14. OObsicHuTe, TOYeMy Ha  OCHOBaHMM  ()akTa  OTCYTCTBHUS
aBTOKOPPEJSIIUU OCTATKOB JIEJIAETCS BHIBOJ 00 MX HE3aBUCHUMOCTH.

15. YkaxuTe BO3MOXHBIE MPUYMHBI BO3HHUKHOBEHHS aABTOKOPPEISALINU
OCTaTKOB.

16. OnumuTe TPUHUMII TIOCTPOEHUS MPOTHO30B BPEMEHHOTO Psija.
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Pa3znen 2 HekoTopble 3a1a4u MaTeMaTHYeCKO IKOHOMUKH

OnHMM W3 PACIpPOCTPAHEHHBIX THUIIOB IKOHOMUYECKUX 3aJau SIBISIOTCA
3aJja4M ONTUMHU3ALNU TPOon3BoACTBA. OOBEKTOM HCCIEIOBAHUS B HUX SIBISETCS
dbupma, TPOU3BOAIIAS HEKOTOPYIO MPOAYKLHIO. Pe3ynbrarhl NesTenbHOCTH
(bupMbl OINpenesnsoTcss MPOU3BOACTBEHHON (YHKIMEH, KoTopas 3adaeT o0beM
BBIMYCKA TMPOAYKLHUU TPHU OMNPEICICHHBIX COYETAHUAX MPOU3BOJCTBEHHBIX
¢axTopos. Ilepen uccnenoBarenemM cTaBUTCs 3a/la4a MOUCKA TAKOTO COYETAHUS
(akTOpoB, KOTOpPOE ONTUMHU3HUPYET IPOU3BOJACTBEHHBIH mpouecc. Takum
oOpa3oM, 3ajayd ONTUMHU3ALMU [POU3BOJACTBA OTHOCATCS K  Kjaccy
ONTUMHU3ALMOHHBIX 3anad. llpu pemenun Takux 3agad HEOOXOAMMO 3alaTh
KpUTEpUH 1eNn (WK LENEBYI0 (PYHKIMIO) ONITUMU3ALINH.

Kputepuii nemu — 3TO NHpaBuUiIO, HO3BOJISIOLIEE OLEHUBATH COCTOSIHUE
U3y4aeMoro oObEKTa U CPaBHUBAThH €r0 C JKEIAEMbIM, a TAK)KE yCTaHABIUBATh
J0CTaTOYHOCTh U HEAOCTATOYHOCTh TOYHOCTH UMHUTALIMH O0OBEKTA.

OchosHble npuHyUnbl NOCMPOEHUsl Yenesvlx QYHKYUU

1) oAHO3HAYHOCTB: JJIi TMOCTaBJICHHOM 3aJayd  LejeBas  (PyHKUIHS
€IMHCTBEHHA;

2) ynpaBnsieMOCThb: (QYHKIUS 3aBUCUT TOJBKO OT TE€X apryMeHTOB H
apaMeTpoB, KOTOPBIE JOCTYIHBI AJI1 U3MEPEHUSI U YIPaBICHUS;

3) noaxonsuas ¢popma: PyHKIMS TOKHA UMETh SKOHOMUUYECKUN CMBICIT U
00nanath HEOOXOAUMBIMU AaHAIUTUYECKUMH CBOMCTBAMU.

Ilpumepol yenesvix gynkyuii

n
1) moxox oT peanusamuu mPOAYKIUH R(X,,...;X,) =D PiX; ;
=1

2) U3IEPHKKH MPOU3BOACTBA C(X,,..., X, ) = D DiC; ;
=1
3) mpubbLIb IR (X),...s X,) = R(X|serr X, ) = C(X{ 400 X,,) 5

n % ")
4) xadectBo pemenust F(y,,...,y,) =) «; (yj -y, ) :
i1

5) ueneas ¢pyHkuus Bpemenu T = min(f, —1,).

1 IIpousBoacTBeHHbIE PYHKINH

B psame 3amay B KadecTBe I1EJCBOM (PYHKIMH PacCMaTPHUBAIOT
NPOU3BOJICTBEHHYIO  (DYHKIIHIO. Paccmorpum  paboTy  HEKOTOpOTO
IPOU3BOJCTBEHHOTO 00BEKTa (3aBoja, ¢dadpuku, Qupmbel, 1exa W T. IL.).
[IpenmonoxxuM, 4YTO cHCTeMa U TMOKa3aTenud paboThl OOBEKTa C TEUCHUEM
BpPEMEHU HE MEHSFOTCA. )11 opraHu3anuu BhIITyCKa MPOAYKIIMU HEOOXOIUMO
BUAOB pecypcoB. O6o3HauuM x = (x;,...,x,,) — HAOOP, IEMEHTAMU KOTOPOIO

ABJIAIOTCA KOJIMYCCTBA KaXXI0I'0 U3 PECYPCOB, 3aTPA4YCHHBIX B IIPOU3BOJCTBE; Y

— 00beM BBINTyCKa MPOAYKLUH, MPOU3BOIUMOI C MOMOIIBIO 3TUX PECYPCOB 3a
HEKOTOPBIN (PMKCUPOBAHHBINA IPOMEKYTOK BPEMEHHU.
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Onpenenenune. Oynknus y = f(x,...,x,), YKa3blBarllas CBA3b MEXKIY

BBIIIYCKOM Yy H pecypcaMH x,, [ =1,n, Ha3bIBa€ICA NPOU3B0OCEEHHOU
@ynxyueti (11D).
3ameuanue 1. Ilepemennele x;, i=1Ln, MOryr uU3MepsTbCSI Kak B

HaTypaJbHOM, Tak H B JIGHeXHOM BblpakeHun llpennmouturenpHee
UCIIOJIb30BaTh OJIHY U TY K€ JICHEKHYIO SINHHUILY.

3ameyanue 2. BBujay TOro, 4ro Kaxkaas NPOU3BOJACTBEHHAas €IMHULA
(pabpuka, ¢pupma, 1ex, 4eIOBEK) SBISETCS MHIMBUIYaTbHOM Jake B paMKax
CTaHIapTHOTO MPOU3BOACTBEHHOTO Mpoliecca, To, ropops o I1d, cneayer numers
B BUJLy, YTO OHA OTPAXKAET JIMILb IPUHLUITUATBHBIN BUJ CBSI3H, T. €. OHA 3aBUCUT
OT Habopa HEU3BECTHBIX MNapaMmeTpoB: y = f(X,..,X,,d,...,d, ), 3HAYCHU]

KOTOPBIX (d,...,d, ) JAOJDKHBl MHIUBUAYAJIBHO MOAOMpAThCA I KaXKJI0ro

IPOU3BOJCTBEHHOTO O0BEKTa. Takoro pojaa mpoOsieMbl pelialTcs METOJaMHU
KOHOMETPHH.

CornmacHo »koHOMHMYecKoi Teopuu, [ID pomkHa oOTpakaTh 3aKOH
yObIBaromeit 3 PeKTUBHOCTH MPOU3BOACTBA, KOTOPBII ITACUT: «C YBEITUUYCHUEM
00BEMOB HCIIOJIB3YEMBIX PECYPCOB 00BbEM BBIMTYyCKA MPOAYKIUHN JOIHKEH PACTH,
HO CKOpOCTb €ro  pocTa JOJDKHA  CHHXKAThCS».  OJTO  CBOWCTBO
MPOMJUTIOCTPUPOBAHO HA puc. 4.1.

