KoncnoekrT nekimnii

110 JUCIUILINHE
«BpIcinass maremaTunkay,

JIJIsi 00pa30BaTe/IbHOM IIPOrpaMMBbl 110 HAIIPABJICHUIO
20.03.01 «Texnocdepnasi 6e3011aCHOCTDY,
npoduib — «Bbe30nacHoCTh TEXHOJIOIMIECKUX IIPOIECCOB U
IPOUBBOJICTBY
kBaJudukaiys (crenenn) 6akajaasp,
THII IPOrpaMMbl DaKaJiaBpraTa — aKaJ eMUIeCKUi
MezxpernonajibHblil yaeOHbIH HEHTD MEPEOIOTOBKN CIEIUAJINCTOBR
Paspaboruuk: nonent, K.T.H. Xpamosa TarbsHa BukropoBha

1 cemecTp

KoHcrekT cojiepkKuT CBejieHns, HeOOXOIMMBbIE JIJIsi OCBOCHUST KYypCa,
YCIIEIITHOT'O BBINOJHEHUST KOHTPOJIBHON PabOThl U CJladi 9K3aMEHA.

He BosOpansieTcs MCIIOJIB30BaTh JIONOJHUTEIbHbIE MCTOUHUKH MH-
dopmaliu, cojepxkaiiye 0ojiee pa3BepHYTYIO MH(MOPMAIUIO: JIOKA3a-
TEJIbCTBA yTBEPXKICHUI U BBIBOJLI (DOPMY.I.

B komIie KaxJioro pasjesa Bol Hailjiére 3aa49n JIJisi CAMOCTOSTE b
HOI'O PEIICHUST U BOIIPOCHI JIJIsi CAMOIIPOBEPKH.

[Ipumepnl peleHns 3a/1a4 Bbl HaiiIéTe Ha HaleM KaHaJje Ha YouTube:

https://www.youtube.com/channel /UCOk6GOLytUlutfqtpN71k9Q

Tak>ke Bbl MoxkeTe UCIO/b30BaTh COOPHUKK 3a/1a9 JIJIsi CAMOCTOSI-
TEJIbHOIO pElIeHUsl W 3aKpeIJICHWs MaTepuaJia, KOTOPbIe IIpeJicTaBlie-
HbI B 9JIGKTPOHHOM Bujie Ha caiite O6ubmorekn Cubl'YTU u B Gase
IPRBooks:

1. Amurpuea, O. E. CoopHEK 3a/1a4 110 MaTeMaTHICCKOMY aHAJIN3Y.
1 cemecrp, http://www.iprbookshop.ru/54798

2. Imurpuesa, O. E. CoopHuK 3a/1a4 110 MATEMAaTUICCKOMY aHAJHU3Y.
2 cemectp, http://www.iprbookshop.ru/54799



Coaepzkanue

1 DueMeHTHI JUHENHON aJaredOpbl U AHAJIUTUIECKON Treo-

MeTpuu

1.1

1.2

1.3

1.4

Marpurpl. Onpejenuresns Marpuiibl. ObpaTHas MaTpH-
na. Perenne cucrem simneitnbix ypasuenuit (CJIY) B mat-
puadoMm Buje. Merog Kpamepa . . . . . . . . . ... ..
1.1.1 Marpunbl . . . . ..
1.1.2  JlefictBus ¢ MarpuiaMm . . . . . . . . . . . . ..
1.1.3 ObparHas MATPULIA . . . . . o o v v v v e o
1.1.4 CJIAY - marpudHOe NpeJICTABICHUE . . . . . . .
1.1.5 Oumnpegenuresb MATPUAIBL . . .« . . o v ' v v o .
1.1.6 Brbruuciienne oOpaTHO MATPUIBL . . . . . . . . .
1.1.7  Meron Kpamepa st pemmenust CJTIAY . . . . ..
1.1.8 3ajaHus Jjsi CAMOCTOATEILHOIO PEIIeHnsT . . . .
Uccneposanue CJIY. Meroy I'aycca . . . . . . . . . ..
1.2.1 Meroj l'aycca . . . . . . ... ...
1.2.2 Uccneposanume CJIYV . . . . . . . . ... ... ..
1.2.3 Bajanus JUisi CAMOCTOSITEJIbHOTO PEIIeHUS . . . .
BekTopnoe npocrpancrso. Oueparuu HaJi BeKTropamu. ba-
€3 (.
1.3.1 Bekrop. OcHOBHBIC ONIpEICJICHAST . . . . . . . . .
1.3.2 Omnepamnuy ¢ BEKTOPAMH . . . . . . . o o . . . . .
1.3.3 Ilpoekiiust BEKTOpa Ha OCb . . . . . . . . . . ..
1.3.4 TIlousitue o Oasuce . . . . . . . . . . . . ... ..
1.3.5 /lekapToBa mpAMOYTOJbHAs CUCTEMa KOODJIMHAT .
1.3.6 CkajsipHOE POU3BEJIEHUE BEKTOPOB . . . . . . .
1.3.7 Bekropnoe nmpousBejieire BEKTOPOB . . . . . . .
1.3.8 CwmemanHoe 1pou3BeJIeHHE BEKTOPOB . . . . . . .
1.3.9 Baxuble pakTbl . . . . . . ...
1.3.10 3ajanus Ajsi CAMOCTOATEILHOIO PEIIeHnsT . . . .
YpaBHeHue HpsMoil Ha IJIOCKOCTH U B IIPOCTPAHCTBE. Y paB-
HeHue 1JIOCKOCTH B 1ipocTpancTse. VcciejoBanue B3aum-
HOT'O PACIOJIOYKEHUS TOYEK, IPAMBIX U ILJIOCKOCTEM

1.4.1 Ilpsimast Ha IJIOCKOCTH . . . . . . . . . . . . ..
1.4.2 DBzammpoe pacmoyiokeHue MpsIMbIX . . . . . . . .

© © 00 I

10
12
12
13
13
13
14
16

16
16
17
17
18
18
19
20
20
21
21

22
22
26



1.5

1.6

1.7

1.4.3 IlnockKocTh B MPOCTPAHCTBE . . . . . . . . . . . .
1.4.4 BgzaumHoe pacloJjioyKeHue 1jiockocreir . . . . . .
1.4.5 Paccrosinue or TOYKHU JIO IIJIOCKOCTH . . . . . . .
1.4.6 YpaBHeHus 1PsIMOI B IPOCTPAHCTBE . . . . . . .
1.4.7 PaccrosiHue oT TOYKK JIO LIPSIMON B IIPOCTPAHCTBE

1.4.8 DBzammnoe pacroJioykeHne MpsMbIX B IPOCTPAHCTBE

1.4.9 BgzaumHoe paciiojioykeHue 1npsaMoil 1 1JI0CKOCTU B

IPOCTPAHCTBE . . . v v v v e e e e e e e e
1.4.10 3ajanus Ajsi CAMOCTOATEILHOIO PEIIeHnsT . . . .
Kpusbie BTOPOIro 1opsijika: IreOMeTPUIEeCKUe U OlThYe-
CKHE CBOHCTBA . . . « « v v v v e v e e et e e e e e
1.5.1 Duumuc . . . ...
1.5.2 Twunepbosia . . . . . . . ...
1.5.3 Ilapabosa . . . . . ... ... ... ... ....
1.5.4 Ouwuruyeckue CBOUCTBA . . . . . . . . . . . . . ..
1.5.5 3ajaHus Jjsi CAMOCTOATEILHOIO PEIeHnsT . . . .
[loBepxHOCTH BTOPOIO MOPAIKA . . . . . .« « o v o . . . .
1.6.1  ODUUIMICOW, . . . o v v v v v i e e e e
1.6.2 I'unep0boJionibl: OJIHONOJOCTHBIA ¥ JIBYIIOJIOCTHbIM
1.6.3 Konyc . . . .. ...

1.6.4 IlapaboJioujibl: 3JUIMIITHYECKUNE U TUIIePOOJIUIECK Uit

1.6.0 Huauaapbr . . . . . . o o o
Boripochl Jijisi caMolpoBepKu K pasjgeny 1 . . . . . . . .

Oyukiuu. IIpenesn u HenmpepbIBHOCTD

2.1

2.2

[Tousitue dpynknnun. OcHOBHBIE jiIeMeHTAPHBIE (DYHKIUH.
[Ipejen pyuknun B Touke. OjiHOCTOPOHHKE TIPEieibl. Bec-
KOHEYHO OOJThIasi 1 DECKOHEYHO MaJiasd (PyHKIUN

2.1.1 OcCHOBHBIE OUPEJCTEHUSA . . . . . . . . . . . . .
2.1.2 Twunel GyHKIKAR . . . . . .
2.1.3 Cnocobbl 3aianust GyHKIUA . . . . . . . . . . .
2.1.4 OcHoBHBIE jieMeHTapHBbIE PYHKIAA . . . . . . .
OcHOBHBIE TEOPEMBI O MpeJieiax. «3aMedare/bHbley Tpe-
JIeJIb. DKBUBAJICHTHOCTH . . . . . o o o oo o o o
2.2.1 OupejiesieHne Ipeiesta . . . . . . . o oo .
2.2.2  OJHOCTOPOHHHE IIPEJCTBL . . + + .« o v v ' v . .

27
28
29
29
31
32

33
35

35
35
36
37
37
38
38
39
39
40
40
40
41

44

44
44
44
45
45

46
46
47



2.2.3 DBeckoneuyno maJjible 1 DECKOHEYHO OOJILIIINE BEJU-

YUHDBL .« o o v v e e e e e e e e e 47
2.2.4 Apudmernueckue CBOHCTBA IPEJEJOB . . . . . . 48
2.2.5  OcHOBHBIE TEOPEMBI O TIPEJEIaX . . . . . . . . . 48
2.2.6 Bpruucsienue npejeson. Heoupejenennocru . . . 49
2.2.7 llepBblit 3aMevdaTeNbHBIN IPEJET . . . . . . . . . 20
2.2.8 DBropoit 3amedaresibHblil Hpejes . . . . . . . . . o1
2.3  HenpepsiBHocThb dynknuu. Toukn pa3pbiBa U UX KJIaCCH-
dukarusa. OCHOBHBIE TEOPEMBL . . . . . . . . . . . . . . 52
2.3.1 Oupejiesienne HENMPEPBIBHOCTH . . . . . . . . . . 02
2.3.2 Toukm paspbIBa . . . . . . ... 03
2.3.3 HeupepbiBHOCTb (DYHKIIMU HA OTPE3KE . . . . . . 54
2.4 IIpuémbl BbIYUC/IEHUS LPEJEJIOB . . . . . . . . . . . . . 09
2.5 3ajaHus JJisi CAMOCTOSITE/ILHOI'O PEHICHHUST . . . . . . . . %)
2.6 DBortipochl jijist caMOIPOBEPKHU K paszjiesy 2 . . . . . . . . 09
IIpounsBoanas pyHKIMN 56
3.1 Omnpejenenue nponsBogHoit. [Ipon3BoiHbIE CyMMBI, 11PO-
u3Bejlenus u yacTuoro. [ITpoussojinast Cj10xKHON PYyHKIMUN.
[IponsBo/iHbIE OCHOBHBIX 3JIEMEHTAPHBIX (PyHKIUH . . . 956
3.1.1  Oupesesienre TpOU3BOAHONR . . . . . . . . . . . 56
3.1.2 IIpaBuna jguddepeHnupoBanmsd . . . . . . . . . . 58
3.1.3  Tabauna mpoum3BOAHBIX . . . . . . . . . . . . . . o8
3.2 HuddepenimpoBaiue HesABHbIX W apaMETPUUECKU 3a-
Jnanubix pyakimit. duddepennuasn pyukimuu. [Tpoussoi-
HbIC BBICHIUX HOPAJKOB . . . . . .« o o o v oo . 09
3.2.1  HuddepeniupoBanue HesiBHbIX U lapaMeTpude-
CKM 3aJIaHHbIX PYHKIMH . . . . . . . . . . . .. 09
3.2.2  uddepennuman pyukipmm . . . ..o L. L 60
3.2.3 llpousBojiHble BBICHIUX HOPAIKOB . . . . . . . . . 61
3.3 OcHoBHbIe TeopeMbl JuddepeHnnaabHoro ncuncaenusd. [Ipa-
Busio Jlonurasisi. Popmyiia Teitiopa. MccienoBanue yHk-
AR HA SKCTPEMYM . . o o o v v v e e e e e e e e 61
3.4 MUccnenoBanve QyHKIMM . . . . . . o o oLo 63
3.4.1 Cxema ucciepoBanust GyHKIAA . . . . . . . . . . 63
3.4.2 ACHMITOTBI . . . . . . v v v v et e 64
3.4.3 MOHOTOHHOCTb M SKCTPEMYMbI . . . . . . . . . . 64

4



3.4.4 BpIIyKJOCTb W MEPETHOBI . . . . . . . . . . . . . 65

3.5  3ajaHusi JJIsl CAMOCTOATEIbHONO PELICHUsT . . . . . . . . 65
3.6 Bompocnl /711 caMOIIPOBEPKHU K PA3Aeay 3 . . . . . . . . 66
NuTerpan 67
4.1 Heonpenenénnplit ”HTErpaJi: onpeJesienne, cBoiicTBa. n-
TETPUPOBAHUE MO FACTAM . . . .+ + o v v v e e e e o 67
4.1.1 Oumnpejiesieare HEONPEIEAEHHONO HHTErpata, . . . 67
4.1.2 CpoiicTBa HEOIPEJIEJEHHOIO UHTErpaIa. . . . . . 67
4.1.3 Tabuiuna unrerpaoB . . . . . . . ... ... 68

4.1.4 Merojibl BbluKC/IeHUST HEOIIPEJIEJIEHHOI'O UHTEIDa-
Jla: 3aMeHa IlepeMeHHo, HTerpupoBaHue 110 yactsaMm 69
4.2  UWurerpupoBaHue HEKOTOPbIX BUJIOB PYHKIMHE . . . . . . 70
4.2.1 MWurerpupoBanue JpoOHO-palmoHaJbHBIX (DyHKIMA 70
4.2.2 HWurerpupoBaHue TPUTOHOMETPUUCCKUX (PYHKIUH 72

4.2.3 MWurerpuposanue uppanuoHaibibix GyHKiuin . . 73
4.2.4 «Hebepymmecs» uHTErpasbl . . . . . . . . . .. 76

4.3  OupejieséHublil HHTErPaJL: onpejeseHue, coicra. Pop-
mysa Heoorona-Jleibuuma . . . . . . . . . . . . ... .. 76
4.3.1 OCHOBHBIC IMOHATHS . . . « + « « o v v v e o 76
4.3.2  ®opmysa Heiorona-Jleitbnuna . . . . . . . . . . 78
4.3.3 CpoiicTBa OIpPEJEJEHHOIO UHTErPpaIa . . . . . . . 78

4.4 3ameHa 1epeMeHHOI 1 HHTeI'PUPOBAHKE 10 YACTIM B OlIpe-
JIBIEHHOM MHTEIPAJIE . . . . . . o o v e oo 79
4.4.1 3aMmeHa HEPEMEHHOM . . . . . . . . . . . . . . .. 79
4.4.2 WurerpupoBaHue 110 4aCTAM . . . . . . . . . . . 80
4.5 HecobcrBeHHble HHTEIPAJIBL . . . . o o o o o o o o 80
4.5.1 HecobcrBennble uaTerpaJbl 1 pojga . . . . . . . . 80
4.5.2 HecobcrBennble unrerpaJibl 2 poja . . . . . . . . 85

4.6 T'eomeTpuwuecKnii CMBIC] OIpeIeIEHHOTO nHTerpaJa. Pu-
BUYECKUE MPUJIOKEHUST . . v v v o v v v v e e e e 87

4.6.1  DBbluucjenue 1jomaju (purypbl B JIEKAPTOBBIX
KOODJIMHATAX .+ v v v v o v v e e e e e e e 87
4.7 Bajanus JUisi CAMOCTOSITEJIbHOIO PEIIeHus . . . . . . . . 92
4.8 Boupochl Jijisi caMOlpoBepKy K pasjeny 4 . . . . . . .. 93



5 @PYHKIUU HECKOJbKUX MePEMEHHBIX 94
5.1 Oupejesenne dbyHkiun Heckosbkux nepementbix (OHIT).

IIpenen n menpepoiBnocts ®HIT . . . . . . . . ... .. 94
5.1.1 Oupepenenne ®HIT . . . . . ... ... ... .. 94
5.1.2  O06sacTu HA IJIOCKOCTH . . . . . . . . . . . . .. 94

5.1.3 Ilpenen u HeIpPepbIBHOCTb (PYHKIUU HECKOJbKHUX

HEPEMEHHDBIX . . . . . o oo e 97
5.2  Huddepenmuposanue ®HIT . . . . . .. ... .. ... 98
5.2.1 YacTHble IPOU3BOJHBIE . . . . . v v v v v o o o 98
5.2.2  Toawubiit judpdepennman . . . . . . . . . .. .. 99

5.3 Huddepenmnupopanne nessuo 3ajgannoit OHII, qudde-
PEHIMPOBAHUE CJOKHOW PYHKIUU . . . . . . . . . . . . 100
5.3.1 IlpousBojitbie BBICIIUX HOPSJAKOB . . . . . . . . . 101

5.4 3kcrpemyM (DYHKIWH JIBYX MepeMeHHbix. Kacaresnbrast
IUIOCKOCTb U HOPMAJIb . .« .« o o v e e v e e e e e 102
5.4.1 OkcTpemyM DYHKIUH JABYX HEepPEeMEHHBIX . . . . . 104
5.5 3BajaHus JJisi CAMOCTOSTE/ILHOIO PEHICHHUST . . . . . . . . 105
5.6 DBoiipochl jijist caMOIPOBEPKHU K PABJELY O . . . . . . . . 106



1 DaemMeHTHI JuHEHOI ajaredOpbl M aHAJIN-

TUYECKON reOMeTpun

1.1 Matrpuipl. Onpegenuresib marpunbl. ObparHas

MmaTpuna. Penienue cucreM JMHEHBbIX ypaBHEe-

auit (CJIY) B marpuunom Bujie. Meron Kpame-

Pa
1.1.1 Marpuiibt

Mampuuya - 3170 IpAMOYTOJIbHAs TaOJIUIA, 3aII0JTHEHHAS SJIEMEHTAMMU:

ail ap2
as1 Q22
A=

anl QAp2

A1m
Qom (1>

anm

a; — 1-s1 CTPOKa,

a’ — j-it cTosbert,

n X m — pa3mMep MaTpullbl,

@jj — DJIEMEHT MaTPUILbIL.

Buaber marpuig

e Hynesaa mampuya - 3T0 MaTPUIla BCe JIEMEHTHI KOTOPOH paBHBI ().

o Keadpammnas mampuua - 3T0 MaTPHUI pPazMepa 1 X N, JIEMEHTHI

11, 99, ..., App - 2A06HAA QUAZOHAAD MATPHUIIDL.

o CUMMEMPUUHAL MAMPUYA - STO KBAJPATHAL U Ajj = j;, Vi, ].

o T'peyeorvras mampuua - 3TO KBaJpaTHasg MaTpPUIa, Y KOTOPOil Bce

3JIEMEHTbI 1101, (Ha)1) IIABHO# JinaroHalibio pasibl 0;

o /[uazonasrvras mampuua - 3TO KBaJpaTHas, Y KOTOPOi Bce d/IeMeH-

ThI, KpOME 3JIeMEHTOB IVIaBHOU juaronaJju pasHbl (;

o Fodunuunas MAMPUUaA - 3T0 JUalroHaJibHad U BCE 3JICMCHTDI [JIaBHOM

JinaroHaJii paBHbI 1.



1.1.2 JleiicTBuda ¢ MaTpuilaMu

Komnakrhas 3amucs marpuipt (1):

a1 a2 ... Aim

as1 a929 ... A9m
A= - (aij) i=1n
j=1m

an1 Ap2 ... Apm

Tornma u neiicTBUA ¢ MaTpUIaMA MOXKHO Cpa3y 3alnucaTb KOMIAKTHO:

Ymmoorcenue MAMPUUB, HA YUCAO - 9TO YMHO2KEHUE Ka2K/10I'0 €€ dJIeMeH-
Ta Ha 9TO 4YUCJIO:

A A= (A ay) 15 - (2)

Caootcenue mampuy,. CyMmMa MATPUIL - 9TO MATPUILA, SJIEMEHTBI KOTOPOI
IOJIYICHBI CJIOKEHHEM COOTBETCTBYIOIMINX 3JIEMEHTOB 3THX MaTPHIL:

C=A+B=(aj +bij) i—17 - (3)

Tparcnonuposarue mampuuys, - 310 €€ "orparkerue' OTHOCUTEHLHO IJIaB-
HO JuaroHaJiu:

A= (aij) i=1,n >

j=1m
AT = (aT”) =T aT” aj; Vi, J (4)

J=Ln
Vmnoorcenue mampuy. ycrs A = (ai;) -1z, B = (bij) ;17 , Torna
j=Lk j=1m
C = AB = (ai . b]) i=1.n (5)
j=1lm

rje

cij = a; -V = (a1, @, ..., ai) - (bij, baj, ..., bj) = aibij+ ainbaj+ .. aikby;.

13 dbopmyi (2) — (5) odeBUHbI Cae/yIONIME 3aMeYaHus.
3amedanue 1. Marpuibl pa3HoOro pasMepa CKJajblBaTh HEJIb3s.
3ameuanue 2. CjoxkeHre MaTPUI, KOMMYTATUBHO W aCCOIUATHBHO:

A+B=B+A (A+B)+C=A+(B+0(0).
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3amedanue 3. a - b - cKajJsgpHOE IIPOU3BEJICHIE BEKTOPOB.
Bamedanue 4. YMHOXKeHHE MaTPUI] He KOMMyTaTuBHO : AB # BA.
Bameuanue 5. Ymuoxenne marpul accormarusro: (AB)C = A(BC).
Bameuanue 6. (AB)" = BTAT.

3amedaHue 7. Y MHOXKEHUE MATPULL JUCTPUOYTUBHO OTHOCUTE/ILHO CJIO-
Kenust (M CIpaBa, U CJIEBA):

(A+ B)C = AC + BC, A(B+C)= AB + AC.

1.1.3 OObparHasa marpuna

Obpammnas Mampuya K MaTPULE — DTO MaTPHUILA, TPOU3BEJEHUE ¢ KO-

TOPOIl PaBHO €JUHUYHON, T.€. BBIIOJIHSICTCS PABECHCTBO:
Al A=A A1 =E. (6)

13 dbopmyiibt (6) coepyior 3amedanust.
3amedanue 1. ObparHas OblBaeT TOJBKO Y KBaJIPaTHBIX, U TO HE Y
BCEX.

-1
3ameuanue 2. Obparnast K 00paTHON paBHA KCXO/HOM: (A_l) = A.

3ameganue 3. OOpaTHas K TpaHCIOHMPOBAHHON paBHA TPAHCIOHUPO-
. . ~1 I\T
BaHHON 0DpaTHOI: (AT) = (A 1) :

Bameuanne 4. OOparHasi IPOU3BEJCHUsI PABHA IPOU3BEJICHUIO 00PaT-
HpIx B 06parnom nopaake: (AB)™' = B1AL

3ameuanue 5. OOparHast K YMHOXKEHHOW Ha YUCJIO paBHa 0OpPaTHOM,
; -1 _
pasjiesieHHoil Ha 910 uncio: (AA)T = ;AL

1.1.4 CJIAY - maTpu4HOE NpeJICTaBJIEHNE

[Tycrb jlana cucmema AUHETUHOIT GA2E0PAUYECKUT YPAEHEHUT:

4
ainxy +CL12$2 R A1mTm = bl,
) a1 T1 +aT2 ...+ a2mTy, = ba, (7)

| @n1 1 +a,0T9 ... + QpmTm = bp,.

Cucremy (7) MoxkHO npejicraButh B Marpuanom suje AX = B rje

9



aj;r aig ... Qi I bl

as1 A9 ... A9 I9 b2
Apl Gpo ..o Qpp Tm b,
A — n x m - marpuna Ko UIueHTos;
X — m X 1 - BekTop-cToJiOel, HEU3BECTHBIX;
B — n x 1 - BekTop-croJider] IpaBbIX YacTei.

Ecnu A KBaJipaTHasd, TO ypaBHEHHE Jerko pemurs: X = A71B.

Kiaccudpukanua CJIAY

Paznuuator cienyromnue BIAbI CUCTEM JTUHEHHBIX yPABHEHUIA:
odnopoduaa: AX = 0 (mpaBble dacTu Beex ypaBHeHUi paBHbI ());
COBMECTIHAA - STO CHCTEMa, KOTOPasi KMeT pPelIeHue;

onpedesérnnas - 9T0 CUCTeMa, KOTOpash MMeeT eJUHCTBEHHOe pPeIleHNne;
HeodHopodHaa - 3TO cucreMa, Koropas uMeer sug AX = B, B #0 ;
HECOBMECTIHAA - ITO CHUCTEMa, KOTOpasi He UMeT PEIeHMs;

Heonpedesérnan - 3TO CUCTeMa, KOTopasl uMeeT OECKOHETHO MHOI'O pe-
[ICHUM.

1.1.5 Omnpeneauresib MAaTPUIIBI

Onpedesument (JlerepMUHAHT) — 9TO 3aMevaTe/bHas XapaKTePUCTUKA
KBA/IPATHONH MATPUIIBI.
Onpenenenne OyeT JJIMHHBIM.
Baro oboznadenune koporkoe: |A| mwim AA wiun det A.
PekyppeHTHOE omnpe/iejieHne ¢ MUHOPHBIM OTCTYILIEHUEM.

Ix1: |al=a

2X2: a b =ad — bc
c d
ai; a2 as

3X3: las1 a a3 = a11G22a33 + A12a23031 + 113021032 —
asy asz as3
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—Qa13022031 — Q12021033 — Q110423032

Omnpenenenue MuHOpPa k-ro MOPSIKA.

BoibepeM B 11pou3BoJibHO k CTPOK U k CTOJIOIOB.

DJIEMEHTBI Ha HEPECevYeHnn BbIOPDAHHBIX CTPOK M CTOJIOIOB COCTAB-
JISIIOT Marpuily pasmepa kxk.

IM| u ectb MuUHOD k-TO HOPSIJIKA MATPHIIBI .

Pazjinaabix MUHOPOB k-I'0 HOPsiJIKa, Y MaTPUILI MHOI'O — (C’fj)?

OmnpenenanTesib MaTPUIIbGI NXN

Onpenenurenb, 00QublIero, 4eM 3-ro MopsijiKa, BbIYUCSIETCS C I10-
MOII[BIO MHHOPOB 110 Jit060it 13 dhopmy (8), (9):

aipr a2 ... Qip
n
ao1 Q99 ... a2 i
"= (=) ay M. (8)
o
anp1 Ap2 ... Qpnp

riae ¢ — Jobast (DUKCHPOBAHHAST CTPOKA MATPUIGl  (BBIYUCIECHUE IO

CTPOKE);

air a2 ... Qip

n
21 a2 ... d2p Z i+j
= (—1) CL,’jMij. (9)

ap1 Ap2 ... QApp
j — moboit dukcHpoBaHHbIi cTOJOCI] MATPUIBI  (BBIYUCIEHUE II0
cToslIy).