K nmpousBoacTBeHHBIM (YHKIMSIM TPEIBbSABISIOT psAiag  TpeOOBaHMIA,
00yCIIOBJICHHBIX MOJIOKEHUSAMU SKOHOMUYECKOM TEOPHUH.

f f(xl,...,xn)

0 X;
Puc. 4.1 — Mimoctpanus 3akoHa yosiBaromiei 3¢ (EeKTUBHOCTH MPOU3BOJICTBA

Ocnognbie mpebosanus, npeovseniemvle Kk 11D

1*. bes pecypcoB HeT Boiycka: f(0)=0.
2%*. Bce pecypcbl HEOOXOAUMBI B TPOU3BOACTBE: f (X,..., 0,...,x,) = 0.

3. C poctoM 00beMa HCHOIB30BAHUS KAXKIOTO pecypca O00bEeM BBIMYCKa
BO3pPACTAaeT:
” ’ ” ’ . 1
X7 > X = [ (X ey X yeees X)) > (X ey Xj ooy X, ), L =110
4. 3akoH yObIBaromen 3(pQPEeKTUBHOCTH MPOU3BOACTBA: C POCTOM 3aTpaT
OJTHOTO pecypca TpU HEM3MEHHBIX 3aTparax JIpYTUX pEeCcypcoB BeIHMYMHA
IPUPOCTA BBITYCKA HE PacTeT:
0’ .
—]; <0,i=1Ln.
ox;

5. C pocToM HCIONBb30BaHUS O0BEMA OJHOTO M3 PECypCOB MpeeibHas
3¢ (HEKTUBHOCTH APYroro pecypca BO3pacraer:
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Jd( o S T
—| — f(xXpseesx,) |20, 0, j=Ln,i#j.
ox . | dx.
j l
3ameuanue. TpeOoBaHUSA, TOMCYCHHBIC CHMBOJIOM *, HE SBISIOTCS
00s3aTeIbHBIMH.

2 OcHOBHBI€ BH/IbI MPOU3BOACTBEHHBIX (PYHKIIMA

Onpenenenue. /lpouzsoocmeennoii hynkyuen Kobba—/lyenaca (IIOKII)
Ha3bIBACTCS (PYHKIIHSI

IIOK/(K,L)y=a,K“L"?, a,,a,,a,>0,a,+a,=1, K=0, L=0,
rae K — 00beM KanuTaaoBIOXKEHUH B IPOU3BOJICTBO, L — TPYyAO3aTpaThl.

Ipumep. C 1960 no 1985 rr. no pe3ynpraraMm UcCAEAOBAHUI 3KOHOMHUKHU
CCCP 65110 IOCTpOEHO 2 Moaenu, 3anatonue oobem BBII, B Bune [TOK/:

y=1,022K 053870462 _ Ges y4eTa Hay4HO-TE€XHUUYECKOTO MPOrpecca;

y= 1,038%03 g 097023 _ ¢ Y4€TOM Hay4YHO-TEXHHUUYECKOTO Iporpecca.

Jlerko nokazatp, uro [IOK]] obmamaeT Bcemu cpoiictBamu [1D.
Onpenenenue. /lpouzsoocmeennoii  yuxkyueti Jleonmvesa Ha3bIBACTCA

byHKIUA

akK ,eciu K SQL,
Y(K,L)=min{aK ,bL} = @ ub>o0.

bL,eciu K > é L,
a

[I® JleonTheBa uMeEET OCOOCHHOCTh Ha mpsiMoll K =—L: oHa He
a

muddepeHupyemMa B TOUKax 3To mpsmoil. OgHako BHE 3TOM NpsSIMOM Bce
HeoOxoumbIe cBoiicTBa [1D BhIMOTHSIOTCS.

Onpenenenue. Jluneiinou npou3eo0cmeeHHou @yHKyueli Ha3bIBACTCS
byHKIUA

Y(K,Ly=a,+a,K+a,L, aye R, a,,a, >0.

Jlna nauHeHoN npou3BoACTBeHHON (yHkuuu TpeOoBanus [Id 1 u 2 B
0011eM ciry4yae He BBITIOTHSIIOTCS.

Jlerko 3ametuts, uto Mexay IIOK/[ u muaennon 11D nmeercs cienyromas
B3aUMOCBSI3b:

In(/I®K/](K;L)) =In(ayK“" L) =1Inay,+a;InK +a,InL =
= [IDJlunenunas(InK;In L).

Onpenenenue.  [lpouszsoocmeenHoti  (QyHKyuel ¢ NOCMOAHHOU

21ACMUYHOCNTbIO 3aMeUeHuUsl pecypcoe Ha3blBaCTCs Cl)YHK]_II/IH
n

HPII3(K; L) = agluk  + 1 —w)L ™" ) »,
a, >0, ue (0;1), pe[-10) U (0;+o0).
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Bzaumocssaze [IDIII3 ¢ [IOK]], 11D Jleoumvesa u nunetinou 11D
1. ITpu p =-1 cupaBeaIMBO
IIPIO3(K,L)=a,uK +(1—-u)L)" =([ID/luneiinax(K,L))" .
2. Ilpu p — 0 crnpaBeAIUBO

_i % _ -p
limln(uK_p+(1_M)L_p)p:—]im ln(uK +(1-u)L ):{npaeuﬂo }

p—0 p—0 P Jlonumans
4 _ -P —
_ lim uK "InK+(0—-u)L " InL _ ulnK+(—-u)lnL =1n(K”‘L1_”‘).
p—0 uK™ +(1-u)L” u+l-u
CrenoBarelbHo, lirré IDIID3(K,L)=TIDK/(K",L").
P
3. IIpu p — +eo cIpaBeIIUBO
1
- K<L:
lim (K +(1=wyr? ) » =" _
P—>too K/L<1
_t
Pl p
= lim K[u+(1—u)(£j J =K.
p—>+oo L
Amnanornyno, npu K > L nonyyaem L.
1
[Tycte K =L, Torma lim (uK_p +(A-u)L” )7 =K=L.
P>+
[Monyyaem lim [IDIID3(K, L) = [IDJleonmvear(K",L").

P—>+oo

3 OcHOBHBIE THIIBI 3ajJa4 ONITUMMU3AIHU IIPOU3BOACTBA

PaccMoTpuM cnepyromue TUIBI 3a7a4 ONTUMHU3ALMK TPOU3BOACTBA U
METOJIbI UX PEIICHHUS:

1) 3amaya MakCMMU3alMA TPUOBITM Ha JIOJITOBPEMEHHOM MPOMEKYTKE
(GyHKITMOHUPOBAHUS (PUPMBI;

2) 3ajjaya MaKCMMHU3alMA TPUOBITM Ha KPATKOBPEMEHHOM IPOMEXKYTKE
GyHKITMOHUPOBAHUS PUPMBI;

3)3amaya  MakcHMMM3alMK ~ 00beMa  BBIMYCKa  MPOIYKIUU  TIpU
OTrpaHMYEHHBIX (PMHAHCOBBIX pecypcax;

4) 3amaya MMUHUMU3ALHMKA W3JIEPKEK MPOU3BOACTBA MPH (PUKCHPOBAHHOM
o0BeMe BBINTYCKa MPOAYKIIUH.

3.1 3apaya MaKCUMU3allUM NPUOBLIN
HA 10JITOBPEMEHHOM MPOMEXKYTKe (PYHKIMOHUPOBAHUS

Omnupuueckas QopmyauposKa 3a0a4u
PaccmarpuBaeTrcs paboTra HEKOTOPOTO TPOM3BOJCTBA B CTAIMOHAPHOM
pexume, T. €. XapaKTePUCTUKU MPOU3BOJICTBA, IIEHBI HA PECYPCHl U MPOAYKIIHIO
CUUTAIOTCS HEU3MEHHBIMH.
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Ilycte mponecc mnpousBoacTBa onuceiBaetcss [IP wu3BecTHOro Buaa
y=f(x.,x,), TAe x; — 00BEM i-ro IpuUBIEKacMOro pecypca. V3BecTHsl
TaKXKe p, — LEHA 3a €JUHMILY BBIIIYCKa€MOMN NMPOLYKIUUU U P,,..., p, — LECHBI 32
€AUHULY IPUBJIIEKAEMBIX PECYPCOB COOTBETCTBEHHO.

PabGora ¢upmbl paccmaTpuBaeTCs Ha HEOIPAHUYEHHOM BPEMEHHOM
OTpE3Ke.

HeobxonuMo onpenenuts Takue 00beMbl PECypcoB (X ,..., X, ), UCIIONb3Ys
KOTOpbIe, (UpMa MOJYyYUT HAUOOJNBUIYI0O MPHOBUIL HA paccMaTpUBAEMOM
IIPOMEKYTKE BPEMEHHU.

Mamemamuueckas nocmanogka 3a0auu

Hano: x; 20, i=1,...,n; p,>0, i=0,l,..,n;, y=f(x,..,x,) — oOnagaer

csoiicteamu [1D.

o k ES
Haiitu: Touky (x1 ,...,xn) TaKyto, 4To
ES ES ES ES
x'>1(;nl;a_)1( n(pof(xl,...,xn) — DyXp — e pnxn)z Dof (X)5eeX,) = D1X; —.c.— DX,
Inan pewenus 3a0auu 6 ciyuae n=72
PaccMoTpum npuObLIb OT peanu3aiuy IPOTyKIIMH
TIR(x;,xy) = pof (X1, X5) = p1X; — PaX, -

[TockonbKy paccMaTpHUBAETCS JOJITOBPEMEHHBIN MPOMEKYTOK (HYHKIIMOHU-
pOBaHUS TPOU3BOJICTBA, TO OOOPOTHBIE CPENCTBA MPOU3BOAUTENS MOTYT OBITh
WCITOJIb30BaHbI MHOTOKPATHO. DTO TO3BOJISIET CUYMTATh, YTO (DMHAHCOBHIE BO3-
MOXHOCTA (PUpMBI TPAKTHUUECKH HEOTPaHWYCHHBI. B Cuily CKa3aHHOTO,
MOCTaBJICHHYIO 3a/1a4y MOKHO pacCMaTpUBaTh Kak 3ajlauy MouckKa rio0albHOro
MaKCUMyMa, T. €. HEO0OX0IMMO HAalTH TOYKHU IJ100aIbHOTO MaKCUMyMa (PyHKIIMH
IIR(x,,x,) Ha MHOXecCTBE x, =20, x, 20.

* *
Ecmn  f(x;,x,) nuddepenuupyema, TO HaXOOuUM TOUKH (X,X,),
MOAO03PUTEIbHBIE HA IKCTPEMYM, KaK PEIICHHS] CUCTEMBbI

oIIR a p
=T, 7 -
ox, ox;  po
9 g
oIIR 0 a9 _ Dy
0x, ' ax, po

HonoanurensHo BbraucisgeM [/R(0,0), ITR(0,x,), ITR(x,,0), IIR(4+e,x,),

IIR (x|, +o0), IIR(+00,+0) U CpaBHUBAEM IOJyYECHHbIEC 3HAUCHUS C HR(xf ,x;).

3.2 3apaya MaKCUMU3allUM IPHOBLIN
HA KPATKOBPEMEHHOM NMPOMEKYTKe (PyHKIIMOHMPOBAHUSA

PaccmatpuBaetcst Ta xe mpobiema MakCUMHU3alUWW MpHObLIM, HO paboTa
bupmbl paccMaTpuBaeTcs Ha KPaTKOBPEMEHHOM IPOMEXKYTKE
(byHKIIMOHUPOBaHUS TPOU3BOACTBAa. [lockonmbKy Temeph BPEMEHHON OTpPE30K
OTPaHUYEH, TO OpPaHUYEHBI U (PMHAHCOBBIE BOZMOXKHOCTHU Mpou3BoicTBa. [lycTh
I — o0beM (QUHAHCOBBIX pPECYpCOB, KOTOPBHIMH pacroiaraer ¢upma s
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npuoOpereHusi pecypcoB. Torga JOMKHO — BBITONHATHCS  HEPABEHCTBO
pxt+..+p,x, <I.

bynem paccmatpuBarh ciaydail n=2. MHOXeCTBO BO3MOXXHBIX IIJIAHOB
pou3BoACTBa M n300pakeHo Ha puc. 4.2.

®Oynkuus npuosi /IR HeNpepbIBHA, CIICI0BATEILHO, HA OTPAHUICHHOM
3aMKHYTOM MHOXKecTBe M ¢yHkums [/R Bcerna AOCTHraeT HamOOIBIIETO
3HaveHus1. ClieJJ0BaTeIbHO, TOCTABJICHHAS 3a/1a4a 3aBEIOMO NMEET PElICHNUE.

-

0 X
Puc. 4.2 — MHO€eCTBO BO3MOXKHBIX IJIaHOB MPOU3BOJICTBA M

Bosmooicnwiii nymo pewenus 3a0aydu

1. ina dyHkumu /IR HalTH TOYKH, IOAO3PUTEIILHBIE HA DKCTPEMYM.

2. BelOpaTh M3 HHMX T€, KOTOpbIE IpHHAANEkKAT M , U BBIYUCIUTH B HUX
3HavyeHus [IR.

3. Haittu 3Hauenus /IR Ha ocsax Ox,, Ox,.

4. Haiitu 3Hayenus /IR Ha npsMoOu px, + p,x, =1.

5. BeiOpare  Hambonpmee  3HadyeHWe [/R U3 NOIYYCHHBIX.

* 0k o

CooTtBeTcTBYIOILAs TOUKA (X;,X,) €CTh ONTUMAJIbHBIN IUIAH TPOU3BOJCTBA.