CBoiicTBa orpejemrTeaein

CsoiictBo 1. Ecniu iBe ¢cTpoku (¢Tos1011a) MATPHUIIBI COBIIAJAIOT, TO
OLPEJICUTEb PABEH HYJIIO.

CsoiictBo 2. [Ipu jobasienun K ji0boit crpoke (cTosdity) JnHedi-
HOWl KOMOWHAIUY JIPYTUX CTPOK (CTOJIOIOB) OMPEETUTENb HE N3MEHUT-
csl.

CsoiictBo 3. Ecsin nepecraButhb jie ¢Tpoku (cTosibiia), To ompe-
JICJIATE/Ib MEHAET 3HAK.

CsoiictBo 4. OOl MHOXKUTEJb JIEMEHTOB KAKOI'O-JIU00 Psijia
(cTpoku witr cTOJIOIA) MATPUIIBI MOXKHO BBIHECTH 38 3HAK OIPEJIeJIUTe-
JIS1.

CsoiicTBo 5. det AT = det A.

Caoii 6. det A1 = .
BOMNCTBO (& detA

11




CsoiictBo 7. det AB = det A - det B.

1.1.6 Bpruuncaerne oOpaTHO MATPUIIBI

ITycrs mana marpuma A —n X n. W onpenenurens eé ue pasen 0. Ilycrs
M;; - munop (n — 1)-ro nopsijika, 10J1y YeHHbI BbIYEPKUBAHUEM U3 MaT-
punpl A snementa a;;. Torna anzebpauveckoe donoanenue snemenma a;;:

Ajj = (—l)HjMZ-j. ObparHas MaTpuia MOXKeT ObITh BblUUC/IeHa 110 (HOp-
MYyJIE:
All A21 .o .Anl
1 A Asyp A
-1 12 A2 n2
= 10

det A . (10)

Aln A2n Ann

1.1.7 Meroa Kpamepa gna pemerana CJIAY

[Tycrs AX = B marpuunoe upejcraienne CJIAY (7), upu n = m,
torya u3 (10) cieyer, aTo

All A?l Anl bl
. 1 A12 A22 Ang b2
CdetA ]| ... . Ll
Aln AQn Ann bn

A-'B

1
CIC/IOBATENBHO, Tj = —— A( 1A + 02 Ag + ...+ )

1 1+i 2+i n+i
- )M My 4 (= 1) by Moy 4.+ (—1 ban>:
—— (=DM + (<1 oM+ 4 (=)
ai]p aio b1 o Qp
B 1 21 A9 b2 oo Aoy
~detA
Anl QAp2 ...b, ... ap,
)
A;
P = T 11
v det A (1)

rie A\; - OlpeJesnTe b MATPUIL, IOJAYIeHHO! 3 A 3aMeHoi crosbdia
a' Ha croJjberl paBbIix dacreir B.
Dopmyuibt (11) HasbiBatorcs gopmyramu Kpamepa.
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1.1.8 3agaHug ajid CAMOCTOATEJILHOI'O pellleHns

3 4 =5
1) Boraucoure onpegennrens |8 7 —2.
2 —1 8
1 -2 3 4
2 1 —4 3
2) Bbrunciure onpejenuress s 4 _1 —9|"
4 3 2 -1
2z +y =5,
3) Perurs cucremy ypashenuit io popmysam Kpamepa ¢ x + 3z = 16,.
oy — z = 10.
L9 3 34 5
4) Haiiru npoussejenuss ABu BA: A = ( ) , B=|6 0 -2
10 —1
71 8
3r + 4y + 2z =8,
5) Pernre cucremy ypasuennii: ¢ 2x — 4y — 3z = —1,. OTrBersI K 3a-
r+5y+z2=0/
maauaMm: 1) 0; 2) 900; 3) (1;3;5); 4) AB = (Ei ; 35?)), BA we cy-

mecrsyer; 5) (2; - 1; 3);

1.2 HWccaenpoBanue CJIY. Metoa I'aycca
1.2.1 Meroa I'aycca

IIycts AX = B marpuunoe npejcrapienne CJIAY (7).
Cyr1b Merosa [aycca B ToM, 9T0ObBI /1eMEHTAPHBIMU 1TPEOOPA30OBAHM-
SIMU CTPOK, IPUBECTU MATPUILY A K TPEyroJbHOMY BHU/LY.
20 — 3y +4z =0,
ITpumep. Pemurs CJIV: or 4+ 62 =7,
8y — 9z = 10.

2
Pemenune: | 5
0

13



1 -3 2100 1 -3 20
as—b5a= |0 & —4| 7| =awn:P2=(0 1 -1
0 8 —9/10 0 8 —9/10
18 | 21 18 o1
ar+3as 0 1|15 10 B2
a?%a 01 2 lsa:=2=101 -2 1
s T |35 38
00 % 00 1 |-
145 145
= ¥ 010 %) =[x
250 \g g 1% s
_38 s

1.2.2 MWccaenoBaune CJIY

Pacemorpum cucremy suneiinbix ypasuenunit (CJIY): AX = B, A —
nxm.

CJIY byner asxeusasenmma UCXOHOMN, €CIIH:

O IIePeCTaB/IAThL yPABHEHHU MECTAMU,

o J11060€e ypaBHEHUE YMHOXKUTH Ha, HEHYJIEBOE YKUCJIO,

o IpubaBUTL K OJHOMY YPABHEHUIO JIPYTOeE.

JeiticTBust ¢ ypaBHEHUsIMU PABHOCUJILHBI 3JICMEHTAPHBLIM [1peodpa-
30BaHUAM CTPOK pacuupennot mampuys. cucrembl (A|B). Tpeobpaso-
BaHueM cTpok npuseiém (A|B) K Buy, cojepikaiieMy MakKCHMaJbHOe
KOJIMYeCTBO HyJeit B jieoit dactu (kKoaddunuenrst). B pesysbrare 1o-
ayuum CJIY A’X = B’ skBuBajieHTHYIO HCXOJHOH, HO B 9TOH OyyT
TOJILKO HE3A6UCUMbBLE YPABHEHUSI.

Brusiumest 8 (A’'|B') npoanajusupyem 1o, 4T HOJY YUI0Ch:

1. Eciiu uncio nenysiesbix crpok B A’|B’ Gosibiiie uuciia HeHyJsieBbiX
crpok B A’ To cucrema HecoBMecTHA (OHA COJNEPIKUT ypaBHEHUE

Bujga 0 =0, b#0 ;

2. Ecsin uuciio nenysiesbix crpok B (A'|B') paBHO uucily HeHyJIeBbIX
crpok B A’, T0o cucrema cosmecrHa;

3. Ecisu cucrema coBmectha u qucsio venysiebix ¢pok B (A'|B’) pasro
UUCILy HEM3BECTHDIX, TO OHA OLPE/IEJEHHAs;

4. Eciiu cucrema coBMecTHa 1 9mcIio HenysieBbix ¢Tpok B (A'|B') Menb-

e 49uncJjia HEU3BECTHLIX, TO OHA HGOHpG,[LGJIéHHaH.

14



Jpyrux BapuaHTOB He ObIBaeT.

IIpumep 1. Haiitu pemenne CJIY <

Perienue:

11 013 1 1 0

01 200 0 1 2

01 =20 0 1 -2

10 —2/—1 0 —1 —2
10 -2 3)
01 210
00 —4] 0
00 0-4/

ITocnenee ypaBuenue nporupopeunBo. Cucrema HECOBMECTHA.

ITpumep 2. Haiitu permenne CJIY <

Pemenne:

(AlB) ~

_— o O =

S O =
S = O
o O

1
1
1 1
00 -1 —1

S = NN

( T+ z =3,
z+2t =0,
z—2t =0,
\x—2t:—1.
3 1 1 0|3
0 01 20
o]l T o 1 =20 ]| "
4 0 -1 —2|—4
(.7::—215:3,
z+ 2t =0,
~ Y _a—o
| 0=-4
( T +z=2,
y+z=2,
y+ 2241 =4,
\ rz—1t=0.
10 1 0]2
01 1 02
01 2 1|4]|"
00 —1 —1|-2
0 0]0 (2 =0,
0 —1[0 y—t=0,
o127 rt=2
0 010 | 0=0.

HezaBucumbix ypasHenuit Toibko Tpu. [lepenecém B KaxKjioM ypaBHeHUU

I[IOCJIEJHIOIO II€EPpEMEHHYIO B IIPaBYIO YaCThb:

o O O

S O = O
O = O O

15
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Q o

o_c| - ob1iee perrenue, riue C' = const.

C

1.2.3 3agaHug Ojid CAMOCTOATEJILHOI'O pellleHus

UcciiejioBarh cucremy ypaBHEHU:
201+ Txe + 323+ x4 = 6,
1) 3%1 + 5.%2 + 2%3 + 2.%4 = 4,
91 + 4x9 + 23 + Ty = 2.
3r1 — dx9 + 213 + 44 = 2,
2) ¢ Twy —4x9 + 23+ 334 = 5,
5%1 + 7.%2 — 4%3 — 6.%4 = 3.
9x1 — 3x9 + dx3 + 614 = 4,
3) ¢ 6x1 — 2w9 + 3x3 + 4y = 5,
3%1 — T + 3%3 + 14.%4 = —8.
OtBersl K 3amanuaM: 1) Cosmectnast n neonpe/ienennast; 2) Hecos-
mecrrast; 3) CoBMecTHast U HeolpeleJeHHasl.

1.3 Bekropuoe npocrpancTBo. Onepanum Ha/| BEK-
TopamMu. basuc

1.3.1 Bekrop. OcHoBHbBIE OnIpE/IeJIeHUS

Bexmopom nasbiBaeTCsi HalpaBIeHHBIH 0Tpe3oK. Oupejesisionime xa-
PaKTEPUCTUKU BEKTOpa: HallpaBjenue u jyinHa. | Bekrop obosnauaercst
KaK Q.

BekTop @ MoxeT ObITh OTJI0KeH U3 JII000H Touku. PaKTuiecku, BeK-
TOP — 3TO KAACC HANPABACHHBLL OMPE3KOE.

Bekrop ¢ magajoMm B Touke A u KoHIIOM B Touke B obo3nadaercs

AB.
Jlauna |AB| Bextopa AB — st0 piuma orpeska AB.
Edunuvnoii 6exmop — 310 BEKTOP JIJIMHA KOTOPOI'O PaBHA €JIMHHUIIE.
Hynesoti exmop — 310 BEKTOp JUIMHA, KOTOPOI'O PaBHA HYJIIO.
EMHIYIHBIN BEKTOp, HAIIPaBJIEHHE KOTOPOTO COBIAIAET C HalIpaBJie-
HUEM BEKTODA @, HA3BIBACTCS OPMOM 6EKMOPG G 1 0DO3HAYACTCS Q.
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BeKTopbl npomueonosofcsi, €CJIM OHE KMEIOT OJJMHAKOBYIO JIJTHHY U
IIPOTUBOIIOJIOXKHbBIE HallpaBjeHus. BEKTOP, NPOTUBOIOJJIOXKHBIA BEKTOPY
a, obo3HavaeTCI —a

BekTophl kKosruneaptsi, €CJiM OHU UMEIOT OJIMHAKOBOE HalPaBJICHHUE.

BekTopbl pashbl, €cii OHU KOJLIMHEAPHbI ¥ UMEIOT PaBHbBIE JIJINHBI.

BeKTopbl KOMNAGHGPHDL, €CJIA OHK JIEXKAT B OJIHOMN ILJIOCKOCTH.

Veon meorcdy eexmopamu @ u b — 910 yros B TPEYrOJIbHUKE, IIOCTPO-
EHHOM HA BEKTOPAX @ U b, OTJIOKEHHBIX U3 OJ[HOf TOUKHU.

1.3.2 Omnepanum ¢ BeKTOpamMu

Cymma dsys 6ekmopos @ 1 b — 910 BEKTOP @ + b, 1POBECHHbIA 13
HavaJla @ K KOHILY 5, eCJIH HAYAJIO b copraiaer ¢ KounoMm a. Cioxenue
BEKTOPOB BBIIOJIHSIETCS 110 IIPABUIIY IIapaJiielorpaMMa.

Pasnocmov deyx sexmopos @ n b 10 BEKTOP 5—1_7, IIPOBEJICHHDBIN 13
KOHIA b K KOHILY @ , €CJI HAUaJIo @ COBIAJAET ¢ HauajoM b. Borunranue
BEKTOPOB BBIIOJIHSIETCS 110 IPABUJIY TPEYTrOJbLHUKA.

IIpoussedenuem sexmopa @ # 0 na wucao A € R nasbiBaercst BEKTOP
A@Q, KOTOpBIt umeer jyuny |A| - [@| u

e HallpaBJieHUe BeKTopa a, ecau A > (;
e HampapJieHne BeKTopa —a, ecan A < 0.

Bameqanmue: [a| - G, = aG.

1.3.3 IIpoeknusa BeKTOpa HA OCh

Bexmopnas npoexuyus BEeKTOpa @ Ha OCb [ — 5TO BEKTOP, HAYAJIOM U
KOHIIOM KOTOPOI'O sIBJISIIOTCSI COOTBETCTBEHHO MPOEKIMK HAYa 18, U KOHIA
BEKTOpa @ Ha JIAHHYIO OCh.

Crarspras npoexyus BEKTOPa @ Ha OCh | — 9T0 YUCI0, MOIYJ/Ib KO-
TOPOrO pPaBeH JIJIMHE BEKTOPHON HIpoeknuu ¢ Ha ochb [. ObosnadeHue:
np;a.

Ipoexuyus sexmopa @ na 6ekmop b — 9TO POEKIMs BEKTOPa @ Ha
OCh, HAlIpaBJIeHHEe KOTOPOil 3aaeT BekTop b. Obo3naueHue: p;a.

CsoiicTBa IpoEKInii

° ‘leAB‘ = |A’B’|;
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® IIp; ()\E) = \-1p,AB;

e up, (AB+ CD + EF) = up;AB + up,CD + up,EF .

1.3.4 Ilougarue o 6a3uce

JTuretinas KomMoOUHAUUA 6EKMOPOS - ITO CYMMa ITUX BEKTOPOB, YMHO-
JKEHHbBIX Ha, HEKOTOPbIC YUC/ICHHbIE KOI(MDMUITMEHTHI:

a=2x1-a1+ $2'a2+...+$n'an,

X1, T, ..., Ty - KOOIPPUIUEHTHI.

BekTopbt aunetino sasucumor (Mexky coboit), ecian Kakoii-mubo u3
HUX SBJISIETC JIMHEHHON KoMOMHAaIeil OCTaIbHbIX.

MakcumasibHast 110 pa3Mepy yIOPsioueHHas COBOKYIIHOCTD JIMHEHHO
HE3aBUCUMBbIX BEKTOPOB Ha3bIBACTCSH OA3UCOM.

EcJin BekTOp 1pejicTaB/ieH B BUje JIMHEHHON KoMOMHaK Oa3MCHbBIX
BEKTOPOB, TO IOBOPSIT, YTO OH Pa3.A02iCeH 110 3TOMY Oasucy.

Kosddumuentor x1, To,...,T, IpU pa3JOKEHUU BEKTOpa G = IIO
Oazucy < aq,as,...,a, > HA3BIBAIOTCS €r0 KOOPIUHAMAMYU B STOM Da-
3HCe.

1.3.5 JlekapToBa NpAMOYTOJIbHAA CHUCTEMA KOOPIMHAT

Basuc HaszbIBaeTCst 0pMOHOPMUPOSAHHYILM, €CJIN BCE €r0 BEKTOpa €JiH-
HUYHDBI U B3aMMHO II€PIEH /UK YJISAPHbL.

CoBokymHocTb dbukcrpoBaanoit Touku O (HAIaI0 KOOPJUHAT) U Op-
TOHOPMHUPOBAHHOIO 6a31Ca HA3BIBACTCS NPAMOY204bH0T deKapmosot cu-
cmemoti Koopduram B IPOCTPAHCTBE.

Hampuwmep,

O 1 OpTbL 4, j - HPSAMOYI'OJIbHAS JEKAPTOBA CUCTEMa, KOOPJUHAT Ha, 11JI0C-
KOCTH;

O u opreL 4, J,. ..,k - UPSMOYTrOJIbHAS JEKAPTOBA CHCTEMa KOOPUHAT
B IIPOCTPAHCTBE,

[IpsiMble, IpoXo/idIiue Yepe3 Hauajio KOOp/MHAT B HalpaBjieHun Oa-
3UCHBIX BEKTOPOB HA3BIBAIOTCS 0CAMU KOOPOUHAM.

Bekrop, coemuHsgrOmMMi HAYAJI0 KOOPJAMHAT U TOUKY A HA3LIBAETCS
eé¢ paduyc-sexmopom. CKaisipHbIE IIPOEKIINKA BEKTOPa Ha KOOP/IMHATHBIC
ocu — dekapmosul KoopIunamvL 8EKMOPaQ.
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Hanpasasowue Kocunyco, 6exmopa — yTJbL, MEXKJy BEKTOPOM U
OCAMU KOODJIMHAT.

13 onpenenenuss NpoeKIUU BEKTOpPa Ha BEKTOP CJAEAYeT, UTO s
Jatoboro Bekropa @ = (x,y, 2), OPT, JMHA U HAIPABJILAIONIME KOCUHYCDI
CBsi3aHbl COOTHOIIECHUsIMK (12)

"la

_ a r Yy =z

ag=— = | —,=,—= ] = (cosa, cos 3, cos7). (12)

al (\a al |a\)

Onepanum HaJL BEKTOPAMU B KOOPMHATAX.

[lycrb @ =Tq -5+ Yo+ J + 20 k = (Ta» Yas Za)
nb=wxy-i+yp-J+2z-k= (s y, %) Toria

EL:I:Z_):(xa:IExb)-g—l—(g_/a:tyb)-j_—l—(za:tzb)-/;;;
Aa = (Azy) - i+ (A\ya) - J + (Aza) - k.

1.3.6 CkaJsigpHOe ITpOM3BeAEHNE BEKTOPOB

Cranaproe npoussedenue 6exmopos — 910 uucio a - b = |al|b| cos ab,
paBHOE POU3BEJICHUIO MOJIYJICil BEKTOPOB Ha, KOCHHYC yTJIa MEXKJLy HU-
Mu. B JIeKapTOBbIX KOOPJMHATAX CKAJISPHOE IPOU3BEJICHUE BEKTOPOB
a = (Ta,Ya, 2a); b= (Tp,Yp, 2) BEIUUCIAACTCA TI0 DOPMYIIE:

a-b= TaZh + YaUp + Za2p- (13)

CpoiicTBa CKaJIIPHOI'O IIPOU3BEICHUS
U3 onpejiesiennst ckajasipHoro npoussejenuss u dopmydbl (13) cie-
JYET, 4TO

l.a-b="0-a;

2. Ma-b) = (Xa) -b=a- (\b);
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1.3.7 BekrTopHoOe mmpous3BeeHNEe BEKTOPOB

Bermopnoe npouseedenue cerxmopos a,b — sro BekTOp @ X b jUImHA

KoToporo papna: |a| |b| sin @b, a HanpapaeHue HEpPICHINKYIAPHO 0O0MM

BEKTOpaM @, b, IpuuéM Tak, 4ro Tpoiika BekTopos (@, b, @ X b) upasasi.
Tpoiika BeKTOpPOB (C_L, l_), E) npaeas, eCIu MOBOPOT OT a4 K l_), BUJIUMDbIA

C KOHIIA C, OCYILECTBJISIETCsI IPOTUB X018 YaCOBOH CTPEJIKM.

B jieKapToBbIX KOOpAKMHATAX UMEET MeCTO (GOPMYJIa:

i gk
axb=|r, Yo Zal. (14)
Ly Yo <b
CpoiicTBa BEKTOPHOI'O IIPOU3BEACHUS
U3 onpejiesiennsi BEKTOPHOTO 1ipoussejienust u dbopmyJibl (14), cie-
JyeT, 4TO

1.3.8 CwmemanHOe TPpoOU3BEAEHNE BEKTOPOB

CM@’LLLGHH’DLM TLPOUSG@@@HUBM 6EKIMOPO6 Ha3bIBa€TCA BEKTOPHOE IIPOU3-
BeJ[€HHUE IIEPBLIX /IByX BEKTOPOB, YMHOXKEHHOE CKaJIsIPHO Ha TPETUN:
a,b,c=(axb)-c.

B JACKaPTOBbIX KOOPJANHaTaX CMEIIaHHOE ITPOU3BEACHNE BbIIMCJIACT-

cst 110 popmyiie:

(15)

QI
I~
Al
I
8
S
N
S
N
S

Te Ye =c
CpoiicTBa CMEIAHHOI'0 IIPOU3BEICHNS
I3 onpejiesienust cMerianHoro npoussejenust u dbopmydbl (15), cie-

JLyeT, 4TO
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1. IIpu mepectaHoBKe JBYX COMHOXKHTEJEH MeCTaMH, IPOU3BEIeHUE
MeHsIeT 3HaK.

2. Ecim BeKTOpa KOMILJIaHAPHBI, TO UX CMEIIAHHOE IIPOU3BEICHUE PaB-
o 0.

3. Mojy/ib cMeIIaHHOIO IIPOM3BEJICHUs] BEKTOPOB paBeH 00beMy Iia-
paJuiesienuiiejia, MOCTPOEHHOI'O Ha 3TUX BEKTOPaX.

1.3.9 Baxknanlie pakThbI

1. BekTopa opToronajbHbl < UX CKaJspHOE IIpou3Bejenue pasHo (:
alb < a-b=0 < TaTh + Yoy + 202 = 0.

2. BekTopa KoJummHeapHbl < UX BEKTOPHOE IpousBejieHne paBHoO 0:
i 7k
a Ta _ Ya _ Za _ a X b — —
allb < Ib—yb—Zb—k & axb=|r, y, z4 =0.
Lo Yb <b

3. BekTopa KomItaHapHbl < UX CMeIIaHHoe IIpousBejienne papHo (:

~ ~ Lo Ya Za
C_L,b,EHP & abc=0 < ry Y 2| =0.

Le Ye =z

1.3.10 3ajgaHus Jjg CaMOCTOATEJILHOTO PENIeHUSA

1) - 5) Baganbl Bekropbl @ = (—1,2,0), b = (3,1,1), ¢ = (2,0,1) u
d=a—2b+ %E. BoraucinTb:

1) oy |al;

2) KOOP/IMHATBI €JIMHUYHOI'O BEKTOPa () BEKTOPa @;

3) COS(EL, 3):

4) koopunary d, sexropa d;

5) upoekiuio np;d.

6) [ambl 1Be cMexkHble BepiuHbl apaJsuienorpamma A(—2,6), B(2, 8)
v TOUKa 1epecedeHust ero jguaronadein M(2,2). Haiiru sse japyrue sep-
IIAHDL.

21



7) Boraucsuts momniais rpeyrosbauka ¢ Bepimuamu A(1, 1, 1), B(2,3,4)
u C(4,3,2). Ykazatue: UCloJIb30BaTh CBOMCTBA BEKTOPHOIO IPOU3BE/Ie-
HUs BEKTOPOB.

Orsersl K 3aganusam. 1) V5; 2) (—1/4/5,2/1/5,0); 3) 2/V/5; 4)
—19/3; 5) 0; 6) C(6,—2), D(2,—4); 7) 21/6.

1.4 YpaBHeHUue NpsIMOii Ha IIJIOCKOCTHU 1 B IIPOCTPAaH-
cTBe. Y paBHEHUE IIJIOCKOCTU B IpocTpaHcTBe. Vc-
CJIe/IOBAHUE B3aMMHOT'O PACIIOJO0XKEHUd TOYeK,

NPAMBIX U IIJIOCKOCTEN
1.4.1 IlIpsmMas Ha IJIOCKOCTH

st mocTpoenust psAMoit (1 eé ypaBHEHNUsT) HEOOXOIUM OJIMH 13 HAaDOPOB
JIAHHBIX:

1) nBe touku My u Moy;

2) touka M, u HampaBJcHEE G,

3) Touka M, u HOpMAJIb 7.

3 9TOro Mbl COCTaBHM:

e obIee ypapHeHue IpsIMOii Ha, ILJIOCKOCTH;
® ypaBHEeHUE IIPSIMOIl B OTPE3KaX;

® KAHOHUYECKOE yPABHEHUE MPSIMOIL;

® ypasuenue "yepes jiBe TOUKH';

® apaMerpUyYeCKUe yPaBHEHUs HPSIMOIL;

® YypaBHEHUE C YIVIOBbIM KOI(PDUITUEHTOM.

OO1ee ypaBHEeHME TPAMOII HA MJIOCKOCTU

[lycrs 3amana touka M,(x,,y,) © BEKTOp HOpMaJIH 1 = (T, yy,) (Pucy-
1ok 1.). Torya jist ipousBosibHOi Touku M (x,y), sexaineil Ha npsiMoi,
BBINOJIHSIETCS YCJIOBHE
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IIpeobpazyem 510 paBeHCTBO:

MOM — (.I' —Zo, Y — y0)7

(SEn, yn) : (33 —ToyY — yO) =0,
Tp(T — 20) + Yn(y — Yo) = 0,

Az+ Byt O, =0
Ty Yn —InTo—YnYo

[Tosiyuum obIIIEE ypaBHEHUE MIPAMOIA:

Az + By + C = 0. (16)

M(x) y) ﬁz(xﬁayﬁ)

(X0 Y0)

Pucynok 1 - Obiiee ypaBHenne mpsiMOil Ha, TJIOCKOCTH

Hagiee, Bekrop HopMasiu Oyjem obosnadars n = (A, B).

YpaBHeHUE MIPAMOiIi B OTpPe3KaxX

Hano obiee ypasuenue npsimoit (16): Az + By + C' = 0.
Eciiu koaddunuenrsr A, B, C' He panbl Hys110, 1O 1peobpasyem (16):

£ Y

ey breyy B R /
[Tonyyum ypaBHEHHE IIPAMOII B OTPE3KaX:
r Yy
—+=>=1. 17
i (17)

Dra npsimast npoxojut depes rouku (a,0), (0,b) (Pucynok 2), 1.e. or-
CeKaeT OTPE3KM JUIMHBL @ 1 b na KoopauHarupix ocsax Ox, Oy.
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Pucynok 2 - YpaBuenue 1npsmMoit B orpeskax

KanoHuveckoe ypaBHeHUE MIPAMOt

Ilycrs 3agana touxa M,y (z,,y,) U Hanpasisomui BeKTop ¢ = (24, Yq)
(Pucynok 3). Torga mis 000t TOUKH TPsAMO# KOOPJMHATHI STHX BEK-
TOPOB 1IPOILOPIMOHAJIbHBI, T.€. BbilOJHsieTcst pasencrso M,M||q, upe-
obpazys KOTopoe ToJjiydaeM KAaHOHUYeCKOe ypaBHEHIE MPAMOIi:

— . (18)

Pucynok 3 - Kanonunueckoe ypaBHeHue 1IpsiMOit

YpaBueHue '"depe3 aBe 3a/laHHbIE TOYKH'"

I[lycrs maubr qse rouku: My (z1,y1) u rouka Ms(xg,y2) (Pucynok 4).