3aM€TI/IM, 4dTO €CJIM TOYKa 3KCTpEMyMa HpI/I6BIJ'II/I CymeCTBYECT, TO OJIs HEC
BCCTrAa BBIMMOJHACTCS PAaBCHCTBO

of (x/, %)
ox; _n
af(xl*,xz*) P> '
ox,

OTa TOYKa Ha3bIBAETCS MOUYKOU PLIHOYHO20 PABHOBECUSI NPOU3BOOUMEIIAL.
VYcnoBue TOro, 4YTo MOJYyYEHHAsE TOUKA SIBJISETCS TOUKOM Makcumyma (HIH
JMHUEN MaKCUMYMOB), COTJlacHO kputeputo CuibBecTpa, UMEET BUJL

82 * *
#(x1 ,X,) <0,
9°f  9*f
ox;  0x,0x, S
> 0.
o’ f 9 f
ox,0x,  0x;
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Onpenenenune. Ilycte y* — onTumanpHbli (UKCUPOBAHHBI 00BEM
IPOM3BOJCTBA. YpaBHEHHE y*= f(x|,x,) 3amaeT QYHKIHIO X, =X,(x,),
KOTOpasi Ha3bIBACTCS U3OKBAHMOIU.

Teopema. N30kBanTa siBnsieTcst yobiBaroeil GpyHKuuen, Tu00 BBITYKION
BHU3, JTN00 JINHEWHOM.

[Toxaxem, 4yTo m30kBaHTa yObIBaeT. IIponuddepennupoBaB paBeHCTBO
Y= f(x,x,) = f(x;,x,(x,)), Holydaem

OZaf(xl’xz(xl))+ of 'dx2('x1)

ox; ox, dx
Torna
af (xl » Xo (xl )
dxy (%) _ ox, __Pi_
dxl af (x1 s Xy (x1 ) )2

ox,
CnenoBaresnbHO, PyHKIUS x,(x,) yObIBaer.
PaccMOTpHUM BBINYKIOCTh H30KBAHTHI.

of
dx,(x,) _ aTCl .
dx, __ai ,
ox,

82f+ °f dx,| of of | 9*f +82f.dx2
d’x,(x,) | ox} Ox0x, dx, | ox, Ox |dxdx, Ox; d, |

& Eal
ox,

2
of
°f of 0°f of  Of [ale
. _2 . + .
ox? ox,  oxox, dx, ox2 9

d’x,(x;) _ ox, <0

ax ¥y
ox,

[Tocnennee HEpaBEeHCTBO BEPHO B cuily cBOMCTB IID f(x,,x,). Teopema

b

JIOKa3aHa.
* *
Takum oOpa3om, B TOuke onTUMyMa (X,,X,) CBSI3b MEXAY pecypcamu

UMeEET BUJ, N300pakeHHBIN Ha puc. 4.3.
IIpumep. IlpousBojctBo QyHKuMOHMpYyeT Mo 3akoHy Kob606a—/lyrmaca

Y=a,K“L", p, — 1eHa mpou3BeICHHOTO TOBapa, p,, p, — UCHBI pecypcos, [
— OIO/KET MPOU3BOCTRA.
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0 x

Puc. 4.3 — ®opma 3aBUCUMOCTH X, = X, (X,)

Heobxoaumo

1) mocTpouTh mjaH MPOU3BOACTBA, MAaKCUMHM3UPYIOUIMM NpUOBLIL Ha
KPaTKOBPEMEHHOM ITPOMEKYTKE;

2) M3y4UTh 3aBUCHUMOCTh MPOM3BOACTBEHHBIX IOKa3zareiaed OT KojeOaHus
LIEH Ha PECYPCBHI.

B nannom ciyvae [IR=a,p,K“L? — p,K — p,L.
1. HaxoaMM TOYKHM, TIOI03PUTEILHBIE HA DKCTPEMYM

oIIR —ay va
ok GoPon KL = py =0,
oIIR @ r—a
—aL =aypya,K"L™ - p, =0.
N3 cucremsl onpenenseM L= Py g . Haiins Ttouky K*= Gy ,
D4y D

a . . p,a
L¥*=—2], gpusiomyiocss TOUYKOH mepecedeHms mnpsamoi L="12K

12 P24
OIO/KETHOM NpsAMOW X, p, + X, p, =1, TOIy4aeM ONTUMAJbHBIA IUIaH

MpOU3BOJACTBA (puc. 4.4).

L

L — pla2 K
pPLay

(K5 L)

0 K
Puc. 4.4 — OntumanbHblii m1an npoussoacTsa (K*;L *)
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. a a
Takum 06pa3om, ONITUMATBLHBIN TJIaH TPOU3BOACTBA K* = L, 1¥==2],
P P>
Cll 612
% Tk a, a,
MakcuManbHas npudsuib [IR(K*,L*)=1| pja,| — | | — | -1|.
P P2

2. Ilycth 11EHa BTOPOTO pECypca OCTAETCSl HEM3MEHHOM, a II€Ha IMEpPBOro
pecypca MeHseTcs, T. €. p, =const, p, — HOBas LieHa, mpudyem p, > p,. Torna

M3 PE3yJbTATOB BBIMOJHEHUS NyHKTa 1 cinenyet, uto K*< K * u IIR*<[IR*.
Takum 00pa3om, poCT IIEH Ha PECYPChI CHIKAET MPUOBLTLHOCTh TIPOU3BOJICTBA.

3.3 3apaya MmakcuMu3aluM 00beMa BbINYCKA NPOAYKIUH
NPHU OTPAHMYCHHBIX (UHAHCOBBIX pecypcax

Dmnupuueckas QopmyauposKra 3a0a4u

PaccmarpuBaetrcst paboTa HEKOTOPOTO MPOU3BOJICTBA B CTAI[MOHAPHOM
pexXuMe, T. €. XapaKTepUCTUKHU IPOU3BOJACTBA, LIEHBI HA PECYPCHI U IIPOAYKLIHUIO
CUUTAIOTCS] HEU3MEHHBIMU.

ITycte mpouecc mpousBoxacrtBa onuceiBaerca IID Buma y= f(x,...,x,),
rae x; — o0beM i -ro MpUBIEKAEMOro pecypca. M3BecTHBI Takke p, — LieHa 3a
€IVHMIYy BBIIYCKAEMOW MPOAYKUUU H  py,...,p, — LEHBl 3a EIUHUILY
IIPUBJIEKAEMBIX PECYPCOB COOTBETCTBEHHO.

[Ipennonaraercsa, 4To (QUHAHCOBBIE BO3MOXKHOCTH TPOU3BOAUTENS TIO
3aKyIllKe PEecypcoB OrpaHuyeHsl BenuuuHou I rpH. HeoOxomumo ompenenuts
Takue 00BeMBI PecypcoB (Xi,...,X,), HUCIOIb3ysl KOTOpbIE, (pupmMa MOIYUHUT

HanOOJIbIIUN 00bEM BBINTYCKA MPOAYKIIMM B PaMKax UMEIOIMIUXCS (PUHAHCOBBIX

pecypcoB.
Mamemamuueckas nocmanogka 3a0ayu

Hano: x; 20, i=1,...,n; p,>0, i=0,1,...,n; y=f(x,...,x,) — obnagaer
coiictBamu [1D, 1 >0.

o * *
Haiitu: Touky (x1 ,...,xn) TaKyto, 4To

* *
max  f(xXp,enX,) = f(X] 00 X,) .
DX+t pyx,<I
IInan pewenus 3a0auu 6 cayuae n =2

MHO0XECTBO BO3MOXKHBIX TUIAHOB ITPOU3BOICTBA N300pakeHO Ha puc. 4.5.

Xy

DX+ pyxy =1

0 X,
Puc. 4.5 — MHO>XECTBO BO3MOKHBIX IJIaHOB IMpOU3BOACTBA
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PaccmarpuBaemas 3a7a4a SIBIISIETCSL 3aga4yen HEJIMHENHOTO
nporpamMmupoBanusi. CBEAEM €€ K 3a/1au€ Ha YCIOBHBIN dKcTpeMyM. O4eBUIHO,
YTO pEUIEHHE 3aJauyM CylIeCcTByeT Bcerna. [lokaxeM, 4To pelieHue JIeKUT Ha
OXOJKETHOU MIPSIMON p,X; + prXx, =1 .

Ilyctp onrtumanpHas TOYKa (xf ,x;) JEXKUT BHYTPU TPEYTrOJIbHUKA
BO3MOXKHBIX IIJIAaHOB TMpousBojcTBa (puc. 4.5). I1d obnagaer ciaemyoummu
CBOWCTBAMH:

a_f > O, a_f
ox, 0x,

JlBurasce BOOJIB OOHOM MNEPEMEHHOM (HapaJuleJIbHO OJHOW U3
KOOpPJIMHATHBIX OCEW) M Y4YWThIBasA yKa3zaHHble cBoucTBa [ID, mosmywyaem, 4To
npu TakoMm ABmKeHuM 3HadyeHus [ID ysenumuumsarorcsa. Ho aroro He moxer

* *
OBITb, Tak KaK B TOUKe (X, ,X,) [1® gocturaer HanboIbLIErO 3HAUEHMSI. 3HAUHUT,

* *
TOYKa (.Xl ,xz) HC MOJXKCT JIC’)KaTh BHYTPH TPCYIrOJIbHHKA, TO €CTh OHA JIC)KHUT Ha

OIOIPKETHOM TIPSIMOH.

Taxum 00pa3zom, UCXOAHAS 3a7ja4a CBOJUTCA K CIEIyIOIEH: HAUTH (xf ,x;)
Takyio, uto  max  f(x;,x,) = f(x;,x,). DTO 3a7a4a yxe ABIsCTCA 3aadeit

prx+paxy =1

Ha YCJOBHBIM 3KCTPEMyM M MOKET ObITh pElIeHa, HalpuMep, C HNOMOILbIO
(yHkuuu Jlarpanka mim METOIOM ITOHWKEHHSI pa3MEPHOCTH 3a1a4H.

I. Pemenue ¢ momonpto ¢pyHkiuu Jlarpanxka

Beogum ¢yskuuro Jlarpanxka L(x;,x,) = f(x,x,) = A(p;x; + po,x, =) 1
COCTABJISIEM CHUCTEMY YPAaBHEHMM JUIsl IIOMCKA TOYEK, IONO3PUTEIBHBIX Ha
DKCTPEMYM.

oL 9

axl axl 1 af -

oL 3 As e |mn
LT p=0= P i =1y P

ax2 ax2 ﬂ( - .4 axz

Pix+paxy =1 P2 9% P1X+ paxy =1

o o * *
PemmB 3anucanHyro cucteMy ypaBHEHHMH, HalaeM (X, X, ).

II. PemieHne METOAOM MOHMKEHUS PA3MEPHOCTH 3a4a4u

I - px
Bbipasum x, U3 OIOJKETHOrO ypaBHEHUs, X, = ———— U IOJCTaBUM B
P»
[1®. Tenepp 3amavya cBeleHA K KJIACCUYECKOM 3a/laye MOUCKAa HauOOJbIIEro

3Ha4YeHUs (PYHKIIMH Ha OTPE3KeE:

I—px
TPt — max, x, €| 0;— |,
P> P

y:f xl’
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KOTOpas MOXKCT OBITh peuicHa MCTOAAMHU MATCMATUYCCKOI'O aHaJin3a.

3.4 3agaua MUHUMM3ANUM U3/1ePKeK MPOU3BOACTBA
npu PUKCUPOBAHHOM 00beMe BHINMYCKA MPOAYKIHHA

Dmnupudeckas QopmyiuposKa 3a0a4u
PaccmarpuBaetrcs paboTa HEKOTOPOTO MPOM3BOJICTBA B CTAI[MOHAPHOM
pexume, T. €. XapaKTePUCTUKU MPOU3BOJICTBA, IIEHBI HA PECYPCHl U MPOAYKIIHIO
cuuTaroTcs HeusMeHHbIMH. [lycTh mponecc mpousBojacTBa onucbiBaetrcs 11D
BuAa y = f(x,...,x,), A€ x;, — 00bEM i -Ir0 IPUBJIEKAEMOro pecypca. M3BecTHsI

TaKXKe p, — LEHA 3@ €UHUILY BBITYCKAaEMOM NPOLYKUHU U p,..., p, — LEHHI 32
eIMHUILY TIPUBJIEKAEMbIX PECYPCOB COOTBETCTBEHHO.

[lpennonaraercs, YTO NPOU3BOAUTENL pabOTaeT B YCTaHOBUBLIEMCS
pexxruMe M 00bEeM MPOM3BOACTBA 3a EAMHUIYY BPEMEHU OCTAaeTCsl pPaBHBIM
duKcHpoBaHHOMY 3HaueHHi0 y°. HeoOGXOAMMO OMpeneiuTh Takue OObEeMbI
pecypcoB  (xi,...,X,), HUCHOJb3ysd KOTOpble, (hUpMa MOIYYUT HAUMEHbIIHUE

U3JIEPKKU ITPOU3BOJICTBA NPU (PUKCUPOBAHHOM 00BEME BBIITYCKA IPOAYKIIHH.
Mamemamuueckas nocmanoska 3adavu

Hano: x; 20, i=1,...,n; p; >0, i=0,1,....,n; y=f(x,..,x,) — obnagaer
ceoricrBamu [1D.

Haiitu: Touky (xf ,...,xz) TaKyIo, 4TO

min(p,x; +...+ p,x,) = PIX, ot poX

y=y

IInan pewenus 3adauu 6 ciyuae n="2

JlanHast 3a7ada sIBIsieTCA 3a7aueii Ha YCIOBHBIM SKCTPEMYM U MOXKET OBbITh
penieHa ¢ MOMOUIBIO0 CTAHAAPTHBIX METOJ0B MaTEMATUYECKOIO AaHAJIN3A.

I. Pemenne ¢ momomipio dhyHkmn Jlarpanka

B JaHHOM ciydae byHKIIS Jlarpanxa UMeeT BU]I

L(x,,%,) = px; + pyx, — A(f(x;,x,)—y"). Jlamee, cneays CTaHZapTHOMY
aJITOPUTMY, COCTABIISIEM CUCTEMY YpaBHEHUM

a_,
ox,
a_,
ox,
€Ly
oAl

PemmmB ee, moiayyum TOYKH, MOJO3pUTEIbHBIE Ha HSKCTpemMyM. BriOpas

TOYKY HAWMCHBIICTO 3Ha4YCHUA Cl)YHKI_II/II/I HN3JICPKCK Ha  MHOKCCTBC

0
y = f(x,,x,), NOJIy4uM peLICHUE 3a1a4U.