Pucynok 4 - YpaBhenue 1psiMOit, 1IPOXO/isieil yepes JiBe 3a/jaHHbie
TOIKH
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MbI MOXKEM BOCIIOJIb30BATHCS KAHOHHIECKUM ypaBHenueM (18), B kaue-
CTBE HAIIPABJISIIONIEI'0 BEKTOPa MOXKHO B3siTh BekTOop MMy, a B Kaue-
crBe "rouku ¢ mpsmoi" Mi(xy, Y1) ¥ MOAyIMM ypaBHEHHE IIPSMOIA,
IIPOXOAMIIEl Yepe3 aBe 3a/JJaHHbIE TOYKM:

x_gjlzy—yl (19)
Ty — I1 Y2 — Y1

ITapamerpuyeckue ypaBHEeHUs IIPAMOIA
[Ipeobpasyem kaHoHHUeCKOe ypaBHeHue npsiMoii (18):

T—To  Y—Yo

Y

Lq Yq
T — x, _ Y — Yo _y
Lq Yq 7
{x —xg =ty
Y — Yo = tyq,
[Tapamerpuieckue ypaBHEeHHA MPAMON IMEIOT BHJI;
{x:tqur:z:O, (20)
Yy =tyq, + Yo,

YpaBHEHUE C YIJIOBBIM KO3 PUITMEHTOM

[Ipeobpasyem ypaBuenue npsiMoii B orpeskax (17):

+2=1,

SIS

Y
b
b
y:——ﬂf—f—b,
a

k = L yIJIoBO# KO3 puUireHT 1npsamoit,

y = kx + b - ypaBHeHUE C yIJIOBBIM KO3 PUImeHToM.
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1.4.2 DBzaumMHOe pacrnoJioxKeHne NpaAMbIX

[Iycrs jgama Touka M,(x,,y,) u upaMas [ : Ax + By + C = 0, Toraa
PACCTOSTHAE OT TOUKM JIO 1IPSMOI | PaBHO JJIMHE BEKTOPHOH IIPOEKIINU
JIIODOI0 BEKTOPa, COCAMHSIONIEr0 9Ty TOUYKY C HPSMOii, Ha HOPpMaJib K [
, (Pucymok 5):

_ |Axg+ By + C|

p(M,,l) = up, M M, = VoA (21)

Pucynok 5 - B3ammnoe pacroJioykenne mpsMbIX

Paccrosinue Mexxjiy mapaJsiie/ibHbIMU [IPSMBIMUA MOXKHO BbIUYKUCJIMTD HC-
noJib3ys dopmyiy (21). Ilyers mambr gBe npsmbie [y, ly, UX BEKTODLI
HOpMaJIA Ny, M9, TOTJA

1) npsimble HapasuIeJibHbI, €CJM MX BEKTOPbI HOPMAJM KOJJIMHEADHDI:

ny = any, a € R;

2) ec/n NPsIMbIE HEPECEKAIOTCs, TO yroJl (0 MEXKJy HUMHI PaBEH YLy
ny - N9

MEXKJIy UX HOPMAJISIMH: COS (p = ————————.

|71 | - 2]

Ilycrb janbr aBe npsiMbie [y, lo 1 M3BECTHBI MX HAIIPABJISIONIUME BEKTOPbI

41, G2, TOor]IA

1) npsiMble HapaJuleJIbHbL, €CJIHM UX HAIPABJIAIONINE BEKTOPbI KOJIJIMHE-

apHBL 1 = afq, @ € R;

2) ecyim pSMBIE TEPECEKAIOTCS, TO YIOJ (O MEXKJy HUMHU DABEH YIJIY

q1 - q2

MEXKJ1Yy UX HaIIPaBJIAIOIMMUA BEKTOPAMU: COS Y = W
qi1| * |92
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1.4.3 IliockocTh B IPOCTPAHCTBE
OO011iee ypaBHEHHE MJIOCKOCTA B IPOCTPAHCTBE

Hana toura M,(Z,, Yo, 2,) € P u Bexrop Hopmasu np = (A, B,C)
(Pucynok 6). Torga st siioboit Toukun M € P, BBIIONHAETCA yCIOBUE
np - M,M = 0, uro jpaer oblee ypaBHEHHE IIJIOCKOCTH B IIPO-

CTPaHCTBE:
Arx+ By +Cz+ D = 0. (22)
7i=(4,B,C)
MO
M(xh,z)

Pucynok 6 - Obiiiee ypaBHeHHE TJIOCKOCTH B ITPOCTPAHCTBE

ypaBHeHI/Ie IIJIOCKOCTHU B OTPE3KaXxX

Ilycrs mano obimee ypasuenue mwiockocru (22): Az + By+Cz+ D = 0.
Eciu koadpdunuenror A, B, C, D ne pasubl ), TO €r0 MOXKHO [PUBE-
CTU K BUJLY
x Yy oz
—+ =4+ -=1, 23
a b c (23)

rje a,b, ¢ OTpesKu, OTCEKAeMbIe MJIOCKOCTHIO Ha KOOPJMHATHBIX OCIX
(Pucynok 7).

Pucynok 7 - YpaBHeHue 1JI0CKOCTH B OTPe3Kax
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YpaBHeHUE IJIOCKOCTHU, MPOXoadiieii Yepe3 Tpu JaHHbIE TOUYKU

[IycTh manbl Tpyu TOYKM, IPUHAJJIEXKAILME IJIOCKOCTU U HE JIeXKAIie Ha,
ouHoit psimoit (Pucynok 8): My (x1,y1, 21), Ma(xa,ya, 22), Ms(x3,ys, 23).

[Tycrs M(x,y, 2) - upousBoJibHAs TOUKa 1JI0CKOCTH. TOria BEKTOPbI
MM, MMy, M;Ms; KoMIaaHapHbI, a 3HAUAT UX CMEMIaHHOe ITPOU3-
Bejienue paBro nysiro: My M My Mo My Mg = 0

M, M
VM
—

M]

Pucynok 8 - ¥YpaBHeHue miIocKoCTH, MPOXOJIeil Yepe3 TP JaHHbIe

TOYKHU

1 ypaBHeHue 1JI0CKOCTH, 1POXOJIsIel Yepe3 TPU JIaHHbIe TOYKU UMeeT
BU/1

=T Y—Y1 z—=
To—T1 Y — Y1 =292 — 21 = 0. (24)
L3 —T1 Ys— Y1 23— 2

3amedanune. Eciu BMecTo TpEX TOUEK 3aJlaHbl JIBE TOYKH M BEKTOD

N3 IIJIOCKOCTHU MJIM TOYKa M JBa BEKTOpPa, TO HJAEA OCTaCTCA TaKad 2KE -
CMEIIlaHHOE IIPOU3BEACHNUE PABHO 0.

1.4.4 BzaumMHOe pacmnoJioxKeHune IJI0CKOCTel

[Tycrb jlanbl o0lIMe ypaBHeHUs JIBYX [JIOCKOCTEH B IPOCTPAHCTRE:
Alx—f—Bly—f—ClZ—f—Dl :OHA2$+B2y+CQZ+D2:0.

Ecsu minockocrn napasuienbhst (Pucynok 9, cieBa), To X HOpMaJIH KOJI-
JIMHEAPHDI:

Ay By Cy
Ay By, Oy
Ecin mockocrn nepecexatores (Pucynox 9, cipasa), 1o yron mexy
HUMM PaBeH YLJLy MExKJly MX HOPMaJIsIMU: COS Q = %
1] - |72
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Pucynox 9 - Baanmuoe pacnosioxxenue ma0CKOCTeR

1.4.5 PaccrogHue or TOYKM A0 IIJIOCKOCTH

Paccrosinue or touku M,(x,, Yo, 2o) 410 wiockocru P @ Ax + By +
Cz+ D =0, kak u B (21), paBHO JUIMHE CKAJAPHON MPOEKIUH JTHOOOTO
Bekropa M,M,, M, € P na HopmaJib K 1jiockoctu P:

‘A$0+Byo+CZ()+D|
VA2 + B2+ (?

M, \n

Vil
7}

M,

d(M,, P) = |np, My M| = (25)

Pucynoxk 10 - Paccrosinue ot TOYKHU JIO [LJIOCKOCTH

1.4.6 YpaBHeHUsd MPAMOIi B MPOCTPAHCTBE

[Ipsmyto B mpocTpaHCTBE OJHUM ypaBHEHUEM 3aJaTh Heab3sd. CMupu-
rech. Heobxoaumo poBHO JiBa ypaBhuenusi. Hy B napamerpudeckom ciiy-
qae - Tpu. [loaTomy Be3je jaJjee UCIOMb3YeTCs MHOXKECTBEHHOE TUCTIO
"ypaBuenud". Chemyromme Bujibl ypaBHEHU 3HATH KpailHE MOJIE3HO U

Jlaxke HeoDXO[MMO.
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OO61ue ypaBHEHHUS MPAMOIA.

[Ipsimast MoxkeT OBITH 3ajaHa, KaK IIepecedeHue JIBYX IJIOCKOCTElk:

l:{A1$+B1y+Clz+D1:07 (26)

A2$+BQy+ng+D2:O.

KanoHuveckue ypaBHeHUs IIPAMOii

Eciu uzBectha Kakas-immb6o rouka M, (x,, Yo, Z0), IPUHAJIEKAITIAS TDSI-
MOI ¥ HAIPABIISIONUHA BEKTOD IPAMOR § = (g, Yq, Z), TO yDaBHEHHE
HPSIMO# MOXKHO 3allUCATh B BUJIE:
L—To Y—Yo ~2— %20
= = (27)

Lq Yq Zq

ITapamerpuyeckue ypaBHEHUS NPAMOii

Ecin usBectbl kanonuveckue ypashenusi (27), T0 UX MOXKHO ObICTPO
Ipeobpa30BaTh B MapaMeTpUIecKue:

. B L T =2x,+1- x4
o:y yoz °© _t y:yo-i-t'yq (28)

x Z
q Yq q r=2,4 1t 2

YpaBHenune '"yepe3 naBe Touku"

[Tycrs panbt e rouku: Mi(x1,y1, 21) u rouka Ms(x, Yo, 22). Torja,
B35B B KauecTBe Hampapisomiero Bektop My My, u3 (27) mosydum:

x—xlzy—ylzz—zl (29)
Ty — T Y2 — Y1 2 — %1

Ilepexoa or obmmx ypaBHEHUIT MPAMOIl K KAHOHUIECKUM: WH-
CTPYKLUA

[Tycrb jlanbl oOlme ypaBHeHust (22), a 3HAQUYUT U HOPMAaJIU ILJIOCKOCTEH.
st KaHOHWYIEeCKNX ypaBHeHW TpebyeTcs ToUKa, TpUHaAJIesKaIasd Mpsi-
MOW U HalpaBJSIONIUI BEKTOP 1psiMOil. B kaudecTBe HalpaBJIsdIONIEro
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BEKTOPa BO3bMHUTE BEKTOPHOE IPOU3BEJICHIE HOPMAJIEil;

ok
{A1x+B1y+C’1z+D1:O, v

ey

= =ny Xnhy = A By C}
Aot + Boy +Coz + Dy = 0.
2 2y 2 2 Ay By Cy
B kKauyecTBe "TOuknm ¢ HIPSIMOi— JTII000€ pelleHre CUCTEMbl ODIUX ypas-
HEHUN.

Byy+ Ciz=—D1, = My(0,9,, z)

{Alx + Bly + C’lz + D1 = O,
Boy + Coz = —Ds.

A2x+B2y—l—C22+D2:O.N

Uuoryia x = 0 Hey100HO wiin HeBO3MOKHO. [TpodyitTe 1ojcraBisiTh jApy-
rue 3uadenus. Vv BMecTo Jipyrux 1nepeMeHHbiX.
Toroso. [losyuennbie qantbie MOXKHO MOJCTABIATH B (hopmyiy (27)

1.4.7 PaccrogHue OT TOYKHU A0 NPAMOI B IIPOCTPAHCTBE

[Tycrb pana rouka Mi(x1,y1, 21), upsivas

g —o Y—Yo <%0
. - - )
Lq Yq Zq

1 TpebyeTcst HafiTu paccTogHue MexK 1y HuMu. J[Jig 9Toro Hajjo npoBecTn
HEPIEHJIMKYJISIP OT TOYKU K HPSMOUN U BBIYUCJUTDL €0 JIJIMHY (Pl/IcyHOK
11). U3 ypaBHeHus mpsiMOii ©MeeM TOUKY, JIeXKAIyio Ha mpsMoit M, u
HAIIPABJIAIONIUI BEKTOP (.

Pucynok 11 - Paccrosinue or TOYKHU JI0 HPSMOIl B IPOCTPAHCTBE

st roro, arober Haiitu | My Ms|, vaiiném | M, M|, Kak ajiuHy BEKTODA,
3aT€M BbIYUC/IUM JIJINHY CKAJAPHOU tpoexiyn - | M, Ms|:

‘M0M2‘ - ‘HquoMll'
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Tenepnb, mo Teopeme [ludaropa,

(VM| = \/ MM P — (M, M2

B obmeMm Bue:

—_— 2
., (MM g
p2(M1, l) = |MOM1|2 — <T_|1q> . (30)
BaMeanI/Ie: MO2KHO HCIIOJIbB30OBATb CbOpMYJIy
MOMI X q_

1.4.8 BzamMHOe pacHoJioKeHne NPAMBbIX B IIPOCTPAHCTBE
I[Tycrb 3a/iaHbl KAHOHUYECKUE YPaBHEHUs IPSMbIX (27):

l'$—$1_y—y1_Z—Z1 l_$—$2 Y—1Y2 2 — 22
1: = = , o = =
Tq1 Yq1 Zq1 T2 Yq2 242

HpHMbIe [IapaJui€JIbHbI, €CJIM MX HallPpaBJIAIOIIINE BCKTOPbLI KOJIJIMHEAP-
HDbI:
@ = Ap, A€R

Paccrosgame Mexkjy mapasieJbHbIMU MPAMBIMA — 3TO PACCTOAHHE OT
JII0DOIi TOUKHM 1IE€PBOIL IPSMOIi 710 BTOPOIl IIPSAMOIi, KOTOPOE MOXKHO HAUTH
corytacto (31):

L L) — |M1M2 X q_l‘ . |M1M2 X q_2|
pll, lo) = - - — :

@1 [
Ecin IIpsgAMbI€ HE IIapaJlJieJIbHbI, TO BO3MOXKHbI /IBa BapHaHTa: IIPAMbIE
CKPeILIMBAIOIIMECs WK lIepeceKaloiyecs. B mepBoM ciydae MOXKHO Haiji-
TH YI'OJI 1 paCCTOAHNE MEXK/Yy HUMU, & BO BTOPOM - TOJILBKO yI'OJI. HpHMbIe

nepecekalorcs, ecau Bekropa My Ms, ¢, ¢o KOMILTaHAPHDL:

Tq1 Yq1 Zq1
Lhinly #0 = MiMxGigo = | x4 Yg2 2 | =0

T1— T2 Y1 — Y2 21— 22
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YTroJr MeXKIy IPSIMBIMU PAaBEH YIVIY MEXKY X HAIIPABJISIONIIMU BEKTO-
pamu: o
— q1 - q2
coslily = —————.
@] - ||

Ecan [IpAMbIE B IIPOCTPAaHCTBE HE llapaJlJIeJIbHbI M HE HEPECEKalOTC:,

(32)

TO OHU CKpewjusatoujuecs. Paccrogane Mexx 1y CKperuBalomuMUCs Mpsi-
MBIMHU — 3TO MOJLYJIb IPOEKITUHU JTIOOOTO BEKTOPA, COEIMHSIONIET0 TOUYKN
ITUX HPSAMbBIX Ha HEPIEHUKYJIAD K 9TuM npsiMbiM (Pucyrok 12):

£

P”[lalz

Np=q %X ¢,

P L) =g MO,

Pucynok 12 - Paccrosinue Mexj1y CKpeliuBaionuMucs mpsiMbIMu

1.4.9 BzamMHOe pacIiojio>KeHne MPAMOl U IIJIOCKOCTH B ITPO-
CTPAHCTBE

I[Iycts mambl ypasaenns npsvoit (27) u mockoctu (16):

XTI _JTh 2T p Ax+ By+Cz+ D = 0.
Lyq Yq 2q

AN aVAE e

L
r

Pucynok 13 - Bzaumnoe pacrnojiokenue mpsaMoil ¥ IJI0CKOCTH

BzauMHOe pacio/iozKeHue MpsMOil U IJIOCKOCTH MOXKET OBITb CJIeJLyO-
HMM: 1IpsMas llapaJuleJibHa 1IJIOCKOCTH, [IPsSMas 1epeceKkaeT 11JI0CKOCTD,
LpsiMast JIE2KUT B ILJIOCKOCTH.
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Ecim npsMas napaJiesbHa IJIOCKOCTH, TO €€ HaIIPaBJISIONIHil BeK-
TOP LEPHEHJUKYJIAPEH BEKTOPY HOPMAaJIU ITOMN [1JIOCKOCTU:

cosq‘Aﬁ: = 0.

Paccrosinue Mexk /1y IpsIMOii 1 IIJIOCKOCTBIO paBHO PACCTOSHUIO OT J1100O0Ii

S]]
3

3l

]

TOYKH MPAMOit 710 mockocTu (26):

Axy+ Byo+ Cz+ D
pl1, P) = p(M,, P) = AT E B0+ Co0 2 D)
VA2 B+ (O

IIpsamas JIeXKuT B IJIOCKOCTH, eciu OHa IHapaJuiejbHa P u paccrosmne
j10 P pasuo 0.

IIpsamas mepecekaeT IJIOCKOCTD, €CIA MEXKTY HUMHU €CTh yTOJ (PI/I—
CYHOK 14). YToa MexK/Ty IJIOCKOCTBIO U MPsAMOM MOXKHO HaiiTH 3Hasd Ha-
IPAaBJIAIOIIANA BEKTOP IIPAMONA U HOPMaJIb K IIJIOCKOCTH (a MX Mbl HaileM
13 ypABHEHHUIA )

COS G = L £ 0,
4] 7]
sinZI\D:cosq_Aﬁ: q_iL ,
|q] |72]
V1ot Mex/Ly HPsIMOR U I1JI0CKOCTHIO
E]\D = arcsin ({ T_L (33)
|q] |72]

N 67//,(

n

iz
:’|MO

Fi
F 4

Pucynox 14 - Yroa mex iy IpsaMoil U MI0CKOCTHIO
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1.4.10 3agaHus Jjg CaAaMOCTOATEJILHOIO PEIIeHUS

1) Bagmanbr wiockocts P —2x +y — 2+ 1 =0 un touka M(1,1,1). Ha-
nucarh ypasHenue mwiockocru P npoxogsmeit yepes Touky M napadi-
JICJILHO ILIOCKOCTH P, M BBIYMCIUTH PACCTOAHUE MEXKJLY [JIOCKOCTSIMU.

2) Hamucars ypaBHenue miocKocTH, npoxojsieit aepes Touku A(1,2,0)
u B(2,1,1) napajuiesnbho sBekropy a = (3,0, 1).

3) Hamucars ypaBHeHust IpsMoil, TIPOXOLIIECH Yepes Be 3a/1aHHbIe TOU-
kn A(1,—2,1)u B(3,1,—-1).

x+2y—32—-—5=0,
2% —y+2+2=0.

Hanucarh juiss Hee KaHOHMYECKHME yPaBHEHUs, HANUTU HAIpaBJISIOIIMIi

4) Ilpsamas L 3ajiana oOlMMU yPaBHEHUSIMMU: {

BEKTOP.

. . 2 —
5) Haiiru KoOpjiMHATHI TOUKHU HepecevdeHust PiMOil le % = ZT2 c

IJIOCKOCTBIO 37 — Y + 22 + 95 = 0.
OTBeTsl K 3aanuaM. 1) 22 —y+2—2=0,1/v/6;2) —x +2y +

6;
32 —3=0;3) "3 =17 =25 4) ¢ = (1,7,5);: 5) (=3;—4;0).

1.5 KpuBble BTOpPOro mnopsjiaka: reomMmerpudeckuve u

OIITUYEeCKue CBOMCTBA
1.5.1 Duaaunc

— TeOMETPHIECKOEe MECTO TOYeK IIJIOCKOCTH, CyMM
DJLITATIC eome eckoe Mecto Todek (I'MT OCKOCTH, C a
PACCTOSIHUN OT KOTOPBIX JI0 JBYX (PUKCHPOBAHHBIX TOYEK - (POKYCOB
Fy, F,, nocrosinna (pasua 2a):

‘F1M| + ‘FQMl = 2a.

M, )

Fl @] F2 —d a

Pucynok 15 - Duic

35



Beegem cucremy koopguuar (Pucynok 15) u 3amuinem ypaBHEHHE B KO-
Op/IuHaTHOI (dopme:

|(1:+_Cay)‘+_K17__Cay)|::2a7

\/(x+c)2+y2+\/(:U—c)2+y2:2a,

72 2
-t 5 = 1,
a a? —c
9 2
x Yy
—+5 =1 ? =a* - b, (34)
a b
c
riae a, b - 6oavwan U MaAaA NOAYOCU, € = — - IKCUEHINPUCUINEM JI-

JIUIICa..

1.5.2 TI'umepb6oJa

I'ummep6osa — 'MT miockocTu, pa3HOCTb PACCTOAHUI OT KOTOPBIX JI0

JIByX (bUKCUPOBaHHBIX TOUeK - pokycoB Fy, Fh 1nocrosHHa u paBHa 2a
(Pucynok 16).

[F3T| - T3] = 2a.

B koopjiunarhoit (popme ypaBHeHue ruiiepOoJibl UMeeT B/l

2 2
%—2—2:1, @ =a?+ b (35)
y
b‘
F(=c,0) \-a 1, (¢,0)
a X

_ bT

Pucynok 16 - T'uniepbouia

C

Yy = +—2x - aCUMIITOTBI THIIEPOOJIbI, € = — - IKCUECHMPUCUMEM.
a a
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1.5.3 IlapabGoJja

ITapabosa — ['MT mockocTu, paccTosHIE OT KOTOPBIX JI0 (PUKCUPO-
BaHHOW 1psMoii d u j10 dukcuposannoit roukn F' (F ¢ d) ojuHakoBo
(Pucynok 17); F' — dokyc napaboJibl, d — jupekTpuca.

YpaBHeHue B KOOpJIMHATHOM (opme:

y* = 2pzx (36)

Pucynok 17 - I[lapabosa,

1.5.4 Omnru4yeckue CBOMCTBa

Ecin ucrounuk cBera HaxomutTcst B (DOKYCE IAAUNMUYECKO20 3ePKATIA,
TO JIyH, OTPA3UBIINCH OT 3epKaJa, cobupaiorcs B apyrom ¢okyce (Pu-
cyHok 18, ciesa).

Eciin ncrounuk csera naxogurcs B GOKyce 2uneplosuieckozo 3epKala,
TO JIy4M, OTPA3UBIINACL OT 3€PKaJia, ULYT TaK, KaK eCjid Obl OHU UCXO/1-
qu u3 gpyroro dokyca (Pucynok 18, B mienTpe).

Eciin ncrounuk cera HaxoauTcst B (POKyce napabosuueckozo 3epKala,
TO JIy9d, OTPA3UBIIKCH OT 3epKajia, WIyT mapajuiesabro ocu (Pucynok
18, cupana).

s _
k-yx /F/ | %x I X

y Y

Pucynok 18 - Onrudeckue ¢BOiCTBa, KPUBBIX BTOPOI'O MOPSIIKA,
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1.5.5 3agaHug Ojid CAMOCTOLATEJILHOI'O pellleHns

Hanucarb KaHOHMIECKOE ypaBHEHUE SJIHICA, €CJTH

1)a=3, b=2;

2) a =5, c=4

3) c=3, e=3/5;

4)b=5, e=12/13.

Hanucarb KaHOHMIECKOE ypaBHEHHE MUIEepOOJIbL, €C/I1

5)a=2, b=3;

6) b=4, c=5;

T)c=3, e=3/2;

8)a=38, e=5/4;

9) ¢ = 10 1 ypaBHEHUsT ACUMITOT Y = i%x.

OrBerb Kk 3amanuam: 1) z2/9 +y?/4 = 1; 2) 22/25 + y*/9 = 1;
3) 2/25 + y?/16 = 1; 4) 2%/169 + y?/25 = 1. 5) 22/4 — 4?/9 = 1;
6) 22/9 — 4?/16 = 1; 7) 22/4 — y*/5 = 1; 8) 2%/64 — y*/36 = 1; 9)
22/36 — y? /64 = 1.

1.6 IloBepxHOCTU BTOPOT'O MOPSAKA
[ToBepxHOCTH BTOPOI'O HOPSIKA 3aJ1aéT YpaBHEHUE BU/IA,
a11x2+a22y2+a3322+2a12xy+2a13x2+2a23yz+2a1x+2a2y+2a3z+a = 0.

C HOMOIIIBIO JIMHEHAHOI 3aMeHbl MOXKHO U30aBUTHCS OT CMELIaHHbIX CJla-
raeMbIX U IIPUBECTU YPABHEHUE K OJIHOMY U3 CJICJIYIONIUX BUJIOB:
72 2 2

Yy
1) S +5+=5=1;
)a2+ +5=1



7) ojiHA U3 MEPEMEHHBIX MOJHOCTBIO OTCYTCTBYET

Ha pucynkax 19-23 npejictaBienbl ypaBHeHUsT OCHOBHBIX ITOBEPXHOCTEMH

BTOPOI'O HOPSJIKA U UX CXeMaTHIeCKue n300parkKeHus.

1.6.1 Daaumnconn

x2 y2 22
Sttt o=l
a~ b° ¢

\

X

Pucynok 19 - Quunncon

1.6.2 T'mnepbosionabl: OHOMOJIOCTHBIN U ABYIIOJIOCTHBIN

2 2 2
x—2+y—2—z—2=l, ﬁ+ﬁgz_:,1
a- b ¢ a2 b: 2 ’
z z
|
/
\ I
|
|
I
I -
1 V
|
X \
\
— —" ]

Pucynok 20 - IIpumepni rutiepbosion1o8
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1.6.3 Komnyc

2 2 2
z

2:

X
“+

0
2

@’\f
V]
o

Pucynok 21 - Komnyc
1.6.4 IlapaGoJiomapl: JTUNTUIECKUIA N TUmepOooImIecKuii

p—
b

X2 yZ ) 2
—2+—2:2Z
a- b 2

N QN’H

Pucynoxk 22 - Ilpumeps! napabosion 108

1.6.5 InauaapsI

Husmaapudeckass TOBEPXHOCTh — [OBEPXHOCTH, KOTOPYIO OIMCHI-
BaeT npsiMasi (00pasdyrolast), HePEeMeIAoNasiCs BJI0JIb HEKOTOPOI 110C-
KOif KpUBO# (HAIIPABJIAIONIE ).
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Pucynok 23 - lununapudeckue mMOBEpXHOCTH

Ha jieBoM pucynke 23 HalipaBJisiiolias - 3JUIKIIC; Ha IIPABOM - 11apabdoJia.

1.7

Bomnpocs! ajis camonpoBepkn K pasjeiy 1

1. Yro Takoe umcioBasi Mmarpuna’?

© 00Nt W

10
11
12
13

Kak HaxomsaT cyMMy U pa3HOCTh MaTpHUIL!

Kax nmpousBojuTcs onepalysi yMHOXKEHUsT MATPHUILI Ha, TUCJIO0 7
Y10 Ha3bIBAETCs TPAHCIIOHUPOBAHUEM MATPHUILHI!

1o Ha3bIBAETCA TJIABHOM IMArOHAJIBIO KBaJIPATHON MaTpPUIIBI?
Kakue ObIBalOT ClielaJibHble BUJIbI MATPUIL!

Yro Takoe obparHast Mmarpuna’

Kax Bbrauc/isiercs onpeieuTe b MATPUIThl 2I0 TOpsIKa?

Kax BbIducC/IsieTcst Onpeie/inTes b MaTPUIhl 3I0 TOpsiiKa’

. Kak BbIuncisiercsi onpe/ie/inTe/ib MaTpUIlbl 410 U BBIIIE TOPSIIKa,
. Kakue Bbl 3HaeTe cBoiicTBa olpeiesuTes?
. Hro Takoe MUHOP K-I'O IOPSIJIKA, MaTPUILHL!
. Kak onpejiensiercs ajredbpaumdeckoe JOMOJHEHNE DJIEMEHTa MaT-

puibi?

14.
15.
16.
17.
18.
19.
20.

Kak Bbrancisiercst oOparHasi MaTpuiia’
Yro Takoe CJIY?

Yro Takoe pacmmpennast marpuia CJIY?
B uewm zaksouaerca mero) Kpamepa?

B 1ewm 3akmiodaercs metos [aycca?
Kaxkue ObiBator Tuinr CJIV?

Yro Takoe coBmecrras CJIY?

41



21.
22.
23.
24.
25.
26.
27.
28.
29.
30.
31.
32.
33.
34.
35.
36.
37.
38.
39.

Yro Takoe onpejesiennas CJIV?

1o Takoe paHr MaTPHUILHI!

Kas cBsI3b MexK/ly paHrOM MaTpuiibl U coBMecTHOCTHIO CJIY?
Yro Takoe BeKTOP?

1o Takoe MpoeKIst BEKTOPa, Ha, OCh?

1o Takoe KOJIJIMHEeAPHbIE BEKTOPHI !

1o Takoe KOMILIaHAPHBIE BEKTOPDHI?

Yro Takoe pajinyc-BeKTOp?

Kak ompeiesnsiercss cymma,/pasHocTh BEKTOPOB?

Kak orpejiesisiercst yroj Mex,jiy BeKTopamu?

Yro Takoe bazuc?

1o Ha3BIBAIOT PA3JIOKEHUEM BEKTOpa 110 basucy?’

1o Takoe jeKapToBa CUCTEMa KOOPAUHAT?

Yro Ttakoe opr?

Kak onpeje/siforcst KOOpJuHaThl BEKTOpa,?

Kaxk BbIUHC/IsI€TCST KOCUHYC YIJIa MEXKJIy BEKTOPaMu !

1o Takoe HalpaBJAMOIIEe KOCHHYChI BEKTOpa’

Hro Takoe CKajsipHOE HPOU3BEJIEHIE BEKTOPOB?

Kak BbIUHC/ISIETCS CKaJIsipDHOE IIPOU3BEJICHUE B KOODP/MHATHOM

dopme?

40.
41.
42.

Kakwue Bbl 3HAETE CBOWCTBA CKAJSIPHOIO NTPOU3BEICHMS !
YTo Takoe BEKTOPHOE IMPOU3BEJIEHIE BEKTOPOB?
Kak BbluMC/IsieTCs BEKTOPHOE 1POU3BEJIEHUE B KOOP/IMHATHON

dopme?

43.
44.
45.
46.
47.
48.
49.
0.
ol.
52.
93.
54.

Yo Takoe cMelaHHoe MPOU3BeJIeHIe BEKTOPOB?

Kakwne Bbl 3HAETE CBOWCTBA BEKTOPHOTO ITPOU3BEJICHUST !

Kakwne Bbl 3HaeTe CBOWCTBA CMEITIAHHOTO MPOU3BEICHUS !

Yro Takoe JjieBasi/paBasi TPoiiKa BEKTOPOB?

Kak 3ajiaercst jaunust Ha 11JI0CKOCTU?

Kak 3a/1aeTcst IoBepXHOCTD !

Kak orpejiesisiercst JinHusi B IPOCTPAHCTBE?!

Kak HaxoJuTcd TOUKa Mepecedenns ABYX JIMHAN Ha MJIOCKOCTH !
Kak HaxoJuTcs TOUKa Mepecevdenns JTUHUU W TOBEPXHOCTH !
Y10 Ha3BIBAECTCST HAIIPABJISIIOIIMM BEKTOPOM PSIMOi?

Y10 HA3BIBAETCSA HOPMAJIHHBIM BEKTOPOM IPSIMON Ha TJIOCKOCTH !
Kakwne ObIBAIOT THITHI ypaBHEHWH MPSIMOP Ha 11JIOCKOCTH?
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55. Kakue cymecTByIoT caydan B3auMHOI'O PACIOJIOXKEHUS JIBYX MPsI-
MbIX Ha ILJIOCKOCTH?

56. Kak ompejesnsgercss yroa Mexxay JByMs TPSIMBIME !

57. Kak dpopmyiupyercs ycjioBue napaJiieibHOCTH JABYX HPSIMbIX Ha,
ILJIOCKOCTH !

58. Kak dopmynupyercs ycaoBue NepueHuKyaapHOCTA JIBYX IMpsi-
MbIX Ha ILJIOCKOCTH?

59. YTo Ha3bIBaeTCA HOPMAJBLHBIM BEKTOPOM IJIOCKOCTH !

60. Kakne ObIBAIOT TUIIBI yPaBHEHUH JIOCKOCTU U KaKne MapaMeTphbl
COJIEPIKUT KaXKJ0€ U3 HUX?!

61. Kakue cymecTByOT cjlydan B3aMHOTO PACIIOIOXKEHUs JIBYX TIJIOC-
KOCTEi?

62. Kak onpejiessiercst yro Mex iy JAByMsi IJIOCKOCTSIMU?

63. Kak cdopmynupyercs yciaoBue napasiebHOCTH JBYX ILJIOCKO-
creit?

64. Kak cdbopmymupyercs ycaoBrue NepueHuKyITpHOCTH JBYX MJIOC-
KOCTei?

65. Kakue ObIBAIOT THIIBI YypaBHEHUI HPsIMOil B IIpocTpaHCcTBE?

66. Kakue cymecTByIOT caydan B3aUMHOTI'O PACIOJIOXKEHUS JIBYX MPsI-
MbIX B IPOCTPAHCTBE?!

67. Kak onpejessiercsi yros Mexk 1y JIByMsi HPSIMbIMUA B ITPOCTPaH-
cTBe?

68. Kakue cyiecTByiorT cjlydayd B3aUMHOI'O PACIOJIOXKEHUs IPSIMOit
U TLJIOCKOCTH !

69. Kak dopmynupyercs ycaoBue napasaeTbHOCTU TPAMOR | MJIOC-
KOCTH?

70. Kak dopmynupyercs ycjaoBue MepHeH UKy PHOCTH MPIMOil u
IJIOCKOCTH !

71. Kak HaxomuTcst TOUYKaA, IepecedeHust MpsaMoi U IJI0CKOCTH !

72. Kak omnpejiesseTcs yroa Mexkry IpsMOi U MJIOCKOCTBIO?!

73. Kakue KpuBble Ha IJIOCKOCTH SIBJISIIOTCS KPUBBIME BTOPOTO 110-
psijKa’

74. Kakue mapaMeTpbl cojiep:KaT KaHOHUIeCKre YpaBHeHUsT KPUBbIX
BTOPOT'O MOPsijiKa?!

75. CKOJIBKO BepINHH Y KaxKJI0fl KpUBOW BTOPOTO TOPSIIKA !

76. CkoJIbKO (POKYCOB Y KazK/I0# KPUBOH BTOPOTO MOPsijiKa !
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77. CKOJIbKO Oceil CUMMEeTPHH Y KaKJIOil KPpUBOW BTOPOI'O MOPsIIKA?
78. Kakue cBoiicTBa KpUBbIX BTOPOI'O 1OPsiJIKA CBSI3aHbI C UX (POKY-
camu (poKaIbHbBIE CBONHCTBA)?

2 @yuknuu. llpenesn m HenpepbIBHOCTD

2.1 Ilonsatue ¢pynkiun. OcHOBHBIE 3JIEeMEHTAPHBIE
bynkmunu. IIpeaen dynkmum B Touke. O gHOCTO-
pOHHUE IIpeJiesibl. beckoneuHno GoJibiasg m Oec-

KOHETHO MaJiasgd PyHKIUN

" "
Cosieprkatne ciie/lyIonux pas/ienoB - 6azosbie "miKojbHbIE" CBejleH s,
KOTOpbI€ HEOOXO/IMMO OCBEXKHUTD B IIAMSTH IIepe/]l U3y YeHrueM OoJiee CJI0xK-
HBIX CBOMCTB U TEOPEM.

2.1.1 OcHoBHBIE OIpeaeIeHUA

@yHKIUS — IPABUIIO, 110 KOTOPOMY IEPEMEHHOI I COOTBETCTBYET OILIPE-
JeJIEHHOe 3HadYeHne JApyroil mepemennoii y. [lpu stom, y = y(z) — 3a-
BUCUMas MepeMeHHas uiu (PYHKUUsS, & — He3aBUCHUMasd Iiepe-
MeHHad Wi apryMeHT (DyHKITIH.

Kpowme Toro, ucnosbsytores ciejytoiue obosuavenust: D(f) — 06-
JIACTH OIPEAEICHUs — 3HAYCHUS API'YMEHTA, JJIsi KOTOPBIX OLPEeIsi-
forcs 3Hadennst pyukiun. F(f) — MHOX>KeCTBO 3HAYEHUN 3aBUCHMON
IePEeMEeHHOM.

EcrecrBenHasi 06/1aCTh OIpeaeeHUs — MHOXKECTBO BCEX 3HA-
JEeHMI apryMeHTa, NP KOTOPBIX (DYHKIM IPUHUMAECT JCHCTBUTEILHLIC
SHAUCHUSI.

2.1.2 Tunbl pyHKIMIT

Yernas dbyukims yjposaersopsier yeaosuio f(—x) = f(x).
Heuernas dyukims yosiersopsier yeaosuio f(—x) = — f(x).

IMepuoguyeckast pyukims yiosiersopsier yeiosuto f(x+1) = f(z),
ryie T' — nepuoji pyHKIKH.
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Bozpacraoniaga dyHKIuS — QyHKIMA, Y KOTOPOil IIPU BO3pacTaHUK
ApryMEeHTa, BO3PACTaeT U 3HAUCHUE (PYHKIIUN:

T < Ty = f(xl) < f(xg)

YowiBaromasa pyHkIma — PyHKIMs, Y KOTOPOW 11pu yObIBaHUU ap-
ryMeHTa yObIBaeT u 3Hadenue pyHKIWN: T1> T = f(x1) > f(29).

MonoTtoHHass (GYyHKIUA — QYHKIMS, KOTOpasg TOJHKO BO3pPacTaeT
UJTH TOJIbKO YOBIBAeT Ha Bcell 00JIacTH OIIpeJie/IeHus.

OrpanndyeHHad B ob6siactu D PyHKOUA — QYHKIMSA, 3HAUCHUS KO-
TOPOI HE IPEBOCXOJAT 10 aDCOJIOTHON BeJIMYMHE HEKOTOPOI'O (PUKCHUPO-
BaHHOIO Koneunoro uncia: 34 >0 | |f(z)| < A, Yo € D(f).

BzammHuo-ogHO3HAYHAsS DYHKIIMA — (DYHKIMS, Y KOTOPOH KaxKj10-
My 3HAUYEHHIO Y COOTBETCTBYET TOJILKO OJHO 3HadYeHHne apryMeHnTa &.

2.1.3 Crmocobsl 3aanus pyHKOIUN

Anajimruueckn pyHKIMS MOXKET ObITh LIPEJICTABJICHA B BUJIE:
a) gaBHOM: y = f(x);

6) mesgBuoMm: F'(z,y) = 0;

z = x(t),

y = y(t);

r) pastbiMu Gopmysamu B obsiactu onpejesienus (a, cl:

{ fi(x), a <z < b;

fo(x), b< x < ¢

B) IIapaMeTPUIECKOM: {

I'pacdbuk dyukum f(x) — MHO)KecTBO TOUeK 1iockocTr (T, f(x)).

Cnoxknaast GyHKIIUA — QYHKIMSA, apI'yMEHT KOTOPOi TaKxKe sSBJIsieT-
cst byukuumeit: y = f (g(x)), rue y = f(u), u= g(x).
B3anmMmHO-006paTHBbIEe DYHKITUM — QYHKINH, [I0C/Ie0BaTeIbHOE JIeii-

CTBUE KOTOPbIX Ha ApPIyMEHT HE IPUBOJUT K €10 U3MEHEHUIO Ha BCeil
obnacru onpesenenns: © = f(f1(x)).

2.1.4 OcHoBHBIE djIeEMEeHTapHbIe (PYHKIIUN

e Crenennaga pyukiua: y = z%, a € R.
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e IlokazarenpHas pynkmuga: y =a”, 0< a< 1, a> 1.
B YaCTHOCTH, 3KCIIOHEHTA: iy = e*, rje e =~ 2, 7183 — qucjo Jitjepa.
e Jlorapudpmunyueckaa dpynkmusa: y = log, z, 0<a< 1, a> 1.

e Tpuronomerpuyieckmne PyHKINM:

y=sinzx,y=cosz,y=tgr, y=ctgr.

e OOparHbIe TpUrOoHOMETpUYECKNE (PYyHKITUN:

y = arcsinz, y = arccosx, y = arctgz, y = arcctgx.

2.2 OcHoBHBIE TEOPEMBI O Hpe/ieiiaX. «3aMedaTeb-

HbIEe» IIpeaeJibl. SKBI/IBaJIeHTHOCTI/I
2.2.1 Omnpeaesenue npeaeaa

IIpenen dyukuuu y = f(x) npu  cTpeMsieMcs K T, — 3TO YUCJI0
A Takoe, 4TO JJIst J1I000r0 CKOJIb YIOJHO MaJIoro 3Hadenust € > 0 Haii-
JIETCA TAKOE IHCJIO O, YTO JJIst BCEX 3HAYCHUil, OTJIMIHBIX OT I, He DoJee
deM Ha 6§, (Kpome, MOXKeT ObITh, CAMOI TOUKHU ) BCE COOTBETCTBYOIIUE
sHadeHnst GyHKIUKU oTardaiores or A ne bosee uem Ha, €.

HaJjiee HaM MMOHAJI00ATCA CJIeJIyIOIe 00O3HATCHMS:

00 < |z—z,| < 6 — 6-OKPECTHOCTD TOUKH T, (7A€IbTa-OKPECTHOCTD);

o0 <zx—1x,<0 — mpapag IOJyOKPECTHOCTD TOUKHU L)

00 < x,— <0 seBag IOJYOKPECTHOCTD TOUKHU Ty

e lim — "upejien 1ipu x crpemsiiemes K T, ;
T,

® V — kBaHTOp BeeobiHocTu (st J1i060ro”);

e J — kBaHTOD cymiecTBoBanus (“HalETCS”).

Teneps onpesesenue npejesa MOKHO cHOPMYTHPOBATH HOJIEE KOM-
AKTHO:

A= le flx) & Ve>03>0(0< |z—x,| <9 = |f(x)—A| <e).
" (37)
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2.2.2 OpgHOCTOPOHHUE MIPEAEbI
Yucio A- — npenen dbyukuuu y = f(r) npu x — x, cjeBa, eciu
Ve>036>0(0<z,—x<d = |f(z)—A_| <e).
Yucio A — npenen dbyukuuu y = f(r) opu x — x, cIpaBa, ecju
Ve>030>0(0<z—2,<d = |f(z)— AL <e).
Yucio A — npenen dbyukuuu y = f(r) ompu x — 0o, eciu
Ve >0dR>0 (x> R = |f(z)— Al <e.)

Wuorna ucnoib3yercs ceyiontas TePMAHOJIOI U

A_ = lim f(x) — seBblil npejes B TOUKE;
T—T,—0

Ay = lim f(x) — npaBblil IpejiesT B TOUKE;
r—x,+0

A= lim f(x) — upeyesn GyHkiuu Ha GECKOHETHOCTH.
T—00

2.2.3 DBeckoHnedyHo maJible 1 0eCKOHEYHO 00JibIlve BeJINYUHbI

BesduHbl, crpeMsiiyecd K HyJI0 WM OCCKOHEYHOCTHU IIPEJICTABJISIOT
ocobennblit naTepec. Hanpumep, ecim auciaureib 1 3HAMEHATEb HEKO-
TOPOil JIpOOKM CTPEMSTCS K HYJI0, TO KaK HaWTH IIpejes caMoil Jpo-
ou? Uiu eciiy M 4YMUCJIUTEb M 3HAMEHATeJb CTPEMATCA K OeCKOHeu-
HOCTB! VIMEHHO B TaKUX CJydasX 3a/lada, BbIYUCJACHUS [IPEJIeJia, CTaHO-
BUTCS HEIIPOCTOM.

Besmuuna (ynkius) f(r) 6eckoneuno Gospimas (6.0.8.) 1pwu

T — x, ,ecan lim f(z) =o00:
T—T,

VM: 0<M<oo3d>0(0<|z—x,] <6 = |f(z)]>M)

Besmuuna (bynkius) f(xr) beckonedno mamas (6.M.8.) 1pu & — &,

,ecim lim f(z) =0
T—T,

Ve>030>0(0<|z—x] <6 = |f(x)] <e)

Besnuunb f(x) u g(z) oqHOrO mOpSaKa 11pu T — T,, €1

lim M =C,

T—To g(_ﬁlj’)
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C' = const, C # 0. f(x) = O(g(x)), ("o 6oabioe”)
Besmuunbt f(x) u g(x) sxBuBasentHs (f(z) ~ g(x) ) npu x — x,,
ecJT

tim %) _ 4
T, g(gj)
Tosopsit, uro f(x) — 6.M.8. 6oJIe€ BBICOKOTO MOPSIKA MaJOCTH, 4eM
. f(z)
— 1 — 2 =0 = ”
o) wp = = o i T 0. 0) = ofg(a)) (amas o
maJioe”).

2.2.4 ApudmerudecKne CBOICTBaA IIPEaEI0B

U3 onpesiesnennst (37) BBITEKAIOT CJIeIyOINUe CBOMCTBA.
1. Ilpemen cyMMbl paBeH CyMMe IIPeIeJsioB:

(f(z) £ g(x)) = lim f(z) + lim g(z). (38)

Tr—a Tr—a

2. IIpenen npou3BesieHns PABEH MPOU3BEIEHUIO TTPEIEIIOB:

lim(f(z) - g(x)) = lim f(z) - lim g(x). (39)

Tr—a Tr—a Tr—a

3. IIpenesn 9acTHOTO paBeH YaCTHOMY ITPEJIEJIOB, €CJIN ITPeielT
3HaMeHaTeJisd He paBeH HYJIIO:

I — 2a I . 4
) T g o g(z) #0 (40)
Tr—a

4. YucaoBoii MHOXKHUTEJIb MOXKHO BBIHECTHU 33 3HAK IIpeJiesia;

lim C'f(x) = C'lim f(x). (41)

Tr—a Tr—a

2.2.5 OcHOBHBIE TEOPEMBI O MpeEIEIaX

OcHoBHbIe TeopeMbI 0 nipegenax 13 ceoiicrs (38)-(41) u onpejedie-
Hust (37) HE COBCEM OUEBUJIHO, HO BCE XKE JIOCTYIIHO, BHITEKAIOT CJIEJLY O
I[[{e TEOPEMBI.

e Teopema 1. (o emuucTBeHHOCTH Hpeaesia) Eciu npejen cyiie-
CTBYET, TO OH €TUHCTBEHHDII.
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e Teopema 2. (o npesesie MoHOTOHHO# byHKIUN) Ecin dyHk-
uust f () MOHOTOHHA U OrpaHUYeHa UPU T < @ W/WJIM IIPU T > @, TO
CYIIECTBYET , COOTBETCTBEHHO, €& JICBbIN U /WU [PABBIN [TPEICIBI.

e Teopema 3. (o npenesibHOM 1TEpexo/ie B paBeHCcTBe) Eciin jiBe
DYHKIMKM paBHBI B OKPECTHOCTH HEKOTOPOI TOUKH, TO KX HPEJEJIbL
B 9TO TOYKE PaBHbI:

f(z)=g(x), |[vr —al] <e = lim f(z) = lim g(z).
Tr—a Tr—a

e Teopema 4. (0o npenenbHOM nepexone B HepaBeHcTBe) Eciin
sHavenust Gynknun f () B OKPECTHOCTH TOYKU HE OOJIbIIE COOTBET-
crByfolux 3uadenuit g(x), o upegen f(x) B 91oit Touke He HoJibIIE
npejena g(x):

f(x) <g(x), |t —a| <e = lim f(z) < lim g(x).
r—a r—a

e Teopema 5. (0 aByx Mmmnumonepax) Eciu snadenus yHK-
MU 3aKJIIOUEHbI MEXKJ1y 3HAUEHUSIMU JBYX JIPYIUX PyHKIUHE, crpe-
MAIIUXCSL K OJIHOMY U TOMY 2Ke IIpeJiesly B HEKOTOPOii TOUKe, TO 3Ta,
GyHKIMS B JIAHHON TOUYKE UMEET 3TOT XKe HpeJle)r:
@) < F@) < fole), limfi(s) = limfo(e) =b = lim f(z) = b

Tr—a Tr—a Tr—a

e Teopema 6. (0 cBa3u GeckoHeuHO MaJIOii ¢ nipesenom) Dynk-
IIAI0 B OKPECTHOCTH TOUKHM MOXKHO IPEJCTABUTH KAK CyMMYy €¢ Ipe-
JieJ1a, B 9TOM TOUKe 1 OECKOHEYHO MaJIOi.

lim f(z) =A & f(z)=A+a(zr), lima(z)=0.

Tr—a Tr—a

e Teopema 7. (o cBs3u 6.M.B. u 6.6.8.)

li =0 & lim—— = .
lim o(z) v o(z)

2.2.6 Bpruucienue mpejenoB. HeornpeaeideHHoCT

Hp BbI9YHMCJICHUM IIPpEAEJIOB BOSMOXKHDBI CJICAYIOIINE CUTYallUuN.
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e Eciu touka siexxut B O/13 dpyHKIME, TO JI/Isi BLIUUCJICHUS IIpeJiesia
B 9TOI TOYKE JIOCTATOYHO IOJICTABUTH €€ B (POPMYILY.

e Fcin IIpu II0JCTaHOBKE BO3HUKaIOT HpO6JIeMbI BU/1a.:

co-C, C#0 oo+, %, oco+00, 0%, %, C = const
TO 3TO He IIPODJIEMbI BOBCE.,
e Eciu mpu mojcraHoBKe BOSHUKAIOT MPOOJIEMbI BU/IA:
oo - 0, g, %, o, 0% 1®  oo—o0

TO 3TO JIEHCTBUTEIHLHO IIPOOJIEMBL.
U umst um HeorrpeaesiEHHOCTHU. /X pacKpBIBAIOT.

2.2.7 Ilepssbrit 3aMevdaTebHBIN TPEIEJT

Pacemorpum yrous Besimausbl & — 0 Ha equHAAHO OKpy2RHOCTH (Pucy-

HOK 24) M IUIONIa/ M TPEYTIOJILHUKOB U CEKTOPOB.

SaoxH < Ssora < SaorLa

OH -KH w-0OA%.x OA-LA
< <

2 2 2 ’
cosx-sinx  12-x  1-tgx 2
< < © )
2 2 2 sinx
x 1
coszx < <

sinxr cosz’

Tak Kak lim cosx = cos(0 =1,
z—0
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Pucynok 24 - Tlepsbiit 3amedaresibHblil 11pejie

sinx

~1. (42)

lim
z—0 I
[lepBoiit 3aMevdaTebubI Tpeses (42) Mo3BOJIAET UCIOTL30BATD B JIAJb-

Helem cJiejlyionne SKBUBaJIeHTHOCTH:

.%'2

sin(z) ~z, tgr ~z, arctgr ~x, cosx ~1— 5

2.2.8 DBropoii 3aMmedaTeSIbHBINA Hpeaet

1 n
e = lim (1 + —> ~ 2,72 — aucio Ditnepa (onpenenenne), n € N,
n

n—oo
1 n 1 T 1 n+1
1+ <|1l4+—-) <[|1+-— , teR, neN
n+1 T n

(”n%)%! AR AL Y
< (2 < (42

e 1\"
[Tepexojium K 1pejiesny: I < lim (1 + —) < e -1, no reopeme "o aByx
x

T—00
MUJIMOMOHEPAX IIOJIYYUM:

lim (1 + l) = e, (43)
x

T—00
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nJjin
1

lim(1+2)r =e. (44)

x—0

Bropoit 3amedaresbblii pejes (44) 103BoJisier nerosib30BaTh CJejlyio-
1€ 9KBUBAJIEHTHOCTH:

In(l4+z)~x, e ~1+uz.

2.3 HenpeppiBHoCcTh dyHkIuu. Todkm pa3pbiBa u
nx kKJjaccudukaiusa. OCHOBHbIE T€OPEMbI

2.3.1 OmnpeneneHne HENMPEPBIBHOCTHU

Oynknust f(r) HEIIPEPBIBHA B HEKOTOPOl TOUKE T, €CJIH
Ve>030>0(0<|z—x,] < = |f(x) = f(z,)] <e), (45)

r.e. ipejiedt dyukiun (37) CyuecTByer B 910 TOUKe U PABEH 3HAUCHUTO
dbyukiuy B 910it Touke: lim f(z) = f(x,).