II. Pemuenne MeTo10M NOHUKEHUS PA3MEPHOCTH 3aa4u
MoxHo cBecTH 3aauy K ogHoMmepHou. Tak kak f mMoHOTOHHa (kak [1D),
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TO MOJKHO M3 paBeHCTBA y° = f (x;,X,) BBIpa3UTh X, Yepe3 x;: X, = @(x;).
Tenepr 3amaua cBelleHa K KJIACCHMYECKOW 3ajaye IOMCKAa HAMMEHbBIIETOo
3Ha4YEHMS PYHKIMU HA TIOJIYOCH:

c(x,9(x)))=px; +p,p(x;) > min, x;, 20,
KOTOpasi MOXET OBITh peIIeHa CTAaHAAPTHHIMA METOJAMH MaTeMaTHYEeCKOTO
aHaM3a.

KoHTposibHBIE BONPOCHI K pa3aeny 2

OcHOBHOII YpOBEHb

1. JlaiiTe onpeeneHrue Nporu3BOACTBEHHON (PYHKIIUH.

2. Ilepeuncnure OCHOBHBIE CBOMCTBA MPOU3BOJICTBEHHON (DYHKIIMH.

3. [Ipounmmtoctpupyiite rpadguyecku 3akoH yObIBaromield 3()QPeKTUBHOCTU
IPOU3BOJICTBA.

4. Tlepeuncante OCHOBHBIE BUABI TPOU3BOACTBEHHBIX (DYHKIIHIA.

5. l[lepeuncnure paccCMOTPEHHbIE 3314l ONTUMU3AIMU IPOU3BOJICTBA.

6. ChopMmynupyiTe OSMIHUPUYECKYI0O W MATEMaTUYECKYI0 TTOCTAHOBKHU
3alaydl  MaKCUMHU3AIlMM TMPUOBLIM HA  JIOJITOBPEMEHHOM  MPOMEXKYTKE
(GYHKIIMOHUPOBAHHS.

7. ChopMynupyiTe OSMIHUPUYECKYI0O W MATEMaTUYECKYI0 TIOCTAaHOBKHU
3alayd  MaKCUMHU3AIMM TPUOBIIM HAa  KPAaTKOBPEMEHHOM  IMPOMEXKYTKE
(GYHKIIMOHUPOBAHHS.

8. ChopMynupyiiTe HSMIOUPUYECKYI0O U MaTEeMaTHYECKYH) IMOCTAaHOBKH
3alaud  MakCUMM3aluu O0beMa BBIMYCKA NPOAYKUMUA MPU OTPaHUUYECHHBIX
(MHaHCOBBIX pecypcax.

9. ChopmynupyiTe SMIHMPUYECKYI0O M MATEMaTUYECKYI0 TOCTAaHOBKHU
3a/1aud MUHUMM3AIUU U3JIEPKEK MPOU3BOACTBA NMPHU (PUKCUPOBAHHOM OOBEME
BBIITYCKa MPOIYKIIUU.

¥Yriay0JieHHblii YPOBEHb

1. O6bsicauTe CMBICT TpeOOBaHMiA 4 U 5 MPOU3BOACTBEHHON (PYHKITUH.

2. Ykaxwure, BCE JIU CBOWCTBA MPOU3BOJACTBEHHON (DYHKIIMU BBITTOJIHSAIOTCS
JUTSl IMHEWHOW TTPOU3BOJACTBEHHOUN (DYHKITHH.

3. [lpuBenuTe anropuT™M pelHICHUsA 33Jaud MaKCHUMH3AIMH TpUOBLTH Ha
JOJITOBPEMEHHOM MPOMEXKYTKE (PYyHKIIMOHHUPOBAHUSI.

4. [IpuBeauTe alrOpUTM pELICHUS 3aJa4l MaKCHMHU3AlMUA NPUOBLIM Ha
KpPaTKOBPEMEHHOM MPOMEXKYTKE QYHKIIMOHUPOBAHMSL.

5. IlpuBeanuTte anropuT™ peleHus 3aa4ud MaKCUMHU3alui 00beMa BhIITYCKa
OPOAYKLMH ITPU OIPaHUYEHHBIX (PUHAHCOBBIX peCypcax.

6. [IpuBeaure anropuT™M pelIEHUS 3a7aud MUHUMHU3ALUU  U3JEPIKEK
IIPOU3BOCTBA NPU PUKCHPOBAHHOM 00BEME BBIITyCKa MPOLYKLIUH.
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CraTucrudyecKkue Ta0JMIbI

Tabmuua 1 — [IponenTHbie TOUKM pacnpeaeneHus CTbioeHTa

3nauenue f, , Taxoe, uro Prob [‘ f‘ >t, a] =

Yyucio Yposens 3Haunmoctu, & (%)
cTemneneit
CcBOGOIbI, 71 20 10 5 2 1,0 0,05

1 3,078 6,314 12,706 | 31,821 63,657 127,3
2 1,886 2,920 4,303 6,965 9,925 14,089
3 1,638 2,353 3,152 4,541 5,841 7,453
4 1,533 2,132 2,776 3,747 4,604 5,598
5 1,476 2,015 2,571 3,365 4,032 4,773
6 1,444 1,943 2,447 3,143 3,307 4,317
7 1,415 1,895 2,365 2,999 3,499 4,290
8 1,397 1,860 2,306 2,890 3,355 3,833
9 1,383 1,833 2,262 2,821 3,250 3,690
10 1,372 1,812 2,226 2,764 3,169 3,581
11 1,363 1,796 2,201 2,718 3,108 3,497
12 1,356 1,872 2,179 2,681 3,055 3,428
13 1,350 1,771 2,160 2,650 3,012 3,372
14 1,345 1,716 2,145 2,624 2,977 3,326
15 1,341 1,553 2,131 2,602 2,947 3,286
16 1,337 1,746 2,120 2,583 2,921 3,252
17 1,333 1,740 2,111 2,567 2,898 3,222
18 1,330 1,734 2,101 2,552 2,878 3,197
19 1,328 1,729 2,930 2,539 2,861 3,174
20 1,325 1,725 2,860 2,528 2,845 3,153
21 1,323 1,721 2,800 2,518 2,831 3,135
22 1,321 1,717 2,740 2,503 2,819 3,119
23 1,319 1,714 2,690 2,500 2,807 3,104
24 1,318 1,711 2,640 2,492 2,800 3,910
25 1,316 1,706 2,600 2,485 2,787 3,078
26 1,215 1,706 2,560 2,479 2,779 3,670
27 1,314 1,703 2,520 2,473 2,771 3,570
28 1,313 1,701 2,430 2,467 2,763 3,470
29 1,311 1,699 2,450 2,467 2,756 3,380
30 1,310 1,697 2,420 2,467 2,750 3,200
40 1,303 1,684 2,210 2,423 2,704 2,971
60 1,296 1,671 2,000 2,390 2,660 2,915
120 1,289 1,658 1,980 2,358 2,617 2,860
oo 1,282 1,645 1,960 2,326 2,576 2,807