]

YcioBug HenpepbIBHOCTH (DyHKIUU B TOUKe. OyHKINs HelTpepbiB-
Ha B TOYKE, €CJIA BBIIIOJIHAIOTCS BCE YCJIOBUSI:

e 1) byuknusa onpeesieHa B JJAHHON TOYKE;

e 2) cyliecTByeT U KOHEYEeH JIEBOCTOPOHHUI 11pejiesi B 3TOM TOYKe;

o 4

e 3) CyIecTByeT U KOHEUEH IIPABOCTOPOHHUI TIPEJIeJT B 9TOM TOUKE;
) OJIHOCTOPOHHUE HPEJIEJIbl DABHBL JIDYT JIPYTY;

® D) OJIHOCTOPOHHUE 1IPEJieJibl PaBHbI 3HAUYEHUIO (DYHKIMU B TOUKE.

OyHKINS HEIIPEPbIBHA CIIPaBa (CJeBa) B TOUKE, CJIH MPEJIEST CIIPa-
Ba (cJieBa) B TOUKE CyNECTBYET W PABEH 3HAUCHUIO (DYHKITUH.
DyHKIMA HEMPEPBIBHA HA MPOMEXKYTKE, €CJ/IM OHa HellpepbiBHA B
KaXKJI0il TOUKe 3TOI'0 IIPOMEXKYTKA.
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2.3.2 Toukmu pa3pbiBa

Touka, B KOTOPOi#l (PYHKIUS HE sIBJISIETCS HElpPEepPbIBHOM, Ha3bIBACTCS
TOYKOM pa3pbIiBa 310i yHkimu. Pazinualor ciejyomnme Bujibl TO-
4eK pa3pbiBa.

® I. T, — TOYKA yCTPAHUMOro paspsbiBa f(z), eciu upeyen f(x)
B T. T, CylIeCTByeT, HO He pasen f(x,)
(me BomosHsAETCs yesoue 1) u/umm 5), pucynok 26)

1
/\/0\/x

Pucynoxk 26 - IIpumep Touku ycrpaHuMOro paspbiBa

e Touka x, — Touka pa3psiBa 1ro pona (cka4ok) f(x), ecau oj-
HOCTOPOHHUE TIPEJIENIbI B T. T, CYIIECTBYIOT, HO HE PABHbBI JIPYT JAPYTYy
(re BoImOSTHIAETCA yemoBue 4), puyHoK 27).

0 //z) 1
/!

Pucynok 27 - IIpumep Touku paspbiBa 1-10 pojia

e Touka r, — TOUKa pa3pbiBa 2ro poja, BO BCEX OCTAJbHBLIX CJIy-
dastx (He BBIIOJIHAECTCs yesoBre 2) u/uim 3), pucyHok 28).

Touka xr, — TOUKa DECKOHEYHOTO pa3pbIBa, €CJIM KaKOi-JInb0 U3 0/I-
HOCTOPOHHUX IPEJIEJIOB PABEH 0O,
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Y

Pucynok 28 - IIpumep touku paspbiBa 2-10 pojia,

e m e mm e ———mmm————— =

2.3.3 HenpepbiBHOCTh PYHKIINN HA OTPE3KE

e Teopema BeiiepuiTpacca (0 HaubOJIbIIIEM U HANMMEHBIIIEM ).
Ecin ¢ynkuus nenpepbiBHa Ha OTPE3KE, TO OHA JIOCTUIAET Ha 3TOM
OTpe3Ke CBOero HaubOJIbIIEro U HauMeHblero 3uadenust (Pucynok
29, cieBa).

e Teopema Boabnano — Komu (o nmpomexyrounsix). Ecin
dbyukius y = f(x) HenmpepbIBHA Ha oTpe3ke [a; b 1 IpuHUMaeT Ha
ero konax suavenusi f(a) = A, f(b) = B, 10 Ha 9T0M OTpPE3KE OHA
npunumaer Bee 3nadenust Mexiy A u B (Pucynok 29, B nenrpe).

e Cnencrue (o myne). Ecim y = f(x) nenpepbiBHa Ha OTpeske
[a;b] u npuHMMaeT Ha €ro KOHIAX 3HAYEHMS PA3HBIX 3HAKOB, TO
BHYTPH OTPE3Ka, Hafi/IeTcs XOTa ObI O/1Ha, TOUYKA ¢, B KOTOPOi (yHK-
st obpaiaercst B Hosib: f(c) = 0 (Pucynok 29, cupasa).

y [

w‘
|

Pucynok 29 - nniocrpanuu TeopeM HEIPEpPbIBHOCTH
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2.4 1lpué€mbl BbIYUCJIEHUS IIPEJIEJIOB

it pacKpbITHS HEONPEeIEHHOCTel MpU BBIYUCJICHUN TPEIesioB UC-
HOJIB3YIOTCs PA3JIMIHbIC IPUEMBI: TTPEOOPA30BAHUE BbIPAKEHU S, UCIIOJIb-
30BaHME SKBUBAJECHTHOCTEH, puMeHeHune ""3amMedare/ibHbIX ' TIPejIesioB, a
TaK »Ke KOMOMHAIWs BCeX YHOMSHYTBIX BbIIe. Kpome Toro, jjis BbI-
YUCJIEHUST [TPEJIEJIOB MOYKHO UCIOJIB30BaTh HpaBuiio Jlonurass, Koropoe
OysieT U3JI02KEHO B CJEAYIONEM pasJiee.

2.5 3agaHmd AJIS CAMOCTOATEILHOTO pPenieHnsd

Borauciaurs IIpeaeJIbl:

. x2—2
1) lim :
2—0 322 — Hhr + 1

. 1 3
2) lim — :
z=2\2—x 8 —a3

8z% — 1
3) i .
) st

3 2
4) lim (-0 — T ),
z—oo \ 222 —1 2z +1
3r+1

z—0 X

9) lim ——.
t—0 xsin2x
T — «

10) lim tgo— si
11m — S1n
r—a gQa 2

OtBernl K 3aganusam: 1) - 2; 2) oo; 3) 6; 4) 1/4; 5) 3/5; 6) 3/2;
7) k; 8)2/3;9) 3/4; 10) —=.

2.6 DBormpocsl Jijid caMONpPOBEPKU K pa3/ieity 2

1. Yro Takoe pyHKIUs OJIHOIN IIepeMeHHO#?
2. Kakwue cy1mecTByoT criocodb! 3ajianust GyHKIMn?
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. Uto Takoe 0bJacThb olpejeseHus U 3HaYeHU (DyHKIAN?!
. Kakast pynknust uérnas? Heuérnasi?
. Kakue cyiecrByor ocHOBHBIE 3jieMeHTapHbIe (DYHKITUN?

3
4
5
6. Kak onpejessiercs npejen (pyHKIun B To9Ke?
7. Kax onpejiessiercs npejies (pyHKiun Ha, OECKOHETHOCTH !
8. Kak ompeiesiioTcst OJJHOCTOPOHHUE MPEJIETIbI !
9. Kakue cyImecTByOT CBOWCTBA PEJIEIOB?

10. Kakue oTHOIIEHMS HAa3bIBAIOTCS HEOIPEICJICHHOCTAMM !
11. Yro Takoe 6.6.B.7

12. Yro Takoe 6.m.B.7

13. Kak ¢dpopMyupyroTcs OCHOBHbBIE TEOPEMBI O Ipejiesiax?’
14. Kak dopmysiupyercst nepBbiii 3aMedaTe/bHbINA Tpeiest?
15. Kak dopmysiupyercsi BTopoit 3amedare/ibHbIi 1npejie’?
16. Kak dpopmynupyercst onpejiesienne HelpepbIBHOCTH !
17. Kakue ObiBaloT TOUKM pa3pbiBa’

18. KakoBblI yCJIOBUS HEMPEPLIBHOCTH (DYHKIMH B TOUKE?!

19. Kak ¢gpopMynupyroTcs TeopeMbl O HeIIPEePbIBHOCTH (DYHKIUN !

3 IlpousBognasi pyHKIUNI

3.1 Omnpeaenenne mpon3BogHOI. [Ipon3BoaHBIE CYyM-
Mbl, IIpOuU3BeJieHUd M 4YacTHOro. lIpousBoaHas
caoxKHoit pyHKInnu. IIpon3BogabIe OCHOBHBIX JI€-

MEHTAaPHBIX (PyHKITIIA
3.1.1 Omnpenenenne MPOU3BOIHOM

ITpousBogHas PyHKOUHU B TOUKE - 3TO 1IPEJEJ OTHOIIEHUS [IPpUPa-
menns PYHKIUU B 9TOW TOUYKe K IPUPAIIECHUIO apr'yMeHTa:

. Af(x,) . flxo+ Az) — f(z,)
/ _ _

f o) = Alizm—m Ax Alizm—m Ax '
CocraBuM ypaBHeHHUE HPIMOi, ipoxozsitieit yepes rouku My(x,, f(2,)), S(xst

Az, f(z,+Ax)),

(46)

T—z, y — f(xo)
x0+A$_$o_f(xo)_f(xo+A$)’
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/ | X0 )CO-I-AX

Pucynok 30 - ['eomeTprdeckuii cMbICT ITPOU3BOTHOM

[Ipu cOimKeHun ToUek cekyiast pubJIMKaercs K kacarebHoit (Pucy-
ok 30) MyS — MyN, a n1pobb BO BTOPOM CJlaraeMOM JI€BOil JacTH
npubJIMKAETCs K TPOU3BOJIHOM (corsiacHo onpejesenuto (46)), u, moJy-
yaeM ypaBHEHME KacaTeJIbHOM K rpaduky (yHKINH B 3aJIaHHONI TOUKE:

Ykae = f/(xo) ) (x - xo) + f(l'()) (47)

Feomerpudeckuii cMbICJ MPOu3BOaHOM: f'(1,) — yruioBoii Koaddu-
IMEeHT KacaresbHOl K rpaduky dyuxiun y = f(x) B rouke My (z,; f(x,))

(f' (o) = tgav).

Dusnyeckuii CMBICJI TPOM3BOAHOIN: f/() — CKOpPOCTH M3MEHEHUsI
y = f(z) oTHOCHTENIBHO T .

OHOCTOPOHHME IIPOM3BOJHBIE OIPEJIC/IAIOTCA CJIEIYIONKUM 00pa-

Af(z,) - Af(x,
fi(wo) = Ay—%ro % J=(wo) = A}cl—>m—0 %

30M:

Oyukiua qudpdepeHnmpyemMa B TOUKE, €CJiU €€ IPOU3BO/IHas OlIPe-
JIeJIeHa B 9TOI TOYKE U HEKOTOPO# €€ OKPECTHOCTH.

Teopema o HenpepbiBHOCTHU qud dhepernmpyemoii yHKInm. Fc-
Jim dyukius juddepennupyemMa B ToOYKe, TO (PYHKIUSA B ITONH TOUKE
HeIpepbIBHA.
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3.1.2 IIpaBuna nuddepeHiupoBaHud
ele (' =0, C = const;
o2e (utv) =u £

e3¢ (uv) = u'v+v'u, C = const;

(u>’ v—vu
v

e5e (u(v(x))); =

4

=8~

V...

@\

3.1.3 Tabauna npou3BOAHBIX

JlaJjiee nipejicraBjieHbI IIPOU3BOJIHBIE OCHOBHBIX 3JIEMEHTAPHBIX (DYHKIIHI

(qacTuvaHO ¢ 0BOCHOBAHUEM ).

ole (In(2)) =
In(z +Az) —Inz In (1 + %) (%)
Az =0, Ax N Ax N - x’
(In f(z)) = ﬁ fi(x) = f(z) = f(z) - (In f(2))"

JlorapudmMmudeckoe auddepeHImpoBaHUE - 9TO CTHILHO!

n

(") =2" - (In2") = 2"(nlnz) =2" - n- = =nx

SR

e3e (a*) =a"lna, a >0, a#1;

() =a" - (Ina”) = a“(zlna) = a*Ina.

ode (sinz) = cosz,

sin(z + Az) —sinz  sinz cos Az — cosxsin Az — sinx
Axr — 0, = =
Az Az

: : . (Ax)?
sinz(cosAx —1) cosxsinAz  sin x%
= — ~ —cosx-1 — cosw.

Ax Az Ax
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e5e (cosz) = —sinz,

1
6o (tgr) = ——:
obe (tgz) = 5
, 1
o7e (ctgr) = ————;
sin” x
1

e8¢ (arcsing) =

: /
T =siny, T, = cosy,

1 1 1 1
: /
= aresina, = 5 = = = .
4 4 3321 Cos Yy \/1—Sin2y \/1—332
9 (arccosz) 1
®J® (AaICCOSY) — ——F——,
V1— 2?2
10e (arctgr) = —
elVe (arctgr) — ———
11e (arcctgz)’ !
®ll® (aICClEr) = —
5 1+ 22

3.2 JInddepeHnupoBaHne HEIBHBIX N IIapaMeTpu-
JecKn 3adaHubIX pyHKNnii. /luddepennmnast pyHK-

onmn. HpOI/IBBOﬂHbIe BbICHINX IIOPAAKOB

3.2.1 uddepeHiiupoBanne HeAIBHBIX U [IapaMeTPUYeCKH 3a-
JaHHBIX (pyHKITU

JJist BbIYMC/IeHUs! [IPOUBBOJIHOM B3aUMHO 00paTHbIX (DYHKIMI, T.€. PyHK-
it Buga y = u(z), x = v(y), MOXKHO UCIOJIB30BATH COOTHOIIEHKE

1
Uy = —.

/
U’LL

IIpumep 1. Haiitu ¢, ecin y = sinx, o = arcsiny.
/
Yy =cosz,
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o1 1 1 1 1
TrT = — = =

Yy CcosT 1 _sinlr /1 — sin? (arcsiny) B V11— y?

Ecmu dyskims 3ajiaHa mapaMeTpuiecku ypaBHeHusMu © = x(t), y =

y(t), To €€ 1upousBojHAs BbIYUCIsieTCsi 10 GOpMYyJie

IIpumep 2. Haiitu ¢, ecin y = sint, x =t 4 cost.

, , ) p cost
Yy, = cost, r; =1 —sint, y, = T sint
Eciun dynkiust 3aana Hesisuo ypasaenuem F(x,y) = 0, 1o eé upous-
BOJIHYIO HaxoJaT u3 coornomenuss F'(x,y) = 0, nuddepernupyst 310
BbIpasKeHUe Kak CJ0KHYIO0 (DYHKIMIO ¢ HeU3BECTHBIM ¥, KOTopoe 3arem
BLIPAXKACTCS JTMHEHBIM 00pa30oM depes3 MepeMeHHbIC T U .

IIpumep 3. Haiitu 3, ecmn 22 + 3° = 8.

(2 +y%) =8, 20+2y-y =0, ¥ =—a/y.

3.2.2 Juddepenuman pyHKImMm

Huddepennuan dyukuuu y = f(x) - 910 JuHeiiHast 4acTb HPUPALLIECHUs]
byHKIMM Ipu nepexojie 0T TOYKKU T, K TOUKe T, + Ax:

df = f'(x,)Aw. (48)

Dakruuecku, uddepenimal (48) paBeH HpUpaleHuio KacaTebHoit (47)
K rpaduky QyHKIHU B ToUKe T,. C nomompio jguddepennnaa QyHK-
IIUU MOYKHO HPUOJIMZKEHHO BBIUUC/ISITHL €€ IpUpPaIeHIe:

f(b) = f(a) = f'(a)(b—a),

yeM OJiM2Ke TOUKK a U b, TeM TOUHee pe3yJibTaT.
Kpome Toro, MOXKHO HCIIOJIL30BATH 3Ty (DOPMYJIY I IPUOIHKEH-
HOI'O BBIYMCJICHUsT 3HaUYeHUsT (DYHKIUMU B TOUYKE, HAIPUMEDP, BbIUUCJIAM

npubmkerHo v/ 10:

1
\/TO—@zm-(10—9),
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I
V1 z\/§+6:36:3,1(6).

CroiicrBa, juddepenimalia CIepyioT U3 CBOUCTB IPOU3BOJHON (DyHK-
T,

3.2.3 llpom3BogHbIE€ BBICIINX ITOPIIKOB

Bropoit 11pousBo/iHOit (DyHKIMK HA3BIBAIOT [IPOUBBO/IHYIO OT 11EPBOW 1IPO-
M3BOJIHOM (KOTOpAsi, TPOIIY 3aMETUTh, ABJIACTCA (DYHKIMEH, U JIJIsd Hed
umeer mecro dopmydsa (46)): vy = (y').

ITpumep:
1 1
nz)' == = ——.
(Inz) (x) p

st 0603HaUeHMs TPOUBBO/IHBIX UCIIOJIB3YIOTCH PUMCKUE PP U 1TUd-
PBI B CKOOKaX, HAIIPUMeD:

"(z) = f®(2) — Tperva upoussosnas,

fV(x) = fW(x) — uersépras npoussosHasi.

[IpousBojiHbIe BBICIIUX IIOPSJIKOB MOXKHO BBIYHC/IATbL M JIjIs (DYHKIIMI
3aJIaHHBbIX HEsJBHO U IIapaMeTpPUYeCcKH.

3.3 OcHoBHbIE TeopeMbl Aud pepeHITnaaIbHOrO NCUNC-
jgenud. I1pasunio Jlonurajsa. @opmya Teitiopa.
NccnenoBanne (pyHKIUM HA IKCTPEMYM

Heobxomumo 3HATH 1 BCEM CEpIIeM JIIOOUTD CJICYIONHEe TeOPEMbI (0CO-
oenno npasusio Jlomurasst).

Teopema Pouins (o myste npousBoasoii). [lycrs y = f(x) nenpe-
poiBHA Ha [a;b] u quddepennupyema wa (a;b), Eciu f(a) = f(b), To
cyiiecrByer xorst Obl ojiHa TouKa ¢ € (a;b) Takasi, uro f'(c) = 0 (Pucy-

HOK 31).
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Pucynok 31 - Unmocrpanusa K Tepeme Poss

Teopema Jlarpamxxka (o koHedyHom mnpupamenun). llycrs y =
f(x) menpepoiBra Ha [a; b] u nuddepennupyema wa (a;b). Torma cyre-
crByer xorst Obl ojiHa Touka ¢ € (a;b) (Pucynok 32) rakast, 4ro

f() — f(a)

(0}

|
|
|
|
|
A: I
| |
] ||;

|
|
|
a ¢, b

Pucynoxk 32 - Myunocrpanus Kk repeme Jlarpan:xa
Teopema Korn (06 orHomenun mnpupaiiennii). [lycrs f(x) u

g(x) nenpepbiBhbl Ha [a; b] u juddepennupyembr va (a;b), ¢'(x) # 0 na
(a;b). Torpa cymecrsyer xorst Obl 0jiHa ToUKa ¢ € (a;b) Takas, 4T0

IIpaBusio Jlonurasns (4 BbiamucieHud npegenos). llycrs f(x)
u g(x) obe sipyisitorest 6.m.8 win 0be siBJsitorest 6.6.8. Torja

lim M = lim f’(x)
M g(e) e g(a)
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Popmyita Teitstopa. [lycrs y = f(x) HenpepbiBHa u guddepeHnupy-
eMa B HEKOTOPOI OKPECTHOCTH TOUKH Lo, TOIJA UMEET MECTO CJIEJLYIOIIas
dopmyia;

f'(xo) " (o) F (o)

f(x) = f(xo)—l—T(x—xo)—l—T(x—xo)Q—i—...—i— - (x—x,)"+
(n+1)
+JE71+T11()C!)<x_%)n+1’ c=x,+0(x—1x,), 0<<l.

3.4 MHUccaenoBanne pyHKIUN
3.4.1 Cxema mcciaegoBanusd QPyHKINN

Hannast crema uccjiejloBaHust - He 3aKOH. Bbl MOXKeTe UJITH CBOUM I1y-
TéM. O0sI3aTE/IbHBIME SIBJISTFOTCS BCE IIYHKTBI, KPOME TOYEK 11ePecedeHmst
C OCAMHM W IIPOBEPKHM Ha YE€THOCTb U MEPUOJUYHOCTH - OHU IMPOCTO IIO-
JIC3HbIE.

Urak, uiem y GyHKIUN CIeAYIONINE XapaKTePUCTUKU:

O/13, npoBepsieM Ha YE€THOCTH, EPUOJUIHOCTD.

PaszpbiBbl.

e ACUMITOTHI.
AcumnTOra - npsiMast, pacCTosiHue 0T KOTOPO#t 10 rpaduka pyHK-
1uu crpemurcs K 0 1npu yjajeHun oT HavaJia KOOp/uHAT. DhiBator
BEPTHUKAJIbHBIE, TOPU30HTAJbHbIE U HAKJIOHHDIE.

® DKCTPEMYMBbI.
Touka 3KCTpeMyMa - TOUKa, B KOTOPOii MOHOTOHHOCTH (DYHKITHH
MeHsIeT HallpaBJIeHue.

e [leperu6mr.
Touka meperm0da - To4ka, B KOTOPO#l BbIIYKJOCTh I'DapuKa MEHsi-
eT HallpaBJieHueE.
['paduk BBIMYKJIBIIT BBEPX/BHU3 Ha MPOMEXKYTKE, €CJIH Kaca-
TeJibHas Hajl/ 110 TPpadUKOM B KaxKJI0H TOUKe.

e Crpoum 3cku3 rpaduka - pucyHoK 1o HatideHHv.m TOUKAM.
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3.4.2 AcuMiTorsl

Acumnrora - 9T0 mpsiMasi, CJIEIOBATEIHLHO €€ ypaBHEHHIe

Yo = kx + b, k= lim M, b= lim (f(x)— kx). (49)
T—00 I T—00
Ecsu xorst Ob1 opius u3 mpejiesios B (49) paBeH 00, TO HAKJIOHHON aCHMII-
TOTHI HET.
Ecin k = 0, To acumiirora ropusoHTa bHas.
Bepruka/jbHble aCUMIITOTBI - 9TO IIPIMBIE, TPOXOIANINE depe3 TOUKN

pas3pbiBa 2-10 pojia.

3.4.3 MOHOTOHHOCTb U IKCTPEMYMBbI

f(x) Bospacraer na (a,b), To A (@) > 0.
Az

f(x) ybbiBaer ua (a,b), To Ai(x) < 0.
T

Ai(;) — f'(z), Az —0

ecoin pyukius auddeperipyeMa, KOHeTHO ;)

HeobxomuMmoe ycjioBie MOHOTOHHOCTU:

y = f(z) Bospacraer na (a,b), ro na (a,b) f'(x) > 0;
y = f(x) yowBaer na (a,b), To na (a,b) f'(z) <0

Jlocraro4Hoe ycioBre MOHOTOHHOCTH:

f'(x) > 0 na Vx € (a,b), 1o y = f(x) Bospacraer na (a,b);

f'(x) < 0 na Vz(a,b), 1o y = f(x) yobiBaer na (a,b)

T, - TOYKA MaKcuMyMa, eciint 30(Vz € (z,—6, z,40) = f(x,) > f(x)).

T, - TOUYKa MUHUMYMA, ecin 30(Vr € (x,—0, x,40) = f(x,) < f(x)).
T, - CTalOHapHas To4dka, ecau f'(x,) = 0.
T, - KpuTndeckas Todka, eciu f'(x,) = 0 win He cylmiecTByer.

HeobxomuMmoe yciioBue 3KcTpeMyMa: Touka 3KCTpeMyMa, SIBJISeTCs
KPUTHICCKON TOUKON (DYHKITUH.

IlepBoe gocTaToYHOE yCJIOBHE dKCTpeMyMa: IIPH IIepexoje depes
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TOYKY dKCTPEeMyMa, [IPOU3BOjiHAsA (DYHKIUU MEHsAET 3HaK.
MuHuMyM - ecii 3HAK MEHsieTCsi ¢ — Ha +; MAKCUMYM - C + Ha —.

Bropoe gocraroyHoe yciaoBueE 3KCTPEMYyMa: CTallMOHAPHAS TOUYKA,
SBJISIETCS TOYKON MaKCHMyMa/MUHUMYMa, €CJIH BTOpas MPOU3BOJHAS B
3TON TOUYKeE OTpI/IHa,TeJIbHa/HOJIO}KI/ITeﬂbHa.

3.4.4 BpITyKJIOCTH U TIEPETUOBI

['paduk BBIMYKJIBI BBEPX /BHU3 Ha, [IPOMEXKYTKE, €CJIU KacaTe/bHast
Ha1/110J] I'PaGUKOM B KaxKJI0# TOUKE.

Touku mepermba pasjie/siforT ydacTKu I'paduka ¢ pasHoil BbIILYKJIO-

et
. A
MO

Pucynoxk 33 - Touku neperuba

CTbBIO.

JlocTaTovHOEe yCJ/I0BUE BBIILYKJIOCTH: €CJIM BTOPas MPOU3BOJIHAS B
TOYKE OTPULATESIbHA / TI0JIOKUTEbHA, TO IPAdUK PYHKIMU B ITOI TOUKE

BBIIYKJIbII BBEPX /BHUS.

3.5 3agaHug OJisd CAMOCTOHATEIHLHOIO perieHnd

Haiitu npousBojabie (DyHKIMIAL:

2
1) y =3 —2x+ =2,

3
gLl L
y_ﬂc2 1'12 x3
e+
3) y =
)y EEr
1+ 3z
4) y=-—"2
)y o
a J 12
=gt
6) y = x3ctgx.
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7) y= —2F
)Y 14 sinx
8) y = 2sinx " 3tgx.
9) . 3
= sin —.
Y 2

10) y = zarcsinlnx.

11) y = arctg(z”v1 + 22.
T T

12) y =In tg(Z + 5)

13) y = log, In 2z.

14) y = In(x + va? + z?).

OtBersI K 3agaHugam: 1) —2 + %x?’. 2) — :102 + + 7. 3) 1-do?—g?

(a3 —2)”
2 (3s1n2x—2x) 1
4) \/—x 5) —% \/—+3b\/— 6) 3x2ctgr — - = —— 55— 1) — 1
8) 2%‘1?872333 9) 2 cos 3. 10) arcsinlnx + 1i1n2x. 11) 5 (1+:17) 12) L.
13) xln21n2x 14) \/(12—|——x2

3.6 DBormpocsl /g caMOnpoBepPKU K pa3aeny 3

1. Kak dopmynupyercst onpejiesieHue npous3BoiHON (yHKIMN?

2. B 4ém 3aKkJjio9aercs reoMeTpuiecKuil 1 (pu3nIeCcKuil CMBICHT MTPO-
U3BOJIHOMN?

3. Kak cocraBiisiercst ypaBHEeHHE KACATEJIbHONR K JIMHUN?

4. Kak gpopMmysupyeTcs TeopemMa o HellpepbIBHOCTU Jud depeHIupy-
emoii pyHkImn?

5. Kak BbIauc/siercs npou3BOJIHAST CJIOKHON (DyHKIMKI?

6. Kak Bblunciisgercs npou3BojiHas o0paTHO! (DyHKIMN?!

7. Kax Bbrauciisiercst npousBojiHast (pyHKINN, 3a/[aHHON HESTBHO?

8. Kak Boramcsisiercst npou3Bo/iHast (DyHKINH, 33/ IaHHON TapaMeTpH-
JeCKH !

9. Kak Bbrauciisiercst npou3BojiHast jiorapudmuaeckoit pyHkiun?

10. Kak BbIYucasgeTcss Ipou3BOIHAs CTEIIeHHOI, TOKa3aTe/IbHOM, ITOKa3aTeTbHO-
CTENeHHON (PYyHKIUI, TPOU3BE/ICHNsT U 9aCTHOTO?

11. Kak BbIYUC/ISIETCST TPOUBBOIHAS TPUTOHOMETPUICCKIX (DyHKIUiT?

12. Kax BbIYHC/ISIeTCS MPOU3BO/IHAS OOPATHBIX TPUTOHOMETPUIECKUX
byHKmit?

13. Kak naxojnurca juddepennualt QyHKIU?

14. Kak dpopmynupyetcst Teopema PoJiisi 0 KOpHIX TPOU3BOIHOM !
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15. Kak dopmynupyercs Teopema Jlarpamxka 0 KOHETHOM MpUpAaIIie-
Hun?

16. Kak dopmymnupyerca dpopmyaa Teitsiopa?

17. Kak dopmysiupyercst rpaujio Jlomurasist jijist paCKpbITUs OCHOB-
HBIX HEOIPEJIEIEHHOCTE !

18. Kak dopmynupyercss HEOOXOIUMOE U JIOCTATOYHOE YCJIOBHE MO-
HOTOHHOCTH (DYHKIMK B WHTEpBaJe?!

19. Kak ormpejensercs SKCTpeMyM (DyHKIAN?!

20 Yro Takoe Touka nepernda?’

21. Kak HaxogsT acUMITOTHI KPUBO¥?!

4 HurerpaJ

4.1 Heompeaes€éHHblil HHTErpaJI: onpeaejaeHne, CBoii-

cTtBa. IHTerpupoBaHue 1o 4acTam
4.1.1 OmnpeaeneHne HEONPEAEJIEHHOTO NHTETPAJIA

Oyukius F'(x) — nepBoobpas3nas byukiuu f(x), ecim F'(z) = f(z)
st kaxkyoro x uz O3 f(x).

CoBOKy1IHOCTD Beex 11epBoobpa3ubix GyHkiuu f(x) HasbiBaeTCs HEOIIPe-
JleJIeHHBIM MHTerpasiom ot dbynkmun f(z) n obosnauaerca [ f(x)dz.

/f(x)dx = F(z)+C, C — const, (50)

rje
f(x) - nogpiaTerpaibuast QyHKIMs,
dx - nuddepennuan (Ipuparienne) apryMeHTa,
F(x) - nepsoobpasHasi,
f(x)dx - nuddepeniman mepBoobpasHOi.

4.1.2 CaoiicTBa HEOIIPEAEJTEHHOTO MHTETPAJIA.

CaoiicrBa unrerpasa (50) HalpsMyio CBsi3aHbl CO CBOHCTBAMU [1POU3-
BOJTHOM (46).
[lepeanciiio TOIBKO camble OYeBHJIHBIE.
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1. IIpou3BoHAada OT MHTErpaJia paBHa IIOJbIHTErPAJbHON (PYHK-

(o) <t ([ ) -

D10 CBOHCTBO 103BOJIMT pemarh juddepernuasibibie ypapaerus (yiic.

LUHU:

CIOHIEpDI )
2. Uurerpan or aguddepennumana dyukiuu dp(r) paseH 3moit
DYHKIUK ¢ TOYHOCTBIO JI0 KOHCTAHTDL:

/@m»:wm+c

DTO CBOMCTBO O3HAUYAET, 9TO KaK TOJbKO 3HAYOK MHTerpaJia u audde-
peHnmaJa OKa3bIBAIOTC PAJOM - OHU UCUE3al0T.
3. JIuneiiHOCTD:

@+ gain = [ fayd+ [ g,
/C’f(a:)d:z::C'/f(a:)d:U

DT0 3HAYMT, YTO &) MHTErPAJ OT CyMMa PAaBEH CyMMe WHTerpaJion, 0)
IIOCTOSIHHBIIE MHOXKUTEJIb MOXKHO BBIHECTH 38 3HAK MHTErpaJia.

4.1.3 Tabauma mHTErpaJioB
a+1

+1

1. [z%dx = - +C, (a#-1).
a

d
2.f?x=ln|x\+0.

.I'

3. Tdr = C.
[a*dx = e +
4. [sinzdr = —cosz + C.
5. [cosxdr =sinz + C.
dx
6. = —ctgr + C.
fsinza: 5
7. [ du =tgx +C
" ocosy & '
dx 1 T
8. fm = aarctga —|— C
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x
= arcsin— + C.

9f dx
R a
10. | !

= —1In
2 —a?  2a

r—a
r+a

:1n|x-|—\/x2:|:a|—l—C’.

+C.

dx
11. f —
vaita
4.1.4 MeToapl BEIYUCJIEHNHA HEONPEAEJIEHHOTO MHTErpaJja: 3a-
MeHa IIepeMeHHO, MTHTErPUPOBAaHUE 10 YACTAM

MeToza 3amMeHbI TEPEMEHHO

ITo onpegenennto juddepennpaia (48), ¢'(z)dr = dg(x).
Cuie10BaTe/ILHO, IIPU BBIYUCACHUY HHTErPaJIa MOKHO IPeoOpa3oBaTh
BbIpaKeHue Kak

/ F(9(0))g(x)dz = / #(g — Flg(z)) +C.  (51)

ITpumep 1. Boruncanrs [ sinz? - zdz.
Pemienue.

1 1 1
/sin:z:2-xdx = §/sinx2 - 2xdx = §/sin:z:2dx2 = —3 cosz’ + C.

Wnorma mpoussojnast oueBuHO "'mogsoauTes o 3uak auddepenim-
aJia. B HEKOTOPBIX Cilydasix, HPUXOJAUTC yrajibiBaTh. MacreperBo yra-
JIBIBAHKS IPSAMO IPOIOPIUOHAIBLHO KOJUIECTBY pelIeHHbIX 3a0a49. Cme-

kaere?
IIpumep 2. Boruucanrs [ zv/1 — 22dz.
Pemienue.

/xx/l—:z:?dx: [t =1—2% dt = —2xdz] =

1 2515 (1 —$2)1'5
tdt = 95t = —— . = - )
/\/ 2/ -3 17 +C = ; +C

ITosiezano moMuUTH, uro dr = —dax, dr = d(x + b)
a
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MeTtoa MHTErpupoOBaHUA 10 YaCTAM

Metos ocroBal Ha (hOpMyJIe TPOU3BOIHON TPOU3BEJICHUS:
/ / /
(wv) = u'v +v'u,

wv' = (uwv) — u'v,

/uv'dx = /((uv)' —u'v)dx,
/uv'dw = /(uv)'dx— /u'vdx,
/udv = /(uv)'dm — /vdu. (52)

IIpumep. Boruncaurs [ x cos xdz.
Pemenne.

u=ux, du=dx
/:z:cosxdx: dv =coszdr | =

v =sInx

=xsinx — /sinxdx = xsinx 4+ cosx + C.

4.2 HHaTerpumpoBaHne HEKOTOPBLIX BUA0OB (DYHKIIMIi
4.2.1 MHWNuTerpupoBaHue JAPOOHO-pPAITMOHAJIBHBIX (DYHKITII

JpobHo-pannoHagbHad PYHKIIUAA - 3TO JIPOOb, YMC/AUTE/b 1 3HAME-

. P n(x)
Haresib KOTopoit Mmuorowiensl f(x) = ———=. Eciu crenensb ducimresst

Qm (1)

MeHbIIIe, YeM CTelleHb 3HaMeHaTe s, TO JIPo0h MpaBUJIbHAM.
.. P ()
Ceitgac OyjeM yuIuTbCst OpaTh KHTErPaJI f ——=dx, n<m.

Crpammo? Mue - na.

Muorowien MoxKHO "pa3ioxkuTh Ha cKOOKu"(x — x;)"™, eciau HalTH
KopHHU z;. Hekoropbie KOpHE OyiyT KOMILJIEKCHBIC, I OHU BCeryia OymyT
napaMu (YMCI0 M coupsiKeHHoe K Hemy). Ilape Takux kopheit Oyjer
coorsercTBoBaTh "ckobKka''Bropoit crenenn: (x4 ax + b) . Ocosnaiite
3T0.

Urak, paccyxjiaem.
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Ecnu nana npaBuiibHas JApoOb ¢ COCTABHBIM 3HaMeHaTeseM ab, TO
OHa, [OJIYUYUJIaCh B PE3yJibTaTe CyMMbl IIPABUJIbHBIX JIPOOEH Y KOTOPbIX

B

3HaMeHaTe MU OblIM a U b; — = — + 7 Jlornuno?
a a

A ecin paBusibHAs 1pobb co 3HaMenarteseM a’b? To ona Morua mo-
JIy9UThCsI B PE3YJILTATE CYMMbI IPABUJIBHBIX JPO0EH y KOTOPHIX 3HAME-
HaressMu Oblin @, a?, ab u b. Hy HEeKOTOpbIX U3 HUX MOIVIO U HE ObITb.
Bor co 3namenaresieMm ab TouHo B pacuyéT OpaTh He HaJl0, OHA paciiajia-
eTCsl Ha y2Ke HMPUCYTCTBYIOIIUE.

Bor K ueMy BCE 3TO - MPaBUJIbHYIO pallMOHAJbHYIO JIpoOb BCeErjia,
MOZKHO IIPEJICTaBUTHL B BHUJE CYMMbI JIpOOEil 4eThbIPEX THIIOB:

A 178 A 77 Ax + B v Ax + B

f— ko "2 ’ 2 ke
r—a (x —a) TEHPT G (2° + pr + q)

[TocmoTpuMm, Kak MHTErPUPOBATH KarxK/IyI0 U3 HUX Ha, IIPUMEpE.

dzx.

ITpumep 1. Boruuciiurs unrerpadt or jpodu I runa: f 3
a;' J—
Pemmenne.

/ ! d:z::/ 13d($—3):1n|x—3\+0.

r—3 T —

1

IIpumep 2. Boruuciaurh unrerpaJg ot jpodu Il Tuna: f de.
a;' J—

Pemenne.

1 Y O :(x—3)_5
/de_/( 3l -3) = T c

:E_

1

IIpumep 3. Borunciuth uarerpast or japodu 111 tuma: f mdw.
x? —2x —

Pemenne.

/mdxz/(x_f)2_4d(x_1):

1. (z—1)—1 1, z—2
—-n———+4+C=-1
7 i H
IIpumep 4. Pazjioxure n1podb Ha HmpocTeiliiue:
3r—2 A Bax+C

r(z?+1) x+x2+1'
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Pemmenne. Haiiném A, B, C. llpuBeném apobu B mpaBoii 4acTu
K 00I1leMy 3HaMeHaTe [0 - OH OyJleT TaKO! »Ke, KaK U cjeBa, U CPaBHUM

TUCJIUTEIIN.
3r —2 A Bx+C Ax>+ A4 B2?+Cx
@) @ P2l a@@tn)

3v —2=(A+ B)a* + Oz + A;
A=-20=3A+B=0,= B=2
B urore

3r — 2 2 2x+3

z(z?+1) __a:+x2+1'

4.2.2 HMHTerpupoBaHNEe TPUTOHOMETPUYIECKNX (DYyHKITHA

Vnrerpan susa [ R(sinx, cos x)da 1erkum JBHKEHIEM CBOJUTCS K IIPE/IbI-
JYIIEMY CJIyHaro ¢ IIOMOIIbI0 YHUBEPCAJIbHOI TPUTOHOMETPUYECKOM
noacranosku (Y TII):

W 2t 1—¢ 2dt (53)
— =1, sinx = cosT = ——, dr = .
&5 =0 + 12, 1+ t2 1+ ¢2
dx
ITpumep. Boraucanrs nnrerpan [ ——, ucnosbsyst nojcraoeky (53).
sin
Peuienue.
dx 2dt 1 dt x
/sinx /1—|—t2 2t /t n ] + D +

142

Xorst uHOIA MOXKHO U 0bofiruch u 6e3 nojcranosku (53). Pacemor-
PUM HECKOJLKO BApUAHTOB.
IIpumep 1 (ymadnas 9€THOCTH CTEHEHE().

3
cos’ T
dx.

Boraucjiutb uHTErpaJ f —5
sin” x

3 1 — s 2
/cos2xdx: /—s;n xd(sinx) =

sin“ x sin” x

:/d(Sil;lx) — /d(sinx) = /sin_2 zd(sinz) — sinx =

sin“ x

Pemenne.
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sin~!'x )
= ] —sinzg +C = —

, —sinx + C.
- sin

IIpumep 2 (popmyna moHMKEHUST CTEIIEHN ).
Boruucsurs unrerpan [ sin’zeos?zdz.

Pemmenne.
.9 2 1 .9
/sm rcos“xdr = Z/sm 2xdr =
1 1 — cos4dx 1 1 1
Y ) [ — 1— 4 =—r — —sin4 -
4/ 5 dx 8/( cosdz)dx 3% ~ g 5in x4+ C

IIpumep 3 (cB#A3b TaHreHCa U KOCHHYCA).
Boiuncaurs unrerpad [ tgizde.

1
/tg?’xdx = /tgw <—1 +— )dw =
cos?x

1 :
:—/tgxder/tga:- 5 d:z::—/smxdxwL/tga:dtga::
cos’x COS T

Pemenne.

~—
dtgx
d tg? tg?
:/ BT gx+C’zln|cosx|+ﬂ+0.
COS X 2 2

4.2.3 HWNuTerpmpoBaHme MPPAMUOHAJIBHBIX (PYHKIINNI

Hagiee, R(x) - paunonaibhas QyHkius. PaccMoOTpuM HECKOJILKO CUTYa-
Ui, KOrJIa IIPUXOJUTCH MHTeIPUPOBATh (PYHKIIMIO, COJEPKAILYI0 Hppa-
IIMOHAJIBLHOE BBIPAKEHHUE.,

MHuTerpas coaepXutT KOpeHb n3 KBaJAPAaTHOrO TPeXdJIeHa:

/ Rz, /2 + az +b).

B Takom ciiydae, ciejyer BblJIEJIUTh IOJIHbIA KBaJpaT 10J, KOPHEM U
cjlesiaTh 3aMeHy IepeMeHHbIX. e moBe3ér, To BCé 3aKOHUUTC OBICT-
po. Ecin xxkusub roroBUT Bac K 10jBUraM, To OyjyT rpOMO3JIKUE JIPodu
¥ /WM MHTETPUPOBAHKE 110 JacTsM. Vi j1ayke TPUrOHOMETpHS.

3r — 6
dx.
Va2 —4x +5

IIpumep 1. Haiitu maTerpas f
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Pemmenne.

5 — 0 / Se—2) d:z::[t::z:—2, dt = dx] =
—4x+5 \/

3 [d(t*+1)
=3 | ——=z —3\/752 1+C = 3v 2% — 4z + 5+C.
/m 2 \/7 v

PazHocTs nmiu cymma "kBaaparos'mo KBaJapaTHBIM KOPHEM:

/R(:U, a? — x?)dz, /R(:U, Va? + x?)dx, /R(x, 2 — a?)dz.

Takxue mHTErpaJ bl MOXKHO MOJYUIUTDH IMOCE BBIJAEIECHASA MOJHOIO KBaJ-
para B ciaydae 1. [Tomoraer nuzdaBurhcst 0T KOpHs PAIMOHAJIN3UPY I0-
mad 3aMeHa - 9T0 TaKasi TPUIOHOMETPUUECKAsl 110JICTAHOBKA, KOTOPasi
IpeBpaliaeT Pa3sHoCTh KBaJIPaToOB B MOJHBIN KBaapaT. Pannonannsupy-
IOLME 3aMEHbl OCHOBAaHbI Ha JIBYX 3aMedaTe/ibHbIX (POpMYyJiax:

1
cos’az +sin*a =1, tg’a+1= 5 (54)
cos?

Tak, pacCMOTpUM BCE BAPUAHTHI.
Cuyuaii 1. Unrerpuposanne oipaxenus [ R(x,va? — 22)dx Bo1-
HOJIHACTCS ¢ HOMOIIBIO 1OJICTAHOBKM

x=asinz, dr=acoszdz, \a®— 2%2=acosz.

Cuyuaii 2. lnrerpuposanue soipaxenns [ R(z,va? — a?)dx, Bor-
HOJIHAETCS ¢ IHOMOIIBIO [OJ[CTAHOBKH

a asin zdz 5 5 sin z
xr = , de=——, V2’ —0a’*=ua = atgz.

CoS 2 cos2z COS 2

Cuayuait 3. Unrerpuposanue soipaxennst [ R(z,va? + x2)dx, BbI-
HOJIHACTCS ¢ HOMOIIBIO 1OJICTAHOBKM

d
x = atgz, dr = az’ Vvat+ a2 = ¢

cos?z cos 2

Vaz+1
IIpumep 2. Haiitn unrerpan [ x—+dx.
x?
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Pemmenne.

dz
/ \/3327 r=tgz, dr= Py / dz
/ 21 [t o2 1 — COs ztg“zcos<z
o gz COS 2
d
:/ /smz+coszdz_/ z —|—/C.Oszzdz:
cos zsin’z CoS zsin“z CoS 2 sin“z
/COS zdz / / d(sin 2) 1
= sin~ zd (sin z) —— — =
cos?z 1 —sin“z sinz
1 1 1
1 +sinz| 1 oo
2 1 —sinz sin 2
, tgz 1 \/x2+ +x| Vaz+1
= |sinz = — — +C =
tg?z + 1 2 ?2+1—=x x
2
1 vat+1l+x 241 Vaz+1
=—In ( ) Vet +C=1n‘ x2+1+x’—x—++0.
2 241 — 22 T x

HTerpaJj coaep>kutT KOpHU U3 OJHOTO M TOT'O K€ BbIPa>KEHUS
ar +b

cx +d

. Bosmoxkno snamenaresb orcyrersyer (¢ =0, d = 1).

/R(x, \ ax—i—b) dx.
cr +d

[Ipobsiembl (¢ IPPAITHOHATBHOCTBIO) PEIIAIOTCS TOJICTAHOBKOI

ar +b

cx+d
tN e N = HOK(n;) - Bce KOpHE B 9TOM C/lydae U3BJICKYTCS.

1, :z:+1dx
r—1

IIpumep 3. Haittu naTerpan f —
x
Pemnienune. llposeném 3ameny mepeMeHHbIX:

1 1
[T =, t3:x+1’ ar-1)=z+1, z=
a;'_

r—1
3t2(3 + 1) — 3t2(3 — 1) U — 6t°dt
(# 4 1)° (# +1)°

x+1 41 6t° 6t0dt dtb
Cda = Sdt = =
x—1 B_1 (t3 4+ 1) o -1 | -1
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:/M:w—uwzm (‘”1) “lve

rz—1

4.2.4 «Hebepymumecss» MHTErpaJIbl

K «nebepyiumcsiy nHTerpajiaM OTHOCHTCH HUXKEC/IeJYIoIUue UHTerpa-
JIbI, HEKOTOPbIe U3 HUX UMEIOT OOJIbIIOe 3HAUYEeHNE B PA3JIMIHBIX pas/ie-
JlaX MaTeMaTUuku u (pUu3nKu:

sin
VT - cos xdz, —d,
x

a2 .
e ¥ dx - uarerpas Ilyaccona (Teopust BeposiTHOCTEI ),

dx

v MHTErpaJsibHblil jiorapudm (Teopust duce),
nx

/ cos z2dz, / sin 2°dx - unrerpaan Opencns (pusuka),

sin CoS T
dx, dx- nHTEerpasbHbIC CUHYC U KOCHHYC,
x x

X
e

/ —dx - nHTEerpaJibHas MokKasareabHast (PyHKIHSA.
x

st HuX cocTaBJ/ieHbl 110 POOHbIE TAOJIUIbI 3HAUEHU O1IPE/IEJIEHHOT'O
MHTEerpaJia Mpu Pa3JndHbIX 3HAUEHUX IPEJIETIOB U MIOCTPOEHBI T'PadUKH.

4.3 Onpenen€HHblili MHTErpaJl: onpe/jiejieHne, CBOIi-

crBa. @opmyaa Heroroua-Jleiiouuiia
4.3.1 OcHOBHBIE IOHATUIA

I[lycrs mama dbyukius f(x) HenpepblBHAS Ha MPOMEXKYTKE [a; b).
CocraBuM HHTErpaJIbHYTO CyMMY, Pojiesas cieytomiue maru (Pucynok
34):
1) pazobbém [a; b] Ha yuacTku TOUKAMU

Lo = Ay L1, X2y +ey T = b7

2) BBIYUCIMM 3HAUCHUE QPYHKIMU [Jie-HUOY/ b HA KAXKJIOM yUYaCcTKe:

f(&), & € |z xil;
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3) YMHOXKHUM JUTHHY ydacTKa Ax; = x; — T;_1 Ha IPUMEPHYIO BBICOTY
f(&) (nmosydum npuMEpHYIO 1JIOIIAJb STOTO yYaCTKA):

AS; = f(&)Axy;

4) COCTaBUM HMHTETPAJIbHYIO CYMMY:
> f&) Ay
=1

5) HallJEM 1pejies1 9TOH CyMMbl, PAGHOMEPHO YBEJIUUIUBAS KOJUIECTBO
Y4YaCTKOB IIPH Pa30HCHUN:

max Ax;—0

lim )" f(&)Aw;
=1

P ) P S () P
b aj b ey ‘ b
Pucynok 34 - Dralibl HOCTPOCHUs UHTEIPAJILHON CyMMbI
Omnpenesiennsiii uaTerpai ¢yukiun f(x) Ha orpeske [a,b] — 310

LIpeJIe/I MHTEI'PAJIbHONR CYMMbI, HE 3aBUCSIIMNE OT ClI0CODa pa3dueHus OT-
peska [a, b] Ha yactu u or BoiGOpa TOUYEK &;

b n
/f () dx = mathIilﬁo Z f(&)Ax;. (55)
o 1=1

Dyukius F(x) nasbiBaercs mepBoobpasHoii s dyukiuu f(x), eciu
F'(z) = f(x). Eciu dyuKIws uMeer XOTh OJIHY TepBOOOPA3HYI0, TO OHA
umeeT GECKOHETHO MHOTO 1lepBoobpasHbix (rTak Kak (F(x)+C) = f(x)).
Ha npakTuke 9acTo MPUXOJUTCS UCKATH PA3HOCTb 3HAYEHUET 1MepBOOO-
pa3Hoil B TOUKax b U a. DTa pa3sHOCTb HE 3aBUCHUT OT BbIOOpa IIPOU3-
BosibHO# nocrosinuoit C'. B camom jene, ecom ®(x) = F(z) + C, 10

¢(b) — P(a) = (F(b)+C) — (F(a)+ C) = F(b) — F(a).
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[TocKOIbKY pasHOCTDL 3HAYEHUIT NepBoOOPa3Hoil B TOUKaX b 1 a He 3aBU-
CUT OT TOIO, KAKYI0 KMEHHO 11epBoobpastyio dyHkiuu y = f(x) Mbl Bbi-
OupaeM, 3Ty Pa3sHOCTL HA3BIBAIOT OLMPEICJEHHBIM HHTEIPAIOM OT (DYyHK-
MK 110 OTpe3Ky [a, b].

4.3.2 ®Dopmynaa Heiorona-Jleiibauma

[lycrs dbynknusg y = f(x) 3amana #a orpeske [a,b] u umeer Ha HeM
epBoobpasuyio y = F'(x). Torua

/f F(b) - Fl(a). (56)

b
Paznocrs (56) 3anuceiBaior B Buje F(x)

[ s =rey

Yucisia a 1 b Ha3bIBAIOT HUXKHUM U BEPpXHUM TIpeJieJIaMu WHTETPU-

, TOTJIa,
a

a

pOBaHU4.

4.3.3 CBoiicTBa OIIpeeJIEHHOTO MHTErpaJia

U3 onpejenenust (55) u cBOMCTB 1pejieia 1 CyMMUPOBAHUS BbITEKAIOT

CJIeJIyIoIe CBOMCTBA ONPEJIEJICHHOIO UHTErpaJa.
b

1. JIuHeiHOCTD. /ozf(x) dr = « / f(x)dx, rne a = Const.

a a
b b b

2. JInnelHOCTD. /(fl(:z:) + fo(x)) dx = /fl(:z:) d:z:+/f2(:z:) d.

a a a

b

3. AQIUTUBHOCTb. /f(x) dx:/f(x) dx—l—/f(x) dx.

b a
4. 3aBUCHUMOCTH OT HAIIPABJICHUSI. /f(:z:) dr = —/f(x) dx.

5. Teopema o cpemuem. dc € [a,b] : /f (b —a)f(c).

78



Cpeauum 3uHavyenneMm dbyukiumn y = f(x) Ha orpeske [a; b] HazbBa-
b

1
eTcd YUCJyao [ = —— ) dx. Cpennee 3Ha4eHUE BCEr/1a 3aKJIIOUYCHO
b
—a

a
ME2KAY HanOOJILIINM U HAUMEHBIIUM 3HAUYCHUIMA dDYHKH;I/II/I

4.4 3amMmeHa NepeMEHHOIl m MHTErpupoBaHUE IO Ya-

CTSIM B ONpPeAeJEHHOM MHTerpaJe
4.4.1 3ameHa IepeMeHHOI

I[lycrs dynknus y = f(x) HempepbiBHA Ha oTpe3Ke [a, b], a dyHkiusa v =
@(t) umeer HelpepbIBHYIO HPOU3BOHYI0 ¢’ (t) Ha orpeske [ay, B], upuuém
MHOXKeCTBO 3HadeHuit dyukiun x = (t) npu t € [a, B] coBnajgaer c
oTpe3skoM [a, b] u p(a) = a, p(f) = b.

Torma cupasejjiuBa ciejyioiias poOpMyJia 3aMeHbl IIEPEMEHHON B
OLIPEJICJICHHOM HHTErPAJIe:

b B
/ f(x) dz = / F(8)'(2) d. (57)
/2

IIpumep. Boraucanrs naTErpa / sin’ x cos  dz.
0

Pemenne. 3amena: sinx = t.

Huddepennupyem 3ameny: d(sinx) = d(t), wiu cos x dx = dt.

Nsmensiem tpejiesibl unrerpuposanus: 0 < ¢ < 7/2, upu z = 0
nveeM t = 0, a mpu © = 7/2 umeem t = 1. CietoBaresbio, 0 < ¢ < 1.