Tabmuua 2 — [IporieHTHBIE TOYKU pacpeieeHNs YUCIa HHBEPCUi

3nauenne A, , Takoe, dTO Prob[AN > Ay a] =@, rae N — ofuee d4ucio

HAOJIFOEHHBIX 3HAYEHUN

N YpoBeHb 3HAYUMOCTH, (X
n= 5 0,99 0,975 0,95 0,05 0,025 0,01
10 9 11 13 31 33 35
12 16 18 21 44 47 49
14 24 27 30 60 63 66
16 34 38 41 78 81 85
18 45 50 54 98 102 107
20 59 64 69 120 125 130
30 152 162 171 263 272 282
40 290 305 319 460 474 489
50 473 495 514 710 729 751
60 702 731 756 1013 1038 1067
70 977 1014 1045 1369 1400 1437
80 1299 1344 1382 1777 1815 1860
90 1668 1721 1766 2238 2283 2336
100 2083 2145 2198 2751 2804 2866
Ta6muia 3 — [IporieHTHBIE TOYKU pacnpeneeHNs KOJTNYECTBA CEPH
3HaueHus ry;qTakue, uro Prob|r, > rn’a] =a,tnen=N;,=N,=N
N YpoBeHb 3HAYUMOCTH, (X
n= E 0,99 0,975 0,95 0,05 0,025 0,01
5 2 2 3 8 9 9
6 2 3 3 10 10 11
7 3 3 4 11 12 12
8 4 4 5 12 13 13
9 4 5 6 13 14 15
10 5 6 6 15 15 16
11 6 7 7 16 16 17
12 7 7 8 17 18 18
13 7 8 9 18 19 20
14 8 9 10 19 20 21
15 9 10 11 20 210 22
16 10 11 11 22 22 23
18 11 12 13 24 25 26
20 13 14 15 26 27 28
25 17 18 19 32 33 34
30 21 22 24 37 39 40
35 25 27 28 43 44 46
40 30 31 33 48 50 51
45 34 36 37 54 55 57
50 38 40 42 59 61 63
60 47 49 51 70 72 74
70 56 58 60 81 83 85
80 65 68 70 91 93 96
90 74 77 79 102 104 107
100 84 86 88 113 115 117
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Tabnuna 4 — [IpouieHTHBIE TOUKH pacnpenenenus duniepa

Yposens 3Haunmoctu o = 0,05

Yucio Yucio crenenei cBoOOOAbI 71

cTelIl.

@b | 23| 4|s| 6| 7|89 10|
ny
1 |161,4(199,5]215,7|224,6|230,2|234,0 [236,8 | 238,9|240,5 | 241,9 | 243,0
2 [18,51/19,00]19,16|19,25|19,30| 19,33 (19,35 | 19,37 | 19,38 (19,39 | 19,40
3 [10,13]9,55|9.25|9,12 | 9,05 | 8,94 | 8,89 | 8,85 | 8,81 | 8,79 | 8,76
4 | 7711694659 639626616609 | 604 | 600|559 | 593
5 1665579541519 |505|495| 488|482 477|474 | 4,70
6 |599|514|476| 453|439 |426|421 | 4,15 | 4,10 | 4,06 | 4,03
7 1559|474 | 435|413 |397|3,87 379|373 |3,68|3,64]| 3,60
8 |532|446|407 384 |3,69]3,53]3,50 344339335 3,31
9 512426386 |3,63|348 337|329 323|318/ 3,14 | 3,10
10 | 496 | 4,10 | 3,71 | 348 | 3,33 | 3,22 | 3,14 | 3,07 | 3,02 | 2,98 | 2,94
11 | 4,84 3,89 (3,59 | 3,36 | 3,20 | 3,09 | 3,01 [ 2,95 | 290|235 | 2,82
12 | 475|3,89 (3,49 326 | 3,11 3,00 291 |285|280]275]| 272
13 | 4,67 | 3,81 | 341 [ 3,18 |3,03]292]|283|277 271|267 263
14 | 46 | 874|334 311296285276 270 | 265|260 256
15 | 4,54 (3,68 | 329|306 290|279 271264259254 251
16 | 449 | 3,63 (324|301 285274266259 |254]|249 | 245
17 | 445359 (320 (296|281 | 27 | 261255249 | 243 | 241
18 | 441 (3,55 (3,16 | 2,93 | 2,77 | 2,66 | 2,58 | 2,51 | 2,46 | 2,41 | 2,37
19 | 438 3,52 (3,13 290 | 2,74 | 2,63 | 2,54 | 2,48 | 2,42 | 2,38 | 2,34
20 | 435 (349 3,10 287|271 260|251 245|239 |235]| 331
21 | 432|347 3,07 |284 263257249 | 242 (237|232 2,28
22 | 430|344 305|282 266|255 246|240 | 234 | 2,30 | 2,26
23 | 423 (342 3,03 (280|264 253|244 (237232227 224
24 | 426|340 | 3,01 (278 | 262|261 242|236 230|225/ 222
25 | 424 (339299276260 |249 | 2,40 | 2,34 | 2,28 | 2,24 | 2,20




Tabnuua 4 — [IporieHTHBIE TOUKHM pacnpeaeneHus Ouiepa (MpoaorKeHIe)

Yposens 3Haunmoctu o = 0,05

Yucjio Yucio crenenei cBo0OAbI 71

creneHei

CBOOOXB | 1> | 14 | 15 | 16 | 20 | 24 | 30 | 40 | 60 | 120 | oo
"y
1 244,0 | 245,0246,0(246,0|248,0|249,1 |250,1|251,1|252,2|253,3 |254,3
2 19,41|19,42/19,43119,44(19,45/19,45/19,46|19,47|19,48|19,49|19,50
3 8,74 | 8,71 | 8,70 | 8,69 | 8,66 | 8,64 | 8,62 | 8,59 | 8,57 | 8,55 | 8,53
4 591 | 5,87 | 5,86 | 5,84 | 5,80 | 5,77 | 5,75 | 5,72 | 5,69 | 5,66 | 5,63
5 4,68 | 4,64 | 4,62 | 4,60 | 4,56 | 4,53 | 4,50 | 4,46 | 4,43 | 4,40 | 4,36
6 4,00 | 3,96 | 3,94 | 3,92 | 3,87 | 3,84 | 3,81 | 3,77 | 3,74 | 3,70 | 3,67
7 3,57 | 3,52 | 3,51 | 3,49 | 3,44 | 3,41 | 3,38 | 3,34 | 3,30 | 3,27 | 3,23
8 3,28 | 3,23 13,23 3,20 | 3,15 | 3,12 | 3,08 | 3,04 | 3,01 | 2,97 | 2,93
9 3,07 | 3,02 [ 3,01 | 2,93 1294|290 2,86 2,832,779 2,752,771
10 291 | 2,86 [ 2,85 2,82 2,77 (2,74 | 2,70 | 2,66 | 2,62 | 2,58 | 2,54
11 2,79 | 2,74 | 2,74 | 2,70 | 2,65 | 2,61 | 2,57 | 2,53 | 2,49 | 2,45 | 2,40
12 2,69 | 2,64 | 2,62 |2,60 254|251 |247 243238 2,34 12,30
13 2,60 | 2,55 [ 2,53 | 2,51 |2,46|2,42|2,38|2,34|2,30] 2,252,221
14 2,53 | 2,48 | 2,46 | 2,44 12,39 | 235|231 | 2,27 222|218 | 2,13
15 2,48 243 (240|239 (233229225220 2,16 | 2,11 | 2,07
16 242 1237 (235|233 (2,28(2,242,19|2,15]| 2,11 | 2,06 | 2,01
17 2,38 (233231229 (2,23 ]2,19]|2,15|2,10|2,06 | 2,01 | 1,96
18 2,34 1229 (227|225(2,19|2,15| 2,11 | 2,06 | 2,02 | 1,97 | 1,92
19 231 226 (223|221 (216| - - - - - -
20 2,38 12231220 (2,18 2,12 | - - - - - -
21 2251220 (2,13 |2,15(2,10| - - - - - -
22 2,28 | 2,18 | 2,15 | 2,13 (2,07 | - - - - - -
23 2,20 | 2,14 | 2,13 | 2.10 [ 2,05 | - - - - - -
24 2,18 | 2,13 | 2,11 [ 2,09 | 2,03 | - - - - - -
25 2,16 | 2,11 [ 2,09 | 2,06 | 2,01 | - - - - - -
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Tabmuua 5 — Kputnueckue 3Hauenus RS-kpurepus