/2

1
#3
/sin2xcosxdx:/t2dt:§
0

0

1

1
0

IIpu 3amene t = cos T mpejesbl THTEIPUPOBAHUS B 9TOM K€ MHTErpaJie
u3MeHmmch ool Ha a = 1, § = 0.
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4.4.2 HWHTerpupoBaHHE MO YACTAM

[Iycrs dysakmun u(z) u v(xr) WMEOT HelpepbIBHbIE MPOM3BOJHBLIE HA
orpeske [a, b]. Torya cupaseiuba hopmyia
b b

b
/udv:uv —/vdu. (58)

a a

2
IIpumep. Boraucaurs uaTerpas / xe' dx.
1

Pemenue. Ilycrs u = x, dv = e* dz. Torja

du = dz, v:/exd:z::ex.

2 2
2
ze'dr = xe'| — [ e dx = xe”
1
1 1

4.5 HecobcTBeHHBIE THTETrPAJILI

2
1

2 12 )
1—e(x— )l—e.

b

Oupe/ie/IHHbIN UHTErPaJI / f(x) dx nasbiBaercst necobemeenmnvim, eciiu

a
BBIITOJIHAETCA OJIHO U3 CJICIYIONUX YCJIOBHIA:

1) Huknuil npejiesl MHTErpUPOBAHUS G WM BEPXHUIT Ipejies uHTe-
rpupoBanus b (uiam 06a 1pejiesa) paBeH OECKOHEYHOCTH.

2) Orpesok [a, b] comepxkut Touku paspeiBa dbyukiuu f(z). B mep-
BOM CJIy4ae HeCOOCTBEHHBIH MHTEIPaJl Ha3bIBACTCS HECOOCTBEHHBIM WH-
TerpaJioM 11epBOro poja, BO BTOPOM — HECOOCTBEHHBIM UHTEIPAJIOM BTO-
pOro pojIa.

4.5.1 HecobcrBenubie nHTETpaJIbl 1 poja

[Ipennonoxkum, aro dyukius f(x) 3amama HAa HHTEpBAJC |a,+00) U
uHTerpupyema Ha Jirobom orpeske [a,n|, e n € [a, +00)
IIpenen



HAZLIBAETCS HECODCMBEHHBIM UHMEZPANOM ¢ DECKOHEUHIM BEPTHUM Npe-
JeNOM UAU HECOOCTMBEHHVLM UHMEZPAAOM NePo2o poda dynkuuu f(x)
Ha [a, +00) 1 0003HATACTCS KAK

n—-+00

70f(x)dx: lim / f(z) dx. (59)

y=FeI

X
=>

Pucynoxk 35 - HecobcrBenHblit nHTErpajgoM ¢ 66CKOHEIHLIM BEPXHUM
1peJIeJIOM

['eoMeTpuvecku TaKoil HHTErpaJi BbIparkaeT IO /b OECKOHETHOMI BIIpa-

BO, KpuBoJmHeitHoit Tpanenuun (Pucynok 35).
+00

HecobcrBenublit unrerpast / f(x) dx HA3BIBAETCS CXOMSAIUMCH, €C-

a
JIX COOTBETCTBYIOIIUI 11pejiest CylecTByer.

EcJjin xke 1ipejiesi He CylecTByeT uji paBeH OeCKOHEeYHOCTH, TO HeCOD-
+00

CTBEHHbLII MHTErPaJl / f(x) dx HasbiBaeTCST PACXOISAIUMCSL.

a
+00

ITpumep 1. Boiuuciinrb HecoOCTBEHHBIN MHTErDaAJI / e “dx.
0

Permmenue.
400 b
b
e “dr = lim e “dr=— lim e * = lim (1— e_b) = 1.
b—+o0 b—+o0 0 b=+
0 0

B sToMm npumepe npejies CymecTByer U paBeH eJMHKUIE. SHAUAT, UHTE-
I'PAJI SIBJISIETCSI CXOJSIIITMMCSI 1 TOXKE PaBEH €JIUMHUIIE.
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IIpumep 2. BoruucguTb uin JIOKa3aTh pacxXoJIMMOCTh HECOOCTBEH-
+00

HOI'O MHTEerpaJia / e’ dx.

0

Pemnenue.
+00 b
b
e'dr = lim [ e“dr= lim €”| = lim (¢’ — 1) = oo.
b—+o0 b——+o0 0 b=+
0 0

[Ipejen paBen GECKOHEYHOCTH, CJIEI0BATEILHO, MHTErPAJ PACXOUTCS.

Eciu dynknus 3agana Ha 6eckonedHoMm wHTepBasie (—oo,b| u un-
Terpupyema Ha J000M KOHEUYHOM OTpeske [n,b|, rie n € (—o0, b, To
AHAJIOIMYHBIM 00Pa30M OIIpPeJIeIsSIeTCsl HeCOOCTBEHHbIM nHTerpaJs ¢ bec-
KOHEYHBIM HUXKHUM I[IPEJICJIOM:

b b

/f(x)dx: lim [ f(z)dx. (60)

n——0oo
n

[eomerprdeckn Takoil MHTErPaJl BbIPAXKAET IO/ b OECKOHEUHOH BJle-
B0 (Pucynok 36.) kpuBosmmeiinoii Tpamernum.

A

y=f(x)

Pucynok 36 - HecobcrBennbrit nnrerpaj ¢ 6€CKOHETHBIM HUXKHUAM
IIpeeJIOM

HecobcerBennnlit nnrerpas ¢ 6eCKOHEUHbIM HUKHUM IPEIEIOM TOXKE OT-
HOCUTCSI K HECOOCTBEHHBIM MHTErPaJaM 1epBOro pojia.
[Tycrs dyukuus f(x) oupejesiena na seeit uncsioBoit ocu (—oo, +00)

¥ WHTerpupyema Ha Jjiobom orpeske [a, b]. Torma necobcrBeHHBIN HHTE-
+0o0

I'paJi ¢ OECKOHEYHbIMU BEPXHUM U HUXKHUM 1IPEJIe/IaMu / f(x) dx oupe-

—0o0
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JIeJISIeTCs CJIe LY OIIUM 00pPa30M:

a——00
b—400 o

7>Of(x) dr = lim /bf(x) dx. (61)

HOCJIG,ZI;HI/II'/JI HHTEer'paJl MO2KHO BBIYHCJISATH TaK:

+/Oof(x) dx = /C f(z)dz + Jr/wf(x) dr. ceR.

HecobcrBennblii naTerpai ¢ 6€CKOHEUYHBIMU BEPXHUM M HUXKHUM IIpe-
JICJIAMU TOXKE OTHOCUTCS K HECOOCTBEHHBIM MHTErPAJIaM IIEPBOrO POJIA.
[eomeTpuyeckr 3TOT HHTErpaJl OIpe/eisieT ILIoMa b 6ECKOHEYHOH BJe-
BO M BIIPaBO KpuBoJmHeitHoit Tpanenuu (Pucynok 37).

A

y=f(x)

Pucynok 37 - HecobcTBeHHBIN MHTETrpaJl ¢ 0€CKOHEIHBIMU
BEPXHUM U HU>KHUM HpeaeaMu

TEOPEMA. Ilyctb a > 0 u o — seiicrBuresibuoe quciio. Hecobersen-
+00
. dx
HBII MHTerpaJ — CXOJUTCsL 1pu JiIoboM v > 1 1 pacxojurcs npu
x
a

JgroboM a < 1.

Jloka3aTejabCTBO.
+o0 b pmot b
lim —— npu v # 1
do _ . [d bstoo —a+ 1 la ’
xr® b——+o0 T . b
o o lim Inx npu o = 1.
b—400 a
CutejtoBaTesibHO,
—+00 al_a b
x — IpU
d p > 1,
— =< —a+1la
xa

o oo npu o < 1.
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IlepBas teopema cpaBHenms. [lycts f(z) u g(z) HempepbIBHBI Ha
[a, +00), upuuém Vr € [a, +00) Bbinosnsiercs nepasencrso 0 < f(z) <

g(z).

—+00 “+00

Tora ecjau nnrerpas / g(x) dz cxopurest, 10 u / f(x) dx cxopures;

a
—+00 —+00

eC/IM MHTerpaJl / f(x) dx pacxopurcs, / g(x) dr pacxourcst.

a a

ITpumep. UccienoBarb cXouMOCTh UHTErPAJIA

|

1 1
Pemenne. PaccmorpuMm dyukinu f(r) = —— u g(x) = —.
s i (0) = o5 00 = 7
OquI/mHO, gyro 0 < f(x) = < = g(x).
f () NI g(x)
I/IHTeraJI / =7 dx cxopures (tak Kak 3 > 1), sHauur,
T

CXOJIMTCH 1

/m

BTOpaﬂ Teopema cpaBHeHus. [lycrs Gynknun f(z) u g(x) Hemnpe-

PBIBHBI ¥ TOJIOXKUTEIBHBI Ha [a, +00) 1 lim @ =A (0< A<
T—>+00 g(x)
+00).
+0o0 +0oo

Toryia HecobCTBEHHbIE MHTEIPAJIbI / f(z)dzn / g(x) dz cxopsirest

a a
WA pACXOJATCsA OJTHOBPEMEHHO.
+0o0o
1
IIpumep. HcciienoBaTh Ha CXOMUMOCTH HHTETIPAJT T sin — dzx.
x
1
+0oo
dx
Pemnienune. Nnrerpas — CXOJUTCS;
x
1
1
T sin — .U
im = lim —/—=1=
T—>+00 1 T—r+00 1
x? x?



+o0
1
WuTerpan & sin — dx cxopuTes.
x

1

4.5.2 HecobcTBeHHBIE HHTETPAJIBI 2 POJIA

[lycrs dynknus f(x) onpenenena Ha [a,b), uHTErpEpyeMa Ha JIIOOOM
orpeske [a,b — €], rie b — ¢ € [a,b), u umeer GeCKOHEUHbIIT pa3pbIiB B
TouKe T = b, T.e. TOuKa & = b siBysiercst ocoboit s f(x).

b—e

[Ipejen lir(])n / f(z) dz nasbiBaeTCst HECOOCTBEHHBIM HHTETIPAJIOM OT
e—=0+

a
neorpanudenuoil Gynkiuu f(x) (¢ ocoboit Toukoit x = b) Ha [a,b) uin
b

HECOOCTBEHHBIM MHTErPAJIOM BTOPOIO POJIA: / f(x)dx):

a

b b—e

xr)dxr = lim x)dx. 62

[ f@ydo=tim [ @ (62)
a a

AHaJIOruIHO onpeiesisieTcs HecoOCTBeHHbIH nHTerpast or GbyHkuu f(x)

¢ 0coboit ToUKOil & = a Ha moJyuHTepBaJe (a, b|:

/bf(fﬂ)d$= lim /bf(:c)d:c.

e—0+
a+e
Eciu dynknus f(x) umeer ocobyto TOUKy & = ¢ BHyTpU OTpe3Ka |a, b)),
TO HECOOCTBEHHBINA MHTErPaJ BTOPOro pojia omnpejessercs (hpopMyJIoil

/bf(x)dxjf(x)dx—i—/bf(x)dx.

B sToM ciydae mHTErpaJ cjieBa Ha3bIBACTCA CXOJAIIMMCH, €CIu 00a, MH-
TerpaJia CipaBa CXOJATCH.

ITpumep. Boruuciintb HecoOcTBeHHbII nHTEIPAJI OT PA3PbIBHON (DY HK-
2
x dx

UM UM YCTAHOBUTH €r'0 PacXOJUMOCTh: [ —————.
(22 — 1)4/5

0
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Pemtenmne. [lojbinrerpalibHas QyHKITUS TEPIUT Pa3pPbIB

x
(22 — 1)4/5

npu z =1unx=—1.

Bropast TouKa He BXOJUT B 00JIaCTh HHTEI'PUPOBAHNUS, & IIepBast BXO-
ant: 1 € [0;2].

SHAYUT,

b 2
, d(z?—1) , d(z?—1)
- bg?io/ 22 15 agrfio/ 222 — 1)¥5
0

_5(1+V3)
= 5 ,
TEOPEMA. HecobcrBeHHblit mHTErpaj BTOPOIro Pojia,

/(dixp (a<b, p>0):

cxoputest npu 0 < p < 1; pacxojurest ipu p > 1.

CX0JIMMOCTDb UJIU PACXOJIUMOCTD HECOOCTBEHHBIX NHTErPAJIOB BTOPO-
o pojla OT HEOTPULATE/IbHbIX (DYHKIUHA 4aCTO MOXKHO YCTaHOBUTH C
HIOMOIIIBIO TEOPEM CPpaBHEHUS!, aHAJOI'MYHbIX TeOpeMaM CPaBHEHUs JIJist
HECOOCTBEHHBIX MHTEIPAJIOB MIEPBOTO POJIA.
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4.6 T'eomeTpuYeCKHii CMbICJ ONPENEJTEHHOIO MHTE-

rpaJia. PusnvyecKue IMPUJIOKeHUs

4.6.1 Bpruucaenne niomaau (purypbl B JeKapTOBBIX KOOP-
JAWHATAX

Eciu rpaduk dbyukuuu y = f(z) pacuosoxen sbiie ocu Oz, TO 1110~
111a/1b KPUBOJIMHEHHON Tpalenuu (PI/IcyHOK 38), obpa3oBaHHOIl rpadu-
KOM (pyHKIUH, 0cbl0 OX U NPsIMbIMA T = @ U X = b, PaBHA, OLPEJICJIEH-
HOMY MHTErpaJiy OT 3Toi (byHKIUN Ha OTpe3ke |a, b):

S:/f(x) dx. (63)

Pucynoxk 38 - ObsiacTb, orpaHnieHHas KPUBOIl CBEPXY

Ecmu dynknus y = f(x) 3a7ana aBHO U €€ Tpad UK B IPIMOYTOJIb-
HOM (JIEKApPTOBO{i) cuCTeMe KOODJAMHAT PACIoJoKeH HuKe ocu Oz, 1O
IJIOIIAJlb COOTBETCTBYIOMIEH KpuBosimueiinoi Tpateiun (Pucynok 39)
BblparkaeTcs: pOpMyJIoii

S = —/f(x) dx. (64)
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. y:f(x)

Pucynok 39 - Objiactb, orpanndeHnHast KpUBOi CHU3Y

Ecnu dburypa orpanumdera rpadgukaMu JIByMs SBHO 3a/IaHHbIX (DYHKIIN
y = fi(z) uy = fo(x) (Pucynok 40), ro, 060611ast hopmyiibt (63) u (64),
IJI0I1AJb ITOI DUIYPBI B IPSIMOYTOJIbHBIX (JIEKAPTOBbBIX) KOODJIMHATAX
BBIUUCJISIETCA 10 (hOPMYJIe

b
5= / (fi(2) - fola)) d. (65)

YA

\y=fi(x)

y=£(x)

Pucynoxk 40 - Obsiactb, orpaHnieHHast KpUBBIMEU CBEPXY ¥ CHHU3Y

Eciin kpuBosinaeiinast Tpamnerys orpagrnyuena rpapukaMu GyHKImi T =
g1(y) u x = go(y) (Pucynok 41) , ro miomajb Gurypbl BoipazkaeTcs

dopmyitoit

d
S = / (91(y) — g2()) dy. (66)
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x=g,(y)

x=9y)

¥ X

Pucynok 41 - Objiactb, orpaHrndeHHast KDUBLIMHU CJIEBA U CIIPABA

DOurypsbl ca0xxkHO (hbopMbl (Pucynok 42) npuxoaures pa3onBaTh Ha HECKOJIb-
y y

KO, 4TODOBI y KaxKJ10# dacTu ObLT “Bepx’, 3a/1aBaeMblil pPOBHO OJIHO# (DyHK-
nueit, u “Hu3", TOXKe 3a/jaBaeMblii POBHO OJ[HOM (DYHKITUEII.

yA

Pucynok 42 - "Cuioxnas"obyactsb

Eciin durypa orpanuyuena KpuBOil, ypaBHeHUE KOTOPOH 3a/iaHO lapa-
METPUIECKH

TO

s:/@mwwﬁ. (67)



IIpumep 1. Borancauts mioma/is o0JacTi, OrPAaHUICHHON SJITHIICOM
(Pucynok 43): © = acost, y = bsint.

A
|b

S F T

-b

Pucynok 43 - Obacru, orpaHiIeHHas SJIJIIICOM

Pertenue. Boraucinm miomnaib BepxHeid moyoBuHbL 10 dhopmyse (67)
1 yJIBOUM.
—a<Lr<a=>nm1<t<0;

0 0
S=2. /(bsint)(—asint) dt = —2ab/sin2tdt =
[1—cos2 2t ||
:mw/——fifﬁ:2m AL )
2 2 4 .
0

Eciin purypa orpanunyiena 3aMKHYTOMW KPUBOIi, 3a/laHHOI lTapaMeT-

PUYCCKU:

xr = x(t); '
{yzyw, ast<p

OT v JIO 3 0OXOJ| IPOU3BOINTCS B IOJOXKUATEJIHHOM HAIIPABJICHUN, U

5=1 / (2(t)y' (1) — y()a'(1)) dt. (68)

ITpumep 2. Haiitu momanps ssmunca (Pucynok 44), orpanudeHHOro
KpuBoil x = acost, y = bsint.
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A 4

Pucynok 44 - ObyiacTb, orpaHuvdeHHast 3aMKHYTOI KPUBOi

Pemmenue. 3nauenust npejesnios uarerpupoatusi: « = 0, f = 27, Torya
27
1
S = 5/(acost - (bsint)" — bsint - (acost)’) dt =
0

2

1
= 5/(@008?5 -beost — bsint - (—asint)) dt =

0

2 2
1 1
= §/ab (COS2 t + sin® t) dt = iab/ dt = mwab.
0 0

Ecin kpusast 3ajiana B mOJSIPHBIX KoopamHaTtax (Pucynok 45) u
Tpebyercs HaiTh I0maAb S KPUBOJIMHEHHOIO CEKTOPa, ONPAHMICHHOIO
rpadukoM byHKIun p = p(@) u aByms aydamu ¢ = au @ = 3 (a < ),
TO

S== / P () dep. (69)

B s1om ciiyuae Mbl 1pubsiMKaeM IJ1011a/(b KPUBOJUHEHHOIO CEKTOPA
CyMMOIl IIOMaeli CeKTOPOB Kpyra (AHAJOTMIHO TOMY, KaK MbI IIPHU-
OJIMZKAJN TIJIOMA/ b KPUBOJUHENHON TpaIelui B MPSIMOYTOTbHBIX KOOP-
JMHATaX CYMMOM ILJIOIIa/Iei HpHMoyFOJIbHHKOB).
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Pucynok 45 - Jludpdepennua maoma/u B HOJIIPHLIX KOOPUHATAX

4.7 3BamaHuUd IJId CAMOCTOATEJbLHOIO pPelleHnd

Haitru nnrerpaJibi:
20 — 3
1) | ———dx.
)] 23z +8

2 +9
BbILII/ICJ_[I/ITb I/IHTeraJ[bI:

2
9) [e“dx.
1
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Oteers! K 3amananam: 1) In(z?—3z+8)+C. 2) +In(e*" +a?)+ C.
6—317—1-1

3) C'—In(1+cos2x). 4) C’—T. 5) 1 arcsin bz +C. 6) %arctg%JrC.

7) yarcsinz? 4+ C. 8) $In(z? + 9) — arctgf + C. 9) ¢ — e. 10) In2, 5.

11) Z. 12) tarctgl.

4.8 Bompochl Jjd caMOIIpOBepPKHU K pa3aeny 4

1. Yro Ha3biBaeTcs 1epBoOOpa3HON PYHKITHH !

2. Uro Ha3bIBAETCSI HEOIPEJIEJCHHBIM UHTEIPAJIOM !

3. Kakue seMeHTHI BXOIAT B 3amuch (000O3HAUEHUE) HEOMPEIETCH-
HOI'O MHTerpaJa’

4. Yro Ha3bIBAETCS MHTEIPUPOBAHUEM !

5. KakoB reomerpuieckuii CMbICJI OLIp€eJIeJICHHOI'O HHTerpaJia’

6. Hemy paBHa 1MPOU3BOJIHAST HEOIPEJIECJIEHHOTO HHTErpaJia’

7. Hemy pasen juddepennpal HeolpeeJeHHOro HHTerpaJia,’

8. Hemy paBeH Heolpe/jie/IeHHbII nHTerpaJ ot Juddepennnaa QyHK-
nuu?

9. Kak dpopmysinpyercsi CBOWCTBO JIMHEHHOCTH HEOIIPEJIeJIEHHOI'O MH-
rerpaJa’

10. Yro HasbBaeTCss MHOIOYJIEHOM N-0if creneHun?

11. Kak ormpejiensrcst onpejie/IeHHbIi nHTerpaJ’

12. Kakoe paszjimame MexKJ1y OIpeeJeHHbIM U HEOLPE/IeJIeHHbIM UH-
TerpaJaMmu’

13. KakoB reoMerpuieckuil CMbICJI OLIPEJIeJIEHHOI'O HHTerpaJia,’

15. Kakoit nnrerpaJi Ha3bIBaeTCss HECOOCTBEHHBIM !

16. Kak omnpejiensiercss HecoOCTBEHHBII MHTErpaJ ¢ 6€CKOHEIHBIMU
1peJieJiaMi HHTErpupoBatist (HeCOOCTBEHHBII HHTErpaJl IepBOro poja)?

17. Kak ornipejiesisiercss HecoOCTBEHHbI HHTEIPaJl OT Pa3pbIBHON (DyHK-
nuu (HeCOOCTBEHHDIE WHTErPAJ BTOPOTO poja)?

18. B kakoMm ciiyuae HECOOCTBEHHbBIH MHTEIPAJI CXOJAUTCS M B KAKOM
pacxouTCs?
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5 CDYHKI_[I/II/I HECKOJIbKUX II€PpEMEHHDbIX

5.1 Omnpeaenenne PyHKINN HECKOJBKNUX IIepeMeH-
ubix (@HII). Ilpenes u nenpeposiBaocts @HII

5.1.1 Omnpenenenne @HII

Yro Takoe dbyukius aByx nepementbix (OHIT)?

BeslmuuHbI ABISIOTCA 3aBUCUMBIME OT JAPYTUX BEJIMUUH, IIPUIEM, KAK
IIPABKJIO, OT HECKOJbKKMX - 9TO HOPMAaJILHO.

Urak, ecau Kaxk1o0it mape (x,y) u3 maoxkectsa D € Oxy cOOTBET-
CTBYeT eJIMHCTBEHHOE 3HAYCHUE BEJMYUHBL 2 TO 3aJaHa (Pynkuus 061y
nepemennor z(x,y).

MHOXKECTBO BCEX TOYEK, JJIsl KOTOPBIX 3HadeHue (pyHKIUH OIIPee-
JICHO, Ha3bIBACTCS €€ 004aCbI0 0NPedesCHU.

I'pagpurom pyrrxuuy d8YyT nepemennvlir CIy»KUT IOBEPXHOCTD B TPEX-
MEpPHOM IpocTpaHcTse. Kaxkiasa TouKa 3TOM MOBEPXHOCTH UMEET KOOP-
auuaret (z,y, z(x,y)).

Qynxyuet N He3a6UCUMBLT NEPEMEHHDLT HASBIBACTCA IIPABUAJIO, IPH
KOTOPOM KaKJI0# YIOPSJIOYEHHON COBOKYITHOCTH 1 TUCEJ (L1, T2, ..., Tp)
CTABUTCS B COOTBETCTBUE HEKOTOPOE YUCIIO Z(T1, T2, ..., Tp).

IIpumepsnl pyHKIMIA AByX NepeMeHHbIX:

e Paccrosinue oT TOYKHM MJIOCKOCTH JI0 HadaJja KOOpAuHaT (3aBUCHT
OT BCEX KOODJIMHAT).

e [Liomas miockoit purypbl (eciu 9To HEe Tpamerysi, To TOXKe 3a-
BUCUT OT JIByX HAlIPDABJICHUI).

e Bec miockoii miactunbl (IWIOTHOCTD pacipe/eJieHust MaCChl 3aBU-
CHT OT JIBYX [EPEMEHHBIX - KOODJMHAT TOYKHU IJIACTUHBI).

5.1.2 O0JgacTu HA IIJIOCKOCTU

Hemuoro o npabujiax IoBejieHUsI Ha IJIOCKOCTH. FEciu paccMaTpuBaTh
pa3andHble 00JaCTH MPIMOiL, TO 3TO OYAYT TOUYKH WM OTPe3KU. BoJib-
e Hudero. A BOT M3 IJIOCKOCTH MOXKHO BbIOMPATH HPsIMbIE, JIOMAHbIE,
TJIaJIKue JIMHUU, KPYTH, IPIMOYTOJbHUKH, CEKTOpa U MpOYHe OOJIACTH.
Y10 HEBOOOPaA3UMO Pa3sHOOOPA3UT MHTEIPUPOBAHUE (DYHKIMU JIBYX I1€-
pemennbix, Harnpumep. Crpamao? [IpaBuibho!
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[TpubmmkaThbed K TOUKe Ha MPIMO MOYKHO JIByMsI CIIOCODAMU: CIEBa
u cupasa. A Ha mrockocru? Kak MuUHEMYyM, 110 JIIOOOMY Jiydy, Beaylie-
My K TOYKe. VI HMYTO HE OCTAHOBUT HAC OT MPHUOJUKEHWS K IEJU 10
criupaJsin, Hanpumep. K gemy sro s1? [Ipenen y pyHKImum aByx nepemMen-
HbIX ObIBAET HE TOJIBKO CJIeBa, U cipaBa. A 0COOEHHOCTH B ONIPEe/ICHUN
npejesa HeOTBPATUMO MPUBEYT K OCOOEHHOCTSIM B ONpEJIeJIEHUN MTPO-
U3BOJIHOA.

Ho 570 BCE moToMm. A 1moka jlaBaiite onpee/uMcs ¢ Kaaccudukaim-
sIMU TOYEK U obJyracTeil.

Hazosém d-okpecTHOCTBIO TOUKN M, (0, Yo) MHOKECTBO TOUCK (T, 1),

YJIOBJIETBOPSIIOIINX HEPABEHCTBY \/ (r —20)% + (Y — Yo)? < 9. OueBui-
HO, 0-OKPECTHOCTH IHpeJCTaBderT cOO0i BHYTPEHHOCTh KpPyra paJuyca
dc nenrpom B rouke My(z,,y,) (Pucynok 46.).

‘6\Mo(xo,yo)

Pucynok 46 - 6-OKpecTHOCTb TOUKH

Touka Ha3bIBaeTCs BHYTPEHHEHN TOYKOI objactu D, ecjiu 5Ta TOUKa,
HpuHaIeKUT obsacT D BMecTe ¢ HEKOTOPO# CBOEH 0-OKPECTHOCTDHIO.

Obsactb D HazbiBaeTCss OTKPBITOM, ecjii BCe ¢ TOUKKU — BHYTPEH-
nue (Pucynok 47.).

Pucynok 47 - Orkpbitas JIMHEHHO CBsi3Hasi (OJHOCBsA3HAST) 00JIACTh
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Touka Ha3bIBaeTCs IPAHUYHON TOYKOI objiactu D, eciu jrobas 0-
OKPECTHOCTD 3TOW TOUKHU COJIEPYKUT KaK TOYKH 00JacT [, TaK U TOYKN
He BXojgiue B 91y obsacts (Pucymnox 48).

MHuozkecTBO rpaHudHbIX TOYeK objiactu [) obpazyer eé rpaHUILY

I'p.

« o

Pucynok 48 - A u C' - rpannunbie T09Ku, B - BHYTPEHHsIsI

OrpasamgyerHas 00J1acThb - 310 00J1aCTh, KOTOPas HAKPbIBAETCS KPYT'OM
70CTaTOIHO OostbIoro pasuyca (Pucymox 49).

Pucynok 49 - Orpanudennast JIMHEHHO cBsi3Hasi (OJIHOCBsI3HAS)
00J1aCTh

3aMKHYTBIM Ha3bIBACTCS MHOKECTBO, KOTOPOE COJCPIKHUT BCE CBOH I'Pa-
nnanbie Toukn (Pucynox 50).

= ()

Pucynok 50 - 3aMkHyTas JUHEHHO CBsi3HAs 00JIACTDH
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ObsiacTh Ha3bIBACTCA JUHEMHO CBA3HOM, ecjiu JioOble JiBe e€ TOUKU
MOXKHO CO€JIMHUTH JIOMAHOM, BCE TOYKU KOTOPOM IIPUHA/IEKAT ITOM 00-
mactu (Pucynku 47 - 50).

OaaocBa3HAdA 00JIACTH - 9TO JIMHEWHO CBsA3HAs 00J1aCTh, Y KOTOPOi

O/IHa T'paHHUILA (T.e. MHO2KECTBO I'DAHMYHBIX TOYECK ABJIACTCA CBHSHBIM)

(Pucynku 47 - 49).

5.1.3 Ilpenen m HEMPEPHIBHOCTH (PYHKITNM HECKOJIBKUX ITE€PE-
MEHHBIX

[Tycrs dyukuus f(M) oupejesena B Hekoropoii obacru D, cojepxa-
et Toaky Mo (Z,,Y,)) . Hucno HasbiBaetcs nmpenesioMm GyHKIUA B
Touke M,, eciu jist 100010 MOJOKUATEIHLHOIO YUC/Ia € MOXKHO YKA3ATh
TAKOE TIOJIOKUTEJILHOE YUCJIO O , UTO 3HAUEHUs] (PDYHKIUMKM BO BCEX TOUKAX
M wu3 §-okpecrHocTt TOUKU M, 33 HCKJIIOYEHHEM MOXKET ObITh CaMOii
M,, orsmuatorcst or A e Gosiee yaM Ha € :

Ve>0 36>0, 0<|MM|<é= |f(M,)—A|l<e.

Nuorpa mumyr  lim  f(z,y) = A
:E % :’EO
Y=Y
st 6osiee ueM ABYX IIEPEMEHHBLIX HUYEro He MEHSeTCH - OILpejieie-
HUE IIOBTOPSIETCSI CJIOBO B CJIOBO.
I3 onpejenenus npejeiia Ciaejiyer, 9To eCJd OH CYIeCTBYeT, TO OH
HE 3aBUCUT OT CIOCODA CTPEMJICHUS K TOUYKE .
meror Mecro Bee CBOMCTBa HPeJeIoB, U3BECTHLIC JIuisd PYHKIMU OJ1-
HOU TIepeMeHHO.
IIpumep: soruncaurs  lim - 3% In (y — 22)
(z,y)—(1,3)

1 2 — = I 2 — =
o In(y - 22) = lim " In (y — 22)

y—3
= lim ( limy*In (y — 27) ) =1im9In (3 — 22) = 9In1 = 0.
z—1 \y—3 z—1

Oynknust f(M) HasbiBaercss HEMpepbIBHOW B To4uke M, eciu
ee IPEJEJbHOE 3HAYCHUE B 3TOH TOUKE CyIECTBYET M PABHO 3HAUCHMIO
f(M,). Ousith e, HE3ABUCUMO OT KOJIMIECTBA 1IEPEMEHHbIX.
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A MoxkeT ObITh (DYHKIMS HEIpPEPLIBHA TOJBLKO IO OJHON ITepeMeH-
x

noit? Hanpuwmep, Tosibko 1o 7 Moxer! Hanpumep, 2 = — HenpepbiBHa

1o x jjis Jioboro ¢pukcupoannoro y uz O3, Ho npu srodoM dukcu-
POBAHHOM T MMeeT OeCKOHEeUHbIH pa3pbiB B Touke y = (.

5.2 JuddepennmumpoBanme ®HII

5.2.1 YacTHbIe IPON3BOIHBIE

IIpounsBogHAaS - 910 HIpejie/l OTHOLIEHUs! IIPUPAIIEeHUst (DYHKIUKA K 1PK-
palleHuto aprymenra. Bcé kak u pasblie. TOJIbKO BOT Telepb Ipejiest
MOXKHO CYMTATh [0 PA3HBIM IIyTSIM U /IS IIPOU3BOJHON 9TO BCE MEHsIeT
PaMKaJIbLHO.

Eciun npubsmkarbess K Touke Biojb oc O, TO MOJYUUM [IPOU3-
BOJIHYIO "'1IO Z KOTOpasi OIMCBIBAET CKOPOCTb M3MEHeHUs (PYHKIUH 110
LIEPBOMY apryMeHTy. AHaJOrM4HO JJis ¥.

Eciin nepeMeHHbIX GOJIbIIE, TO 9TO HUYErO HE MEHsieT, MOXKHO Bbl-
YUCJISITh HPEJIE/ibl B OIPEIEJICHUI IIPOU3BOIHON 110 JII0OOMY HalpaBJie-
HUTO /Iy TH.

A MOXKHO BOODIIE HE 3alUKJINBATHCS HA KOOPIUHATHBIX OCAX U BbI-
YUCIIATH TPOU3BOJIHYIO (T.€. CKOPOCTh U3MEHEHUst PYHKIMI) BJIOJIb JIIO-
ooro BekTopa. Ho ato (Tcee!) croitiepsr - Tema coBeeM JIpyroro Kypca.

I, no npexxHemy, ecjiid NPOU3BOJHAsI OTPUIATENbHA TO (DYHKIIMSI
yObIBaET, HOJIOXKUTEJIbHA - BO3PACTACT.

TosibKO BOT B obstacTu (DYHKIHS MO OJIHON TTepeMeHHON MOXKeT yObI-
BaTh, & 110 JIPYyroil BO3pacTaTh.

YacTHoit npousBoaHoi dyHkiuu z = f(z,y) 110 IepeMeHHOo# B
Touke M,(Z,, Y,) Ha3BIBACTCS MPEJIES (€CJIn OH CYIIECTBYET U KOHEUCH ):

0z . Nz fle+ Ary) — f(z;y)
5z = A Ar ~ A Az -
Anasornumno (70) onpejessercs Mpou3BoHas 10 Y:
A vy + Ay) — f(x;
Oz _ By [yt Ay) - flzry) (1)
8y Ay—0 Ay Ay—0 Ay

U ecu pyHKIUSA 3aBUCHT HE OT JIBYX [IEPEMEHHBIX, a OT ITPOU3BOJILHOTO
YUCJIa, TO YACTHbBIE HIPOU3BOJIHBIE OLPEJIEAIOTCS TOYHO TaK »Ke - (PUK-
CUpyeM BCe llepeMeHHbIe, KpoMe TO, 110 KOTOpoit JiuddepeHiupyem.
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Haxok tenue 1acTHO IPOU3BOJIHOM 110 IIEpeMeHHOi Ha3bIBAeTCs Jud-
depeHpoBaHeM 110 TOH 1IePEeMEHHOI.

Huddepeniupyst 1o oHOI IepeMeHHO, Bce OCTabHbIE paCcCMaTPHU-
BAEM KaK IOCTOsIHHBIC 3HAYCHUsT (KOHCTAHTDI).

IIpumep: Haiitu uacrHble HpousBoubie 2 = In(2? + 1)

0z r (2P +y) 21
— = 1 2 — L —

Ox (n(x +y))x 2+ 24y
0z ;o (@ +y) 1
Jy (n(x +y))y 2ty 2+ vy

5.2.2 Ilonnbeiit muddepeHTIRIA

Ecnu z = f(x,y) uMeer HempepbIBHbIE YACTHBIE TPOU3BO/IHBIE B TOUKE,
TO oHa JudpepeHIEpyeMa B 3TO TOUYKe U uMeeT IOJIHBIN Jaudde-
PEHITNAJT:

0z 0z
dz = %Ax + 8—yAy. (72)

Hudpepenipan pyHKIMU HECKOJILKUX IEPEMEHHbBIX OIIPEJIE/IsieTCs aHa-
JIOTIHO.,

Hudpepeniuat GyHKIUMT HECKOJIbKUX [IEPEMEHHBIX 00J1a/1aeT TeMU
»Ke cBoiicrBaMu, 4To U jauddepeniua pyHKIUN OJHON 1epeMeHHOI.

ITosiHoe mpuparnenune GyHKIuA onpejesaercs Kak Az = f(x +
Az;y + Ay) — f(z;y).

Kak u panee, juddepenimalt MOKHO UCIIOJIb30BATD JIJIsI TOIO, YTOObI
MPUOJIM>KEHHO OIeHUTh MpUpalneHne (pYyHKIAA [IPHU [IepeXojie OT
TOYKHU K TOUYKE:

flz+ Azsy+ Ay) — f(a;y) = d.

Vnn mpubim>KeHHO BBIYUCINTH 3HadeHne (PYHKITUN B KaKOU-HUOYIb
"Hey106H0# " TOUKe, PACIONIOKEHHON PsIIOM ¢ TOUKO# "y 100HO# B KOTO-

pOfI 3Ha4YC€HUA BbBIYUCJ/IAIOTCA JICI'KO

flx+ Ax;y+ Ay) = f(x;y) + dz. (73)

ITpumep. Boruuciurh 1npubiivzkeHHO \/3.012 +4.02%,
Paccmorpum dynknumio z(x,y) = /22 + 2.
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BameruM, 9T0 B TOUKe (3;4) OHA BBIYUCISICTCS OUCHD JIETKO:

2(3,4) =32+ 42 =5.

Ham Heobxo/mMo Berauc/mTh eé 3nadeHne B ToUke psjgom - (3.01,4.02).

[TpuroroBumcest K Bbraucjienuio guddepetimalia - HaiijIemM pupalie-
HUsl apI'yMEHTOB M 1YacTHble npousBoubie Gynkiuu (70, 71) u npume-
nuM dbopmyity (73):

r=3; Axr=0.01; x4+ Az =3.01;
y=4; Ay=0.02; y+ Ay=4.02

0z , 5 2)/ x )
= (v = 3,4)=0.6
ax o ( xre + Yy . /—xQ +y27 ’Z:c( ’ )

/
—:Z,:< x2—|— 2) :L, Z, 3,4 =0.8
oy~ -\, = gy A5

d2(3,4)=(3.01,4.02) = Z(3,4) Az + 22(3, 4)Ay = 0.022

V/3.012 + 4.02% = 2(3.01, 4.02) = 5.022

5.3 JuddepennmupoBanne HeaBHo 3aganuoin OHII,
anddepennmpoBanne CJI0XKHON (pyHKIIINT

Dyukiys z(x,y) 3a/aHa HESABHO, €CJIM OHA SBJISETCS PEIIEHUEM YDaB-
nenust F'(x,y, z) = 0. D10 ouenb noiyisipuas B x)ustu hopma 3a/[aHust
dbyHKIMu 1ByX mepeMeHHbIX. [Ipu 3TOM 3aMeTbTe, 4TO OJHO ypaBHEHKE
MOXKET 33/iaBaTh HECKOJILKO (DYHKIIUIA.

IIpumep 1: 22 + % + 22> — 1 = 0 ypasrenue cdepsl pajmyca 1.

DTO ypaBHEHUE 3aJiaeT JiBe (PYHKIUNU:

z = +/1 — 2% — y? - ypasuenue Bepxueil noaoBuHKN cHeEphl,

2= —+/1— 22— y? - ypaBuenue HUXKHEH HOJOBUHKY C]EpD.

Ho »r0o Ham yjajoch pemuTbh ypaBHeHue. A ecjii Bbl ypaBHEHHE
F(x,y,z) = 0 pelurb He MOXKeTe, TO KaK HalTH LHPOU3BOJHYIO 2. B
sroMm ciaydae? Hy nasaiiTe mpejcraBuM, 4TO Bbl MOTHBMPOBAHBI Ha I10-
WCK ;)

I[TepBas MbICJb - TpoAndPEPEHIUPOBATL TO, YTO €CTh:
Fl(z,y,2)=0..
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XMm. Tyt Beqp oT x emé un 2z 3aBucurt... /laBaiiTe na mpumepe.
IMpumep 2. 22+ +22—-1=0, 2, =7
(2 +y* + 22— 1), =0,
2x + 222, =0
Z = L Ypa! Hamnaco!
A ecinm ienepb Ha o Haiiru 3,7 CHoBa 110 HOBOI? Yeranem Bejib.
Y100 Kaxkjiplil pa3 3aHOBO HE BbIPaXKaTb IIPOU3BOAHYIO, 103BOJILTE
110/IaPUTH BaM (DOPMYJIY:
’ /
F(z,y,2) =0, 2, = by = Yy

Popmysia paclupocTpaHIeTCs Ha JIF0O0e YUC/I0 IePEMEHHbIX.
BeiBog dopmyasr (74). Haiipém auddepennman dyukunun F|
nomud, aro F' = 0:

dF = Fydx + F,dy + F.dz = 0.

Paznesnm obe wactu na F):

/

F F,
ﬁdx-l-ﬁdy—l—dz:o.

Boipazum jiudpdepeniipart z:

F,,_F
dz = —Fdx — de.

[To onpepenennto puddepenimara, nepe dr u dy crosaT Kak pas UCKO-
MbI€ ITPOU3BO,IHbIE:

/ /
g B, _ 5
x 1Ty T r

Fz Fz

5.3.1 IllIpom3BogHBbIE BBICIINX ITOPIIKOB

Y dyukuuu jByx nepementbix z = f(x,y) jBe HPOU3BOJHBIE HEPBOIO
/

y -

Kaxkjiast 1pousBojiHas Tak ke siBjisgercs (pyHKIMed JIByX lepemMeH-

Hpix 1 eé MoxHo auddepennupopath 10 Kaxaof u3 nux: (2,)}, (25)y

(2)er (2)y -

NOPAJIKA: 2., 2

Z,_@z Z,_@z_
x_ax? y_8y7
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P _3<%> P 8%
e Ox \ Ox Oxdx  Ox?’
-2 (Z)-

W Oy \Ox Oyox’

, 0 [0z 0%
T (a_g) " 0zdy’

., 0 (82) 0z 0%z

w9y \ay) ~ oydy  ogF
MOo2KHO IPOJIOJIKATD ¥ 3aIlIUCATDH [IPOU3BOHBIC TPETHEI'O U JlaJiee MOPsI-
Ka - UX YMCJIO Oy/eT pacTu B reOMeTpudecKoil mporpeccun. Kak ToJibKo
HECKOJILKO OJIMHAKOBBIX Of 0Ka3bIBAIOTCs PsiJIOM, UX MOXKHO "BO3BOJIMUTD
B crenenb' (9TO Bejib HEe BO3BEJCHUE B CTEIEHD, & MIPOCTO 0OO3HATCHHE,
BbI 2Ke 110Hs1J117 )

Teopema IlIBapiia. Eciu nponsBoabie BBICIIErO MOpsiIKa Helpe-
PBIBHBI, TO CMEIIAHHBIC MPOU3BOJHBIC (B3ATHIC MO PA3HBIM IEPEMEH-
HbIM ), OTJIMYAIOIIMECS TOJBKO OPsijKOM JinddepeHnpoBatust, PaBHbl
MEXK/Iy CODOIA.

i 1/

z

Ecsn Bkparue, to: 23, = 2,

5.4 kcTpemyM PYHKIUU ABYX nepemMeHHbIX. Kaca-

TeJIbHad IIJIOCKOCTb M HOPpMaJIb

[Tycrs dynkuus jaByx nepemenubix F(x,y,z) = 0 3ajaer HEKOTOPYIO
MOBEPXHOCTD B ipocTpancTse. [lycrs F'(x,y, z) = 0 nenpepbiBHA U JTUD-
depenippyema B rouke M (BusyasbHo: esas u roajikast) (Pucynok 51).

PaceMOTpuM KPUBBIE - BCE BO3MOXKHBIC CEUEHUS ITOBEPXHOCTH ILJI0C-
KOCTsIMHU, TpoxosmuMu depe3 touky M (Pucynok 51).

COBOKYIIHOCTb KaCaTeJbHBIX HPAMBIX B TOUKE 00pasyer KacaTeJib-
HYIO IUTOCKOCTD K MOBEPXHOCTH B 9TOi Touke (Pucymox 51).

HopmaJjib K IHOBEPXHOCTH B 3TOH TOYKE - 3TO HpsIMasi, IePICHIUKY-

JIFAPHaA KacaTeJJIbHOM 1JIOCKOCTH.
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Hopmans 8 Touke M

KacaTenbHas
NACCKOCTD
B Touke M

z=f(xy)

Pucynoxk 51 - KacaresbHas miockocTb 1 HOpMaJb

HopMmaJib 1 KacaresbHas ONPeJlessioTcs TOYKOM U BEKTOPOM HOPMAJIH,
HaIlpaBJICHHBIM HEepPIeHANKYJIsPHO IIOBEPXHOCTU. ByieM ero uckars.

Pacemorpum touky My, ouenb 6siuskyio K M (x,, Yo, 2,), €€ KOOPLH-
HATBl OTJIMYAIOTCS OT KOopAuHaT M Ha HpupalleHus:

Mi(xy + dx,yo + dy, 2, + dz).

Torpa MMy, = (dx,dy,dz) u s10T Bekrop, npakrudecku "jexur"Ha
nosepxuoct F(x,y,2z) = 0 upu crpemienun npupaiiennii (jaudde-
PEHITNAJIOB) apryMEHTOB K HyJsAM. Torja BEeKTOp, MEPIeHUKYIsPHbIil
MM, = (dz,dy, dz) u ectb uckombiit Bekrop Hopmasu (A, B, C) (Pucy-
HOK 52). Ectb mpoBepenublii ¢rocob onpe/iessTb OpTOrOHATBHOCTD BEK-
TOPOB: CKAJISIPHOE MPOM3BEJCHUE IEePIEeHUKY/ISPHLIX BEKTOPOB PABHO
ny/0. CocraBum ypaBHEHHE:

(A, B,C) - (dr,dy,dz) = Adz + Bdz + Cdz = 0.

Hr0o-TO TaKoe MeJIbKAJIO Ha IPOIILIOH-03aIPOIIION CTPaHnIKe, HeT?
HeiicrBuTesibHo, npw BiBOje hopMysibl (74) ObLio:

Fodx + Fydy + F,dz = 0.
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Hopmans & Touke M

KacaTensHas
NNOCKOCTb
e M B TOuKe M

P ———

z=f(xy)

Pucynok 52 - KacarejibHasi 1JIOCKOCTH 1 HOPMaJib - 2

?)Ha‘{I/IT B Ka4eCTBE BEKTOPa HOPpMaJIl MO2KHO B3ATb
_ o
n=(F,, Fy, F).

Kak 1ocTpourhb 1I0CKOCTb, 3Hast TOYKY M HOpMaJib? A 1psMyio, 3Hasi
TOUKY U HalpasJsgomuii? 9tu ypasuenns (22), (27) ObLm HOIyIeHbl B
caMoOM IIepBoM pazjedne. lrak:

yPaBHEHHNE KACATEJHHOW MIOCKOCTH:

P: Fl(x =)+ F(y — yo) + F.(2 — 25) = 0; (75)

ypaBHEHUE HOPMAJIH (IIPSMOii):

=T Y=Y  Z— Z
L= e (76)

Bameudanme: BeKTOp HOPMaJd MOXKHO Pa3JieuTh WM YMHOXKUTHL Ha
060 HeHYJIeBOE TUCIIO, a eIE MOZKHO 3alUcaTh B Buje = (2, 2,, —1)
(aT0 M3 POpMYJT IPOU3BOHON HESABHON (DYHKIMU CIIEyeT).

5.4.1 3DkcrpeMyM (PYHKIIMU ABYyX MEPEMEHHBIX

Touka M, Ha3bIBaeTCsI TOUKON MakcumyMa byHKmu z = f(x,y), ecin

36>0 VM : |[MM,| <6 = [f(M)<f(M,).
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Touka M, HazbIBaETCA TOUKON MUHEMYMa (PYHKIUU 2 = f(x, y), eCcJ/in
36>0 VM : |MM,| <6 = f(M)> f(M,).

Huist Tex, KTO ceiiuac 3alljIakaJi: €CJIu KOPOTKO, TO IEPBOE OIIpejiesie-
HUE TJIACUT, 9TO TOUYKA SIBJISIETCS TOYKOW MaKCHUMYyMa, €CJIi XOTsi-Obl Ha
MaJIEHbKOM KYCOUKe 3HAUYCHWE B 9TOH TOUYKE BBINIE, 9€M B OCTAJbHBIX
TOYKAX ITOI0 Kycodka. AHAJOTMYHO Jjijiss MUHUMYyMa. Y 9T TOYKM 110
PEXKHEMY Ha3bIBAIOTCS TOYKAME IKCTPEMYMA.

Kak ompesie/inTh, 9TO BbI HAILIA IKCTPEMYM?!

Bo-11epBbix, MPOM3BOj(HAsI MEPBOIO MOPSJIKA B TOYKE IKCTPEMYMA
TOJKHA, OBITH paBHA HYJIIO WX He cyliecTBoBaThb. OOe paBHBI HYJIIO
WJTH XOTsi OBl OJIHA HE CyIecTBOBaTh. Hostb MpOn3BOJIHON rapaHTHpyeT
IOPUBOHTAJBLHOCTH KACATEIbHOM, OTCYTCTBUE TPOU3BOIHON HAMEKAET Ha
OCTPBIil MUK, KaK y KOHyCa, HAIIPUMED.

Bo-BTopbiX, rpaduk J0JKEeH ObITh BbINTYKJBIM MJIA BOIPHYTHIM - 9TO
OIPEJIEJISIJIN ¢ TTOMOIIBIO BTOPO#t 1mpon3BojiHoit. U BOT TyT BCE CciioxkHee
B mmpocTpancTse. BeromuuTe X0Tst ObI ce1I0.

Teopema (mocTaTo4HBII MpU3HAK IKCTpemyMma). [lycrb GyHk-
must z = f(x,y) asax el guddepeniupyema B touke M (z,,1y,) 1 mep-
BbI€ MPOM3BOJIHbIE B 9TON TOUKe paBHbI HyJ0. Ecemuw M(z,,1y,) ToUKa
KCTPEMYMa, TO UMEET MECTO HEPABEHCTBO:

1 7

2z
xxr  “yx
YT > 0 (B Touke M),

Y vy

[Tpu srom,

eciu 2 (M) > 0, To M - Touka MUHAMYyMA,

eciu 2l (M) < 0, o M - TouKa MakcuMyMa.

Ecin ynoMmstny il Bbilie onpejenuredb B Touke M orpuiareset,
TO Bbl HAIJIU CEJJIOBYIO TOUKY (CEPIETHO MOBIPABJISIO).

5.5 3BagaHmd AJIS CAMOCTOATEILHOIO pPenieHnsd

Haiitu obsiactb onpejiesienusi GyHKIUKE JIBYX [I€PEMEHHBIX:

22 2 )
1) z = —E—ﬁ.2)z:ln(y —4x +38).
1
3)z:R2_x2_y2.4)z:\/x—l—y—l—\/x—y.
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Haiiti gacThble MpOU3BOJIHbIE:
T x

5) z =arctg—. 6) z=a¥. 7) z = Intg=. 8) z = e~ */V.
Y Y

2 2
Orsersl K 3aganuam: 1) &+ % < 1. 2) y? > 4z + 8. 3) Bea wioc-
KOCTh, 3a UCKJIIOUEHHeM ToueK okpyxHoctn x2 + y? = R?. 4) Buyrpen-
HeIsSl 9aCTh MMPABOTO BEPTUKAJILHOTO YTJia, 00PAa30BAHHOIO ODMCCEKTpUCa-

MU KOODJIMHATHBIX YIJIOB, BKJIOUAs CAMU OUCCEKTPHUCHI. D) % = 2

Py
0z _ _ __x _ 9z _ oy—1. 0z _ oy 9z _ 2 .0z _ _ _ 2
5 = JEZ,JFyQ.6) =yt = Inx.7) 32 = pE Oy = e E
9z _ _l,—afy. 0z _ = —xfy ‘ ‘
8) 5= = ye Y g = e,

5.6 Bormpocsl 1jid caMONpOBEPKU K pa3aey b

1. Yro Takoe pyHKIHUs JBYX II€PEMEHHbIX !

2. Kakos reomerpuueckuit cmbicsg OHIT?

3. Kak onpenenserca npenes OHII?

4. Kak ompejiejisiercss HelIPepbIBHOCTH (DYHKIIUU JIBYX II€PEMEHHbIX
B TOYKE U B 00JIACTH.

5. Kak omnpejensierca nuddepennupopanne (PyHKINA HECKOJbKUX
[IEPEMEHHbBIX !

6. Yro Takoe 4acTHOE HPUPAIIEHUE U YacTHas 1POU3BOJHAS (DYHK-
UK JIBYX II€PEMEHHbBIX !

7. Kak onpejiesisiercs 1noJinbiit jjuddepenialt GyHKIumn JIByX 1epe-
MEHHBIX ?

8. Kax BBIUHC/IAIOTCS 9aCTHBIE TPOU3BOJIHBIE HesiBHOU dyHKIwu F(x,y)=07

9. Kak cocrapJisiercs ypaBHeHUe KacaTeJbHON [1JIOCKOCTH U HOpMaJiu
K IIOBEPXHOCTH?!

10 Kak BBIUHCIISIOTCS 9aCTHBIE TTPOUBBO/HBIE BBICITUX MOPSIJIKOB.

11. Kak Haxojsr sKkcTpeMyM (DYHKIMK JIBYX HEePEeMEHHBIX !

12. Yro Takoe KpUTUIECKHE TOUKH?.

13. Yro Takoe cralmoHapHbIe TOYKN?

14. Yo Takoe MUHMMAKC (PYHKIHMH JIBYX [I€PEMEHHBIX !
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