Yposens 3Haunmoctu o = 0,05

KoaunuecTBoO I'panuua RS-kputepus
Hal./1101eHui, 71 HIDKHSS BepPXHsist
10 2,67 3,69
15 2,96 4,14
20 3,18 4,49
25 3,34 4,71
30 3,47 4,89
35 3,59 5,03
40 3,67 5,17
45 3,74 5,28
50 3,82 5,37
55 3,88 5,46
60 3,93 5,54
65 3,97 5,62
70 4,02 5,70
75 4,06 5,77
80 4,09 5,83
85 4,12 5,88
90 4,14 5,92
95 4,15 5,94
100 4,16 5,96




Tabmuua 6 — Kputnueckue 3HaueHus KodpPUIreHTa HUKIMIYECKON aBTOKOPPEIALIUT

Kosnmuectso ITosokuTEILHBIE 3HAUECHUS OTpunartesbHble 3HAYEHUSA

Ha0JII0IeH U,
n 5 % 1% 5 % 1%
5 0,253 0,297 -0,753 -0,798
6 0,345 0,447 —0,708 —-0,863
7 0,370 0,510 -0,674 -0,799
8 0,371 0,531 —-0,625 -0,764
9 0,366 0,533 —-0,593 -0,737
10 0,360 0,525 -0,564 0,705
11 0,353 0,515 -0,539 -0,679
12 0,348 0,505 -0,516 —0,655
13 0,341 0,495 —0,497 -0,634
14 0,335 0,485 -0,479 -0,615
15 0,328 0,475 -0,462 -0,597
20 0,299 0,432 -0,399 -0,524
25 0,276 0,398 -0,356 —0,473
30 0,257 0,370 -0,325 —0,433
35 0,242 0,347 -0,300 -0,401
40 0,229 0,326 -0,279 -0,376
45 0,218 0,314 -0,262 -0,356
50 0,208 0,301 —0,248 -0,339
55 0,199 0,289 -0,236 -0,324
60 0,191 0,278 —-0,225 -0,310
65 0,184 0,268 -0,216 -0,298
70 0,178 0,259 -0,207 —0,287
75 0,173 0,250 -0,199 -0,276
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Tabmuna 7 — Kputndeckue 3HaueHus cTaTUCTUKH [[apOnHa—Y oTCcOHa

Yposens 3Haunmoctu o = 0,05

Panr aBToxoppensiuun

KoangectBo
Ha0JI101¢HUI, 3

" d, d, d, d, d, d, d, d, d, d,

15 1,08 | 1,36 | 095 | 1,54 | 0,82 | 1,75 | 0,69 | 1,97 | 0,56 | 2,21
16 1,10 | 1,37 | 098 | 1,54 | 1,86 | 1,73 | 0,74 | 1,93 | 0,62 | 2,15
17 1,13 | 1,38 | 1,02 | 1,54 | 1,90 | 1,71 | 0,78 | 1,90 | 0,67 | 2,10
18 1,16 | 1,39 | 1,05 | 1,53 | 093 | 1,69 | 0,82 | 1,87 | 0,71 | 2,06
19 1,18 | 1,40 | 1,08 | 1,53 | 0,97 | 1,68 | 0,86 | 1,85 | 0,75 | 2,02
20 1,20 | 1,41 | 1,10 | 1,54 | 1,00 | 1,68 | 0,90 | 1,83 | 0,79 | 1,99
21 122 |1 142 | 1,13 | 1,54 | 1,03 | 1,67 | 093 | 1,81 | 0,83 | 1,96
22 124 | 143 | 1,15 | 1,54 | 1,05 | 1,66 | 0,96 | 1,80 | 0,86 | 1,94
23 126 | 1,44 | 1,17 | 1,54 | 1,08 | 1,66 | 0,99 | 1,79 | 0,90 | 1,92
24 1,27 | 1,45 | 1,19 | 1,55 | 1,10 | 1,66 | 1,01 | 1,78 | 0,93 | 1,90
25 129 | 1,45 | 1,21 | 1,55 | 1,12 | 1,66 | 1,04 | 1,77 | 0,95 | 1,89
26 1,30 | 146 | 1,22 | 1,55 | 1,14 | 1,65 | 1,06 | 1,76 | 0,98 | 1,88
27 132 | 147 | 1,24 | 1,56 | 1,16 | 1,65 | 1,08 | 1,76 | 1,01 | 1,86
28 1,33 | 148 | 1,26 | 1,56 | 1,18 | 1,65 | 1,10 | 1,75 | 1,03 | 1,85
29 134 | 1,48 | 1,27 | 1,56 | 1,20 | 1,65 | 1,12 | 1,74 | 1,05 | 1,84
30 1,35 | 1,49 | 1,28 | 1,57 | 1,21 | 1,66 | 1,14 | 1,74 | 1,07 | 1,83
31 1,36 | 1,50 | 1,30 | 1,57 | 1,23 | 1,65 | 1,16 | 1,74 | 1,09 | 1,83
32 1,37 | 1,50 | 1,31 | 1,57 | 1,24 | 1,65 | 1,18 | 1,73 | 1,11 | 1,82
33 1,38 | 1,51 | 1,32 | 1,58 | 1,26 | 1,65 | 1,19 | 1,73 | 1,13 | 1,81
34 139 | 1,51 | 1,33 | 1,58 | 1,27 | 1,65 | 1,21 | 1,73 | 1,15 | 1,81
35 1,40 | 1,52 | 1,34 | 1,58 | 1,28 | 1,65 | 1,22 | 1,73 | 1,16 | 1,80
36 141 | 1,52 | 1,35 | 1,59 | 1,29 | 1,65 | 1,24 | 1,72 | 1,18 | 1,80
37 142 | 153 | 1,36 | 1,59 | 1,31 | 1,66 | 1,25 | 1,72 | 1,19 | 1,80
38 143 | 154 | 1,37 | 1,59 | 1,32 | 1,66 | 1,26 | 1,72 | 1,21 | 1,79
39 143 | 1,54 | 1,38 | 1,60 | 1,33 | 1,66 | 1,27 | 1,72 | 1,22 | 1,79
40 1,44 | 154 | 1,39 | 1,60 | 1,34 | 1,66 | 1,29 | 1,72 | 1,23 | 1,79
45 148 | 1,57 | 143 | 1,62 | 1,38 | 1,67 | 1,34 | 1,72 | 1,29 | 1,78
50 1,50 | 1,59 | 1,46 | 1,63 | 1,42 | 1,67 | 1,38 | 1,72 | 1,34 | 1,77
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